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1 Introduction

In this paper we estimate small ball probabilities for locally nondeterministic
Gaussian processes with (approximately) stationary increments and use the
estimates to prove Chung type laws and to refine the Strassen law of the
iterated logarithm for fractional Brownian motion. A main goal is to develop
techniques and results for processes with dependent increments. In this section
we give some background, and an overview of our results.

Let {X (¢); t =2 0} be a centered continuous Gaussian process, let M (1) =
maxo<s<|X(s)l, and write LLt =log,[log.¢. If {X (1)} is a standard
Brownian motion, then Chung’s law of the iterated logarithm [7] gives the

local growth rate
g lim inf M (5)//s(LLD " % n/, /8.

£10
Chung’s result relies on estimates of the probabilities

PM((t) < e)
for small values of ¢ (for a sharp bound, see [13, p. 1047]).

* Research supported by the United States Air Force office of Scientific Research, Contract
No. 91-0030



174 D. Monrad, H. Rootzen

Now, let
7:(s) = X (st)/(2tLLe)**, 0<s £ 1.

For the case when {X (1)} is a Brownian motion, Strassen [23] proved that as
t{0or¢t oo, {n,}isas. relatively compact in C[0, 1], with cluster set equal to
the unit ball in 2 Reproducing Kernel Hilbert Space (RKHS) connected with
Brownian motion. The result was extended to fractional Brownian motion in
Oodaira [19]. (Oodaira’s proof contains a gap. On page 298 it is not enough
to show that for each fixed j, P(lim sup, C”’) = 1. Instead we could use the
Cramer—-Wold device [14, Theorem 3.1] to prove that the cluster set equals K.
However, the results of Sect. 4 below contain much more.)

Csaki [8] established a functional law of the iterated logarithm for
Brownian motion which at the same time gives a “rate of convergence” in the
Strassen law and extends Chung’s result to small C[0, 1] balls centered
around general functions in the unit ball of the RKHS. His results correspond
to the case @ = 1 in Sect. 4 below (see also [1, 15]). Professors Kuelbs and Li
kindly suggested to us that a combination of our techniques and those of the
above mentioned papers would yield similar functional laws for fractional
Brownian motion.

In Sect. 2 we obtain the bounds for small ball probabilities for strongly
locally nondeterministic processes. We refer to [3, 4, 9, 18], and to Sect. 2 for
information on local nondeterminism. An important special case is fractional
Brownian motion (fBm). The process {X (¢); t = 0} is a standard fBm if it is
a centered continuous Gaussian process with covariance function

E{X()X®)} =3 {s*+t*—|s—t]*}, (1.1)

where 0 < o < 2. We say that « is the index of the {Bm. If & = 1, then we have
ordinary Brownian motion. By [17], a standard fBm with index « may be
represented as

X(@t)=k;' fo {t =97 V2 —(—5)*" D2} dB(s)

kgt f (t — )@~ D12 4B(s), (1.2)
0

for t > 0, where {B(s): — ® < s < o0 } denotes a standard Brownian motion
and

Y 1
k2= f {(1 _ S)(rl)/z —(- s)(““’/2}2ds + f 11— S)a—1ds_
e 4

It is easily seen that fBm is selfsimilar, i.e., that {X(s); s = 0} and {t™*/* X (st);
s = 0} have the same distribution for any ¢t > 0. As discussed in Sect. 2 below
fBm is strongly locally nondeterministic.
For fBm our bound for small ball probabilities is that, for 0 < & < %2,

e G < P{M() <&} Sem

2/a

(1.3)

for some strictly positive constants ¢ and C (Corollary 2.2).
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In Sect. 3 we show that it follows that for fBm’s (and for more general strongly
locally nondeterministic Gaussian processes)

lim inf M (5)/{t*>(LLt)"*?} = ¢,
tl0

for some positive constant ¢,. For fBm’s a corresponding result holds for
t— 00,

liminf M (1)/ {t*>(LLt)~%%} = ¢,
t—= o0
The extensions of the theory of Csaki [8] are considered in Sect. 4. Let || f ||
denote the sup-norm on C[0, 1], and H, = C[0, 1] the RKHS of the kernel
Is,)=%{s"+t*—|s—t|"}, 0<s=Z1, 05t 1.
Put

K={feH:{fif> =<1}

where {f, g>, denotes the inner product in H,. (A slightly more explicit
characterization of K can be found in Theorem 4.1 (C) of [10].) According to
[19], for 4, given by

7(s) = X (st)/2t*LLYY2, 0<s<1, 1.4)

the set of functions {#, } is a.s. relatively compact, with cluster set K, as ¢ | 0 or
t1o0.
We strengthen this result as follows. If {f,f>, < 1, then

lim inf(LLO®* D/@+ 2| p, — £ 2 oo
Furthermore,
liminf (LLA® Y2 |, ~ f | = 3(f),
for some constant 0 < y(f) < o, if and only if {f,f >, < 1. Chung’s LIL is

the special case f= 0. Finally, we establish that among the functions f € H,
with {f,f >, =1, there is a dense set for which a.s.

0 < liminf(LLy)®+ D/@+2) 1y — £ < .

2 The probability that a Gaussian path is flat

In this section we establish bounds of the type (1.3) for the probability that
a Gaussian path stays within a narrow strip. Let {X (¢): ¢t = 0} be a centered
and continuous Gaussian process with incremental variance o?(h) =
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V(X{t +h)— X (). Let 0 <a <2 and let d, ¢;, ¢, be strictly positive con-
stants. The bounds will follow from the assumptions

o2 < h®, 0Zh<é, 05t<6—h (2.1)
and
VIXt+ W X$):0SsSt) k", 0Sh<4, 05t<6—h (22)

The main case when (2.1) is satisfied for suitable 8, ¢; is when o7 (h) = o2(h)
does not depend on ¢, and

o2(h) ~ const-h*, h — 0. (2.3)

If (2.1) holds, (2.2) is the same as requiring that {X(¢)} is strongly locally
nondeterministic, see [9].

From the representation (1.2) it easily follow that if {X (£)} is a fBm of index «,
then

VIX(t+h)|X(s):0Zs£0)2 V( k;* t}h(t +h —s)e" 2 dB(s)>

— k;lavlha’

and that (2.2) hence holds, with ¢, = k; 2« . General conditions for (strong)
local nondeterminism are given by Marcus [18] and Berman [5], who show
that ¢ (h) = o (h), independent of ¢, with o*(h) — 0, h — 0 and ¢?(h) concave
in [0, 28] is sufficient, and by Berman [3] who requires (2.1) and that the
increments of {X (f)} are stationary with spectral measure whose absolutely
continuous component has a density f(4) which satisfies

f(2) > const-|A]7*7*

for large |Al.

Let n(x) = [* (2m)~ " exp( — y*/2)dy denote the distribution function of the
absolute value of a standard normal random variable. We will use the easily
proved inequality

log Kx 0<x=1
1 = X D 4
ogn(x)_{ e 1ex 24
Here and in the sequel K is a generic positive constant whose value may
change from appearance to appearance. Further, write

M(t) = max |X(t) — X (0.
0=sst
Theorem 2.1 Let {X(t): t = 0} be a centered, real valued Gaussian process with
continuous sample paths. If (2.2) holds then there is a constant ¢ > Q such that
the right-hand inequality in (2.5) below is satisfied for t £ 5 and 0 < g < t*2. If
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(2.1) holds then there is a constant C > 0 such that the left-hand inequality in
(2.5) is satisfied for t < 6 and & < t**. Hence if both (2.1) and (2.2) hold then

e T < PM@) Se) S e " (2.5)
fort < and 0 <& <t

Proof. We first prove the right-hand inequality. We may assume that
X(0)= 0. Fix t £4. By considering the process {c; *t %2 X (st):0 < s},
instead of the process {X (s): 0 < s} we may assume that t = 1, ¢ < ¢; !/* and

that
VIXt+hXs):0s=n2h" 05hLl, 0Zt1—h (26)

Let n and k be integers with 1 < k < n. The probability that the modulus of
a Gaussian random variable is smaller than a constant increases if the mean is
set to zero and the variance is decreased. Hence, since conditional distribu-
tions in Gaussian processes are Gaussian it follows from (2.6) that

P(IX(k/n)| < e|X (j/n) =x;, 1 £ j <k — 1) Snlen*’?),

with # as defined just before the theorem. Thus, by repeated conditioning,

POy <0< P max x(kin] = )
1£k<n
< n(en*?y.
Choosing n = [2c¢; M*g~2/*] = 2 we get that
P(M(1) S §) Sn(2*c; 17)Pa™e ™
<exp(—K(2¢; '*e7%* — 1))
< exp( — Key Mre™ %),

where K = — log#(2*/%c; ¥/2) > 0. This proves the right-hand inequality in
2.5).

We next prove the left-hand inequality, by bounding the increments
over a dyadic partition. Fix ¢ £ 4. This time considering the process
{cy Y?t7*2 X (st): s = 0} instead of {X(s): s = 0}, we may assume that t = 1,
g<cy Y and that ¢?(h)<h, 0<h<1 For 0<O<1, put c(f)=
(1 +6)/(1 —6) so that

Y glnmel < ¢(f) 2.7
n=1
for any integer ny. Choose 0 € (27%2, 1) such that c(#) = ¢; /2. Further, for
n=12,...and i=1,...,2" let 4,;,=X@2"")— X(E—1)27") so that
4,.; is normal with zero mean and variance less than 27" Since any ¢ € [0, 1]
may be written as t = ) | b,(t)27", where each b,(t) is zero or one,

X(t) = Z bn(t) An,i(n,t)a 0 é ¢ é 15

n=1
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where 1 <i{n, t) < 2" It follows that, for 0 St < 1,
M@= ) max |4,
n=11gig2r
Hence by (2.7), and using [22, Corollary 3] in the second step,
PM(1) S c()e) 2 P(|4,| SO, 1 <n, 12127

0

2n
g Ul [11 P(|An,i| é GlnAno‘g)

8

v

7(@in ol 2mel2 g)>", (2.8)
1

[l

n

Assume that ¢ £ 1 and put
2loge™!
=| ————— 1.
o [ alog?2 ] -

1< g2m%2 <242 apd 2% < 2e7 2 2.9

By (2.8) and the first part of (2.9),

Then

log P(M(1) < c(@)g) 2 Y 2"logn(gln ~ mlp=ro)ei2y, (2.10)

r=1

Since 02~ *% £ 1, it follows from the upper inequality in (2.4), and using the
second part of (2.9) in the third step, that

ng—1 no—1
Y 2"logn((0272ye ") 2 Y, 2*{logK + (n, — n)log(6/27)}
n=1 n=1

32"°{logK—log(2“/2/0) Y n2"‘}
n=1

I\Y

e‘”“Z{logK —log(2*2/6) Y, n2“"}
1

= —¢g 2K, (2.11)
with the last K-value positive.

Next, using in turn the second part of (2.4), that 6 is chosen to make 62%% > 1,
and the second inequality in (2.9),

Z znlogn((ezaﬂ)n—no) > — 2t Z 2"K6Xp{ _ _;_(0221)71}

n=n, n=0

d 1
—& 2K Y 2”exp% — 5(922“)"}

n=0

i\

= —¢ YK, (2.12)
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Replacing ¢ by ¢/c(0) £ 1 it follows from (2.10)~2.12) that

£ —2/a
logPM(1)Z¢) =z —| — K
og P(M(1) < ¢) 2 <d®> :
which proves the left inequality of (2.5), with C = ¢(#)*/*K. This concludes the
proof. []

It may be noted that the constant ¢ in (2.5} is independent of § and only
depends on «, ¢, and that similarly C is independent of 6 and only depends on
o, ¢;. Simple modifications of the proof show that the left inequality in (2.5) in
fact holds for ¢ < max {1, 12} and t £ §, and that it also holds for arbitrary
values of ¢ if the restrictions 0 £ h <5, 0 £t < — h are removed. Since

PM(f)<e) S P(M(s) Z¢)
for 0 < s <t it follows from the right inequality in (2.5) that for, any ¢,
P(M() S 8) < exp{ — (e~}

for & < t*/2, with ¢(t) depending on ¢ but not on &. The selfsimilarity of fBm’s
makes it easy to remove the restrictions on t entirely from the result. We state
this as a corollary.

Corollary 2.2 Let {X(t): ¢t = 0} be a standard fractional Brownian motion with
exponent o. Then there are constants 0 < ¢ < C < o0, which are independent of
¢ and t, such that

e < PM@O)Se)<e ™" for e <172, (2.13)

Proof. As discussed before the theorem, fBm’s satisfies the hypotheses of
Theorem 2.1, so that in particular (2.13) holds for some ¢, > 0. The general
case then follows at once from the fact that the processes {X(s): s = 0} and

t —a/2
{(f) X (st—;)): s 0} have the same distributions. [

The restriction ¢ < t¥2 cannot be removed entirely from the right inequality in
(2.13), for any ¢ > 0, since it is known that 1 — P(M(¢) < ¢) decreases exponen-
tially in te”2/* as te~2/* —» 0 while 1 — exp{ — cte™%/*} ~ cre~2/*. However,
for our purposes this is a less interesting case. It is also possible to find

examples of locally nondeterministic processes which are periodic, and for
which the righthand inequality in (2.5) fail as & = const-t*? — 0.

Remark. Professor Qi-Man Shao derived the inequalities in (2.13) indepen-
dently almost simultaneously with the authors using essentially the same
arguments.

3 Chung’s law of the iterated logarithm

The bounds of the preceding section immediately lead to the easy half of
Chung’s law of the iterated logarithm for Gaussian processes satisfying (2.1)
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and (2.2). For the harder half, some form of approximate independence is
needed. We restrict our attention to Gaussian processes with stationary
increments. For such processes we obtain the necessary independence by
splitting up their spectral representation.

Let X = {X(1): — o0 <t < o0} be a real-valued, centered Gaussian process.
We assume that X(0) = 0 and that X has stationary increments and continu-
ous covariance function

R(s, ) = E{X(5)X(1)} = f°° (€% — 1)(e™" — 1) 4(dA), 3.1)

— 0
where the symmetric spectral measure 4 satisfies
o0 2

A

— o0

There exists a centered, complex-valued, Gaussian random measure W (dA)
such that

X() = fw (e — 1) W (dA). (3.2)

—

The measures W and 4 are related by the identity
E{W (4)W (B)} = A(AnB)
for all real Borel sets 4 and B. Furthermore,
W(— 4)=W(A).

We shall need the following version of Fernique’s lemma (see [12, Lemma 1.1,
p. 138]).

Lemma 3.1 Let {X(t): t 20} be a separable, centered, real-valued Gaussian
process with incremental variance ¢ (h) = V(X (t + h) — X (f)). Assume that

o) =oeh), t>0, h>Q0,

for some continuous nondecreasing function ¢ with @(0)=0. Put
M(t) = supg <5 <¢| X (s) — X(0})|. For any positive integer k > 1 and any posit-
ive constants t, x and 0(p), p=1,2,3, ...,

PM@®)>xpt) + ¥ 0(D) k™) Sk?e ™2 4 ¥ k27 0?2,

r=1 p=1

Using this inequality we are able to prove Chung type laws of the iterated
logarithm for a large class of Gaussian processes.

Theorem 3.2 Let {X(t): — o0 <t < oo} be a real-valued, centered Gaussian
process with continuous sample paths. Assume that X(0) = 0 and that X has
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stationary increments. Also assume that (2.1) and (2.2} hold and that for some
>0,

liminf| A2 4([4 A + []) > 0. (3.3)
JA] ~ oo

Then there exists a positive constant cx such that

.. M(t) as.
lim lnf—a———_—a— = Cx. (34)
o CP@LLY™2
A standard fractional Brownian motion with covariance function (1.1) is easily
seen to satisfy the assumptions of Theorem 3.2. We have the following result.

Theorem 3.3 Let {X(t): t = O} be a standard fractional Brownian motion with
exponent a. There exist positive constants ¢, and c,, such that

o M(1) as.
llmlnf'j‘——_a— = Cqy (35)
jo tPLLY”Y?
and
M as.
liminf— & s . (3.6)

t¥2(LLt)~ 2

- 00
Remark. For standard Brownian motion (the case « = 1) we have ¢; =
¢y = n/\/g. We have not been able to compute ¢, or ¢, for o # 1.

Proof of Theorem 3.2 Throughout, it is sufficient to consider t-values which
make the iterated logarithm positive. We first show that

liminf M(5)/y(t) = 2 > 0, (37
t|0

for y(¢) = t**(loglogt™')"*? and c given by (2.5). Let ¢ > 0 and y > 1, and
fork=1,2,...put ty =y~ % B =(c/(1 + &))*2. Then, by (2.5),

iP(M(tk)/l//(tk) =P = i(logyk)—(lﬂ) < o,

where the sums are over all k large enough to make klogy >1 and
B(loglogy*)~*2 < 1. Hence, by the Borel-Cantelli lemma, M (t,) = By (t;) for
all k greater than some ko = ko(w). Further, for k = ky and ;. { £t < 1,

M(t) 2 M(txr 1) Z Bb(tas 1) 2 BY @t 1)/ (t)-

Hence

lminf M(8)/W(f) = By~*2. (3.8)
£10
Since ¢ and y may be chosen arbitrarily close to 0 and 1, respectively, this
proves (3.7).
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Next, we prove that

liminf M(©)/y () < C*2 < oo (3.9)
tl0

for C given by (2.5). This time we choose
ﬂ — Ca/Z’ t = k_k, dk — kk+(2‘a)/2.

It follows from (2.5) that

S P(M(t)/¥(t0) < ) 2 T (klogh) ™ = o, (3.10)

where the sums are over all k > 2 large enough to make f(LLt) %* < 1. If
the events in the first sum were independent, this would conclude the proof.
However, they are not.

We shall use the spectral representation (3.2) to get the necessary indepen-
dence. It follows from (3.1) that

ol (W) =2 [ (1 —cos(hi))4(dA).

— 0

Under assumption (2.1) there exists a constant K > 0 such that for all £ > 1,

[ Ad)£Kt®

2]zt

and

[ 224 S Ke2e

Al =t

(See the truncation inequalities on p. 209 of [16]). Define for k = 1, 2, ... and
- w <t< w0,

b.OGES f (e — )W (dA), (3.11)
|71 € (di=y,di]
X.(t) = X(@t) — X,(t). (3.12)
By standard Borel-Cantelli arguments, (3.9) follows if we prove that
2P< max |X,(01/4() < ﬁ) - 613)
05t

and

iP( max I)Z'k(t)]/u,b(tk)>s)< oo, foranye>0, (3.14)

0=ttt

since the events in (3.13) are independent.
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Here (3.13) follows from (3.10) since

P( max | X, ()/(t) < ﬁ) > P(M(t)/¥(t) < B),

05t

according to [2, Corollary 4].
For0<h <1y,

VE&M®) =2 [ (1 —cos(hd))4(d2)
[2] ¢ (di- 1, di]

<o [ AAdy+4 [ A
ET A Mz d,

é Kk—ak—a(zfa)/Z_
Put 6 = «(2 — «)/2. For a suitable constant K (that does not depend on k)
oe(h)? = Kmin {k% k™*~% > v (X, (h)) (3.15)

for0£h<y. .
We shall now apply Fernique’s lemma to the process X ;. Put x; = (8 log k)*/2.
Given ¢ > 0 define

Oi(p) = &(p + 1) 2P (t)/ @i (tik ™)
forp=1,2, ... For large enough %,
O:(p) > 4(logk)!/2272 forallp =1,

in addition to

5orlt) + X 0P stk ™) < a6

r=1

Since

0 o) o)
2 1 _
Y ke W24 NN k2 emBUeN2Y o o
k=1 k=1p=1

it follows from Fernique’s lemma that

§P< sup |)?k(s)|>s¢(tk))< 0.
k=1

0ss=t;

We have thus established that

c®? < liminf M (t)/y(t) £ C*?  as.
£0

A zero—one law [21, Theorem 2.1] guarantees that the liminf is constant (it is
here we use assumption (3.3)). O
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Proof of Theorem 3.3 Let X = {X(t): t = 0} be a standard fBm of index o.
The covariance function has the representation

1
R(s, )= {Isl* + e =15 = 117} (3.16)

= c(2) fw(ei”'~1)(e_‘“—1)|/1|_“’+1)d/1. (3.17)

The hypotheses of Theorem 3.2 are thus satisfied and X obeys a Chung law at
time t = 0.

The proof of the Chung law at time ¢ = oo is identical to the proof of the
law at time t = 0. We change the definition of ¥ to ¥(t) = t*/*(loglogt) %2,
invert the expressions defining t,, and change k + 1 to k — 1in all expressions.
To establish that the tail o-algebra at time ¢ = oo s trivial we use the fact that
{X(t):t >0} and {t*X(t7'):t > 0} are equivalent processes. The zero—one
law at time t = oo therefore follows from Pitt and Tran’s zero—one law at time
t=0. O

Example 34 Let Y= {Y(t) — 0 <t < oo} be a real-valued stationary
Gaussian process with mean zero and covariance function

R(s, t)=e~Is =t

where 0 <o < 2. The spectral measure A(d4) has a density 4(4) which
satisfies

lim [A]**14(2) = c(®)

|A] =

for some positive constant c(x). The hypotheses of Theorem 3.2 are therefore
satisfied for the process X (¢) = Y (t) — Y (0).

Example 3.5 The spectral measure 4(dA) need not be absolutely continuous.
Consider, for example, the real-valued stationary Gaussian process {Y (t):
— o0 <t < oo} defined by

Y(t)= é nijﬁ (an_ ) (&, cos((2n — 1)1) + n,sin((2n — 1)1)),

where (€,) and (n,) are ii.d. standard normal.
2
R(s,)=1—=|s—t| for —nm<s—t<m.
7

It follows from Marcus’ result that Y is strongly locally nondeterministic with
o = 1. The process X (t) = Y (t) — Y (0) therefore satisfies the assumptions of
Theorem 3.2.
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4 Functional laws of the iterated logarithm

We shall need some well known facts about reproducing kernel Hilbert
spaces. (For reference, see [6, 14]). Consider a separable Banach space E with
dual E* and a centered Gaussian measure u on E. Let = denote the canonical
map of E* into L? (E, p), i.e., the restriction to E* of the canonical map of the
space F2(E, p) of p-square-integrable functions into the quotient space
L? (E, p). We shall let E;f denote the closure in L? (i) of n(E*). Forany n € E},
the measure #(x) u(dx) has a barycenter

Aln) = [ xn(x)p(dx) € E, (4.1)

E

where the integral may be interpreted either in the Pettis or the Bochner sense.
The map n — A(y) is linear and injective. The reproducing kernel Hilbert
space H, of y is the range A(E;) < E with the inner product

4, 45>, = Ef n(x)E(x)u(dx), n, E€Ey. (4.2)

If we put A = Ao r, then A(E*) is dense in H,. Weshall write | f 12 = <{f,/ ),
forfeH,.
The following inequalities are well known (see [6] or [17).

Proposition 4.1 Let V be a convex, symmetric, measurable subset of E. For all
feH,and (e E*,

1 ~
uf+v)= #(V)eXP{ —% If1E + 500 = ANk + sup é(x)}-

Furthermore,

W+ V)2 a0 )erp] ~31012)

Combining these two inequalities we can establish the following uniform
version of a result proved by Borell [6, Theorem 2.3].

Proposition 4.2 Let V be a convex, symmetric, bounded, measurable subset of
E of positive y-measure. If f € H,, then

lim £ {logu(ef + V) ~ logu(V)} = —4 /1. 4.3)

Furthermore, the convergence is uniform over all such sets V of diameter less
than 1, and the limit is a lower bound for all t.

Proof. By Proposition 4.1 we have for every t > 0 and ¢ € E*,

t7 2 {logutf+ V) —logu(V)} = =312
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and

t={logu(tf+ V) —logu(V)} £ =4S 12 + 31 /- 4@ +17° sup ¢(x).
The result now follows from the fact that || f — AA(E) || can be made arbitrarily
small. []

Next let {X (s): s = 0} denote standard fractional Brownian motion of index a.
As in the introduction let

n:(s) = X (st)/2t*LLp)*%, 0<s< 1. 4.4)
and let H, < C[0, 1] be the RKHS of the kernel
s, )=3{s"+"—|s—¢]*}, 0<s=<1, 0Lt

H, is the RKHS corresponding to the centered Gaussian measure g on the
Banach space C[0, 1] induced by {X(s): 0 < s < 1}. As before let £, g), be
the inner product in H, and let || f ||, be the sup-norm on C[0,1]. If f e H,,

then | f(s) —f (1> s — t|* <L Da-
We first take care of the case {(f,f>, < 1.

Theorem 4.3 Let {f,f>,<1. Ast |0
lim inf (LLY®* Y2 [, — f o0 = 7(f)s 4.5)

where y(f) is a constant satisfying

27 (L= £ D) Sy(f) S272C (A = A D0) ™2 (4.6)

Here ¢ and C denote the positive constants in {2.13). The same result, possibly
with a different constant y(f), holds for t - 0.

The case {f,f >, = 1 is more delicate. Let C* denote the dual of the Banach
space C[0, 1]. Combining the analysis of Kuelbs et al. [15] of ii.d. Banach
space valued Gaussian vectors with our technique of treating fractional
Brownian motion as if the process had independent increments we get the
following result.

Theorem 4.4 (1) Let {f,f>,= 1. As either t [O or tT o0,

a.s.

liminf(LLO)®* V2 g, —fll = o0, (4.7)
whereas

lim inf(LL&@+ D@2 1 £ 2 op. 4.8)

(D) If <f.f>. =1 and f € A(C*), then

liminf(LLe)e* DD 1 — £ .50, (4.9)
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(D) If <fif>a=1and f ¢ A(C¥), then
lim inf(LLe)®* D42 g, — £, = 0. (4.10)

In the proofs of both Theorem 4.3 and 4.4 we shall need the following two
lemmas which we adapt from [1].

Lemma 4.5 Let ¢: N — IR™ be such that
@) @ is decreasing and ¢(k) - 0,
(i) ko(k) is eventually strictly increasing,
(iif) (logk)™" (log @(k)) -0,
(iv) (loghk)*™ ! (p(k))* — 0.
Put t;, = exp( — ko(k)). Then
(1) foralla> 1,y exp{ —alLty} < oo
(2) tira/t > 1,
(3) (LL&)* " (te — tiy1)%/t7 —0.
Lemma 46 For0<s<t<u<e 'and feH,

sLLu
ulL.Ls

aj2
LLO D2y, —fllo 2 ( ) (LLs)* " V2 gy = f |l

Uu—s a2
- (LLu)(““”z(T) {1 o+ CAFH2.
The proofs are very similar to the proofs of deAcosta’s Lemmas 5.2 and 5.3,
respectively.
Proof of Theorem 4.3 We shall only consider case t |0. Let ¢ > 0. Put
B=1(c/1+ )21 —ff)2, (4.11)

where ¢ is given by (2.13). Let t, = exp( — ko(k)), with ¢ as in Lemma 4.5.
Consider the events

A= {lIte*? X(()t) — QLL1)Y? [ Il < B(LLY) ™2}
By Proposition 4.2 and Corollary 2.2 we have for any é > 0 and k > kq(5),
(LLty) " *log P(Ay)
< (LLt) ' log P(M(1) < (LLt) ™) = {fif D + 6
S -0 +9A =LLfD) =L ff >+ 0
— M +ed—LffDx)— 91

For such k,
P(4y) Sexp{ —[1 +e(l = {£f D) — 81LLY . (4.12)
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Since we can choose d < (1 — {f,f>,), it follows from Lemma 4.5(1) that
Y P(A4;) < oo. Hence

liminf (LL6) /2 g, —f |0 = 2712, (4.13)

k— o0

It now follows from Lemmas 4.5 and 4.6 that

liminf(LLO® /2 |y, — [, = 2- 2. (4.14)
t]0
(In Lemma 4.6,let u = t, and s = t; . ; as k —> 00 .) This proves half of Theorem
4.3. Next choose

B=CPA~Lff)2, (4.15)
where C is given by (2.13). As in the proof of Theorem 3.2, put
=k dy = kFr@-o/2 (4.16)

for k=2, 3, ... Let the processes X, and X, be defined by (3.11) and (3.12),
respectively. For ¢ > 0 define the events

Ale) = {11t 2 X ((")ts) — QLLE) 2 f | < (1 + e)(LLE) ™2},
Bi(e) = {ltx > Xu((*)tx) — QLLt)' 2 f || o < B(1 + &)(LLt,)"*2},
Cil) = {1t > Zu(() 1)l oo Z ef(LLE) ™2}
Clearly,
Ai(e) < Bi(2e)u Ci(e) = Ax(3e)u Cy(e). 4.17)
In Sect. 3 we proved that

Y P(Cil(e)) < 0. 4.18)
k=1
By Proposition 4.2 and Corollary 2.2 we have for large k,
(LLt) " Mog P(A(e) Z — (1 + &) 2*(1 = (£ f D) = {fif Da- (4.19)

Since the right-hand side is greater than — 1, it follows that

2 P(A4i(e)) = 4.20)
Combining (4.17), (4.18), and (4.20) we get

i P(B.(28)) = oo. (4.21)

k=1

Since the events in (4.21) are independent, it follows from Borel-Cantelli that

P < lim sup By (28)) =1. 4.22)
k
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Combining (4.22), (4.17), and (4.18) we get

P( lim sup Ak(3s)> =1 4.23)
k

In other words,

a.s.

liminf (LLt)®* 2 p, —flle < 27Y2B(1 + 3e). (4.24)
k— o0
Since ¢ can be chosen arbitrarily close to 0, Theorem 4.3 now follows from Pitt
and Tran’s zero—one law. [

Proof of Theorem 4.4 We shall again only consider the case t | 0. We prove
(4.7) in the same way we proved the first half of Theorem 4.3. Let
t, = exp( — kop(k)), with ¢ as in Lemma 4.5. For any large constant K > 0,
consider the events

A= {172 X((")te) — QLLY)'? f || < K(LLty) "2},
For any d > 0 and k > kq(9),
(LLty) 'log P(A) £ —cK 22— {ff D+ 6. (4.25)

Since { f, f >, = 1 and we can choose § < cK /% it follows from Lemma 4.5(1)

that 3 P(4,) < oo. Using Lemmas 4.5 and 4.6 we can conclude that

Hminf(LLO® V2 |y, — fl = 272K, (4.26)
tlo

This proves (4.7). In our proof of (4.8), we follow [15]. For k=2,3, ..., let
= kmk. Put

B = K(LLty)~ T 02 o=~ Bl fIN)S (4.27)
for a suitable, large constant K. It follows from Proposition 4.1 that
P(#e. — o = 2B) 2 P(111 — fillw < Bi)
=P( "2 X ((-)te) — QLLL)' fill o < Be(2LLe)Y?)
2 exp{ — {fi, o« LLty } P(M(1) < B (2LL;)'/?).
Since {f,f >, = 1, it follows from Corollary 2.2 that for large k,

lOgP(” Her _f”oo é zﬂk)
2 — (1= Bl fllz')?LLy — CBi */*(2LLg)~ 1/*

— LLt; + QK || fl|* — CK™2/227 V%) (LLg, )@+
— K| fllo?(LLg) @2,
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If K is chosen large enough, then we have for k > ky(K),
P[5 —f oo < 2Bi) Z exp( — LLty) = (klogk)™ .
With this choice of K,

Y P —fllo £ 2B) = 0.
Arguing as in the second half of the proof of Theorem 4.3 we get

liminf (L)@ D/« 2 — £l < 2K. (4.28)

k=

This proves (4.8). .
Next we prove (4.9). Assume that {f,f>, =1 and that f= A() for some
Ee C*. Again we follow [15]. We shall use the notation

€1l =sup{l(g): g€ CI0, 11, gl = 1}
Let t, = exp( — k(logk)~“*2/*) for k = 2, and put
By = e(LLt) "6+ D/e+2) (4.29)

for a suitable, small constant ¢ > 0. By Proposition 4.1, we have for large
enough k,

Pl —f llo < B) < P(M() S 2LLE)"?B)exp{ — LL, + QLLG) B €1}
< CXp{ — LLt, — (c3’2/«z2—1/a — 2 llgn)(LLtk)li(a+2)}'

If ¢ is chosen small enough, then we have for k > ky(g),
— < < — o+ 2 . 1/(x+2)
P11 —fllw < Bi) S expq — logk + " LLk — K,(logk) ,

for some constant K, > 0. With this choice of &,

Y Pt —fllw S By < 0. (4.30)

Hence
fiminf (LLe)®* 2 g, —f{l, = & 431)
k—

Since @ (k) = (log k)~ @*2)/* satisfies the assumptions of Lemma 4.5, it follows
from Lemmas 4.5 and 4.6 that

liminf(LLe)@* VG2 1 £l > g 4.32)
t]0

This completes the proof of (4.9).
We shall finally prove (4.10). Let ¢, = k¥ Given ¢ > 0 define f, by (4.29).
Consider the I-functional defined for f € H, and 6 = 0 by

I(f.8)=inf{{g, ¢>u: g€ Ha, |/ — gl < 0} (4.33)
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Arguing as in Lemma 1 of [11] we see that there is a unique element f, € H,
such that

1f=fillo = Brs  T(£ Br) = {fes JicDa- (4.34)

It follows from Proposition 4.1 that, for large k,

P11 — fllo = 2B) Z P11, — fill o = Bi)
2 exp{ — {fio i > LLte} P(M(1) £ B(2LL)' %)
= exp{ — I(f, i) LLt, — CB¢ */*(2LLt,)~ 1/}

According to Proposition 2 of [15], if <{f,/>. =1 and f ¢ A(C*), then
lims o (1 —I(f, 6))/6 = oo. We conclude that for any large constant K and
all k > ko(K),

P, —flleo £ 2Bi) Z exp{ — (1 — KB)LLty — C */*(2LLe) ™ 1%}
=exp{ — LLt; + (Ke — Ce~2/*271/%)(LLg, )/ * 23,
Since we can choose K > Ce~@*+2/23~1/2 it follows that

2Py —fllw S2Bs) = . (4.35)
Arguing as in the second half of the proof of Theorem 4.3 we get

liminf (LLE)® T V6D |1p, —f | < 2. 4.36)
k— 0
Since ¢ can be chosen arbitrarily small, this completes the proof of (4.10).
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