BAIRE CLASS OF THE LYAPUNOV INDICES

M. I. Rakhimberdiev

1. Following Millionshchikov [1, 2, 3], we consider the family of the morphisms
(X (m), 3 (m)): (E, p, B) > (E,p, B), me&EN, (¢h)

of a certain vector bundle (E, p, B) with a fiber R", whose base B is a complete metric space.
We assume that the mapping X(m) is nonsingular on fibers, i.e., for all m & N, and b & B the
linear mapping

X (m, b): p7 (b) — p7' (y (m) b),

defined as the restriction of the mapping X(m) to the fiber p *(b), has an inverse [X (m, »)I™
p7t (% (m) b) — p* (b).
A certain Riemannian metric is fixed on the vector bundle (E, p, B) and we suppose that

there exists a function a(:): B — R* such that max (| X (m, Bb)|, || [X (m, &)]7]) < exp (ma (b)) .
for all meN and b= B .

The Lyapunov indices of the family (1) were defined in [1]:

Ap(b) = min max (I/'m)In|X(m,D)E|. k=1,....n.
RPFHSGRT) E=RATHL

Then their properties were studied as functions on B. In particular, Theorem 1, which
shows that the functions A& (-),k = 1,..., 7 belong to the second Baire class (see [4, 5]),
was proved. Since, by definition, each Baire class is contained in the next one, there
naturally arises the problem of unimprovability of this theorem, i.e., about the strict
belongingness of the Lyapunov indices to the second Baire class (see [5]). For abstractly
defined morphism (1), this problem cannot have a unique solution. Thus, e.g., if the base
consists of a single point, then each function on it is of zero class. We can give examples
of the morphisms (1) with discontinuous Lyapunov indices. However, the present problem will
be solved in this case if we indicate objects for which the functions A (), k=1,..., n be-
long to the second, but do not belong to any preceeding class.

We show how the required result follows from [6, 7] (in each case, for the function
A (+)); then we give a direct proof of the theorem on the realization of the second Baire
class by the functions A (), ..., Ay (:), in conformity with linear systems of ordinary dif-
ferential equations.

2. Let there be given a uniformly continuous mapping 4 (-): R — Hom (R", R") that satis-
fies the condition sup|l A4 (z)| << +oo.
=R

By a well-known method (see [8, p. 534 in the Russian original]) we define the metric
space Ry of all possible translates A(t + x) of the mapping A(t) by introducing the metric
p (41, 4z) = sup min [ 4, (z) — 42 (=) |, /] |].
=R

Let us complete R4. The obtained complete metric space is denoted by Ry.
The equation {f* A) (z) = A (t + ) defines a dynamical system ft in R,.

Now let A(s) be an almost periodic mapping. TFor each 4 = ﬁ; we consider the linear
system of ordinary differential equations £ = A4 (1) &, ¢ &= R™

Setting B =Ry, E=B X R* and p = pr, (pr,; is the projection of the product B x R"
onto the first factor), we define the trivial vector bundle (E, p, B). Not depending on
b= B, the Euclidean structure of the fiber R" defines a Riemannian metric on (E, p, B).
The equations
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X (m)e= ("4, E (m, 0; 4) &),
x (m) A = "4,

where e = (4, §) & E, A=Ry, E=R", and 5 (0, 1; A) is the Cauchy operator of the system &’ —
A (1) &, define the mappings X(m): E + E and % (m):B—> B, m& N. It is clear that the mappings
(X (m), % (m)), me=N. satisfy all the necessary conditions,

Let A be a point of discontinuity of the funection A, (-). The existence of such a point
has been proved in [7]. By virtue of the remark to the theorem of [7], all the points A of
R, are also points of discontinuity of this function. It follows from [5, p. 243, Theorem VI
in the Russian translation] that the restriction of each function of the first class, de-
fined on a complete metric space, to an arbitrary closed set has at least one point of con-
tinuity in this set. Hence, by virtue of [1, Theorem 1], the function A, (-): R, — R is strict-
ly of second Baire class, Analogous arguments are possible also with respect to the func—
tions Ay (-), ... A, (+). However, let us observe that in the above proof we have essentially
relied on the remark to the theorem of [7], which, in its turn, followed from this theorem
and the remark to Theorem 2 of [6]. But in [7] only the index A,(¢) has been considered.
Consequently, more investigation is needed to obtain the conclusions about other indices.

We use a proof of this interesting fact that is independent of [6, 7].

3. Let us consider the construction, suggested in [2, Sec. 2] in the particular case

B=R, flx=zx+t, B=S8§ X B, and § is the metric space of the continuous (piecewise con-
tinuous) mappings A(e): R -- Hom (R*, R®), such that A (-): sup ||4 ()| <+ oo. Themetricin S is
given by the equality =R

P (4, Ag) = sup|| 4, (z) — 42 (@) |I.
=B

For all A< §,and 2= R we consider the linear system of ordinary differential equa-
tions

£ =4(2)E E=R"
Let E (0, T; 2, 4) be the Cauchy operator of this system. Let there be given a trivial vector
bundle (E, p, B). We set £ =B X R*, and p = pr.. The mappings X(m): E-—E,y(m):B—B
are defined by the equations
X (m) (A-a Zz, E) = (A1 m + z, E(my 0; =, A) E)v
x (m) (4, z) = (4, z + m),

where A =8,z 3B, and £ <= R,

It is clear that the Lyapunov indices of the system § =4 (z+ 1§ depend only on the first
component of the basic element b = (A, x). By the same token, we can set A (b) = A, (4), k=1,
.. I

The following theorem holds for the families of the morphisms (1), defined in this man-
ner.

THEOREM 1. For each k< {1, ..., n} and n>2 the function X (-): B— R is strictly of
the second Baire class.

Proof. I. Let us consider the case n = 2. Let us define a mapping F (-): 10, 1] — §:
in the following manner: For each o &[0, 1] we set F (0)= 4, (-), where

a)  (—a(®) e
A00=(ay yma gy )

1 for tSI[L(2k), L2k 1), kS NT
a(t)= { 0 for allother values of t;
tk) = 2,:;1 3ELa/2) (Virr-1] |

E(x) being the integral part of the number x.

The inequality || F (o) — F (@2) | < 7 | ©; — 03| implies the continuity of the mapping F(e).
Therefore, F([0, 1]) is a closed set in S.

II. Let there be given subsets ¢; and ¢, of the segment [O, l].. Writing each number
o 10, 1] in the ‘ternary system © = ;37! + 0,37 ..., where o, {0, 1, 2}, 1 =1, 2, . . .,
we put all finite fractions «,3! + ...+ 37" with the sum of the numbers a,, . . «, ar
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even in the set ¢, and all the infinite fractioms ;3! -+ @372 + ..., in which ;=1 only
for a finite number of the indices i, in the set ¢,. It is obvious that each of the sets
o: and o, is dense in [0, 1].

Let us establish that A;(4y) = 1/2 and A, (Ay) = —1/2 for © € 0; and A, (4dy) = Ay (4p) =0
for o & o,.
Let us set
gm = (3/2) 8™ (m — 1) + 1),
AT = [gm + 8™, gm + (@ + 1) 3™,
X — B (g 4 2 (i F 1) 3™, g, + 23™ 0, Ao).

Since
1 0)
0 —1)  for tEAG,
A(D (t) = { 0 nm) m
(— e 0/ for S Ag,
where {=0,... m -+ 1, me N, we get
m, i ( cos (w 3™*1) sin (m:amﬂ)) (exp gmt 0 ) (2)
@ T \—sin (nw 3™ cos (e 3™) 0 exp3™1/’ ;
ITI. We fix any number w; in the set 0;. Since it has the form o, = o371 + ...+ o377,
where ;= {0, 1,2}, i=1, ..., r, and the sum a¢; + . . . + ay is an even number, it follows
that @ 3™ is an integer and is an even number for m >r — 1. Therefore, from Eq. (2) we
get
: exp 3™*! 0
X' =< —m-1 (3)
0 exp3d

for m>r—1.

For each t>> ¢, we determine an m, = N*, such that {(2m,) <t<< {(2m; + 2) and K, i; = N,
i; < ky, such that (2m,) = qm,+ 2§83, If

xXj (t) =E (t7 qrs 01 A(m) g]'y
where §; = (1,0) and & = (0, 1), then by (3) we have

E@my) 4 1 z; (2) ]
(AMhfz; Q)| =— 4 T my) In | 2; (€ (2my)) I+ - In ml =
_ 5@my) 1 e k k, i 4 K, i Ne; ()1
=ty (L, o R IEEE L+ YT WIS 1) + o =

Ctem) g o PR PR
=ty & Vg €@m) —gm) + Iy

Now, taking into account the fact that

Ctem) 4 15l
Jm —— =1, lim 5

=0,

we get

Lim (178 In|| z; (@) || = (—1)**14/2.

t—+cc
Hence, it follows from the equation Sp 4, (f) = 0 that the basis x,(t), x.(t) is normal.
Therefore, 1/2, —1/2 are the Lyapunov indices of the system &' = 4, (f)E for o & o;.

IV. Now we fix a number w, in the set oz. It can be represented in the form w, =
03t + ...+ e37 13714372 .., where o, ={0,1,2},i=1,...,r. Therefore, for m>
r — 1 the number ®,3™" can be written as Ky + 1/2, where K, = N*. Consequently, it follows
from (2) that

L L ~,1 0
X’In:l’l+1Xm Z=< 0 —1),
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if gm +F2B8™M < gny, I =14, i +1,and m>r — 1. Now, as in the paragraph III, we establish
that the indices of the system §’==44m(ﬂ>§ are equal to zero for ® & 0,.

V. It follows from the continuity of the mapping F(e) that the sets F (o) and F (o,)
are dense in F([0, 1]). By virtue of what we have proved, the functions A (-): (¥ ([0, 1]), 0) —
R, %k =1,2 are discontinuous at each point of the set (F ({0, 11}, ) " B. 1In this case, as
already observed above, the functions A& (-):B— R, k=1, 2. are strictly of the second Baire
class.

VI. For n > 2, for each function A, (-), supplementing the system of second order by a
system of (n — 2)-th order, we can construct a closed set that consists entirely of points
of discontinuity of the restriction of the function Ak(e) to this set, Here we define the
function Ak(*) by the system of second order, constructed in the paragraph I, and the n — 2
functions Ai(e) by any convenient equations §; = q; (£)f;, that preserve the ordering of the
functions Ay (+), ..., A,(-). The theorem is proved.

Remark. The following proposition follows immediately from Theorem 1 on taking into
account the fact that Sp 4, (t) = 0 for all o < [0, 1],

Proposition. For each k< {1, ..., n}, where n=2m, m & N*, the restriction of the
function A (-): B— R to the set of the linear Hamiltonian systems (see [9, p. 69]) is
strictly a function of the second Baire class.

In conclusion, the author thanks V., M, Millionshchikov for assistance with the note.
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