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1. Introduction

In [2] we observed that among the three requirements characterizing well-posed
minimization problems, namely, existence and uniqueness of solutions and con-
vergence of minimizing sequences, the uniqueness condition is not as essential as
the other conditions. We introduced several variants of this notion and related
them by proving, in particular, that Hadamard well-posedness is essentially
equivalent to Tykhonov well-posedness.

It is the purpose of this paper to follow a similar line of thought in the special
framework of metric spaces and to prove verifiable criteria for well-posedness in
our generalized sense. In metric spaces {and, more generally, in uniform spaces,
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but we refrain from adopting such framework although only minor changes would
be necessary) we dispose of the concept of Hausdorff {(or metric) continuity for
multifunctions. This notion differs from the classical notions of upper and lower
semicontinuity of multifunctions, so that the notion of well-set minimiz-
ation problem introduced here does not coincide with the notion studied in [2].
Recall that a multifunction F: X — Y from a topological space X to a metric
space (Y, d) is said to be metrically upper continuous or upper hemicontinuous
{wh.c) or upper-Hausdorff~continuous at x, if for each &> 0 there exists a
neighborhood V of x, in X such that for each xe V and each ye F(x) we have
d(y, F(xo) < &, or F(x) « B(F(x,), &), where for ye Y and a subset Z of Y we set
d(y, Z) = inf{d(y, z): ze Z} and B(Z,r) = {ye Y: d(y, Z) < r} for r e R. The multi-
function F is said to be lower hemicontinuous (1h.c.) at x, if for each ¢ > 0 there
exists a neighborhood V of x, such that F(x,} < B(F(x), ¢} for each xe V.
The minimization problem

{Pp) minimize fy(x) for xe Ao,

where A4, is a nonempty subset of a metric space (X,d) and f, is a lower
semicontinuous function from X into R = R U {+ oo} with m:= inf fy{4,) > —x,
is said to be metrically well-set if the multifunction assigning to every & the set §,
of approximate solutions is wh.c. at ¢ = 0, where S, = {x € Ay: fo(x) < m + &}. In
other words, (P,) is metrically well-set if for any minimizing sequence (x,) of {(Py)
we have lim,_, _ d(x,, So) = 0. As kindly pointed out by the referee this condition
is not new but corresponds to a concept often used in the Russian literature (see
for instance [5] where it is exploited in connection with the regularization method
of Tykhonov). This condition is easily seen to be weaker than the condition of
well-posedness in the generalized sense imposed by Furi and Vignoli [8], [9],
namely, that any minimizing sequence is compact (and weaker than the generaliza-
tion to nets considered by Coban et al. [4]). In particular it does not imply that
the set of solutions is compact. We devote Section 2 to a characterization of this
notion in terms of compactness concepts (Theorem 2.5). We relate this condition
of well-posedness to the Hadamard requirement of stability of the set of solutions
to problems with perturbed data f,,, 4,, depending on a parameter w, We establish
some connections with the notions introduced in [2]. In fact since here we deal
with metric notions of upper semicontinuity and not topological ones our results
seem to be more remote to [2] than to other contributions we have been
acquainted with since we write the first version of this paper (ie., [17], [4], [21],
and [22]). However, here X is not supposed to be complete and since we do not
suppose uniqueness we cannot make use of the argument that a decreasing
sequence of closed subsets of a complete metric space whose diameters tend to
zero converges to a singleton as in [8], [9], [17], {217, and [22]. Still our
comparison with Hadamard well-posedness given in Section 3 is quite simple and
natural (see Theorem 3.1).

Besides the examples we provide, the work of Chavent {see [3] and its
references) for instance shows that dropping uniqueness is not a spurious gen-
eralization but has real-world applications.
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2. Metrically Well-Set Problems and Their Characterizations

The following formal definition is a rephrasing of the notion given in the
mtroduction.

Definition 2.1. The problem (Py) is said to be metrically well-set or M-well-set
if the multifunction T: R — A, given by T(r) = fo {—0,r) N Ay is wh.c. at m =
inf fo(4,). Equivalently, (Py) is M-well-set if for any minimizing sequence (x,) we
have d(x,, S;) = 0.

Since T is u.h.c. whenever it is ws.c., a T-well-set problem in the sense of [2]
(i.e, T is us.c. at m) is M-well-set. When (Py) has a unique solution the two
definitions coincide. Moreover, in this case (Pg) is well-posed in the sense of [8]
(i.e., the diameter §(T(r)) of T(r) converges to 0 as r tends to m,); the converse is
true when (X, d) is complete. Then (P} is well-posed iff any minimizing sequence
is a Cauchy sequence.

More generally, when the solution set S, = 4, N fo {(m) is compact, (Pg) is
M-well-set iff it is T-well-set. The following lemma gives a partial generalization
of this observation (recall that in the following f;, is l.s.c. and hence S, is closed
in Ag).

Lemma 2.2. Suppose the open balls of (A, d) are connected and the boundary 08,
of 8y in A, is compact. Then (Py) is M-well-set iff (Po) is T-well-set.

Proof. When the balls of a metric space (Z, d) are connected, for any nonempty
closed subset Y of Z and any x € Z\Y we have

d(x, Y) = d(x, 3Y)

since for each r > d(x, Y) the ball B(x, ) meets Y and Z\Y, and hence meets 7Y.
Let us prove that when &Y is compact, for any open subset V of Z containing Y
there exists r > 0 with B(Y, r) < V. Otherwise, we can find a sequence (x,) in Z\V
with x, € B(Y, 1/n); then we have d(x,, dY) < 1/n. As 0Yis compact (x,) has a cluster
point X in 8Y. Since Z\ V' is closed we get X e(Z\V) n 0Y, a contradiction, Taking
Z =A,, Y =25, we get that, for any multifunction T: R — 4, with T(m) = S,, T
is u.s.c. at m when it is wh.c. at m. |

In general, the notion of an M-well-set minimization problem is less restrictive
than the notion of a T-well-set minimization problem even for a strongly structured
class of problems such as linear programming problems or quadratic programming
problems.

Example 2.3. Let X =R* A4, ={(x;,x,)eR% 0<x; <1, x,>0}, so that
fx1, x3) = x4, 80 that T(0) = Sy = {0} x R, ,and T(r) = [0,r] x R, forre[0, 1]
so that T'is u.h.c. at 0 but not us.c. at 0.

Example 2.4. Let X be a Hilbert space with scalar product (-|")andlet 0: X - X
be a symmetric continuous linear operator with fy(x) = 1/2(0x|x) > 0 for each
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xeX. Using the Lax-Milgram lemma on ker @+ and the fact that a positive
semidefinite nondegenerate operator @ is coercive (or positive definite in the sense
that there exists « > 0 such that (Qv|v) > aiv||* for all v in X) it is easy to show
that the problem (P,) of minimizing f, over 4,:= X is M-weli-set iff the range of
Q is closed. It is T-well-set iff it is generalized well-posed in the sense of Furi and
Vignoli [8], [9] iff it is well-posed in the sense of Tykhonov [23] iff Q is an
isomorphism.

The regularization method of Tykhonov can be seen as a resticiion to a class
of perturbations which is sufficiently narrow to yield a continuous dependence of
some solution on a parameter, even for the ill-posed problem of minimizing

folx) = 1/2110x — b|}?,

where Q is as above and b e X (see, for instance, [23] and Theorem 46E of [257).

The following characterization is parallel to the one presented in [21; it is
similar to the characterization of [8], the difference lying in the fact that here the
solution set is not supposed to be compact. Let us recall that Kuratowski’s measure
of noncompactness of a subset Y of X is the infimum «(Y) of the family of re R,
such that Y can be covered by a finite family of subsets of diameter less than r.
Following [6] we call precompact a filter base #Z on X such that for any ¢ >0
there exists Be # and a finite covering of B by balls of radius ¢. The punctured
{resp. hollow) minimizing filter base %, (resp. 2,) is given by

Py = {T(r\int S,: r > 0}
(resp. 2o = {T(H)\So: r > 0}), with Sy = {x € 4g: fo(x) = m}, m = inf fi(4,).

Theorem 2.5. The following implications hold for the assertions listed below:
(@)= (b) = (c) = (d)=(e).

When (Ag, d) is complete we have (c)=>(d). When the closed (or open) balls of A,
are connected we have (e) = (a); if, moreover, (44, d) is complete all these assertions
are equivalent:

(a) %, is precompact.

(b) 2, is precompact and the boundary 08, of S, in A, is precompact.
(c) lim,_.o, x(T(m + e)\So) = 0 and S, is precompact.

(d) (Py) is T-well-set and 0S,, is compact.

e) (Py) is M-well-set and 8S, is precompact.

Proof. The implications (a)=> (b} and (b)<>(c) follow from the definitions since
1K(Y) € x(Z) when Y < Z and since for any ¢ > 0 the inclusion S, = T(m + &) holds,
So and T(m + &) are closed in 4, so that we have

T(m + g\int S = (T(m + eN\Sy) L 0S,.

Since k(Y U Z) = max(x(Y), x(Z)) and k(Z) =0 iff Z is precompact, (c} is
equivalent to the fact that lim,_,, w(T(m + e)\int Sp} = 0 which is equivalent to (a).
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By Theorem 1.4 of {2], (d} is equivalent to the compactness of %,. By using
Proposition 7.1 of [6], this implies that %, is precompact. The converse is true
when X is complete.

Now let us suppose that (e) holds and the closed (or open) balls of 4, are
connected. Let us prove that (¢) holds. Given « > 0 we can find § > 0 such that
T(m + B) = B(S,, a/2); moreover, we can find a finite subset {x;,..., x;} of 38,
such that the family {B(x;, ®/2):i=1,...,k} is a covering of 8S,. Then for any
¢€[0, f] and any xe T(m + ¢)\S, we can find i€ {1,..., k} such that x € B(x;, )
since d(x, 8S,) = d(x, Sp) < ®/2 so that there exists y € 05, with d(x, y) < /2 and
some ie{1,..., k} with d(y, x;) < «/2. Thus x(T(m + &)\S,) < 2« for € [0, f] and
{c) holds. The last claim follows from the preceding ones. O

3. Comparison with Hadamard Well-Posedness

The classical definition of well-posedness introduced after Hadamard pertains
to the notion of perturbation of (P,). A perturbation of (P,) is a quadruple
(W, wg, F, f), or in short (F, f), where w, is a point of a topological space W,
F: W — X is a multifunction, f: W x X >R =R u {+ o0} is an extended real-
valued function such that F(w,) = A4, f,, = fo, Where f,, is given by f,(x) = f(w, X)
for x € X. The performance function is given by

p(w) == inf{ f,(x): x € F(w)} for weW,

the solution and the approximate solution multifunctions are defined respectively by
S(w):= {x € F(w): f,(x) = p(w)},
S(e, w):= S(w):= {x & F(w): f,(x) < p(w) + &}

forwe W, eeR,, where forre R, se R, \{0}, 7 + sis defined by r + s = r + s for
reR, r¥s=+4w forr=+0w,r¥s=—s"'forr=—ow, and r + s =r for
reR, s = 0. We assume throughout that m = p(w,) is finite and we set S, = S(w,)
as before.

The family (f,,),,.w is said to converge uniformly to f, as w tends to w, (and

we write ( fw)~u+ fo) if for each & > 0 there exists W, in the family A"(wg) of
neighborhoods of w, such that for any we W, x e X we have
—(—folx¥) + e < £,(x) < fol0) + &

Let us call (Py) H,,-well-set (or metrically well-set in the sense of Hadamard) if
for any perturbation (F, f) of (P,) with F w.h.c. and Lh.c. at w,, and (f,,) converging

uniformly to fq, (f,) > fs, the corresponding solution multifunction S is wh.c. at
wy. The problem (P,) is called H,.-well-set if for any perturbation (F, f} of (P,)

with F wh.c. and ls.c, and (f,,) converging uniformly to f,, (£,) 5 fo, the solution
multifunction S is wh.c. at wy. It will be said to be O,-well-set if S is u.h.c. at wy

whenever F is constant and (f,,) 5 Jo- The following result extends Proposition 1



278 E. Bednarczuk and J.-P. Penot

of [22] as here uniqueness is omitted; moreover, convergence of the constraint is
different.

Theorem 3.1. We have the following implications for (Pg):

H,well-set = H,-well-set = O,-well-set = M-well-ser.
If fo is uniformly continuous around A, then all these assertions are equivalent.
Proof. The first implication follows from the fact that any Lh.c. multifunction is

ls.c. The second implication is obvious. Let us prove the third by setting, for
W=R,, wy =0, F(w)= A, for cach we W, and for (w, xje W x X,

fw, x) = max{ fy(x), m + w},

where m = inf fo{A4,). Then, for we W, S(w) is the set of w-approximate solutions
of (P,). Moreover, f(0, x) = fo(x) and, for any {w, xje W x X,

Jol) < flw, %) < folx) + w,

so that (£} A fo. Since (P} is O,,-well-set, S(w) = T(m + w) is u.h.c. at w, and (P,)
is M-well-set.
Now let us suppose f, is uniformly continuous around A4, and {P,} is

M-well-set. Let us observe that, for any perturbation (F, f) such that (f,} 5 fo and

Fis wh.c. and Ls.c., the perturbation function p is u.s.c. (in fact Ls.c. of F and us.c.
of f at (wq, x,) for some x, € S(w,) would suffice).

Given ¢ > 0, let us find Ve A{(w,) such that S(w) < B(S(wg), £} for we V. As
(P,) is M-well-set we can find é > 0 such that

T(m + 8) = {x e Ay: fo(x) < p(wo) + 8} = B(S(wy), £/2).
As f,, is uniformly continuous around 4, we can find a € [0, ¢/2] such that
| fo(x) = folx) < 8/4
whenever x € 4,, x' & B(x, o). Let Ve 4" (wy) be such that
[ folx) = fu(¥)] < 6/4
for we V, x € X and such that
p(w) < pwo) + 6/2,  F(w) < B(F(wy), #/2)

for we V. Then for each we V and each x e S(w) we can find some x' € F(w,) such
that d(x, x') < « so that

Jox) < folx) + 6/4 < f[x) + 8/2 = p(w) + 6/2 < p(wo) + 4.

By our choice of §, we obtain x' € B(S(w,), ¢/2) and, as d(x, x) < &/2, x € B(S{w,), ¢).
D

Let us observe that the preceding proof shows that when #, is uniformly
continuous around A, the problem (Py) is M-well-set iff (Py) is H,,,-well-set in the
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following sense: for any perturbation (F, f) such that (f,) > fo, Fisuhec and p

is u.s.c. at w,, the multifunction S is wh.c. at w,.

In the following variants the strong requirements of the uniform continuity
of f, or uniform convergence of (f,,) are relaxed but the continuity assumption of
F is stronger. These result are more powerful than Theorems 3.1 and 3.4 of [11],
respectively, since the multifunction S is u.s.c. at w, whenever § is u.h.c. at wy and
S(w,) is compact. The solution set S(w,} is compact when (P,) is well-posed in the
sense of [8] and [11] which is stronger than M-well-setting. The proof of the first
variant is similar to the proof of Theorem 3.1 of [11] and is omitted; the second
one requires more adjustments.

Theorem 3.2. Let (F, f) be a perturbation of (Py) such that F and p are u.s.c. at
wy. Suppose (f,,) converges uniformly to f, and fy is uniformiy continuous on bounded
subsets of X. Then, if (Py) is M-well-set, the multifunction S is w.h.c. at wy.

Theorem 3.3. Let (F, f) be a perturbation of (Py) such that F and p are us.c. at
wo and S, is bounded. Suppose that for each w € W the level sets of £, | 4, are connected.
Suppose that (f,) converges uniformly to f, on bounded subsets of X and fy is
uniformly continuous on bounded subsets of X. Then, if (Py) is M-well-set, the
multifunction S is w.h.c. at w,.

In practice the assumption on the level sets of f,, is checked by means of a convexity
or quasi-convexity property.

Proof. Suppose this is not the case. Then we can find ¢ > 0 and a net ((w;, x.));cs
in the graph of § with lim; w; = wy, d(x;, So) = & As F is us.c. at w,, we may
suppose d(x;, F(w,)) < &/2 for each ie I, so that there exists xj;€ 4y = F(w,) with
d(x;, x}) < &/2 and him; d{x;, x}) = 0. Then we have d(x}, S,) > /2.

Let us first suppose there exists a cofinal subset J of I such that (x);.; is
bounded. Then (x});.; is also bounded and

lim sup fo(xj) = lim sup fo(x;) = lim sup f(w;, x;) = lim sup p(w;) < m.
j j i j

As (P,) is M-well-set we obtain d(x}, Sq) — 0, hence d(x;, S,) — 0, a contradiction.
As F is us.c. at wy, using [7] we have

Hm k(F(W)\F(wo)) = 0,

so that if J = {ieI: x;& F(Wy)\F(w,)}, where W, € A(w,) is such that
K(F(Wo)\F(wo)) < 1,

(x)jcs is bounded and J is not cofinal. Then K = {ie I\J: x;€ 4} is cofinal. Let
Xo be any element of S and for ke K let

1 = max{p(wy), f(Wy, Xo)},

Ly ={xe Ay f(w, X) <1}
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Then L\B(S,,¢) contains x, and is closed. Since L, is connected the sets
cl B(Sy, ¢/2) and L,\B(S,, &) cannot cover L,. Therefore, there exists

zi € Ly N B(Sy, e\B(Sy, £/2).
As §, is bounded, (z,) is bounded so that

lim sup fo(z,) = lim sup f(wg, z,) < lim sup r, < p{wy)
k k k
as (f(wy, xo)e k CONVErges to fo{xe) = p(wy) and lim sup, p{w,} < p(wy). Now since
(P,) is M-well-set we get d(z,, S;) — 0, a contradiction. |

Example 34. Let (E, d) be a metric space and let C be a closed subset of E.
Suppose that for some z, € E the best approximation problem

(Po) minimize{d(z,, x): x C}

is M-well-set and the sets {x € C: d(z,, x) < r} are connected for each r e R, . Then
for any topological space W, and wy € W, and any continuous map z: W — E with
zZ(wy) = z,, any wh.c. and Ls.c. multifunction F: W — E with F(w) = C, the best
approximation multifunction §: W — E given by

S(w) = {x € F(w): d(z(w), x) = d(z(w), F(w))}

is wh.c. since the performance function p(w)= d(z(w), F(w)) is ws.c. and the
objective function fy(*) = d(zg, -) is uniformly continuous.

Let us now discuss the assumptions of Theorem 3.1 and present some
comments.

Remark 3.5. We can supplement Theorem 3.1 with a resuit similar to Proposition
2.9 of [2]. Suppose F: W — X is such that F(wy) # & and for any uniformly
continuous function f: X — R such that the problem (Py) is M-well-set the
solution multifunction S is wh.c. at w,. Then F is wh.c. and ls.c. at wy. To see
that F is wh.c. at w, it suffice to take for f, a constant function.

Now let us suppose that F is not Ls.c. at wy: there exist some x4 € F(wg), r > 0,
and a net (w),.; with limit wy such that d(x,, F(w;)) >r for each ici. Let
Jo(x) = min(r, d(x,, x)) then the associated problem (P,) is M-well-set and we get
a contradiction with our assumption as S(wo) = {x,}, S(w;) = F(w;) for ie [.

The uniform continuity assumption of the objective function f, cannot be
dropped in Theorem 3.1 as is shown by the following example.

Example 3.6. Let W =R,, X = R? and F(w) =w x [0,1 + 1/w] for w > 0 and
F(0) = {0} x [0, +00), f(w, x) = fo(x) for (w, x)e W x X with
Solx1, %5) = x5 — (x; — 1)F(x; + 1),

where r* = max(r, 0) for re R. Then p(w) = 0 for any we W and S(0) = {(0, 0)},
S(w) = {(w, 0), (w, 1 + 1/w)} for w > 0 so that S is not v.h.c. at wy. The problem
(P,) is M-well-set, F is u.h.c. and Ls.c. but f; is not uniformly continuous-on X.
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The fact that the solution multifunction § need not be w.h.c. if (P) is not
M-well-set is illustrated by the following example.

Example 3.6. Let W=[0,1], X =R, F(0) =R,, F(w) = [w, I)w] for we (0, 1],
fw, x) = fo(x) = min(x, 1/x). Then S(0) = {0}, S(w) = {w, 1/w} for we (0, 1] so that
S is not wh.c. although f, is uniformly continuous, F and p are continuous
{(p(w) = w). Here (P,) is not M-well-set.

4. Firmness and Well-Posedness

A characterization of well-posed minimization problems in terms of firm functions
has been given by Vainberg [24] and has been extended to sequences of minimiza-
tion problems by Zolezzi [26]. Let us extend these characterizations to our
framework in which uniqueness is dropped and compactness conditions are
relaxed.

Recall that a function c: R, —» R, is said to be firm (or forcing [15], or
admissible [26]) if any sequence (¢,) = R, such that c(z,) — 0 has limit 0. Let us
call a family (c,), . Of functions from R, into R, firm (at wy) if any sequence
(¢,) of R, for which there exists a sequence (w,) in W with lim, w, = w,,
lim, c,, (t,) = 0 has limit 0. Obviously, if c¢,, = c for each we W, (c,)) is firm iff ¢ is
firm. Some criteria ensuring that a family {c,,) is firm will be presented later.

Given the parametrized optimization problem

(P,) minimize f,(x) for xeFw)c X,
where W, X, F, f,, are as above, let us set
c{) = inf{| £,(x) — p(W)|: x € F(w), d(x, S(wo)) = t}.

The following is a variant of Theorem 1 of [26]; observe that in contrast with
this result we have a complete characterization; moreover, assumptions (1) and
(2) of [26] are dropped.

Theorem 4.1. Let W, X, F, (f,,), and (c,,) be as above. Then the following assertions
are equivalent:

(a) For any Sunction &2 W—- R, with lim,_,  &w)=0 the multifunction
w = S,on(W) is wh.c. at w,.

(b) (c,,) is firm.

Proof. (a)=>(b) Let (t,) and w, be sequences in P = (0, + o0) and W, respectively,
such that lim, w, = w,, lim, ¢, (t,) = 0. By definition of c,, we can find x, € F(w,)
such that d(x,, S(wy)) = t, and

;fw,,(xn) - p(wn)l < cw,,(tn) + 27"
Let ¢: W— R, be given by g(w) = 0 for we W\{w,: ne N*}, w = w,, and

gw) = {sup ¢, (t,) + 27" ne N¥* w, = w}
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for we {w,}, w # wy, so that lim,, ., &w) =0 and x, & Sy, (w,) for each ne N*.
Thus, the sequence (¢,),cn = (X, SWo))sen+ has limit 0 and (c,,) is firm.

(b)=>(a) Suppose &: W — R, is such that lim,_, &w) =0 but w— S;(w}{w)
is not wh.c. at wy: we can find o > 0 and sequences (W, en, (Xpen it Wand X,
respectively, with lim, w, = wg, X, € §s(w,,)(Wn) for each ne N and d(x,, S(wy)} = «
for each n. Setting ¢, = d(x,, S(w,)) we get

Cw,,(tn) < ‘fw,,(xn} - p(wn)l =< B(Wn)

so that (c,) is not firm, a contradiction. .

Remark 4.2. When p is continuous at w, (this is supposed in assumption {2} of
[26] for W = N U {4+ o0}, wy = + c0) the preceding conditions are equivalent to

{c) the family {d,,) defined as
d, (1) = inf{] £,(x) — p(wo)|: x € f(w), d(x, Slw)) = ¢}

is firm.

The following lemma makes clear the connections of what precedes with Theorem
1 of [26].

Lemma 4.3. Let (¢}, .w be a family of functions from R, into R, indexed by a
topological space W. Suppose w, € W has a countable basis of neighborhoods (W,)

neN-
(@) If (c,) is firm, then the functions ¢ and ¢ defined as

dry=Hm inf ¢ s),
(s, W)= (t, wo)
2(t) = lim inf ¢, (1)
are firm.
(b) If ¢ = inf,,_y ¢, is firm, then (c,,),,w is firm.

Note that ¢ is epi-limit inferior of the family (¢} cw S W — Wy.

Proof. (a) As & < ¢ is suffices to prove that ¢ is firm. Let (z,) be a sequence of R,
such that lim, &(¢,) = 0. Then for each ne N we can find w, € W, and s, in R, with
[s, —t,) < 1/n such that c,(s,) < &t,) + 1/n. Therefore, lim,c, (s,} = 0 hence
s,—»0andt,—0

(b) Given (t,) = R, and (w,) = W with lim, w, = wy, lim, ¢, (t,) = 0 we have
ét,) < c,,(t,), hence lim, &(,) = 0 and ¢, — 0. ]

Under a weak equicoercivity assumption we have a converse of assertion (a)
of the preceding lemma.

Lemma 4.4. Let (¢,),.w be a family of functions from R, into R, such that there
exist a >0, A > 0, and a neighborhood W, of wo in W such that c(t) >t for any
we Wy, t > A. Then, if ¢ given as in the preceding lemma is firm, the family (c,,) is

firm.
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Proof. Let (t,) = R, (w,) = W be such that lim, w, = w,, lim, ¢, (t,) = 0. Let
g€ N be such that w,e W, and ¢, (t,) < a for n > n,. Then for n > ny, we have
t,€[0, A] and we can find an infinite subset K of N such that (t,),.x converges
to some { in [0, A]. Then &(f) < lim inf,. c,, () = 0, hence &(f) = 0. As ¢ is firm
we get £ = 0. As any subsequence of (t,),.y can be substituted to (t,) in what
precedes we get 1, — 0. O

Theorem 4.5. The problem (P,) is M-well-set iff there exists a nonempty closed
subset B of A, and a nondecreasing firm function ¢ on R, such that ¢(0) = 0 and

folx) —m = c(d(x,B))  for each xe€A,

with equality when x € B. Then B is the set of solutions to (Py).

Proof. Let
oty = inf{] fo(x) — m|: x € Ag, d(x, Sp) = t}.

Suppose (P,) is M-well-set. Take B = S,. If (z,) is a sequence of R, such that
c(t,) — 0, we can find (x,) in 4, with d(x,, Sy) = t,, f{x,) — m. As (P,) is M-well-set,
we get 1, — 0, so that ¢ is firm.

Conversely, when ¢ is firm, for any minimizing sequence (x,} we have

Jolx) —m = c(t,)
for 1, = d(x,, so), hence t, — 0 and (P,) is M-well-set. O

In [12] a more precise study of such kinds of results is given in the case 4,
is a convex subset of a normed vector space X and f; is starshaped or convex.
Let us-turn to a criterion which uses similar assumptions (compare witk Theorem
5.13 of [12] and Theorems 6 and 7 of [267).

Propositien 4.6. Suppose X is a Banach space, Ag, fy is convex and ls.c. and its
domain D has a nonempty interior. Suppose the set S, of minimizers of f,, is nonempty
and there exists a firm function ¢: R, — R, such that for each x in the domain of
the subdifferential ofy of f, and each z, € S, we have

sup{<x*, x — zo): x* € 0fo(x)} = c(d(x, So)). ()
Then (P,) is M-well-set.

Proof. Replacing ¢ with ¢’ given by ¢'(r) = inf{c(s): s > r} and ¢’ with ¢” given by
¢"(r) = sup{c(s): s < r} we may suppose c is nondecreasing and Ls.c. Let us prove
that

Jox) — m > ez d(x, S,)) ()

for each x e X. We may suppose x € D. Observing that the epigraph E of f; has
a nonempty interior as f, is continuous on the interior int D of D we may even
suppose that x € int D since for any x € D there exists a sequence (x,, #,} with limit
{x, fo) and (x,, r,) € E so that (x+) holds if it holds for x replaced with x,. Given
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xeint D let (t,) be a sequence in (3, 1) with limit 4; for each ne N we can find
2, € 8 With ||x — z,]| < 2t,d(x, So). Let y, = t,x + (1 — ¢,)z,, so that

Hx - Yn“ = (1 - tn)Hx - Zn” < 2tn(1 - tn)d(x’ SO)’
MY, So) = dlx, So) — dlx, y,) = (1 — 2t,(1 — £ )d(x, Sg) = 3-dlx, Sp).  (#+)

As z,€Sy < D, xeint D we have y,eint D and f, is continuous at y,, hence
subdifferentiable at y, with dfy(y,) weak*-compact.
Let y¥ € df(y,) be such that

<y;l:9 Vo — er> = Sup{(.y*s Y — Za>: y*eaf()}
Then by (*), (++), and (%) we get

Jolx) —m = folx) — folyn)
= {ym X — Ya
2t L = YK Vo — Za)
> t7 (1 — t)e(d(yns So))
> 711 = t)e(z- d(x, So)).

Taking the limit as n — + o0 we get (sx). |

Example 4.7. Let f be as in Example 2.4, f(x) = 1/2(Qx|x), where X is a Hilbert
space and Q:X — X is a semidefinite positive symmetric continuous linear
operator with closed range. Then there exists o > 0 such that (Qx|x) > ad(x, S,)
for each xe X, with S, = ker @, so that for each x € X and each x, €S, we have,
with o(f) = ar® fort e R, {f(x), x — Xxo» = (@x|x) = c(d(x, S,)). It follows that (P,)
is M-well-set.
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