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Special Coordinate Coverings of Riemann Surfaces

R. C. GUNNING

1. Introduction

The general uniformization theorem ensures that any Riemann surface can
be represented as the quotient space of a subset of the complex projective
line by a discontinuous group of projective (linear fraction) transformations.
There are generally a great many different ways in which a given surface can
be so represented, an observation which has been of some use in recent work
on the moduli of Riemann surfaces, [3]. Any such representation provides a
special coordinate covering of the Riemann surface, with the property that
the local analytic coordinates are related to one another by projective trans-
formations. The aim of the present paper is to investigate some aspects of the
structures determined by special coordinate coverings of this sort, principally
for compact Riemann surfaces. An underlying motivation, in addition to the
possibility of gaining some further insights to an old topic by varying the
point of view, is the quest for phases of the classical uniformization theorem
which might suggest generalizations to several complex variables; there are
manifolds of several dimensions which admit special coordinate coverings
of a similar sort, for instance, quotient spaces of the Siegel upper half-spaces
by discontinuous groups of transformations.

The following is a brief outline of the contents of this paper. Section 2 is
devoted to establishing the notation and terminology to be used, and to defining
the structures to be investigated. Section 3 contains a discussion of relation-
ships between these special coordinate structures and certain canonically
associated flat fibre bundles; the principal result is that the bundles completely
describe the structures to which they are associated. Section 4 contains a
differential-geometric discussion of these structures and their associated
bundles. Section 5, as a slight digression, briefly sketches the role of these
structures in an intrinsic formulation of the Eichler cohomology groups on
Riemann surfaces. Section 6 contains a discusston of the classical uniformiza-
tions of Riemann surfaces, from the point of view adopted here. There is also
included an appendix, containing a review of some relevant results about
complex vector bundles over Riemann surfaces, a discussion of flat bundles
associated to a complex vector bundle, and a sketch of an alternative approach
to the topics treated in Section 4.

-
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2. Notation and terminology

A coordinate covering {U,, z,} of a two-dimensional manifold M consists
of an open covering {U,} of M, together with homeomorphisms z, : U, -V, (the
coordinate mappings) from the sets U, to open subsets V, of the complex
plane C. On the intersections U,n Uz CM there are defined two homeomor-
phisms into C; the compositions

Sfap=2.025 "1 25(U,nUp—>2,(U,nUp),

which are homeomorphisms between open subsets of the two domains V,,
Vs CC, are called the coordinate transition functions for the given coordinate
covering. Note that the union of two coordinate coverings, consisting of all the
open sets and coordinate mappings from the two, is again a coordinate cover-
ing; the set of coordinate transition functions for this union of course contains
more than just the sets of coordinate transition functions from the two separate
coordinate coverings.

A complex analytic coordinate covering of M is a coordinate covering in
which the coordinate transition functions are complex analytic mappings;
two such coordinate coverings are called equivalent if their union is again a
complex analytic coordinate covering, and an equivalence class of such
coordinate coverings is called a complex structure on M. In the traditional
terminology, a two-dimensional manifold with a fixed complex structure is
called a Riemann surface. Similarly, a complex projective (or affine) coordinate
covering of M is a coordinate overing in which the coordinate transition func-
tions are complex projective (or affine) mappings; recall that a complex
projective mapping f is a complex analytic mapping of the form f(z) = (az + b)
(cz+d)~! for complex constants a, b, ¢, d with ad —bc+0, and a complex
affine mapping is the special case of a complex projective mapping in which
¢=0. Two such coverings are called equivalent if their union is a coordinate
covering of the same kind, and an equivalence class of these coverings is called
a complex projective (or affine) structure on M. In defining a complex projective
structure, it is at times more convenient to envisage the sets V, as lying in the
projective line, for then the points z for which ¢z + d =0 do not require special
attention. The complex projective or affine structures are special cases of the
locally homogeneous structures introduced by EHRESMANN, [6]. Note that a
complex projective structure on M belongs to a unique complex analytic
structure; the complex projective structure is said to be subordinate to that
complex structure. Similarly, a complex affine structure on M is subordinate
to a unique complex projective structure.

If {U,, z,} is a complex projective (or affine) coordinate covering of M, the
coordinate transition functions {f,,} are elements of the one-dimensional
complex projective group Z (or of the one-dimensional complex affine group «¢)
associated to the intersections U,nUyzCM; and for any triple intersection
U,nUgnU,CM, these group elements satisfy the condition f,5° f5,= f,,-
Therefore, the set { f,;} of all these transformations define a coordinate bundle
over M, the group of the bundle being the complex projective group Z (or the
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complex affine group «¢) and the fibre being the complex projective line P (or
the complex affine line C); the terminology used here follows STEENROD [13].
Note that the element f,; is constant, when considered as a mapping from the
intersection U, U, into the group 2 (or &); hence the bundle is a flat coor-
dinate bundle, or in the terminology of [13, section 13], a coordinate bundle with
totally disconnected group. The coordinate bundles associated to two equi-
valent complex projective (or affine) coordinate coverings are equivalent, in the
category of flat coordinate bundles; hence to each complex projective (or
affine) structure on M there corresponds a unique flat fibre bundle, which will
be called the fibre bundle associated to the complex projective (ot affine) structure.
A flat fibre bundle associated to some complex projective (or affine) structure
on the surface M will be called an indigenous bundle on M; and a flat fibre
bundle associated to some complex projective (or affine) structure subordinate
to a fixed complex structure on the surface M will be called an indigenous
bundle to that complex structure on M (or to the Riemann surface M, for
short).

3. The associated bundles

The first topic for more detailed consideration is the relationship between
complex projective (or affine) structures and their associated fibre bundles.
It is an immediate consequence of the definitions that if ¢ is the fibre bundle
associated to a complex projective structure on M, then the coordinate mappings
in a coordinate covering representing that structure compose a cross-section
of the bundle ¢, indeed, a cross-section of a very special sort. For any fibre
bundle over M, the set of points in the bundle space lying over a suitably
small open neighborhood in M is homeomorphic to the Cartesian product
of the fibre with that neighborhood in M, hence that set admits a projection
onto the fibre; and for a flat fibre bundle, any two such projections differ only
by a fixed homeomorphism of the fibre, Now the compositions of these local
projections with a cross-section of the bundle associates to the cross-section
a family of local mappings into the fibre, which are determined uniquely up to
homeomorphisms of the fibre. The cross-section of ¢ arising from a complex
projective structure has the particular property that its associated family of
mappings into the fibre consists entirely of local homeomorphisms ; moreover,
any such cross-section of ¢ determines a complex projective structure to which
is associated the bundle ¢. It is thus a trivial assertion that a flat fibre bundle ¢
is indigenous to M if and only if it admits a continuous cross-section which
determines local homeomorphisms into the fibre. The further investigation
of this matter by purely topological methods, to determine directly the class
of indigenous bundles on M, appears to be rather difficult; but the problem is
quite amenable analytically, and will be discussed further in the following
sections, the present section being devoted to the uniqueness of the structure
to which a bundle on a compact Riemann surface is associated.

For the sake of completeness, we begin with the rather trivial case of the
affine structures.
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Lemma 1. If a compact topological surface admits a complex affine structure,
then the surface has genus 1.

Proof. Let {U,, z,} be a complex affine coordinate covering of the surface;
in each intersection U, U, the coordinate mappings are related by z, = f,4(z,)
=a,p25 + b, for some complex constants a,; +0, b,;. The canonical bundle
of the complex structure defined on the surface by this affine covering has the
transition functions k,; = (dz,/dz;) "' = 1/a,p, [2]; since these are constant, the
canonical bundle has zero Chern class, hence the surface has genus 1.

Theorem 1. An indigenous flat affine bundle to a compact Riemann surface
is associated to a unique affine structure on the surface.

Proof. Let {U,, z,} and {U,, w,} be two complex affine coordinate coverings
of the Riemann surface, having the same associated affine coordinate bundles;
thus in each intersection U,nU, the coordinate mappings are related by
z,= G,p25 + b, and w, = a,zws + b, for some complex constants a,;+0, b,,.
Since the two affine structures are by assumption subordinate to the same
complex structure, in each neighborhood U, the coordinate mappings are
also related by w,= f,(z,) for some complex analytic function f,. Now the
derivatives dw,/dz, are also analytic functions in the neighborhoods U, ; and
it is readily seen that dw,/dz, = dw,/dz, in each intersection U,n Uy, so that
these derivatives define a global analytic function on the Riemann surface.
Since the surface is compact, this function must be a constant ¢, and hence
w,=cz,+d, in each neighborhood U,. The two affine coordinate coverings
are therefore necessarily equivalent, and this suffices to prove the desired
result.

It should be remarked that this theorem is false without the restriction
that the affine structures be subordinate to the same complex structure.

Next we turn to the rather more interesting case of the projective structures.
Suppose that ¢° is a one-dimensional flat complex projective bundle over a
topological space M, and is defined by transition functions @2, in terms of a
coordinate covering {U,, z,} for the space M. Each projective transformation
@5 5 can be represented by a matrix

a5 b,
(paﬂ:( g ﬂ)

of complex constants; and if this matrix is normalized by requiring that det
@, = 1,itis then uniquely determined up to sign. For any intersection U,n Uz
nU, these matrices must satisfy the relation that ¢,,0,, = + ¢,,. If the signs
of the various matrices can be so chosen that the positive sign holds in all of
these relations, then this collection of matrices defines a two-dimensional flat
complex vector bundle ¢ over the space M ; the projective bundle ¢° will then
be said to be associated to the vector bundle ¢. Although not all flat projective
bundles are associated to flat vector bundles in this manner, the indigenous
projective bundles always are. (A further discussion of complex vector bundies
over a Riemann surface, giving those properties which will be used in the
subsequent discussion, will be found in the appendix to the present article.)
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Theorem 2. Let M be a compact Riemann surface of genus g> 1. A flat
complex projective bundle ¢° is indigenous to M if and only if ¢° is associated
to a flat complex vector bundle ¢ for which det ¢ =1 and |div@| =g — 1. Further,
if {U,, z,} is a complex projective coordinate covering of M for which the mapping
functions z, compose a cross-section of @°, then there is a complex analytic
cross-section h, = (hy,, h,,) of ¥ ® @, for some complex line bundle y with |y| =0,
such that z,=h,/h,, in U,.

Proof. First, suppose that ¢ is a flat complex projective bundle indigenous
to M ; then there will be a complex projective coordinate covering {U,, z,} of M
for which the coordinate mappings in an intersection U, Uy satisfy

aa,,zﬂ -+ baﬂ

0
2y =@, ﬁ(z )= s
BT Cpzgtdyg

where {@2;} are transition functions defining the bundle ¢°. Note that the
canonical bundle k of M is defined by the transition functions

kaﬁ = (Caﬂzﬂ + dup)z .
Since |k} =2g — 2, there exists a complex line bundle ¢ with |£] =0 such that
the bundle {®« has a holomorphic cross-section {g,}, the divisor of which
consists precisely of g — 1 double zeros. Since |£] =0, that line bundle can be

defined by transition functions {£,,} which are complex constants of modulus 1 ;
and the functions {g,} therefore satisfy

gmzéaﬂ(caﬁzg'\"dag)zgﬁ in UG('\ UB'
Now in each neighborhood U, select a branch of the function h,,=(g,)'/?.

These functions {h,,} are well-defined holomorphic functions in U,, since {g,}
has only double zeros ; moreover they satisfy relations of the form

hZa=Xaﬂ(capzp+daﬂ) hzﬂ m Ua('\ Uﬂ’

where x,; are complex constants of modulus 1, and their global divisor on M
consists of g — 1 simple zeros. The pair of functions h, , = z,h,,, and h, , therefore
satisfy
hya= Xap(@aghyip+ baghsp)
hya= Xap(Caghyp+daghap) -
On the one hand, it follows therefrom that the matrices
aaz_B baB
O =1a ( )
B B Cap daﬁ
define a flat complex vector bundie ¢* over M, to which the projective bundle
@° is associated ; the desired vector bundle ¢ is then the one defined by the
transition functions @,,; = (det ;) ! @¥;. Furthermore, the functions h,,, h,,
compose a holomorphic cross-section of the bundle ¢* and the common
divisor of this cross-section consists in the g — 1 simple zeros of h, ,; therefore,

ldivepl =g — 1. Finally, since z,=h,/h,,, the last statement of the theorem
follows as well.
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Next, suppose that ¢° is a flat complex projective bundle associated to a
flat complex vector bundle ¢ for which detgp =1 and |divp|=g — 1. Select a
complex analytic coordinate covering {U,, z,} of M, in terms of which the
bundle ¢ is defined by transition functions

_ [Gap baﬁ)
Pap = (ca,, d,g/’
Since|divgp| =g — 1, there is a complex line bundle £ over M such that|{é]j=g —1
and that £~ ' ® ¢ has a holomorphic cross-section (h,,, h,,). There must also
exist a complex line bundle # over M such that |#| =0 and that n®¢ has a
holomorphic cross-section g, ; the bundle # can be defined by transition func-
tions 7,5 which are complex constants of modulus 1. The functions f;, = g,h;,
(i =1, 2) then compose a holomorphic cross-section of the flat complex vector
bundle n® ¢, that is,

S1a=Map@up f15+bapgf28)s f2a=MNap(Capf1p+dapf25)-
Now introduce the holomorphic matrix-valued functions

Hu=(h1a :10:)’ Fa=(fla f1:a>’

hZu pA f 2a f 2a

the primes denoting the derivatives with respect to the local coordinates z,.
The matrices F, clearly satisfy

1 0 .
Fazqaﬁ%,,Fﬂ(O k,,) in U,nUy,

where k,; =(dz,/dzg)” " are transition functions defining the canonical bundle
k; and consequently

detFa = niﬂkaﬁ detFﬂ .

It is easy to verify that det F, is not identically zero. Recalling that f;, =g,h;,,
it follows that det F, = g2 det H,, and therefore that

detH,=¢, 2k, pdetHy;

that is to say, the functions det H, compose a non-trivial holomorphic cross-
section of the bundle £ 2®xk. Since | 2Q@«k|= —2|¢|+(2g—2)=0, the
functions det H, are nowhere vanishing on the Riemann surface M. The desired
result follows readily from this. For introduce the local meromorphic functions
w, = h, /h,, in the neighborhoods U, ; these compose an analytic cross-section
of the flat projective bundle ¢°, since also w, = f,/f,,. Recall that the functions
h,. and h,, have no common zeros, and observe that w, =dw,/dz = — (h“)‘
detH, and that (1/w,) = (h,,)~* detH,; since detH,=+0, the mapping w, 1s
actually a local homeomorphism into projective space, hence the bundle o°
is indigenous, which completes the proof.

Remark. A more detailed description of the possible vector bundles ¢
satisfying the hypotheses of the preceding theorem will be found in the appendix
to this paper ; see, in particular, Proposition A 4.
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Theorem 3. An indigenous flat projective bundle to a compact Riemann
surface of genus g > 1 is associated to a unique projective structure on the surface.

Proof. Let {U,,z,} and {U,, w,} be two complex projective coordinate
coverings of the Riemann surface, having the same associated projective coor-
dinate bundles. By Theorem 2 there will be a flat complex vector bundle ¢,
with deto = 1 and {dive| =g — 1, to which this projective bundle is associated ;
and there will be complex line bundles £ and 5, with [£] =|n| =0, and holomor-
phic cross-sections (g ,, g2, of £ @ @ and (h ,, h, ) of n® @ suchthatz, =g, ,/g9,,
and w, = h, /h,,. Introducing the matrix functions

Fa — (gl a hl x) ,
922 has
observe that these satisfy

S
Fa=¢aﬂFﬁ(0 g

hence that detF, =, 41,5 det Fy; that is, the functions det F, compose a cross-
section of the line bundle ¢®#. Since |E®n|=1&]+n] =0, cither detF, is
nowhere vanishing, or det F,=0. In the first case, in which the matrices F, are
non-singular, the bundle ¢ is analytically equivalent to the bundle ¢ " '®#n~!,
hence {dive| =0, which is a contradiction. Therefore det F, =0, in which case
the two vectors (g,,, 9., and (h,,, h;,) are linearly dependent, and hence
z,=w,. This shows the uniqueness of the projective structure, which was the
desired result.

As in the affine case, this theorem is false without the restriction that the
projective structures be subordinate to the same complex structure; for
examples, see the discussion in [3].

0
) in U,nU,,
ﬂa{)

4. Complex analytic connections

A differential-geometric description of the possible complex projective
(or affine) structures and their associated bundles on a Riemann surface M
can be obtained rather easily from an analysis of the formal properties of the
differential operators defining projective or affine mappings. Suppose that
f: U-V is a complex analytic local homeomorphism between two open
subsets U, ¥V ¢ C, so that f'(z) # 0 for all points z € U. Introduce the differential
operators §,, 8, defined by

(1 0, f@=1"@/f),

04 0,/ @=@2f @) f"@D=3f"&2f@*;

thus, 6, f is a complex analytic function defined in the same open subset
UcC, (r=1,2).1fg: V- Wisanother complex analytic local homeomorphism,

then so is the composition h=ge f : U— W ; and a straightforward calculation
shows that

&) 6,h(2)=0,9(f(2) S +0,f(2),r=1,2.
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Introducing the families &, of complex analytic local homeomorphisms f such
that 8, f(z) =0, it is clear from (3) that each family is closed under composition
of mappings, whenever composition is defined ; that is to say, the families &%, are
Lie pseudogroups of complex analytic transformations, defined by the differen-
tial equations (1) and (2). Indeed, the family &, clearly consists of all complex
affine transformations; and, since 8, is the classical Schwarzian derivative [4],
the family &%, consists of all complex projective transformations. It is not
difficult to show that &#, and &, are essentially the only such pseudogroups in
one complex variable, thus explaining their special role in the subject ; but that
matter belongs to the classification theory of pseudogroups, [5].

Select a complex analytic coordinate covering {U,, z,; of the Riemann
surface M, and consider the coordinate transition functions z, = f,4(z,) defined
in the intersections U, U,. The expressions g,,,=0, f,; are also complex
analytic functions defined in the intersections U,n Uy, and it follows from (3)
by a simple calculation that o,,,=(f3,) 6,,5+ 0,5, in U,nUgn U, ; thatis to
say, the collection of functions {s,,,} defines a one-cocycle of the covering {U,}
with coefficients in the sheaf of germs of holomorphic cross-sections of the line
bundle ”. A zero-cochain {h,} of the covering having {o,,,} as its coboundary
will be called a complex analytic projective connection on the Riemann surface
M ifr =2, and a complex analytic affine connection if r = 1 ; thus such a connec-
tion consists of a collection of functions {A,} holomorphic in the various neigh-
borhoods {U,} and satisfying

4) (fap) Ba—hg=0,fop in U,nUp.

For an explanation of the terminology, see [10]. Note that the existence of a
holomorphic such connection amounts to the condition that the cocycle {o,,,}
be cohomologous to zero; thus the vanishing of the first cohomology group of
M with coefficients in the sheaf of germs of holomorphic cross-sections of the
line bundle «’, the group denoted by H(M, Q(x")), guarantees the existence of
at least one connection. Having one connection given, the most general connec-
tion is clearly the given connection plus an arbitrary quadratic differential
(if r = 2) or abelian differential (if r = 1) on M ; there is thus established a one-to-
one correspondence, albeit not a natural correspondence, between projective
connections (if they exist) and quadratic differentials, and a correspondence
between affine connections and abelian differentials. The role of these connec-
tions is indicated by the following result.

Theorem 4. For an arbitrary Riemann surface M, there is a natural one-to-
one correspondence between the set of complex projective (or affine) structures
on M subordinate to the given complex structure, and the set of complex analytic
projective (or affine) connections on M.

Proof. Any complex analytic coordinate covering {U,, z*} of M, defined
with respect to the given open covering {U,} and equivalent to the given
coordinate covering {U,, z,}, must be of the form z* = g,(z,) for some complex
analytic local homeomorphisms g, ; the coordinate transition functions for this
new coordinate covering are of the form f%=g,° f,z°g; '. The condition that
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the new coordinate covering be a complex projective (or affine) coordinate
covering is just that 0, f% =0 for r =2 (or r=1, in the affine case). Using (3),
the last condition can be written

(5) grfaﬁ = - (fa:ﬁ)r grga + Hrgﬂ .
It is convenient to introduce the intermediary functions
(6) haz = —U,0q>

in terms of which condition (5) reduces to condition (4); thus, the set of all
complex projective (or affine) coordinate coverings of M subordinate to
the given complex structure of M can be put into one-to-one correspondence
with the set consisting of those collections of pairs of analytic functions {g,, h,}
satisfying (4) and (6). Two collections of such pairs {g,, h,} and {g*, h*} define
equivalent complex projective (or affine) coordinate coverings precisely when
the complex analytic local homeomorphisms ¢,, defined by g*¥=1¢,-g,, are
complex projective (or affine) mappings; and since 0,gF =(g.) 0,t, + 0,4,, this
condition merely amounts to the condition that h} = h,. Therefore, to conclude
the proof of the theorem, it is merely necessary to show that, given any collection
of complex analytic functions {h,}, there exist local solutions {g,} of the
differential equation (6); this is clear for r = 1, and becomes clear for r =2 upon
putting g, = y, % and observing that (6) then has the form 2y + h,y, = 0.

Corollary 1. Any open Riemann surface admits a complex affine structure
subordinate to the given complex structure ; the set of all such structures can be
put into one-to-one correspondences with the set of abelian differentials on the
surface.

Proof. Since Q(x) is a coherent analytic sheaf, and an open Riemann
surface M is a Stein manifold, it follows that H'(M, Q(x)) =0, [9]. Therefore
there exist complex analytic affine connections on M as noted above, and the
Corollary follows immediately from the preceding theorem.

Corollary 2. Any Riemann surface admits a complex projective structure
subordinate to the given complex structure; the set of all such structures can be
put into one-to-one correspondences with the set of quadratic differentials on the
surface.

Proof. For an open surface, the argument proceeds as in the preceding
Corollary. For a compact Riemann surface, it follows from the Serre duality
theorem that H'(M, Q(x%)= H°(M, Q(x~'))= the space of holomorphic
cross-sections of x~!; since |k} =2~—2g, it follows that H'(M, Q(x*))=0
if g > 1, g being the genus of the surface M. The existence of projective structures
on surfaces of genus 0 or 1 being obvious, the Corollary follows.

Each projective connection on a Riemann surface M leads to a complex
projective structure on M by Theorem 4, and this structure in turn has an
associated flat complex projective bundle over M ; the bundle can be determined
directly from the projective connection as follows. (The corresponding affine
case is quite trivial, so it will not be discussed further.) Given a complex analytic
coordinate covering {U,, z,} of M, let {h,} be a complex projective connection ;
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and let {£,,} be transition functions defining a complex line bundle £ such that
&? = k. In each neighborhood U, select any two linearly independent complex
analytic functions f, ,, f,, which are solutions of the linear differential equation

g = he S =12,

A straightforward verification shows that in U, U, the functions (fg° f3,) &5,
are also solutions of the differential equation (7); so, introducing the vector-

valued functions
f i a)
roe (00),
f 2a

there is a unique complex constant matrix ¢,, such that
(8) Fﬁ(zﬂ(za)) gﬁ«(za) = ¢BaFa(Za) in Uaﬁ U;? .

Theorem 5. The matrices {¢,,} are transition functions defining the flat
complex projective bundle over M associated to the projective structure of the
projective connection {h,}.

Proof. In each neighborhood U, introduce the meromorphic function
9. = f1/f20 Doting that these are non-trivial functions. Indeed, since f;, are
linearly independent solutions of (7), their Wronskian W, is nowhere vanishing
in U,; and since g, = W, f 2, it follows that g, #+ 0 at all points where f,, +0.
Similarly, (1/g,) =0 at all points at which f,,+0, so since f;, and f,, have no
common zeros, the functions g, are local homeomorphisms into projective
space. Thus a new complex analytic coordinate covering can be introduced
by putting w, =g,(z,) in U,, and refining the covering if necessary. Now in
U,nU, it is clear from (8) that w, = @,,(w,), considering ¢,, as a projective
transformation ; that is to say, {U,, w,} defines a complex projective structure
on M for which ¢ = {¢,,} is the associated flat projective bundle. To complete
the proofitis only necessary to observe that this projective structure corresponds
to the connection {h,} as in Theorem 4, that is, that 8,g,+h,=0; but this
follows readily enough from (2) and (7), and the proof is therewith concluded.

This same result can be derived in another manner, as is outlined in the
appendix to the present paper.

5. The Eichler cohomology groups

In some recent investigations of automorphic functions, the cohomology
groups introduced by EicHLER have played an important role, [7, 12]. These
cohomology groups are associated to a discontinuous group I' of projective
transformations of a domain D C C; hence they can also be considered as being
associated to the Riemann surface D/I', with the natural projective structure
on that surface. Now this cohomology theory can be associated, in a natural
intrinsic manner, to any complex projective structure on any Riemann surface.
This matter will not be considered in detail here; rather, a special case will
be discussed to illustrate the role of the projective structures in the theory.
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Let {U,, z,} be a complex analytic coordinate covering of a Riemann surface
M, and let {h,} be a complex analytic projective connection on M. Consider
the family of linear differential operators D= {D,} defined in the various
neighborhoods {U,} by

) D,=d%/dz3 —2h djdz, ~ I, .

As before, for any line bundie £, let () denote the sheaf of germs of holomorphic
cross-sections of the bundle £; and let x denote the canonical bundle of M.
The cross-sections of the sheaf (&), the holomorphic cross-sections of £,
will be denoted by I'(¢) = H*(M, Q(¢)).

Lemma 2. The operator D defines a sheaf homomorphism D: Q(x ™ *)— (x2)

Proof. Suppose given a germ of a cross-section f, € Q(x 1), in a neighbor-
hood U,; so in any other neighborhood U, in which the same germ has a
representation f, it follows that f, =« f5. A straightforward calculation
shows that D, f,= D, (k5" fs) =23 Dy fy; but this is just the condition that
D, f, € Q(x?), as desired.

The kernel of the homomorphism D in the above lemma is a subsheaf
Q") CcQ(x™ "), the subscript indicating the dependence of this sheaf on
the choice of the projective connection k= {h,}.

Theorem 6. If M is a compact Riemann surface of genus g>1and h={h,}
is a complex analytic projective connection on M, there is a natural exact sequence
of complex vector spaces

(10) 0 TI'(x¥) - H (M, Qy(x™ 1)) - T'(x*)—0.
Proof. By Lemma 2 the operator D yields the exact sequence of sheaves
0-Q,(x™ H)-» Q20 HB Q(?—0;

that D is surjective is a familiar property of ordinary differential equations.
Corresponding to this exact sequence of sheaves is the exact cohomology
sequence, a part of which has the form

I~ Y)> T2 — HY(M, Q™ 1)) - HY(M, (™ 1))~ H (M, Q(x?)).

Since |k~ !|=2—-2¢g <0, it follows that I'(k " !)=0. By the Serre duality
theorem, H'(M, 2(x™')) = H°(M, Q(x?) = I'(x*) and H'(M, Q(x?) =
=~ HOM, Q" 1))=TI'(x"')=0. The desired result then follows immediately.

The groups H'(M, Q,(x~')) will be called Eichler cohomology groups of
the Riemann surface M. The groups depend upon the choice of a projective
connection h. In addition to the particular case mentioned here, one can intro-
duce similar groups H'(M, Q,(x~™) for all positive integers n, by suitable
extensions of the differential operator (9); higher dimensional cohomology
groups do not occur for Riemann surfaces. The more general case will be
discussed elsewhere.

At each point of M, the stalk of the sheaf Q,(x?) is a three-dimensional
complex vector space, consisting of the germs of functions in the kernel of the
differential operator (9); the Eichler cohomology groups are cohomology
groups of M with a suitable system of local coefficients, [13]. The description
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of these coefficients becomes simplest in terms of a complex projective co-
ordinate covering {U,, z,} representing the projective structure associated to
the projective connection h={h,}. For in such a coordinate system h,=0
in each U, and hence the kernel of operator (9) in U, consists of all polynomials
of degree at most two in the local coordinate z,. These observations, together
with the exact sequence (10) relating the cohomology groups and the space
I'(x?) of quadratic differentials on M, exhibit the cohomology groups intro-
duced here as reasonable extensions of the groups appearing in the study of
automorphic functions.

6. The geometric realization

The complex projective (or affine} structures on a surface lead to rather
explicit geometric representations of the surface, which are closely related to
the various classical uniformizations of Riemann surfaces. Suppose that M
is a compact topological surface with a given complex projective (or affine)
structure. Under the covering mapping M —M, the universal covering space
M of M inherits in the obvious manner a complex projective (or affine) structure.
Since 7,(M)=0, the flat fibre bundle associated to the complex projective
(or affine) structure of M is trivial, [13]; hence there is a complex projective
(or affine) coordinate covering {U,, z,} of M, representing the given structure,
such that all the coordinate transition functions Z,= f,4(Z5) are identity
mappings. For such a coordinate covering, the various coordinate mappings
actually define a global mapping ¢: M — D from the surface M onto a subset
D of the complex projective line P (or complex affine line C); this mapping
will be called the geometric realization of the given complex projective (or
affine) structure. The realization mapping ¢ is of course a local homeomorphism,
since locally it coincides with a coordinate mapping; the set D is then a con-
nected open subset of P (or C). Any other such coordinate covering representing
the same structure will differ at most by the same complex projective (or affine)
mapping apphed to each coordinate mapping; thus the geometric realization
¢:M—Disuniqueuptoa pro;ectlve (or affine) mapping applied to D.

Let IT = n,(M) be the covering translation group for the universal covering
mapping M — M ; and note that each T* ¢ IT is a complex projective (or affine)
mapping in terms of the induced projective (or affine) structure of M. Thus
for any point € M and any element T* e IT there will be a complex projective
(or affine) transformation T such that g(T*p)= T g(f); this relation will of
course hold for all points j in a small open neighborhood on the surface M,
so by continuity the transformation T must indeed be independent of the point
p. That is, for each element T* € II there is a complex projective (or affine)
transformation T such that g(T* p) T o(p) for all points peM The set I'
of all these transformations {T} is therefore a group of complex projective
(or affine) automorphisms of the domain D, and I’ = IT under an isomorphism
commuting with the realization mapping g. Henceforth, by the geometric
realization of a complex projective (or affine) structure on M, we shall mean the
realization mapping g:M —D together with the transformation group I'
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on D. Note that changing the realization mapping by a projective (or affine)
mapping of D has the effect of replacing I" by the corresponding conjugate
subgroup of 2 (or &/). Note further that the isomorphism IT=T actually
represents the characteristic class of the flat projective (or affine) bundle
associated to the given structure on M, [13, section 13].

Since the realization mapping ¢ induces a mapping ¢*:M/II - D/I,
it follows that the identification space D/I' is compact in its natural topology
whenever the space M = M/IT is compact. The group I' does not necessarily
act in a discontinuous manner on the space D, however ; the quite simple affine
case, which we shall consider briefly next, illustrates this.

Let M be a compact surface with a given affine structure; by Lemma 1,
M must have genus 1, so that IT is a free abelian group on two generators
8*, T* Thus I' is an abelian group of affine transformations generated by two
mappings S, T, which one easily sees must have one or the other of the following
forms:

1) S(z) =z+1, T(z)=z + w, any complex w;

(ii) S(w)=aw, T(w)=bw, any non-zero complex a, b.

For the quotient space D/I' to be compact, in case (i) necessarily D=C
and Imw #0; and in case (ii), necessarily D = C — 0 and either |aj 31 or |b| + 1.
Case (i) gives the usuval representation of a compact Riemann surface of genus 1
as the quotient of the complex plane by a discrete lattice subgroup, which
evidently describes an affine structure on the surface as well. The mapping
w = ¢°%, for a non-zero complex constant ¢, takes the full plane onto the punctured
plane and transforms the group action of case (i) to that of case (ii), with a=¢°
and b=¢°"; thus all of the groups in case (ii) actually do occur. It may be
observed that @ (modulo the usual action of the modular group) serves as
modulus for the complex structures of M in the representation (i), and the
affine structures of case (ii) can be used to associate the same flat affine bundie
to two inequivalent affine (indeed, inequivalent complex) structures. It should
further be observed that, in case (ii), the group I' does not always act dis-
continuously on D.

Next, turning to the projective case, we have the following simple result.

Theorem 7. Let M be a compact topological surface of genus g>1 with
a complex projective structure; and let o: M—D be its geometric realization,
where DCP, D+P. Then the realization mapping ¢ is a covering map,; and
either D is analytically equivalent to the unit disc, or its complement in P has
infinitely many components.

Proof. If P— D consists of a single point, that point can be taken as the
point at infinity in P ; and since the transformations Te I" preserve D, they must
then be affine mappings. Now the isomorphism IT =~ I’ represents the charac-
teristic class of the flat fibre bundle associated to the given projective structure,
and if I' is affine, it follows that the projective structure can be reduced to an
affine structure; but by Lemma 1, the surface M must then have genus 1, a
contradiction. Next, if P — D consists of two points, they can be taken as the
points 0 and oo in P; the transformations Te I’ then have one or the other
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of the forms: Tz=az, Tz=a/z, (a€ C, a=0). The subgroup I', CI' consisting
of affine transformations is easily seen to be a normal subgroup of finite index.
The corresponding subgroup I1, C IT of covering translations then determines a
finite-sheeted covering space of M which has an affine structure, hence which
is a surface of genus 1; it then follows that M itself must have genus 1, again
a contradiction. Therefore the complement of D must contain at least three
points, If D is simply connected, it must be conformally equivalent to the unit
disc; otherwise, recalling that D/I' is compact and hence that D must have an
infinite group of automorphisms, the complement of D must have infinitely
many components, [11].

Since ¢ is a local homeomorphism, to show that it is a covering mapping
it suffices to prove the followmg given any closed path 1 in D, from a point p
to a point ¢, and any point § € M for which ¢(p) = p, there exists a path Ain M
beginning at the point p and satisfying o(d)=4A. The path 1 will _indeed be
constructed quite explicitly as follows. The quotient space M = M/II being
compact and g: M — D being a local homeomorphism, there are a finite number
of pairs of sets K;C L;C M such that: 3

(i) each L, is topologically a closed disc, and K, is a closed subset of the
interior of L;;

(ii) ¢:L;— L,;is a homeomorphism between L, and its image L;C D; _

(iii) for any point Se M there is a transformation T* € IT such that T*5e K
P UiKi'

Without loss of generality, we may suppose that je K, ; thus p=g(f) e K,
= g(K,)CL,. Let A, be that segment of the path A from p to the first pomt
p, € A at which 1 meets the boundary of L,. By (ii) there is a path 4, from jin L1
such that o(1,) = 4,. By (iii) there is a transformation T € IT such that T} 5, eK
for some index i, ; if T, € I' corresponds to TF under the isomorphism IT F
then T,p, € K;,, and T, will be a path passing through T,p,. Let 1, be that
segment of the path A from p, to the first point p, further along 4 at which the
gath T,/ meets the boundary of L;,. By (ii) there is a path (T3 4,) from T3 p,in

+, such that o(T% ,12) =T,A,;and s0 L, =(T#)~1(T#1,)is a path in M beginn-
mg at p, (the end of 4,) and such that g(1,) = A,. The process can obviously be
continued in this manner ; the result is a sequence of subsegments 4., 4,, ... of
the path A, ; running from p; to p;, ,, together with transformations T;e T’
such that:

(iv) Ty(p;) € K,, for some specified index i;;

(v) pj+1 is the first point of 4, further along the path than p;, at which
T;A meets the boundary of L, .

Moreover, the union 4, U4, ... is an initial segment of the path 4 which
can be lifted to a path in M beginning at the specified point p. To complete the
proof, we shall show that the preceding procedure stops after a finite number
of steps, necessarily therefore with an exhaustion of the entire path A. Suppose,
in contradiction to the desired result, that the sequence {7} is infinite. Since
these mappings T; map D into itself, and since the complement of D contains
at least three points as noted above, it follows from Montel’s theorem that the
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sequence { T} is a normal family in D; there is thus a subsequence { T}, } which
is uniformly convergent on the compact subset AC D to a limit mapping T.
The sequence of points {p;} has a unique limit point r along the path 1 in the
natural order topology ; of course,  is also a limit point of the sequence {p;} in
the topology of P. Note that Tre K= u,K,. (For if Tr¢ K, then there would
be an open segment u C A containing r and such that TunK =0. From the
uniformity of the convergence it would follow that T, un K =0 for all suffi-
ciently large values of k ; but since p;, € ufor large values of k, and since T}, p; €K
by (iv), this would be an immediate contradiction.) Let L, be the intersection
of all those sets L; such that Tr e K;. There is an open segment v C A containing
r and such that the closure of Tv is in the interior of L,. From the uniformity
of the convergence it follows that T}, v is contained in the interior of L, for all
sufficiently large values of k. Select some such value of k which is also large
enough that p; €v. Then the entire segment of T; A from T;p; to T,r is
contained within the interior of L,, so in particular T, p;, . is in the interior
of Ly; but this contradicts (v), and the proof of the theorem is therewith con-
cluded.

In the preceding theorem, if D is simply connected the covering mapping
¢: M — D must actually be a homeomorphism ; therefore, in this case, the group
I acts discontinuously on D and M =~ D/I'. This is the familiar uniformization
of Riemann surfaces, although it should be pointed out that D need not be a
proper disc, there being many other projective structures possible on the same
surface, [3]. The Schottky uniformization [8] furnishes examples of the other
case in the theorem.

7. Appendix: On complex vector bundles

Let M be a compact Riemann surface (the complex structure of which will
be fixed throughout), and let ¢ be a complex vector bundle over M. The
dimension of ¢, written dim ¢, refers to the dimension of the fibre. A bundle ¢
with dim¢ =1 is called a line bundle ; the Chern class of a line bundle ¢, con-
sidered as an integer under the natural identification H*(M, Z)= Z, will be
denoted by |o|. In terms of a complex analytic coordinate covering {U,, z,}
of M, an n-dimensional complex vector bundle ¢ is defined by transition
functions @,5: U,n Uz~ GL(n, C) which are complex analytic in the given
complex structure on M. The functions detg,, then define a complex line
bundle, which will be denoted by det . If ¢ is an n-dimensional complex vector
bundle and ¢ is a complex line bundle, the tensor product (® ¢ is also an
n-dimensional complex vector bundle. For further general properties of
complex vector bundles, see [1].

We shall here consider in somewhat greater detail vector bundles ¢ with
dime =2, detp = 1, (where 1 stands for the trivial line bundle). For any fixed
such bundle ¢, consider the set 4(p) of those complex line bundles € over M
such that the bundle £ !®¢ has non-trivial holomorphic cross-sections;
this is a non-empty set, and the Chern classes || of the bundles ¢ € A(p) are
bounded from above, [1]. The divisor class of the bundle ¢ is defined to be the

6 Math. Ann. 170
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following set of complex line bundles: dive = {{ € 4(p); |¢| =max, 4,1}
Note that |div | =], £ € div e, is well-defined, indeed is merely the maximum
Chern class of the bundles of 4{p). Note further that if £ e dive is defined by
transition functions £, in terms of a complex analytic coordinate covering
{U,, z,} of M, then the bundle ¢ can be defined by transition functions of the
form

_ éaﬂ Uaﬂ)
(1 1) Pap= (0 5;’31
for some holomorphic functions o,4, [1]. Thus, if ® ¢ admits a holomorphic
cross-section for some line bundle # with || = 0, the order of the divisor of that
cross-section is just |dive].

Proposition A 1. If ¢ is a complex vector bundle on the compact Riemann
surface M with dimg =2, detg =1, and |dive| >0, then div o contains a single
complex line bundle.

Proof. Let ¢ be a line bundle in dive; any other line bundle in dive must
be of the form ¢ ®#, where # is a line bundle having Chern class |#] = 0. Then
if £®nedive, the bundle (E®7n) ! ® ¢ must admit a holomorphic cross-
section (f,, g,); writing the transition functions of the bundle ¢ in the form (11),
the holomorphic local functions f,, g, must satisfy the equations

Sa=ny' fs+ ’I‘;pl éa—ﬂl Ousdps

9a= Nag' Sap’ 9 -
Since |7 ' @& 2= —2|¢] <0, necessarily g,=0 and {f,} compose a cross-
section of the line bundle #; but since |y| =0, it then follows that n =1, hence
E®n=¢, which was the desired result.

It is easy to see that necessarily |divp| = — g, and that the bundle ¢ is fully
reducible whenever |divp|=g, [1]. For any given complex line bundle &
on M with |[£] >0, there is a unique fully reducible complex vector bundle ¢
over M withdim¢ =2,deto = 1,dive = &;itis of course the bundle p = E @ E~ 1,
The indecomposable (that is to say, not fully reducible) such bundles are
described as follows.

Proposition A 2. Let ¢ be a complex line bundie with |£] > 0, over the compact
Riemann surface M. The set of indecomposable complex vector bundles ¢ on M
with dime =2, detgp =1, divp={¢, is in one-to-one correspondence with the
points of a complex projective space of dimension N — 1, where N =dimI'(¢ "2 ®k);
(here I' denotes the space of holomorphic cross-sections of the relevant bundle,
and x is the canonical bundle of the surface).

Proof. Since div ¢ is uniquely defined in these circumstances, by Proposi-
tion Al, all such bundles ¢ can be described by transition functions of the
form (11) for various values of the functions 6,5. A simple calculation shows
that these functions must satisfy the condition that ¢,,=¢,405,+ {5, 0,4 in
U,nUynU,, that is, that the functions £,,'s,, compose a one-cocycle of the
covering {U,} with coefficients in the sheaf of germs of holomorphic cross-
sections of the bundle £25, [2]. Further, if 6,5 and z,, are two such cocycles,
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the bundles they define are equivalent precisely when there are holomorphic
functions f, in the sets U, and non-zero constants g, b such that &, f,— f;
=aé ' 0,5 — b&;4' 1,4, that s, precisely when the cocycles al_z' 0,5 and b& 5! 7,
are cohomologous. The desired set of complex vector bundles is therefore in
one-one correspondence with the projective space associated to the complex
vector space H'(M, Q(&?)); the zero element in the vector space corresponds
to the fully reducible vector bundles, which are here being ignored. Since
HY(M, Q&)= Tk ® &™), by Serre duality [2], the theorem is proved.

Example. Consider the particular case of the above proposition in which
|€} =g — 1. Since |72 ®x| =0, it follows that

0 if 4k,
dimr(éﬂ@"):t lif 222}

In the first case (€2 % ) there are thus no indecomposable vector bundles ¢
with dim ¢ = 2, detg = 1, dive = & In the second case (¢? = k), there is a unique
indecomposable vector bundle ¢ with dimp =2, detp=1, divp=£;itis a
straightforward task to verify that this bundle is defined by transition functions

gaﬁ 6

(paﬂ = * d
0 a 1
(12) Z
d
€aﬁ 2 Ep_ éaﬁ
0 s

Referring back to Theorem 2 (in Section 3), it is of interest to determine the
set of flat complex vector bundles ¢ for which dimg =2, det = 1, and |dive]|
=g-—1; note that to any complex vector bundle ¢ there corresponds a set
(perhaps empty) of associated f lat vector bundles, consisting of those flat vector
bundles which are analytically equivalent to ¢.

To begin the discussion, let{U,, z,} be a complex analytic coordinate
covering of a compact Riemann surface M ; and let {¢,;} be a complex analytic
coordinate bundle defined with respect to that covering and determining a
complex vector bundle ¢. A set {G,} of holomorphic, matrix-valued functions
defined in the various neighborhoods {U,} will be called an endomorphism
of ¢ if G,0,5= @,5Gg in U,nU,. Let A(g) be the set consisting of collections
{4,} of holomorphic, matrix-valued differential forms of type (1,0) in the
various neighborhoods {U,} such that dg,;=@,;4;—A4,¢,5 in U,nU,.
Introduce an equivalence relation in the set A(p) by defining {A4,} ~ {A¥}
provided dG,=G,4,— A}G, in each neighborhood U,, for some endo-
morphism {G,} of ¢. The set of equivalence classes will be denoted by A(g);
and the subset, consisting of those equivalence classes containing a represent-
ative {A,} for which tr A, =0, will be denoted by Aq(0).

Propoesition A 3. On a compact Riemann surface M, the set of flat vector
bundles associated to a complex vector bundle ¢ is in one-to-one correspondence
P
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with the elements of A(g); further, if detg =1, the set of flat vector bundles of
determinant 1 associated to @ is in one-to-one correspondence with the subset
Ao(9).

Proof. Since any coordinate bundle representing the vector bundle ¢
is defined by transition functions of the form ¢¥; = F,¢,,F; ' for some holo-
morphic, non-singular matrix-valued functions {F,} defined in the various
neighborhoods {U,}, these bundles can be described by the functions {F,}.
The coordinate bundle is flat precisely when do3, = 0; this is readily seen to be
equivalent to the condition that dg,;= @,,4; — 4,9, Where A,=F, ' dF,.
Note that {F}} and {F,} define equivalent flat bundles whenever F¥F;'isa
constant, that is, whenever A¥ = A,; and that any analytic differential form
A, of type (1, 0) can be written locally as A, = F_ ' dF,. Therefore, the flat vector
bundles associated to ¢ can be described by the elements of A(p). Now, two sets
{F2} and {F,} determine equivalent flat bundles precisely when F¥¢,,F§ 1
=C,F,0,;F;'C; ! in U,nU, for some non-singular constant matrices C,;
this condition amounts to the same thing as the condition that G,= F*~'C,F,
is an endomorphism of ¢, or equivalently, that d(F¥*G,F;')=0 for some
endomorphism G, of ¢. Since the last condition reduces to the condition that
{A}} ~{4,}, this completes the proof of the first assertion of the proposition.
For the second assertion, if det ¢, = 1, then ¢}, is readily seen to be equivalent
to a flat vector bundle of determinant 1 precisely where det F, is constant ; and
since d(detF,)=(detF )trA,, this is equivalent to the condition trA,=0,
which completes the proof. (Note that actually the condition tr A, =0 is pre-
served by the equivalence relation introduced in A(gp).)

Proposition A 4. Let M be a compact Riemann surface of genus g>1,
and @ be a complex vector bundle over M with dime =2, detop =1, and |dive|
=g —1. Then ¢ has a non-empty set of associated flat vector bundles if and
only if (divp)? =k and @ is indecomposable. (Thus, ¢ must be as in the example
considered above.)

Proof. As a consequence of Proposition A3, ¢ has a non-empty set of
associated flat vector bundles if and only if A(p) + 0; so we need only consider
the space A(p) in somewhat more detail. In view of the hypotheses, the vector
bundle ¢ is defined by transition functions of the form

_ gaﬂ o-aﬁ)

(Paﬁ (0 éa_ﬁl s
where {5} define a complex line bundle ¢ with |{|=g—1; and, as in the
example considered above, either 0,5=0 or 6,5 =2d¢{,,/dz,, (the latter case
occurring only when ¢% =«). An element {4,} € A(p) is a set of holomorphic
matrix differential forms satisfying
(13) dq,aﬂ:(paﬁAﬂ—Aa(Paﬁ;
write these matrices out explicitly as

A= (fl la(za) dzz leu(za) dzu)
b\ 2120 dz,  fr24(2)dz./)’
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where z, is the coordinate function in U,, and f;,(z,) are analytic functions.
Note first of all that, as a consequence of (13), the functions {f,;,} compose
a cross-section of the complex line bundle ¢ "2 ®x; so if £2 = k, these functions
form an arbitrary constant on M, while otherwise necessarily f,,,=0. Then,
also as a consequence of (13), the functions {f,,,} satisfy the condition
(14) Si1edz,~ f1 18 dzﬂ = éa—ﬂl(aaﬁ f21ﬂ dzﬂ - d'faﬂ) in U,n Us;
thus, the right-hand side of (14), considered as a one-cocycle of the covering
{U,} with coefficients in the sheaf of germs of holomorphic cross-sections of
the canonical bundle, must be cohomologous to zero. By the Serre duality
theorem this cohomology group is isomorphic to H°(M, 0) 2 C; it is a straight-
forward calculation to show further that the one-cocycle {,,' d&,,} corresponds
to the constant 2g — 2 € C, hence is not cohomologous to zero. Now if f,,, =0,
there can hence exist no possible solutions f,, to (14); for the same reason,
there can exist no solutions when the bundle is decomposable {(o,; = 0). How-
ever if f,,= ¢ for some constant ¢ =0 and if the bundle is indecomposable,
so that the elements o,, have the form given in the preceding example, the
right-hand side of (14) is easily seen to reduce to the expression (2¢ — 1) &5 d&, Y
so there exist solutions {f;,,} precisely when ¢=1/2. It is therefore already
apparent that the set A(¢p) can be non-empty only when ¢2 = k and the bundle
¢ is indecomposable. To show that A(yp) is actually non-empty in this case,
observe that f,,,= 1/2 means that the right-hand side of (14) vanishes, and
hence that f,,,dz, can be taken to be an arbitrary abelian differential; sim-
ilarly, f,,,dz, is an arbitrary abelian differential. The function f,,, finally
must satisfy fi,,=E35 155+ T,y where the expressions {r,;} form a one-
cocycle of the covering {U,} with coefficients in the sheaf of germs of holo-
morphic cross-sections of the line bundle &*=x2, the precise form of the
functions 7,; not being important here; this cohomology group is always
trivial, by Serre duality, hence such functions f, ,, always exist, and the proofis
concluded.

Remarks. The analysis begun in the proof of the preceding theorem can
be continued to provide a description of the sets A(¢p) and A,(¢), and hence a
description of the flat vector bundles associated to ¢ ; since the final description
of this set of flat bundles coincides with that provided by Theorem 4 in Section 4,
there is no need to carry out the argument any further here. It may be of interest
merely to note that, when ¢ is the indecomposable bundle with (dive)? =x
as described in the previous example, the elements of A,(p) have unique re-
presentatives in Ay{p) of the form

0 h,dz,

é—dzg
where {h,} are holomorphic functions in U, which satisfy h,= &} hy—
—2&35(d*E,p/dz}) in U,nUy; note that the latter equation is equivalent to
the assertion that the functions {h,} define a complex analytic projective
connection on the surface M, as discussed in Section 4.

A=
0
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