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A one-dimensional lattice model of a solid-solid interface is presented within which it is
possible to characterize the scattering of phonons at the interface as a function of wave-
length. The probability for a phonon to be transmitted across the interface is found generally
to decrease with decreasing wavelength, although phenomena such as total reflexion and
resonant transmission may occur. Conditions for the existence of a localized interface
mode are given. The thermal boundary resistance for heat flow across the interface is ex-
pressed in terms of an average temperature-dependent phonon transmission coefficient
which generally increases with decreasing temperature and approaches the continuum
value at very low temperature. Applications of these results to three-dimensional interfaces
in general, and particularly to heat dissipation in catalysts, high-frequency phonon radia-

tors, and Kapitza resistance, are discussed.

1. Introduction

When heat is conducted from one material to another,
for most practical purposes the temperature can be
regarded as a continuous function across the interface.
This is not a good approximation, however, in a
number of situations of experimental interest. It has
been known for some time that heat flow from a solid
to liquid helium is accompanied by a finite tempe-
rature jump at the interface [1]. A similar effect can
occur at the interface between two solids, at least one
of which is an insulator, if a large heat flux is involved
[2-5].

This phenomenon of thermal boundary resistance has
been rationalized on the basis that heat is transmitted
by phonons across the interface. The transmission
probability for phonons is determined according to the
so-called acoustic mismatch theory [6, 7], i.e. by cal-
culating the transmission coefficient of an elastic wave
impinging on the interface. This theory provides a
qualitatively satisfactory description of heat transfer
across a metal-insulator interface at low [8, 9] as well
as at high temperature [3-5]. The situation is less
clear in the case of an interface involving liquid helium.,
The theory appears to be adequate for temperatures
below 0.1K if allowance is made for phonon attenua-

tion in the solid [1, 10, 11]. Above 0.1K the theory
predicts much too small a thermal boundary resistance.
The mechanisms responsible for this surprisingly ef-
ficient heat transfer into liquid helium are still being
investigated [1].

As indicated above, the acoustic mismatch theory is
basically a continuum theory. Hence it should be
expected to be valid only for long-wavelength phonons,
i.e. only at low temperatures. Because of its continuum
character, the acoustic mismatch theory completely
neglects the structure of the interface on an atomic
scale. However, this structure is clearly crucial in
determining the scattering of phonons whose wave-
length is comparable with the thickness of the inter-
face, i.e. with the distance over which the elastic
properties change appreciably.

In this paper, I shall present a simple one-dimensional
lattice model of a solid-solid interface within which it
is possible to investigate in some detail the effect of
the atomic structure of the interface on the scattering
of phonons. Specifically, I shall calculate the probabil-
ity for a phonon to be transmitted across the interface
as a function of wavelength. I shall also evaluate the
heat flux due to phonons across the interface as a
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function of temperature, and I shall express this heat
flux in terms of an average temperature-dependent
transmission coefficient which will be the proper
generalization of the continuum transmission coeffi-
cient to higher temperatures. Finally, I shall discuss
the application of these results to three-dimensional
interfaces in general, and particularly to heat dissipa-
tion in catalysts, to high-frequency phonon radiators
and, briefly, to heat conduction from a solid to liquid
helium.

2. Model Equations of Motion and Solutions:
Phonon Transmission Coefficients

The model system considered here is shown schemati-
cally in Figure 1. Two linear harmonic chains are con-
nected by a spring. Assume for simplicity that the
equilibrium distance between any two adjacent masses
is equal to a. Let u; be the longitudinal displacement of
mass j from its equilibrium position. The equations of
motions for the u; are

il =7 (U +u;_—2u) js -1

g =03 uy +wju_, — (05 +f)ug

iy =w§u2+a§uo~(oc§ +w§)u1
ﬁj=w§(”j+1+”j~1*2uj) jz2 1)
with

w12=f;/ml

al=fym;, i=1,2. (2)

We are interested in traveling-wave solutions to Equa-
tions (1), i.e. in solutions of the form

jz1

Jj=0. (3

u;=expi(jk,a+yt)+bexpi(—jk,a+yt)
u;=cexpi(jk,a+ p1)

These represent an incoming wave in medium 2, which
is partially reflected and partially transmitted to
medium 1. For Equations (3) to be solutions of (1), one

must have f=7. On the other hand, because of the
first and fourth equation in (1),

- inl
fp=2w,sinzk, a

y=2w,sintk,a. (4)
My My
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Fig. 1. One-dimensional lattice model of solid-solid interface
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Hence
w,sintk, a=w,sinik,a )

which determines k, as a function of k, . After inserting
Equations (3) into the second and third of Equations (1),
one obtains

c (expik1a+%3— )—b%exp(—ikza)=%e)§pik2a
c%— (1+[},§— ]exp(—ikza))
=1+[}§— ]expikza. (6)

Itis straightforward to solve these equations for b and ¢.
In calculating the heat flux across the interface we will
need |b]* and |c|*. Let f3, and f;, be defined by

fu=hll i=12. ()
One then finds that }b|* and |c|* can be expressed as
bP=b,/d |c|*=c,/d ®)
with

by=(f31+f32— 1)2+ 1+ (fs: — 1)2+(f32—1)2
+2[coskyal[ f31 —1=(f3,— D(f3; + f3,~ 1]
+2[coskyallf3o—1=(f3, = D(f5 + f52 = 1)]
+2[cos(k, +ky)al(f3 — 1)(f3,— 1)~ 2 [cos(k; —k,)a]
(fsrt+f2—1) (9a)
c, =413 sin*k,a (9b)

d=(fy+ f,= P+ 1+ (5 = P +(f5,— 1)
+2[cosk all f51 —1— (3, — 5 + f3.— 1]
+2[coskyall f3o— 1= (f31 =D (fs1+ f52—1)]
—2[cos(k; +ky)al(f31 + f3.— 1) +2[cos(k; —k,)al
(5~ DUfs2—1). (¢

Equations (9) together with Equation (5) furnish a
complete description, within our model, of the scat-
tering of an elastic wave at an interface as a function
of wave vector.

The consistency of the expressions given for |b|* and
|c|* can be checked by looking at the continuum limit
and at energy conservation. In the continuum theory
of acoustics it is well known [12] that at an interface
between two media which do not sustain shear stress,
the reflection and transmission coefficients for a nor-
mally incident wave are given by

pe _PiUi TPl

qo o 2P2la (10)
P10+ Py,

P1U T P10,
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where p; and v; stand for the mass density and the
velocity of sound respectively in medium i. On the
other hand, on expanding Equations (9) to order (k, a)*
and using Equation (5) one finds

lim |c] 2
l=——"
k20 1+ ("”‘11(1)T
m,
)
lim [b|=— 22 (11)
my f1\?
k> -0 1+< 1 1)
m, f,

Hence in the continuum limit Equations (9) reduce to
the proper expressions if we make the obvious identi-
fication p,v;<>(m;, f;)*. Furthermore, it is easy to show
that for all k,

my vy (ky)

1b(k,)| oy, (ey)

le(ky)P=1 (12)

if v (k)=dp/dk, and v,(k,)=dvy/dk,, ie. if the v,(k,)
are the proper group velocities, k, being determined
by k, through Equation (5).

Figures 2 to 5 give some examples for the dependence
of transmission coefficients on wave vector. Figure 2
shows curves for [c(k,)|, the absolute value of the
amplitude transmission coefficient, and Figure 3 shows
corresponding curves for the power transmission
coefficient c,(k,), which is defined as

_m vy (ky)
Cp(kZ) a m, v, (k)

(cf. Eq. (12)). Note first that the continuum values may
or may not be good approximations for |c(k,)| and
c,(k,) at finite k,, depending on the values of the

le (k) 13)

my /my=2.0
1.0 :_ f3|:O'25

Icl

I
2
kz a 7
Fig. 2. Absolute value of amplitude transmission coefficient for a

phonon going from medium 2 to medium 1 as a function of phonon
wave vector. Total reflexion occurs in the case where f;, =0.25
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kz(]

Fig. 3. Power transmission coetficient for a phonon going from
medium 2 to medium 1 as a function of phonon wave vector. Note
resonance phenomenon when f;,=2.0 and total reflexion when
J32=025

m1/m2: 2.0 fhfZ:COHST

Lo, fs varied

Fig. 4. Dependence of phonon power transmission coefficient on
interface spring constant f;. Curves a: fy =2f,; b: f; =8f,; :
[3=025f; -~ 1 f3=051

Fig. 5. Dependence of phonon power transmission coefficient on
interface spring constant f; for a one-dimensional grain boundary
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model parameters. In addition, if w, > w,, then k, be-
comes complex as soon as k, increase above some
limiting value (cf. Eq.(5)), and the incoming wave is
totally reflected. Such is the case for the curves with
f3,=0.25in Figures 2 and 3. (In the continuum theory,
total reflexion can only occur at oblique incidence [ 12]).
Furthermore, although c,(k,) in general decreases
with increasing k,, it is possible for ¢, (k,) to exhibit
some kind of resonant behavior (cf. curve with f;,=2.0
in Fig.3). The importance of the interface bond is
illustrated further in Figures4 and 5 where the form
of c,(k,) can be seen to depend strongly on the inter-
face spring constant f;.

With a view on studying heat transfer across the inter-
face, we have concentrated so far on traveling-wave
solutions to Equations (1). However, for some model
parameter values there exists also a solution to Equa-
tions (1) of the form

u;=Aexpi(jk,a—pt)exp(—
u;=Bexpi(jk;a—pt)exp(—

ljlha) j=z1
ljlha) j=0 (14)

corresponding to a local mode. The simplest situation
is that of a one-dimensional crystal with a grain
boundary: m, =m,, f, = f,#+ f;. It is then straightfor-
ward to show, by inserting Equations (14) into Equa-
tions (1), that there is a local mode if f; > f;. This 1oca1
mode splits off at the top of the band since

B* =40} 24/ = (L/fs)) " >4, (15)

The situation just described is the dual analogue to a
linear chain with a single impurity, where a local mode
exists if the impurity atom is lighter than the other
atoms [13]. In the slightly more complicated case
where m, +m, and f; = f;+ f, one finds a local mode
with

s L Uim—fymy’ »

mymy (f —fo)(my ~m,)

if fi>f,, my>m, and f,/f, +m,/m > 2.

Equation (16) was also derived previously by Hori
et al. [14] using a Green’s function method.

3. Heat Flux across Interface:
Thermal Boundary Resistance

Let T; and T, be the temperatures on either side of the
interface. Then one can write down the following,
within our model exact expression for the heat flux
due to phonons from medium 2 to medium 1.

2ma

=3 | [exp(ho/ksT,)~ 117" g, (@) h v, (w)
0

¢ ps(w)do. (17
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In Equation(17) g,(w) is the exact 1D density of
states [13], v,(w) is the group velocity for phonons,
and c,,(w) is the power transmission coefficient from
medium 2 to medium 1. The factor £ occurs because
only half the phonons within the Brillouin zone move
towards the interface. Equation (17) will be compared
to the approximate expression

(‘)~—j lexp(hw/kyT)— 11" gP(w)hw - v, I'dw
(18)

where g (w) stands for the Debye 1D density of

states [13], v, for the usual velocity of sound, and I'®

for the continuum power transmission coefficient.
From Equation (11)

ro— 4(m, fim, fo)F

Lom; £i)F +(m, £,)2]°
Let us also introduce an average transmission coeffi-
cient I;(T;,) by

v, I, (T,)
2w

| [exp(ho/ks T)— 177" g, (0)hw vy (@)c,, (@) do
0

(19)

2w2
| [expho/kyT)—1]"1g, (@) hodw
¢ (20)

The denominator in Equation (20) is equal to the
energy density ¢,(T,). This allows Equation (17) to be
rewritten in the suggestive form [16]

612=%82(T2)U2F2(T2)- (21)

I;(T,) is particularly useful for a comparison of the
exact and the continyum treatment because

; —T©
lim L (T,)=I".

For the net heat flux g,, across the interface, from
Equation (21),

431 :%SZ(Tz)Uzl;(TZ)_%gl(Ti)UlI;(Ti)- (22)

If T,—T,<T,, then gq,, is proportional to T,~—
This means that heat flux from one medium to the
other requires a finite temperature jump at the inter-
face.

The quantity (T,—
resistance.
Figures6 and 7 present a numerical comparison
between exact and continuum results for heat flux
across the 1D analogue of a Ni— Al,O,; interface. In
order for the values of the model parameters to be re-
presentative of real materials, m,/m, was set equal to
pa/py. and f,/f; was determined by setting w,/w,
equal to 8,,,/8,,, the ratio of Debye temperatures. (In

T,)/q,, is called thermal boundary
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Lo Ni(2)=—Al,05(1)
i f3 varied
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Fig. 6. Average transmission coefficient as a function of temperature.
The model parameters are chosen such as to represent a one-dimen-
sional analogue of a Ni (medium 2)— Al,O; (medium 1) interface:
m,/m, =045, f,/f,=2.3, f, variable. Curves a: fy=(f; f,)}; b: f3=
A(f, f2)%; ¢ f;=0.25(f, f,)% Heat flow is from Al,O; to Ni. Thermal
matching is optimal for f, =(f, f5)*

fc)
Iq, )

Ni(2)—aL041)

T
05 2
3
T{I0°K)
Fig. 7. Comparison of exact and continuum results for average
transmission coefficient I" and heat flux ¢ (arbitrary units). Same
values for model parameters as in Figure 6, with f,=(f; f,)*. ¢

denotes continuum heat flux from medium 1 to medium 2. Note
that ¢?(T) =+ g% (T) in contradiction to thermodynamics

0.25

one dimension, wocf,ocv [13].) However, the qualita-
tive aspects of our results do not depend significantly
on the precise values of the model parameters. Figure 6
shows that the average transmission coefficient I'(T),
calculated from Equation (20), generally decreases
with increasing T such that I'® will not be a good
approximation to I'(T) for T20.16,. In addition,
Figure 6 demonstrates again the importance of the
interface bond: I'(T) depends appreciably on f;, and
heat transfer across the interface is optimal if f;=
(f, f)F. Figure 7illustrates the correspondence between
g(T)and I'(T). Note also that the continuum treatment
violates thermodynamics since it gives g% +0 for
T,=T,. This is in contrast to the exact treatment, for
which ¢,, =0 if T,=T,. From Figures6 and 7 we
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further conclude that I'(T) is not a very strong function
of T at high temperature. At the same time e(T)=k, T
so that at high temperature ¢,, is again very nearly
proportional to T, — T;.

4. Applications

Before dealing with specific applications, we shall
discuss to what extent the results of our one-dimen-
sional model calculation apply to a three-dimensional
interface in general. In real solids, propagating clastic
waves must be described not only by their wave vector
but also by their polarization. At a 3D interface,
longitudinal and transverse waves are coupled to each
other in a complicated manner [7]. The dispersion
relation and the density of states also differ consider-
ably between one and three dimensions [13]. In
addition, very little is known about the structure of a
solid-solid interface on an atomic scale. Most of the
information available comes from experiments on the
adhesive properties of thin films deposited on a sub-
strate [15]. Although such experiments are notoriously
difficult to interpret, it is clear that the strength of the
film-substrate bond can vary within a wide range,
depending on the conditions under which the film was
formed. Also, except possibly for epitaxially grown
films, the distance over which the elastic properties at
the interface change appreciably will probably be of
the order of several lattice constants.

In view of all these problems, it is essential to realize
that the important qualitative aspects of the results of
our 1D calculation are due basically to a dimensional
effect: Phonons are scattered strongly by a lattice
defect if their wavelength is comparable to the dimen-
sions of the defect. In our case the defect is the inter-
face, whose thickness is of the order of a few lattice
constants. Hence interface scattering is strongest for
short-wavelength phonons, and such phonons are
present in higher proportion at high temperatures. In
particular, Equation (22) for the net heat flux across
the interface carries over to the 3D case, with I'(T)
being interpreted as a transmission coefficient properly
averaged over all phonon branches [16]. From the
above arguments, this I'(T) can also be expected to
decrease with increasing temperature.

4.1. Heat Dissipation in Catalysts

Catalysts for many industrial processes consist of
small transition-metal particles finely dispersed on a
porous insulating substrate. Chemical reactions occur-
ring on these metal particles often involve excited
intermediates, and the processes by which this ex-
citation energy is dissipated are crucial in determining
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Fig. 8. Transient heating of a Pt catalyst particle (diameter 50 A),
sitting on an Al,O; substrate, when subjected to a heat pulse
(30 kcal/mole, 1072 or 10~!! s duration) from a chemical reaction.
I'=0.5 corresponds to perfect thermal matching between particle
and substrate. I"?=0.06 (cf. Ref. 16). I'(T)=0.2I'® should be a
realistic estimate at the temperatures involved

the operation of a catalyst [16, 17]. Part of this ex-
citation energy will be released to the catalyst in the
form of short, fairly intense pulses of heat. Because of
the thermal boundary resistance between the catalyst
particles and their support, these heat pulses may lead
to large local temperature fluctuations and thus affect
chemical reaction rates as well as the stability of the
catalyst [16, 17].

Figure 8 shows the temperature rise of a medium-sized
(50 A) Pt particle on an Al,O, substrate subjected to
a heat pulse (30 kcal/mole) from a moderately exo-
thermic reaction. (For computational details see
Ref. 16). The value of the phonon transmission coeffi-
cient I' at the particle-substrate interface is clearly
crucial in determining the temperature rise and sub-
sequent cooling of the catalyst particle. Note that at
the temperatures involved I'” is not a good approxi-
mation to I'(T). Also, for smaller particles heating
turns out to be even more severe [16].

4.2. High-Frequency Phonon Radiators

In recent years it has become possible to generate and
perform experiments with phonons of very high fre-
quency [2]. Superconducting tunnel junctions are able
to produce fairly monochromatic phonons with fre-
quencies up to ~10'2 s~ (A~350 A). From heat pulse
techniques using thin film radiators phonons with
frequencies up to 10**s~! (1~ 5 A) are available. The
propagation properties of these high-frequency pho-
nons are a subject of interest in itself, but such phonons
are also used e.g. as probes for electronic relaxation
processes [2]. Our results are pertinent to such ex-
periments since they all involve transmission of short-
wavelength phonons across a metal-insulator inter-
face.
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Superconducting tunnel junctions, whether used as
phonon generators or detectors, typically consist of a
metal film (e.g. Al) which is separated by an insulating
layer (e.g. Si0,) from the material (e.g. Cu) in which
phonon propagation is to be studied [2, 18]. Clearly
the efficiency and spectral characteristics of the
generator junction and the sensitivity of the detector
junction both depend on the phonon transmission
coefficient across the SiO,/Cu interface. Our results
suggest that at the phonon frequencies in question, the
continuum value is probably not a good approxima-
tion to that transmission coefficient. Furthermore, in
order to obtain a bulk scattering length for the pho-
nons, one has to take into account scattering by grain
boundaries. The presence of grains of different orien-
tation not only leads to an effective average sound
velocity for the phonons [ 18], but the grain boundaries
themselves may give rise to considerable phonon scat-
tering (cf. Fig. 5). Indeed phonon attenuation is found
to be much larger in films with small grains [18].

As regards heat pulse phonon radiators, it should be
noted that the continuum acoustic mismatch theory
predicts well the radiation characteristics at low
radiation temperatures. However, at higher radiation
temperatures the measured phonon flux is usually
smaller than predicted by a factor of 2 to 5 [3-5]. But
this is precisely what would be expected from our
results on the form of the transmission coefficient I'(T).
In addition, the importance of the atomic structure of
the film-substrate interface is evidenced by the fact
that radiators involving a Pb film were in general more
efficient than predicted unless special precautions
were taken to keep the substrate free of contaminants
during film evaporation [3-5].

4.3. Kapitza Resistance

As noted in the introduction, a modified continuum
theory of thermal boundary resistance is able to
describe heat conduction between liquid helium and a
solid at temperatures below 0.1 K [1, 10, 11]. How-
ever, it is not clear yet what mechanisms of heat trans-
fer will give rise to the observed increase above 0.2 K
and to the possible maximum around 6 K of the
phonon transmission coefficient [1, 19, 20]. Heat
transfer at these temperatures may at least in part be
of gaskinetic origin [4, 217.

Our study, although focussing primarily on solid-solid
interfaces, suggests that even in the case of a liquid
helium-solid interface, the atomic structure of the
surface of the solid may not be negligible. An inspec-
tion of the phonon dispersion relation in liquid
helium [22] reveals that at 1 K an appreciable number
of phonons with 2<100 A are present. On the other
hand, it is well established from studies of the structure



Ch. Steinbriichel: Scattering of Phonons of Arbitrary Wavelength

of single-crystal surfaces [23-25] that such surfaces are
disordered on a scale of 100 A, even after being electro-
polished, and are covered by one or more monolayers
of impurities (e.g. carbon) unless they are carefully
cleaned and annealed in ultra-high vacuum. Hence a
continuum theory of Kapitza resistance may be in-
adequate, and in comparing experiments with each
other and with theory careful attention should be paid
to the state of the solid surface. There is experimental
evidence showing that in some instances surface prep-
aration does affect the efficiency of heat transfer
between a solid and liquid helium [1, 11].

5. Conclusion

The main results of this paper have been a calculation,
within a 1D lattice model, of transmission coefficients
for phonons across a solid-solid interface as a function
of phonon wavelength, and a discussion, with applica-
tions, of thermal boundary resistance at high tem-
perature in terms of an average temperature-dependent
phonon transmission coefficient.

These results suggest future research in two directions.
First, it would be interesting to check the conclusions
arrived at here with a calculation using an analogous
3D model of a solid-solid interface. Second, experi-
ments on thermal boundary resistance should be per-
formed in which the atomic structure of the interface
is controlled as carefully as possible. One intriguing
prospect of such experiments is the development of
composite thin films which transmit an unusually
large flux of phonons or only phonons within a narrow
frequency range.

I thank B. Bell for reading the manuscript. This work has been sup-
ported in part by ARPA ONR grant No N 00014-75-C-1107.
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