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Many have tried to relate the uptake of plant nutrients, especially 
phosphate and potassium, to their quantity or intensity values in 
the soil, or to some combination of both (see W i l l i a m s  22 for a 
review). For example, Mattingly et al. 11 have found in pot ex- 
periments that  uptake of phosphate by ryegrass in the early stages 
of growth is closely related to the calcium monophosphate potential, 
but in the later stages is much more closely related to the labile 
phosphate; B l a n c h e t  3 found the index "rapidly exchangeable 
P × concentration of P in the soil solution" gave the best pre- 
diction of the yields of~hay on a series of P-deficient soils; and 
Nye  1~ has argued that one should measure an intensity value, 
which should be related to the immediate rate of uptake, and a 
buffering power value, which should reflect the soil's ability to 
maintain this intensity as the nutrient is depleted. Since it is now 
clear that  diffusion is usually the dominant way by which phos- 
phorus and potassium reach root surfaces (Barber  et al.1), the 
relation between their uptake and their quantity and intensity 
values that  is provided by a diffusion model seem worth exploring. 

Since diffusion is initiated by depletion at the root surface, the 
influence of plant factors and their interaction with the soil factors 
must be considered. Of these, the inherent absorbing power of a 
root, and its geometry, including its root hairs, are clearly im- 
portant, and their effects can be calculated theoretically. Possible 
rhizosphere effects such as production of CO2 and chelates are not 
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List of symbols 

C 
C' 

Cl 

AC/ACz 
Mt 

o~ 

a 

t 
D 
v l  

h 
D~ 

G/G,  
l 

a h  

~r  

d~e 
F1, 
F~ 
Pe 

total concentration of mobile ions (g.cm-3). 
total concentration of mobile ions (origin transposed) 

(g.cm-3). 
concentration of nutr ient  in the soil solution (g.cm-a). 
initial concentration of nutr ient  in the soil solution (g.cm-a). 
buffering power of the soil. 
amount  of nutr ient  absorbed per unit  area of root surface 

after time (t) since the surface was produced (g.cm-~). 
root absorbing power (cm.sec-1). 
eAC~/AC (cm.sec-1). 
radial distance from the centre of the root cylinder (cm). 
radius of root (cm). 
time (sec). 
diffusion coefficient of mobile ions (cm2.sec-1). 
fraction of total volume occupied by soil solution. 
impedance factor. 
diffusion coefficient of the nutr ient  in free soil solution 

(cm~.sec-1). 
average concentration ratio at the root surface. 
average length of root hair (cm). 
radius of root hair (cm). 
no. of hairs per unit  length of root (cm-1). 
radius of central root cylinder (cm). 
radius of the equivalent root hair cylinder (cm). 
average flux to root hairs (g.cm-2.sec-1). 
average flux to root cylinder (g.cm-~.sec-1). 
average flux to the equivalent root hair cylinder 

(g.cm-2.sec-1). 

Gh, Gr, Ge -- 
aP~ apt a_P, 
D C '  D C '  DC 

included in this treatment though it should be possible to allow for 
them later when more experimental data is available. The treatment 
concentrates on a single root, the complications introduced by  
multiple rooting being postponed for a later paper. Experimental 
data on single roots in soil, obtained by  M. C. Drew,  will also be 
presented separately. The approach used here has been developed 
from B o u l d i n ' s  4 treatment of duffusion to a root. The work of 
O l s e n  et al. 16 on phosphate diffusion to plant roots has also been 
useful, particularly because of its recognition of the buffer power 
factor. 
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The conclusions reached here must be modified if mass flow 
contributes significantly in bringing ions to the root surface. The 
combined effects of diffusion and mass flow have been discussed by 
P a s s i o u r a 17 and N y e and S p i e r s.15 Fortunately, from a knowledge 
of the concentration of an ion in the soil solution, the amount of the 
ion taken up by a crop, and the water transpired, it is possible to 
calculate that  mass flow will contribute only about one tenth of the 
potassium and one hundredth of the phosphorus taken up by a crop 
of maize under median conditions, as examined by B a r b e r  et aL 1. 
For nitrogen, calcium, and magnesium mass flow usually makes a 
much more important contribution. 

Let us consider a newly-formed portion of root that  has just 
entered a uniform zone of soil. The portion will be treated as an 
absorbing cylindrical surface, and the complication caused by root 
hairs will be ignored for the present. The rate of absorption will be 
determined primarily by the absorbing power of the root and the 
nutrient concentration at its surface; and this concentration will 
depend on the rate of removal by the root on the one hand and the 
rate of supply by diffusion on the other. We have to find the relation 
between uptake and the characteristics of the soil and the root. 

For an actively growing plant creating a continuing demand for a 
nutrient, it is reasonable to assume, for example, from the results of 
R u s s e l l  et al. 19, that  below a threshold the rate of uptake is 
directly proportional to the concentration of nutrient in the soil 
solution at the surface, i.e. 

dMt 
dt -- ~(Cz) surface (1) 

where 
C~ = concentration of nutrient in the soil solution 
Mt = amount of nutrient absorbed per unit area of root surface 

after time (t) since the surface was produced 
= root absorbing power - an inherent characteristic of the root 

under the prevailing conditions. 
As B o u l d i n  4 has pointed out, even if Equation (1) is not strictly 

obeyed, for instance at high concentrations, the initial concen- 
tration at the root surface rapidly falls to a lower level from which it 
declines only slowly, so that  there is small error in using a value of 
appropriate to this lower concentration. The value of ~ is taken to 
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include effects on the root due to levels of other ions in the soil. I t  is 
also assumed to remain constant with time, so this treatment does 
not take account of ageing in the root. Experiments with onion 
roots - to be published - have in fact given little evidence of ageing 
over a 12-day period. The effect of a possible change in ~ with time 
can be shown qualitatively on graphs, as will discussed. The bounda- 
ry condition chosen here, besides seeming the most likely, has the 
advantage that  it enables the interplay of soil and plant factors to 
be examined in a unified manner. Other boundary conditions - 
flux to a constant concentration at the root surface, and constant 
flux at the root surface - have been used bY O l s e n  et al. 16, and 
their limitations discussed. 

Diffusion of a substance from an infinite uniform medium (the 
soil) to a cylindrical absorbing sink (the root) with the boundary 
condition given by Equation (I) has been treated by  C r a n k  6 
(Section 5.5, ii) following C a r s l a w  and J a e g e r ~  (p. 336). The 
diffusion equation to be solved is 

~C I O ( r D ~ C  ) 
0 ~ - -  r Or ~ - r  (2) 

Cg 

o l / /  

Cl a CI I 

Fig. 1. Re l a t i on  b e t w e e n  t o t a l  c o n c e n t r a t i o n  of mobi le  n u t r i e n t  and  soil 
so lu t ion  c o n c e n t r a t i o n  [C1]. 
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where r is the radial distance from the centre of the root cylinder, t is 
time, D is the diffusion coefficient of the mobile ions and C is the 
concentration of mobile ions. 

I t  will be noted that  this equation is expressed in terms of the 
total concentration, in solution and on the solid, of the mobile ions 
EC], while the boundary condition is in terms of their concentration 
in solution EC~]. In soil the mobile ions are the exchangeable ions. 
For potassium and phosphorus particularly, it is rarely true that  C 
is directly proportional to Cz: they are usually related by  an iso- 
therm like the one shown in Fig. 1. However, if the initial concen- 
tration in solution is Ctl, and we restrict our interest to a range of 
depletion between Ctl and Ct,, we can make progress by  assuming 
that the isotherm is roughly linear over this range. As will be 
shown, the solution obtained is approximately true even with a 
curved isotherm. In fact many soils do have this linear portion till 
low concentration in solution, as shown by  B e c k e t t 2 for potassium 
on all of 14 soils tested, and stated by  O l s e n  et al. 16 to be true for 
phosphate in calcareous soils they have tested. 

If the total concentration lying above the point 0 in Fig. 1 is now 
called C', then 

C '  C'1 - -  C'2 AC 

Ci Cl, --  Ct, ACt 

where AC/ACt is the buffering power of the soil over this range, and 

dMt _ ACt C' : £C '  
dt - -  - X C  (3) 

where £ = ~ (ACdAC) 
Equation (2) may now be solved to show how Ct at the root 

surface, where r = a, varies with Czl, D, t, a, ~ and AC/ACt. Since 
the flux at the root surface varies as C1, the total uptake to time t 
may be obtained by  integration. 

The procedure is as follows: C a r s 1 aw and J a e g e r 5 (p. 338) give 
the solution to Equation (2), written with C' instead of C, with the 
boundary condition of Equation (3) in the form of a series of curves 
of (C'/C~)surfaee plotted against Dt/a 2 for various values of a~'/D. 
The terms have been transposed to conform with  this paper. By  
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graphical integration a series of curves of 
D t / a  2 

c_2' f ( Ci )surface d (a~-) are Obtained" 
0 

The product 
Dt/a  ~ t 

1 f ( C ' )  __= 1 f ( C ' )  - -  d(Dt/a 2) 
Dt/a 2 C; 1 ~u~f~o~ - t  C~ ~faoo 

0 0 

dr, 

and is the average value of C'/C'l~uri~. and hence C~C~l,urf~e to time t. 

This concentration ratio will be represented by CdC~ 1, and it is 
plotted against Dt/a 2 for various values of a~'/D in Fig. 2. The 
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Fig. 2. Variation of the average concentration ratio at the root surface with 

Dt/a ~. Numbers on curves are values of ao~'/D. 
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t reatment  is no longer strictly valid if C~ falls below the linear part 
of the isotherm. 

The uptake may be readily determined from this figure, since 

Cl 
Mt = ~tCz~ G~ (4) 

The form of the curve relating uptake per unit concentration 
with time for fixed values of other variables is shown in Fig. 3. 

The parameter ao~(ACz/AC)/D assigned to each of the curves in 
Fig. 2 may  often be simplified. There is now evidence that  move- 

Mr/q, 
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t x  10 -5 

Fig.  3. V a r i a t i o n  of u p t a k e  p e r  u n i t  c o n c e n t r a t i o n  in s o l u t i o n  w i t h  t i m e  

a = .05 c m  
D = 2.5 × 10 - s c m  2sec  -1 

ACt/AC = 2.5 x 10 .2 
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ment of potassium and phosphate ions through the solid part  of the 
soil contributes little to their diffusive flux compared with move- 
ment through the liquid. (V a id  y a n a t h am and N y e (unpublished) ; 
L e w i s  and Q u i r k  10. The diffusion coefficient in the range Czl to C~, 
is then given by (Nye 14) 

AC1 
D = vdl ~ Dl (5) 

where 
Dt = diffusion coefficient of the nutrient in free soil solution 
vl = fraction of the total volume occupied by the soil solution 
h = impedance factor 

The parameter may therefore be written as ae/D~vt/~ and becomes 
independent of the buffering power. 

The uptake derived from the curves in Fig. 2 will be approxi- 
mately correct even if the isotherm is not linear over the range of 
interest, as in Fig. 4. As may be seen from Fig. 2, the concentration 
at the surface falls - rapidly at first, to Cl say, and thereafter only 
slowly. The slope of the straight line drawn from C h to the con- 

C 

C I 
Fig. 4. Relation between total concentration of mobile nutrient and soil 

solution concentration - Non-linear approximation. 
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centration Cz on the isotherm (Fig. 4) gives the average buffering 
power AC/AC1 over the range C h to Ct. If uptake is now calculated 
from Equation (4), the assumption made is equivalent to supposing 
the course of depletion follows the straight line CI, to C~ instead of 
the curve C~ to Ct. This should usually make little difference to the 
conclusions of this paper. It will be noted that  the substitution for D 
given in Equation (5) is still valid. D will now depend on concen- 
tration, and the integral diffusion coeffcient between C~, and Cz 
must be used. This is given by 

01 C~ 

D-~- AC1 DdC -- AC1 vdtDtdC~ = vdz ~ Dl 
C Cz 

which is the same expression as that  given in Equation (5). 

The e//ects o/the individual variables 
The value of CdCt 1 is basic to understanding the relation between 

soil supply and plant demand. A low value implies that  diffusion is 
limiting the supply of nutrient to the surface. A high value, ap- 
proaching unity, implies that  the soil is able to meet the plant's 
demands so that  uptake depends mainly on inherent plant factors. 

Let us now fix the plant characteristics, ~ and a, and the time, t, 
and examine the influence of the soil characteristics on the uptake, 
Mt, in Equation (4). I t  may be helpful to recall that  D~ for K+ 
2.0 × 10 -5, and for H~PO~ --- 0.9 × 10-5; and that  in many soils 
near field capacity the order of magnitude of D for K+ ~ 10-~ and 
for H2P04' -'- 10 -9. C.g.s. units are used throughout this paper. 

We note: 
(a) Soil solution concentration 

Uptake depends directly on the soil solution concentration Ctl. 

The term CriCk1 depends on the buffer power AC/AC~ because D 
depends on this by Equation (5), but it does not depend on C~, itself. 
(b) Di//usion coe[/icient 

If the soil solution concentration is fixed, and the parameter, 
a~/Dtvdl, which designates each curve in Fig. 2, is also fixed for a 
given nutrient by considering a given moisture level and compaction, 
then the uptake declines as the diffusion coefficient for the soil, D, 

increases. This is shown by the fall in CdC h on any of the curves in 
Fig. 2 as Dt/aZ increases on the x-axis. This apparently curious 
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result is explained because D varies inversely as AC/AC~, as shown 
by Equation (5); i.e. a high value of D (at constant moisture level 
and compaction) implies a low buffering power. Thus uptake 
decreases as buffering power decreases - the expected result. This 
effect may now be examined in greater detail. 
(c) Bu//ering power 

There is no simple relation between uptake and buffering power 
when C~, D1, vl and/1 are fixed. In Fig. 5 curves derived from Fig. 2 

t'O- 

0"8- 

0 - 2  

0 .6-  

0'4" 

0 " 2 -  

CI/Cll 

I O . .  

1 I I 
I0 20 30 

Fig. 5. V a r i a t i o n  of  a v e r a g e  c o n c e n t r a t i o n  r a t io  a t  t h e  r o o t  su r f ace  w i t h  

% / b u f f e r i n g  p o w e r  

a = 0.05 c m  N u m b e r s  on  c u r v e s  a re  va lue s  of ao~/DlVl/1 
t = 10 6 sec 

v~l = 0.1 
D1 = 10 -5 c m  2 sec -1 
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are drawn to show the relation between CdCt 1 and the buffering 
power, plotted, for convenience of range and to make a theoretical 
point later, as the square root, when a = 0.05 cm, t = 106 sec 

(11.6 days), Dt = 10 -5 and vdt = 0.1. It  will be seen that CdC G 
increases only slowly with the buffering power. For phosphorus 
and potassium in most soils the value of AC/ACt lies between 1 and 
1000, so for reasonable absorption times the uptake should be in- 
sensitive to changes in the buffering power. If t/a s is very small and 

the buffering power is very large CdCt ~ approaches I, - the com- 
monsense result, since the soil will then be able to maintain the 
initial concentration Cq at the absorbing surface. 

The relatively small importance of the buffering power arises 
from the cylindrical geometry of the system. As uptake proceeds, 
each new radial cylindrical element [dr] exploited provides an in- 
creasing amount of diffusing ion [2~rCldr], and this tends to reduce 
the importance of the buffering power term. The situation may be 
compared with uptake at an infinite plane sheet where no such 
effect occurs. C r a n k  6 (p. 36) gives a graph of M~'/DC' against c(, 
the symbols being those in this paper. When o,'v't/v/D is large, a 
condition reached after the initial rapid drop in surface concen- 

tration, Mt oc Ci 
Thus, by substituting Equation (5) for D 

and since 

/ 'ACt ACt ~/ AC 
Mt oc Ci ~-AC-  oc Ci ~ -  ACt 

ACl C h 
t 

AC C 1 

1/ c Mt w, Cll ACt 

i.e. the uptake varies with the solution concentration and the square 
root of the buffering power. 

The conclusion that  uptake should depend mainly on Ct and only 
slightly on buffering power, when roots are not competing, agrees 
with the findings of M a t t i n g l y  et al. 11 previously quoted. Of 
course, when roots do compete, the uptake may be expected to 
depend more on the buffering power. 
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(d) Soil moisture 
In  Equat ion  (4), soil moisture m a y  influence uptake through its 

effect on vdz, C~ and AC/ACv As soil moisture decreases in a given 
soil, the diffusion coefficient decreases through the product  of v~ and 
/z both  of which decrease ( P o r t e r  et al is). Thus, in Fig. 2, the 
parameter  Dt/a 2 on the x-axis is reduced; but  the term ae/Dtvdz, 
identifying each curve, is raised and this proves to be tile most  

impor tan t  effect. Values of CdCl 1 are plot ted against t ime for 
different values of vdz in Fig. 6. In  order to isolate the effect of vlh, 
fixed values have been assigned to a, Dz, e and ACdAC as indicated 
in Fig. 6. 

I '0  CI/Cll 

"1 

0 ' 2 5  

0'0~ 

O.OOS 

Fig. 6. Variation of the average concentration ratio at the root surface with 
time for different soil moisture levels 

a = .05 cm Numbers on curves are value~tof vdt 
D~ = 10 -5 cm~ sec -1 4 ~ 10 - S c m s e c  - 1  

ACdAC = 10-1 

2 6 ,b 
t x  I0 -5 
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A decrease in moisture may also cause an increase in Cz and a 
decrease in AC/ACz for potassium, as shown by  Fig. 7. Though these 
effects counteract one another, the effect of the increase of C1 will 
predominate. If the reduced activity ratio 

aK 

~/aca+aMg 
in solution remains constant over the field moisture range, and 
Moss  lZ has verified this on three soils, the concentration of K 
should increase by  about 40 per cent if the moisture content is 
halved. 

In the present state of knowledge, it is unsafe to predict the effect 
of decreasing moisture on the concentration of phosphate in 
solution over the field moisture range. 

C Molstur,- 40°/o///~ 

cI 

Fig. 7. Sketch of the effect of moisture level on the absorption isotherm for 
soil potassium 

Since roots are normally absorbing moisture as well as nutrients, 
it is worth considering whether the decrease in moisture towards the 
root surface is sufficient to affect the diffusion coefficient of the 
nutrients in this crucial zone. G a r d n e r  s has calculated the 
distribution of water around absorbing roots. He shows, in Fig. 2 
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of his paper, tha t  for both  a sandy loam and a clay in the field 
moisture range at  reasonable t ranspirat ion rates, the decrease in 
moisture towards the root surface is small, and can be neglected for 
the present purpose. 

We m a y  now turn  to the plant  variables and relax the condi t ion 
of constant  a and a. We note:  

(e) Root absorbing power 

As long as CdC11 remains near uni ty,  i.e. the soil is well able to 
satisfy the plant 's  demands,  then Mr, by Equat ion  (4), is directly 
proportional to the root absorbing power [al. Otherwise an increase 

in a leads to a fall in CdCt 1. The net  result on uptake is shown in 
Fig. 3 where M,  is plot ted against t for different values of a. M,  
approaches a limit as ~ is increased, which corresponds to the 

M t / C l  t 

5 

t • 0 "2  x lO 5 

4 '  

3 t = I 0  s 

2 -  

i | 

I 0  2 0  
o(  X I0  5 

Fig. 8. Variation of the average flux per unit concentration [Mt/Czl t] with 
root absorbing power [e]. 
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amount of nutrient arriving at a surface maintained at a very low 
solution concentration. Supply is then independent of the plant 
absorbing power. This effect is shown in Fig. 8, in which the average 
flux per unit concentration Mt/C~lt is plotted against ~ for various 
values of t. B o u l d i n  4 has stated that  increases in e may lead to a 
decrease in flux, but  this conclusion appears to be due to a mis- 
calculation in his Fig. 4 of the curve marked D = 10 -7 when 
a = 5  × 10 - 2 c m .  

If a should fall in time due to physiological ageing of the root, the 
effect may readily be seen from Fig. 3. If, for example, after 4 days 
dropped from 2 × 10-5 to 4 × 10 .6 the uptake curve would fall 
below that  corresponding to 2 × 10 -5, and still maintaining a 
positive gradient, would gradually approach that  corresponding to 
4 × 10 -6. If depletion has been severe, so that  Mt has approached 
the limit discussed above, a substantial fall in a will have little 
effect - as shown in Fig. 8. 

(f) The radius o/the root 
When Dt/a 2 < 0. I the root cylinder behaves as a plane surface 

and uptake per unit surface area is independent of the radius [aJ. 
However, in most instances when uptake proceeds for days Dt/a 2 
> 0.1, and the smaller the radius, the more effective the absorption 
per unit surface area, since in Fig. 2 the influence of a lower value 

of a in the parameter ae/D~vdz in raising CdCzl outweigths its 

influence through Dt/a 2 in lowering CdCz 1. The net result of these 

effects is illustrated in Fig. 9 where CdCz 1 is plotted against t for 
roots of 10 -1 and 10 .2 cm. radius and fixed values of other variables. 

The uptake per unit length of root varies as 2~a (CdC~), and it may be 
seen by  inspection of Fig. 9 that  this will increase with a. It  is here 
assumed that c~ does not change with the root radius. 

(g) Root hairs 
The function of root hairs is obscure. The hairs are protuberances 

in epidermal cells and may be assumed to absorb nutrients through 
their walls like the rest of the epidermal cells ( S c o t t  2o). The 
factors controlling the frequency and length of hairs are little 
understood and their incidence has usually been studied systematic- 
ally only in moist air and culture solution and not in soil. Estimates 
of the greatly increased absorbing area of roots due to the root hairs 
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Fig. 9. Effect of root radius on the average concentration ratio at the root 

surface 
D ---- 10 -7 crn2 sec-1 
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have been made by D i t t m e r  7. B o u l d i n  4, having observed root 
and root hair dimensions of unspecified "greenhouse cultures", 
calculates that  the total flux across root hair surfaces may be 3 to 
I0 times greater than the flux across the surface of the central root 
cylinder. Observations such as these must clearly not be taken to 
imply, as numerous workers have done, that  the hairs are in general 
responsible for an increased uptake of this order. They may be in 
the very early stages of absorption, but they are normally so 
crowded together that  they very soon interfere with each other's 
uptake. 
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D r e w ,  in this laboratory, has measured the roots of ryegrass 
growing in a sandy loam soil, and finds the hairs lie approximately 
normal to the root surface and are densely clustered within a fairly 
well defined cylinder. It  would seem more profitable, therefore, to 
regard the hairs as an expansion of the root cylinder to a larger one 
whose surface is located near their tips. Depletion within this 
cylinder will occur more or less uniformly, and at the same time, 
diffusion will occur to its outer surface. K r a m e r  and Coi le  9, and 
Wiersum 21 have treated this cylinder as all effective root volume, 
and Y a s s i o u r a  17 has treated it as an effective surface for mass 
flow and diffusion. We shall here consider simultaneous depletion 
within the cylinder and diffusion to it. 

First, to justify the assumption that depletion within the root 
hair cylinder is effectively uniform, we may calculate the time 
taken by  the hairs to absorb the nutrient in the equivalent hair 
cylinder, corresponding to a decrease in concentration A C within 
the cylinder, and assuming they do not interfere with one another. 
This time will be shown to be small. The treatment is equivalent to 
assigning an 'average' radius to the zone of depletion around each 
hair, and calculating when the zones overlap. 

There will be little error if we assume the drop in concentration 
A C is instantaneous at the hair surface, and  apply the equation 
given by C a r s l a w  and J a e g e r  5 (p. 335) for diffusive flux from an 
infinite uniform medium to a cylinder at constant surface con- 
centration. 

Let l = average length of hairs 
ah = hair radius 
n = number of hairs per unit length 0f root 
ar = root radius 

The total amount to be taken from unit length of the equivalent 
cylinder, neglecting the volume of the hairs, is given by  

AC [(a  + z)2 - (6) 

The total uptake by the hairs, and the central root cylinder, as a 
function of time is given by  

(2~ahln~h + 2~ar-Fr)t (7) 

where -~h is the average flux to the hairs and -Fr the average flux to 
the root over time t. 
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By equating the Expressions (6) and (7) the value of t may be 
found. -~h and -~r are calculated as follows. The parameter aF/DAC 
is plotted against Dt/a 2 by Cars law and J a e g e r  5 (p. 338). The 
average value of aF/DA C to time t has been obtained from this plot 
by graphical integration and is shown in Fig. 10. It is given the 
symbol Gh for the hair and Gr for the central root cylinder. We find, 
by substituting DACG/a for F in Equation (7) and equating the 
amount in the cylinder in Equation (6) with the amount taken 
up given by Equation (7), that 

2arl + l ~ = (2nlDGh + 2DGr)t 

l 

I'0- 
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"2- 

I '$ l I ! 

I 0 0  2 0 0  3 0 0  4 0 0  5 0 0  

Ot/o a 

Fig. 10. Variat ion of "ave rage  f lux pa r ame te r "  [G] = a)/DAC 
with Dt/a 2 
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If, as is usual, the second term on the right hand side is small 
compared with the first 

2ar + l 
Ght = 2 r i D  (8) 

A sufficiently accurate value of t can readily be derived by 
inspection of Fig. 10 and trial and error. 

Thus, if ar ---- 0.05 cm, l = 0.1 cm, ah ---- 10 -3 cm, n ---- 103 per cm 
and D = 10 -7 , the value of t is approximately 2.8 × 103 secs 
(0.8 hours) (Dt/a~ ~ 280). If D is 10 -9, the value of t is approx- 
imately 2.8 x 105 secs (78 hours). The value of t is insensitive to 
the root hair radius, which only appears in Equation (8) because the 
value of Dta~ is needed to read off Gh. 

In practice mutual interference between the hairs will prevent 
the concentration between them being reduced by a uniform 
amount of A C within time t, for this condition will be reached only 
at infinite time. Nevertheless, the calculation shows the time taken 

i= .o 
0 

(e 
U 

0 

U 
0 

, , . . 0  radius )- 

~ rapid diffusion 

diffusion 

O ! 

Fig. 1 1. N u t r i en t  concen t ra t ion  a round  the  root  when  diffusion is re la t ively  
slow - or rapid.  
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for the zone to become substantially uniform. Even when D is as 
low as l0 -9 this time is short, and for most practical purposes it is 
legitimate to treat the zone as an equivalent cylinder located near 
the tips of the hairs with a uniform concentration within it. 

We may now consider the importance of this root-hair zone. The 
concentration of nutrient around the roots is sketched in Fig. 11 
for relatively rapid, and slow, diffusive flux; and it is clear that  if 
the flux is rapid the presence of the hairs should not make a great 
difference to the uptake per unit length of the root. If, however, the 
flux is slow, uptake from the hair zone may well exceed that  from 
the surrounding soil. Their relative contributions to the total 
uptake may readily be calculated if we assume that  the drop in 
concentration [AC] within the root hair cylinder at time t is the 
effective boundary condition for the diffusive flux to the equivalent 
cylinder from t = 0 to t -- t. This will slightly over-emphasize the 
contribution from outside the equivalent cylinder. 

At time t, the uptake from the root hair zone per unit length of 
root will be ~(a~ a2r)AC, where ae is the radius of the root hair 
cylinder. To calculate the amount of nutrient that  has moved into 
the root hair cylinder during that  time, we may use as an ap- 
proximation the equation for flux across the surface of a hollow 
cylinder with a constant surface concentration, as given by C r a n k  6 
(p. 82): 

DAC 
F ~ [{=(Dt/a~)}-~ + ½] (9) 

ae 

which is valid for small values of Dt/a~. 
By integrating this expression with respect to time between the 

limits t -- 0 and t -- t, and multiplying by 2~ae, we find the amount 
of nutrient that  has diffused into the cylinder to be 

o'] 
2~ae~C V ~  + 

If ae >~ at, the total uptake is 

where the first term is the net contribution from within the root hair 
cylinder and the second term the contribution from outside. Their 
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relative proportions are shown in Fig. 12. The contributions are 
equal when Dt/a2, = 0.14. Thus, if D = 10-9 and ae ---- 0.1 cm, the 
contribution from outside the root hair cylinder will not exceed the 
net contribution from within it, until 0.14 × ]0 7 sees (16 days). On 
the other hand, if D =  10 -7 the corresponding value is 0.14 X l0 5 
secs (4 hours). 

4 

3 ¸ 

2" 

I -  

0"1 0:2 Or'3 OJ'5 

Fig. 12. Ratio jR]of depletion from within and without the root hair cylinder 
against Dt/ae ~ 

We may now at tempt to assess the benefit of root hairs by 
comparing the uptake that  a root with root hairs can achieve with 
the corresponding root without hairs. If the root feeding power is 
large compared with the diffusive flux, the concentration at the root 
hair cylinder or at the root surface will be reduced to a low value and 
it will be possible to treat AC as the  same in both instances. 
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The total uptake by  the root with hairs is 

[~(a2, -- a~r)dC + 2zlaeffet], 

where Fe is the average flux over time t across the surface of the 
equivalent cylinder, and by  the root without hairs is 

2Zearff rt 

The values of Pe and fir may be obtained from Fig. 10. The ratio 
between the uptake with hairs and without hairs is 

2 2 Ge a e --  a r 
+ - -  (11) 

2GrDt Gr 

This ratio is plotted against Dt/a2, in Fig. 13, when ar is 0.02 cm and 
ae is 0.1 am. It  will be seen that the effect of the hairs is large when 
Dt/a~, is less than 10, but  levels off to the value of Ge/Gr when 
Ot/a~ is larger. GdGr has a value of about 2 when Dt/a~ = 10 and 
falls gradually as Dt/a~ increases. 
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o,A: 
Fig. 13. R a t i o  [R] of u p t a k e  b y  roots  w i t h  a n d  w i t h o u t  roo t  ha i r s  

ar = 0.02 cm 
ae = 0.1 cm 
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The treatment given above is valid when the surface concen- 
tration is low. Another approach, which is applicable to any fall in 
surface concentration as long as Dt/a~, is large, say > 1, treats the 
root hair zone as an annular region between the root and the soil 
across which diffusion is very rapid. If the amount of nutrient taken 
up from the annulus is small compared with the amount crossing it, 
the amount crossing the central root surface is little greater than 
the amount crossing the outer surface of the annulus in the same 
time. Now if the absorbing power of the root is controlled by  
internal demand, the presence of root hairs should not affect the 
value of ~. Hence the boundary condition at the external annular 
surface is given by  

therefore, by Equation (1), 

where ~e is the proportionality constant for flux at the surface of the 
equivalent cylinder. 

The ratio between uptake by  a root with hairs and uptake by  the 
same root without hairs may  be shown by  Equation (4) to be: 

Thi~ r~tin may  be compared on a single curve in 

Fig. 2, since ae=e equals aro~r, and hence the parameter a='/D 
identifying each of the curves is the same for both types of root. 
By inspection of Fig. 2 we may conclude that root hairs are more 

important, i.e is larger, when: 

(a) The ratio ae/ar is large, for a fixed value of at. 
(b) The value of ar is small, for a fixed value of ae/ar. 
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(c) The Value of Dt is small. 
(d) The average concentration ratio at the root surface is small. 
Clearly because of the difference in the value of D, root hairs will 

usually be more important in the uptake of phosphorus than in the 
uptake of potassium. 

SUMMARY 

A po r t i on  of a single p l a n t  roo t  is t r e a t e d  as a n  a b s o r b i n g  cyl indr ica l  s ink  
to  wh ich  n u t r i e n t s  m o v e  b y  diffusion.  A s s u m i n g  t h a t  t he  r a t e  of u p t a k e  of 
n u t r i e n t  is p r o p o r t i o n a l  to  i ts  c o n c e n t r a t i o n  a t  t he  roo t  sur iace,  a n d  t h a t  t he  
n u t r i e n t ,  t h o u g h  reac t ing  w i t h  t he  solid, moves  on ly  t h r o u g h  t he  soil solut ion,  
s t a n d a r d  d i f fus ion equa t ions  are used to  ca lcu la te  t h e  effect  of soil and  p l a n t  
cha rac te r i s t i c s  on  t he  r a t e  of up take .  The  t r e a t m e n t  is app l icab le  to  phos-  
p h o r u s  a n d  po ta s s ium.  A m o n g  soil p roper t i e s  u p t a k e  shou ld  increase  d i rec t ly  
w i t h  t he  soil so lu t ion  concen t r a t i on .  I t  shou ld  also increase,  b u t  only slowly, 
w i t h  increas ing  buf fe r ing  power.  I t  increases  w i t h  inc reas ing  soil mois ture .  
A m o n g  p l a n t  charac te r i s t ics ,  u p t a k e  should  increase  w i t h  t h e  roo t  a b s o r b i n g  
power  un t i l  d i f fus ion t h r o u g h  t he  soil becomes  l imit ing.  A b s o r p t i o n  b y  u n i t  
surface  a rea  of roo t  increases  as t he  roo t  r ad ius  decreases.  A roo t  ha i r  is 
s h o w n  to  in te r fe re  qu ick ly  w i t h  t h e  u p t a k e  of a d j a c e n t  hairs .  The  ha i r s  
increase  a b s o r p t i o n  b y  t he  roo t  because  t h e y  can  exp lo i t  r ap id ly  t h e  soil 
be tween  t he  hairs ,  a n d  t h e y  h a v e  t h e  effect  of e x t e n d i n g  t he  effect ive  roo t  
surface  to t he i r  t ips.  
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