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A note on the number of functional digraphs
By
Ronarp C. Reap in Kingston (Jamaica)

In a recent paper [2], HARARY obtained the formula
v(@)=exp X - 3 Z(Ch T(am)
me=1 k=2

for the counting series v(x) of all functional digraphs!), and conjectured that
it might be possible to simplify it. In this note we show how this can be done.

Since
=~42<P bl
we have
v(z) =exp 3 {.}n— 2 Z(C,, T(az’"))}
m =1 k=2
—exp ¥ {—1— 2L 5@ mempe—L T(x'")}
m=1 " k=1 ¥ alk m
—oxp ¥ {;ﬁ; Y X e@d {T(wm)]r—g;ﬂxm)}
m=1 d=1 r==1
~exp ¥ {1— > (;w f | T(xm)r)-—imm}
m=1" d=1 =17 m
—exp ¥ {i z (=g > log(l—&"umd»)—iﬂxm}
m=1 " d=1 r=1 "
= ﬁexp{j— f ( () f’ log(d — T(x’“d})) .
m=1 ™mig=1 4
exp{_. P iT(xm)}
m=1"
=m§;d§exp{ ?(d) log(1 T(xm“))}-exp{—mé'l%fl’(xm}}
= ﬁ ﬁ{l—mT(m’"d)}“p(")f"‘d-exp{-— f —I—T(x"‘)}
m=1d=1 m=1"M
= ﬁ H{I_T(w")}”""’(d)/“-exp{—- X —I-T(xm)}
n=1dln m=1M
- 11 {1—T(xn)}““ols‘£,°"“’-exp{._ 5 —I—T(x"‘)}.
n=1 m=1"M

1) For the nomenclature and notation see Harary’s paper.
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But 3’ ¢(d) = n (see [3], p. 52), and
din

exp ¥ L rEm =L 1)
m=1M x
{(see [2]). Hence

v(z) = 7,,% ng {1 — T'(am)} 1.

This counting series enumerates functional digraphs which contain no
slings. If slings are allowed then the second summation in Harary’s formula
goes from k& = 1 upwards, and we obtain the counting series for the function

fen{n) of Davis [1]. The simplification proceeds as before, and we have
X fen(myan = IT {1 —T(zm)},
Bl

Using the result
T(x)=x+ 2% + 22% + 42 + 925 + 202° + 4827 +

+ 11528 + 2862 4 719210+ 184221 + 4766212+ - - -
I find that

v(z) =1+ 22 + 22% + 62* + 1325 + 402° + 10027 + 291 28 +
+ 797 2° + 2273210+ 63892 4 - - -
and
Jfenm)ar =1+ x + 322 + Ta® + 192 + 4725 + 13028 +
+ 34327 + 95128 + 26152° + 7318210+ 20491 21 + 57902212+ - - -
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