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A note on the number of lunctional digraphs 
By 

RONALD C. READ in Kings ton  (Jamaica)  

I n  a recent paper  [2], HARARY obta ined the formula  
oo o o  

v(x )  , I , = exp Z W Z Z(Ck, T(x'n)) 
m=l k = 2  

for the counting series v (x) of all functional digraphsl), and conjectured that 
it might be possible to simplify it. In this note we show how this can be done. 

Since 
1 

Z(Ck) = -~- ~ ?(d)l~/'~ , 
dlk 

we have 

} v(x )  = exp  ~ 2.: z ( c ~ ,  T(x '~))  
r e = l [  k=2 

= exp m~= 1 m k  T ~(d) [T(x~e)]k/a----T(x m ) m  

= exp V'm= i %Td r=1 -Er-~(d) [T(xmd)]r-- m T(x~) 

_ox, z / ~  x ~ ( , ) 2  Tt~(-.)~. - ~ - )  
re=l[ d=l r=l 

=expm~=l .~'i --~(d)d .=i ~ log(I-- T(xmd)) - - ;  

m=: (m d=: r=l 

ex -- -- X m 
i m 

m=id=i [ m=l m 

= m= 1.=.%r ~ (1 - ~ ( . ~ ) } - . , . , , m .  • oxp _ S ,  - ~  T ( ~ )  

= x ' .(.)} n=ldln ( ,~=i  -~- 

= n=l/-~ {1-  T(:e,)}-W .exp -- ~'=~= ~-  T ( x  '~) . 

l) For the nomenclature and notation see Harary's paper. 
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Bu t  (p(d) = n (see [3], p. 52),  and  
d in  

oo 
expm~_' 1 T(xm ) _ 1  T(x) 

1 - -  X 

(see [2]). Hence 
c o  

x H {1 - -  T(x'~)) -1 . 
V ( X ) -  T~(x) n = l  

This count ing  series enumera tes  func t iona l  digraphs which conta in  no 
slings. I f  slings are allowed then  the second summat ion  in  Hara ry ' s  formula  
goes from k = I upwards,  and  we ob ta in  the  count ing  series for the func t ion  
/cn(~) of DAvis [1]. The simplification proceeds as before, and  we have 

~,/cn(n)x'* = # { 1 -  T(x~')} -~. 

Using the  result  

T ( x ) = x + x  ~ + 2 x  a + 4 x  4 + 9 x  ~ + 2 0 x  6 + 4 8 x  ~ +  

+ l 1 5 x  s + 286x 9 + 719x10+ 1 8 4 2 x n +  4766xt~-+ . . . .  

I find t h a t  

~ , ( x ) = l +  x ~ + 2 x  a + 6 x  ~ +  13x ~ + 4 0 x  6 +  100x ~ + 2 9 1 x  s +  

+ 797 x 9 + 2273 x 1° + 6389 x 11 + • • • 
and  

z~,/cn(n) x'~ = 1 + x + 3x  ~ + 7x a + 19x 4 .F 47x  5 + 130x a + 

+ 343x7 + 951xS + 2615x9 + 7318x10+ 20491x11+ 57902x12+ . . .  
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