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Abstract. For a nonempty set E of nonnegative integers let H% % “ and HY be the
closed linear span of
{zliz2zin (g, @y, ...y G)E(ZLY, 0+ o+ ... + @,€ E}

in the mixed norm space H? ¢ *(B,) and in the Hardy space H” (B,), respectively. In this
note we prove that the Hahn — Banach Extension Property (HBEP) of H% ¢ “is indepen-
dent of ¢g. As an application, we show that if 0 < p <1 and H% % “ or H%Z has HBEP
then £ must be thick in the sense that if E={m,: n=1, 2, ...}, where m; <m, < ...,
then m, < ¢ n for some constant ¢. This result is an extension over those obtained in [2]
and [4].

1. Introduction

Let B, denote the unit ball in C”, n > 1, S, its boundary, o, the
positive rotation invariant measure on S,, with ¢,(S,) = 1. By H(B,)
we denote the class of all functions holomorphic in B,.

The Hardy space H?, 0 < p < 0, is defined on B, by

H? = H?(B,)) ={feH(B,): | fl, < oo},
where

Ijp
11, = sup M,(r, /), Mp(r,f)={j If(rn)l"dcn(n)} ,
0<r<l S,

If0<p, g a<oco, define
H? %= H"**(B)={fe H(B): | fl, 4 < 0}

where

1 1/q
T ( f (1= P M, (r, f)"dr> .
0
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For a nonempty set E of nonnegative integers we let
HE = HE(Bn) = {fEH(Bn) fl‘c = 09 k¢E},

where f; (z) is the homogeneous polynomial of degree &k in the Taylor
expansion f(z) = Y 7o fi (2).

In this paper we consider the Hahn — Banach Extension Property
(HBEP) of the closed subspaces H¢ ¢ * = H»%*n H;z(B,) and H% =
= H? n Hg(B,) of the spaces H”?® and H?, respectively. We recall
that Hy * * (resp. H}) has HBEP if every continuous linear functional
on HE % ? (resp. HE) can be extended to a continuous linear functional
on H”%° (resp. H?).

Our main result is the following theorem which shows that HBEP
of H% % is independent of q.

Theorem 1. Let p, q, s, o be positive real numbers. Then HY * ° has
HBEP if and only if H%** has HBEP.

If 1 <p, g < o0, H>*“is a Banach space. Therefore, the following
result is an immediate consequence of Theorem 1 and the Hahn—
Banach theorem.

Corollary. If 1 <p < 0, 0< g <1, then H; ** has HBEP for any
subset E of nonnegative integers.

As a further application of Theorem 1 we prove

Theorem 2. Let O<p<land E={m,: k=1, 2, ..}, where m; <
<m, < ....If1) HZ%* has HBEP, or ii) HY has HBEP, then there is
a constant C > 0 such that m, < Ck, k=1, 2, ....

The one variable case 0 < ¢ < p < 1 of Theorem 2 (i) follows from
the case 0 < p < ¢ < o0, that was proved in [2], and from Theorem 1.
For the special case n = 1 Theorem 2 (ii) is due to N. KALTON and
D. TRAUTMAN [4]. The rest of Theorem 2 (a several variables version)
will be proved in Section 4.

To show that H?(B), 0 <p<1, and H*¢"P~®Wo(B) 0<p<
< g < 1, are not locally convex, SHI JI-HuUAI [9] constructed closed
subspaces of H?(B,) and H* %"~ ®9 (B ) that fail HBEP. It follows
from Theorem 2 that H% and H% % ° fail HBEP if, for example, E =
=mitn=12 .} forany0<p<1,0<g<o0,0<a< o.

Throughout this paper we will use the convention of denoting by C
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any positive constant which is independent of the relevant parameters
in the expression in which it occurs. The value of C may change from

one occurrence to the next.
We will use the notation 4 >~ Bto mean C' A< B< CA.

2. Preliminaries

Let g(z) = Y g(k)z* be holomorphic in the unit disc B, and
o k=0
f(@) = Y f.(2) holomorphic in the unit ball B,. We define
k=0

NN ICYIONER'S

If fe H(B,) we write g f instead of g x f.

In [3] we have proved that if w,, n =0, 1, 2, ..., are polynomials
n+t

defined by wo(2) =1 4z, w,(z) = ), (p(—’f:)z", zeB,n=1,2, ..,

k=m-1 \2"
where ¢(f) = 0(#/2) — o(¢), and ®: R — R is any infinitely differenti-
able function satisfying

1, t<1
0<o(@®<1 and (@)=
0, r=2
then
f=an*f, for all fe H(B),
n=10
and

wafl, < CIfl,, feH?(B), 0<p<IL.

It follows immediately from the representation

2z

W, xf)(2) = L J wa(e") f(ze™)dt, feH(B),
27 Jo

that if 1 <p < oo, then |lw,*f1l, < |w,ll, | fll,, fe H?(B). In [3] we
also proved that |w,[, < C, n=0, 1, 2, ..., where C is a constant
independent of n. Thus, if 1 <p < co, then |w, *fl, < Clfl, for
fe H? (B,). Now it follows by a slice integration that

lwaxfll, < Clfll,, feH?(B), 0<p< 0. 2.1
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Since ) w,(k)=1,k=0,1,2, ..., we have f= ) w,xf for any
n=0 n=0

polynomial f. From this it follows easily that

fl2) = i w,xf)(2), ze B,, forall feH(B,). 2.2)

If f(z) = Y f(k)z*, ze B), 0 < n < m, then
k=n

1Al < My(r, ) <™ f1,  (see [5D.

From this it follows by slice integration that if g(z) = Y, g:(2), 0 <
k=n
< n < m, where g, are homogeneous polynomials of degree k, then
rlgl, < M,(r,g) <r"lgl,, 0<p<co. 2.3)

Lemma 2.1. ([5], [6]). 4 measurable function F: (0, 1) - (0, )
satisfying

suplb|r* < (1 =M= *FH) < Y, bIr”, a>0,

nz0 n=0
belongs to L1(0, 1), 0 < g < oo, if and only if {27"°b,} belongs to the
sequence space 1.

Lemma 2.2. Let 0 < p, g, a < ©. A function fe H(B,) belongs to
H?%(B,) if and only if the sequence {27"*|w,xf ||} belongs to I°.

Proof. Without loss of generality we may suppose f(0) = 0. Since
sup |w,xf 1,7 < CM,(r, f), by (2.1) and (2.3),
nz0
we have {27"*|w, x f|,}€l? by Lemma 2.1.

Conversely, if 0 < p < 1, then using (2.2), (2.3) and Lemma 2.1 we
find that

1 o qip
1L, < CJ (}: nwnxfu;r”“) (= eldr <
(1] n=1
<cl@ wxflHe.

If 1 < p < oo, then using (2.2), Minkowski’s inequality and (2.3) we
obtain
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1 © .
A PRES Cf (- r)”"( 3 Iw, xfll,,rz”“) dr<
0 o
< C 27w, % fl,}s, by Lemma 2.1,

Let f(z) = Y f,z%and g(z) = Y, g,z be holomorphic in B,. We

define o] =0 lel =0
(for)@ =Y ( 5 fag,,)zk, zeB,.
k=0 \ja| =k

Let H* = H*(B,) be the space of holomorphic bounded functions
in B, with the sup-norm. A function ge H (B,) is said to be a muitiplier
from H?”**(B,) to H® if the map f— fog acts as a bounded linear
operator from H” % %(B,) to H®. The set of all such multipliers will be
denoted by (H” % *)*. Analogously, we define (HE % “)*.

It is easily seen that (H” % “)* is a quasi-normed space with the
quasi-norm

gm0 ap = 1815, ¢, a0 = SUP{[ S &llo> SEHP * % N f1l,, 40 < 1)

The next lemma shows that the dual of H” % “ (denoted by (H” # ©)")
may be identified with the space (H” % %)*.

Lemma 2.3. If ge(H? * %)* and if we define 2,(f) = linll (fog)(r),
feH? ", then A e (H"* ) and |4 = Iglp g oic0r

Conversely, given Ae(H? %), then there is a unique ge(HP* °)*
such that A, = 1. Also, l|gll, ; & < ClI2].

Proof. Define A,, zeB,, by A, (f)=(f-g8)(z), fe H»*° Then
{A,: ze B;} is a bounded subset of (H? % “)’. On the other hand if fis
a holomorphic polynomial in xr-variables and a€ S, then the limit of
A, (f), as z— a, exists. From this we conclude that the above limit
exists for all fe H” % Thus, 4, is well defined. It is easily seen that
Ae€ (H” %%y and | 4,ll = lIgll,, 4 o; co-

Conversely, define g, = A(z%), a € (Z,)". Since (fog)(z) =
= A(f,), ze B,, for all fe H” % where f,(w) = f(zw), we B,, and
lin}l(f,) = A(f}), we have A, = 4. The function ge (H"* “)* because

1(fe2) @ =AU <AL fl,, 4 o for ze B;. The uniqueness of g is
obvious.

10 Monatshefte fiir Mathematik, Bd. 111/2
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As a consequence of (2.3) we have [w,xfl, , ,=27""|w,xf],,
fe H(B,). Using this and Lemma 2.2 we find that

1A 0p, s, 0 = IHWa X Fllp, g o lis - (2.4)
Lemma 2.4. Let ge H(B,). Then

"g”p, s, @; © = ”{”wnxg”p, q, @; oo}“l-"a
where s '+ () '=1,ifl<s<o,ands’ =0, if0<s< 1.

Proof. Define B,=w,_,+w,+w,,, n =0 (w_; =0). Since

w,xw, =0, for |n—k|l=2, (2.5)
we have
Pxw,=w,, nz=0, (2.6)
and
w,*B =0, if |k—n|>3. 2.7

Let | fl,, . « < coand [{{w,xgll, 4 o wllw < c0.If z€ By, then using
(2.2) and (2.6) we get

PMs

I(fo0) Dl =] 2, W,x(fo£))(2)

0

X
]

I
s

(B xw,) *(f~2)(2)

3
]

0

(B xf)e(w,x8)(2)

<

(=]

Il
8 I8

< Y MBXS g, g, allWaX llp, g 50 <
n=0 ’

< “{"Pn Xf”p, 9 a}“l‘ “{”ang”p, q, @ oo}“I*"

by Holder’s inequality. It is easily seen that |{|B,xfl, , ol =
&~ | fl, 5 a> by (2.4). Thus, we have proved that ||gll, ,aw <
< ClHI%r % gl g, o}l

Conversely, let |igll,, ;. o; o < 0. Fix 0 < & < 1. Since [|w, X gll,, 4 o 0 <
<oo,n=0,1, 2, ..., for each n there exists f,, | f,l, , =1, so that

(Waxg)of) () = (W, x8) o fullo = ElWaX8llp gy or  (2:8)
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If {bJel’, b, = 0, using (2.4), (2.5) and (2.1) we conclude

ps, a b. g,

since ||, 4 .= 1, for all n > 0.
By hypotheses [g|l, s 4 o < 0. Therefore

e}
W, X Y. WX b fi
k=0

Y. wex b fi
k=90

< CIBIs

[}

Y w,xb,fog
n=90

< C ”g”p, 5, @ oo "{bn}“I-‘ - (29)

[oe)

On the other hand, w, x b, f,°g = b,(w,x g)f,, and by (2.8)

¥ 0rxbuf)og

n 0w, x 2) e foll oo 2
[ee]

(2.10)

ze) blw,xgll, s aw-

Y b
n="0
)
n=0

Combining (2.9) and (2.10) we obtain

H{“wn xg“p, q, @; oo}”lf' < C ”g”p, S, @ 00 *
In the same way we prove that if ge H;(B,) then

180 g e 2 109, X 8 0 211)

3. Proof of Theorem 1

Set X=HP*% Y=Hp%% A=H"%% B= HL%" Suppose now
that B (as a subspace of 4) has HBEP. Let ge Y*. By Lemma 2.3 it
is sufficient to prove that there exists a Ge X* such that Gof = gof,
for all feY.

Since w,xgeB* n>0, and B has HBEP, there are functions
g,€ H(B,} so that

g.of=w,xgeof, feB (3.1
and

Hgn”p q, a; © < C“wnxg”p q, @, 09 (32)

where C is a positive constant independent of n (a consequence of the
open mapping theorem).

Define the function G by G(z) = ) (B, x g,) (2), ze B,. One can
easily show that Ge H(B,). We claim that G satisfies the conditions
cited above. ,

10*
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Using Lemma 2.4 and equations (2.7), (2.1), (3.2) and (2.11) we
obtain

”G”p, §, @; = ”{”W XG”p q, @; oo}llls' =

-Ii .

<C “{”angn”p, q, @ oo}”IS' < C ”{”gk“p, 7. @ oo}”Ix' <
< Cl{Iw,x gl 4, otllir = Cllgllys < c0.

VAN

WXZPngk

o

It follows that Ge X*.
From (3.1), (2.6) and (2.1) it follows that if fe ¥, then

Geof= Z(ngn)°f ZP*(gnf)

[ee]

Z 2k (W, xg)ef) = ZW*(gf) gof.

This completes the proof of Theorem 1.

4. Proof of Theorem 2

i) Note that we proved the case n = 1 in the Introduction. Thus, to
finish the proof of Theorem 2 (i), by Theorem 1, it is sufficient to show
that if H2? *(B,), n > 1, has HBEP than H% > “*~ D7 (B,) has HBEP.

Let ye(Hg? @Y (B)y. Define ¢(g) = v(0g), ge Hy > *(B,),
where o is a restriction operator defined by og(2) =g(z, 0, ..., 0),
zeB,, ge H(B,). The proof of Lemma 2.2 ([1]) shows that ¢ is a
bounded transformation from HZ?”%(B,) into HZ»°tCt-De(R).
Hence, ge(HE”%(B,)). Since H%”°(B,) has HBEP, there exists
@c(H”? °(B,)) such that @(g) = ¢(g), for all ge HE ™ *(B,).

Now define ¥(f) = @(zf), fe H»*+@-DP(B)), where 7 is an
extension operator defined by zf(z;, ..., z,) =f(z1), (215 ..., Z)€B,,
feH(By).

It follows from Fubini’s theorem that | ‘l'pr pa=Ifpp a1
(see [8], pp. 127—128). Thus, the extension 7 is a linear isometry of
Hp-pat@=De (B into H”? %(B,). Hence, We (HPP*+t =D (B)y. If
feHy» T @=VP(B), then ¥(f) = @(zf) = ¢(zf) = y(e7f) = y(f),
since 7fe HL?°(B,) and @ is an extension of ¢ from HE? *(B,) to
HP?%(B).
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ii) The proof is the same as in i), since g is a bounded transforma-
tion from HZ(B,) into HZ”®-YP(B) and r is a linear isometry of
H»P@=Yr(B) into H(B,).
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