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Abstract .  F o r  a nonempty  set E o f  nonnegat ive integers let He' ~' ~ and H~: be the 
closed linear span o f  

{z~I z ~ . . . z ~ n :  (a l ,  a2 . . . . .  a n ) e ( Z + )  n, al + a2 + ...  + a , ~ E }  

in the mixed n o r m  space H e' q' ~ (B, )  and  in the Hardy  space H e (B,) ,  respectively. In this 
note  we prove that  the H a h n -  Banach Extension Proper ty  (HBEP) o f  H~:' q' ~ is indepen- 
dent  o f  q. As an application,  we show that  if  0 < p < 1 and  H~:' q' ~ or  H~: has H B E P  
then E mus t  be thick in the sense that  if  E = {inn : n = 1, 2, ...}, where ml < m2 < .... 
then m ,  <~ c n  for  some cons tan t  c. This result  is an  extension over  those obta ined in [2] 
and [4]. 

1. Introduction 

Let B~ denote the unit  ball in C ~, n ~> 1, S~ its boundary,  o- n the 
positive rotat ion invariant  measure on S., with an (S~) = 1. By H(B~) 
we denote the class o f  all functions holomorphic  in B.. 

The Hardy  space H p, 0 < p < m,  is defined on B~ by 

l i P =  He(B.)  = { f e H ( B n ) :  Ilf[l~ < oo}, 
where 

Ilfllp= sup Mp(r,f), 
0 < r < l  

I f  0 < p, q, a < 0% define 

where 

M p ( r , f ) = { f s l f ( r ~ ) l P d a n ( z l ) }  1/p. 

Hp, q, a_: Hp, q, ~(B.) = { f e H ( B . ) :  [If lip, q, ~ < oo} 

(fo ) Ilfllp, q,. = (1 - r) qa- i Alp (r, f )q  d r  \'/q. 
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For  a nonempty  set E of  nonnegative integers we let 

H e  = He(B~)  = { f ~ H ( B , ) :  fk  =- O, k C E } ,  

where f k  (Z) is the homogeneous  polynomial  of  degree k in the Taylor  
expansion f ( z )  = ~ =  o fk  (Z). 

In this paper we consider the H a h n - B a n a c h  Extension Proper ty  
(HBEP) of  the closed subspaces H~' q" a = H p, q, ~ c~ H e  (Bn) and H~ = 
= H p c3 H e (Bn) of  the spaces H p, q, ~ and H p, respectively. We recall 
that  HPe ' q' ~ (resp. He p) has HBEP if  every cont inuous linear functional  
on H p' q' ~ (resp. He ~) can be extended to a cont inuous linear functional  
on H p" q" ~ (resp. l iP).  

Our main  result is the following theorem which shows that  HBEP 
of  H~' q' ~ is independent  o f  q. 

Theorem 1. L e t  p,  q, s, a be posi t ive  real numbers.  Then H p' q' ot has 

H B E P / f  and  only i f  H p' s, ~ has HBEP.  

I f  1 ~< p, q < oo, H p, q, a is a Banach space. Therefore, the following 
result is an immediate  consequence of  Theorem 1 and the H a h n -  
Banach theorem. 

Corollary. I f  1 ~< p < oo, 0 < q < 1, then H~' q" a has H B E P  f o r  any  

subset  E o f  nonnegat ive  integers. 

As a further application of  Theorem 1 we prove 

Theorem 2. L e t  0 < p < 1 and  E =  {mk: k = 1, 2 . . . .  }, where  ml < 

< mE < . . . .  I f  i) H p' q' ~ has HBEP,  or ii) H p has HBEP,  then there is 
a constant  C > 0 such that  mk <<. C k ,  k = 1, 2, . . . .  

The one variable case 0 < q < p < 1 o f  Theorem 2 (i) follows f rom 
the case 0 < p ~< q < oo, that  was proved in [2], and f rom Theorem 1. 
For  the special case n = 1 Theorem 2 (ii) is due to N. KALTON and 
D. TRAUTMAN [4]. The rest of  Theorem 2 (a several variables version) 
will be proved in Section 4. 

To show that  HP(B , ) ,  0 < p < 1, and H q" q' n / p - ( n / q ) ( B n )  , 0 < p < 

< q < 1, are not  locally convex, SHI JI-HUAI [9] constructed closed 
subspaces of  H p (B,) and H q' q' n/p- (n/q)(Bn) that  fail HBEP.  It follows 
from Theorem 2 that  He p and H p' q' a fail HBEP if, for example, E = 
={n2:  n = 1, 2, ...}, for any 0 < p <  1, 0 < q <  oo, 0 < a <  oo. 

Throughou t  this paper we will use the convention of  denot ing by C 
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any positive constant which is independent of  the relevant parameters 
in the expression in which it occurs. The value of C may change from 
one occurrence to the next. 

We will use the notation A ~ B to mean C -1A <~ B <~ CA. 

2. Preliminaries 

Let g ( z ) =  ~ ~,(k)z k be holomorphic in the unit disc B~ and 
k = 0  

f ( z )  = fk (z) holomorphic in the unit ball B,. We define 
k = 0  

( g x f ) ( z )  = ~, ~(k)A(z) ,  z e B  n. 
k = O  

I f f ~  H(B  0 we write g , f  instead of  g xf.  
In [3] we have proved that if w,, n = 0, 1, 2, ..., are polynomials 

2~+ ~ f \ 
defined by Wo(Z) = 1 + z, w~(z) = ~ ~o[ k---~lz ~, zEB1, n = 1, 2, 

1,=2.-1 \2 n-l}  "'" 
where ~o (t) = co (t/2) - co (t), and co: R + R is any infinitely differenti- 
able function satisfying 

0-.<co(t)..<l and c o ( t ) = ~  1' t~<l  
( 0, t~>2 

then 

f =  ~ w . , f ,  for all f e H ( B O ,  
n = 0  

and 

IIw~*fl[p < Cllfll~, feHP(BO,  0 < p  <~ 1. 

It follows immediately from the representation 

lf02  (Wn*f)(z) = ~ w . ( e " ) f ( z e - " ) d t ,  f eH(B1)  , 

that if 1 ~<p < 0% then Ilw,*f[lp ~ ]rwn[[l Hfllp, f e H p ( & ) .  In [3] we 
also proved that [[ w, [11 ~< C, n = 0, 1, 2 . . . .  , where C is a constant 
independent of  n. Thus, if 1 ~<p< ~ ,  then Ilw.*fllp < CIIfllp for 
f e  H p (B1). Now it follows by a slice integration that 

I[w, xf[lp ~< ClJf[lp, feHP(B,,), 0 < p  < ~ .  (2.1) 
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~ f f . ( k ) = l , k = O ,  1,2 . . . .  , w e h a v e f =  ~ w . x f f o r a n y  
n =O 

Since 
n = 0  

polynomial f.  From this it follows easily that 

f ( z )  = ~ (w,•  z~B, ,  for all f ~ H ( B , ) .  (2.2) 
n = 0  

I f f (z )  = ~ f ( k ) z  k, z eB l ,  0 <<. n <<. m, then 
k = n  

rm Ilflle ~< Mp(r, f )  <<. r" Ilflle (see [5]). 

From this it follows by slice integration that if g (z) = ~ gk (z), 0 ~< 
k = n  

~< n ~< m, where gk are homogeneous polynomials of degree k, then 

rmllg[le<...Me(r,g)<<.r"llgllp, 0 < p <  oo. (2.3) 

Lemma 2.1. ([5], [6]). A measurable function F: (0, 1)-~ (0, oo) 
satisfying 

sup Ib.I r 2" <~ (1 - r) (1/q)- ~F(r) <. ~ Ib.I r 2", a > O, 
n>~0 n = 0  

belongs to Lq(O, 1), 0 < q <~ oe, i f  and on ly / f  {2-"~b,} belongs to the 
sequence space I q. 

Lemma 2.2. Let 0 < p, q, a < co. A function f e H ( B , )  belongs to 
H e' q" ~(B,) if  and only i f  the sequence {2 -"~ IIw, • belongs to l q. 

Proof. Without loss of generality we may suppose f(0)  = 0. Since 

sup [IWn• C M e ( r , f ) ,  by (2.1) and (2.3), 
n>~0 

we have {2 -"~ IIw~xflle}elq, by Lemma 2.1. 
Conversely, if 0 < p ~< 1, then using (2.2), (2.3) and Lemma 2.1 we 

find that 

Y0 (s ) Ilfllq.q, = <~ c IlWn• - r)qa-ldr <~ 
n 1 

~< C 11{2 -"=IIw, • 

If 1 ~< p < 0% then using (2.2), Minkowski's inequality and (2.3) we 
obtain 



On the Hahn--Banach Extension Property 141 

f01 )q Ilfllq, q,,<~ C ( l - r )  q~-~ IlWnXfller 2"- dr<<, 
n = l  

C 11{2 - ' ~  IIw. •  by  t e m m a  2.1. 

Let  f ( z )  = 
define 

• f~z  ~ and g(z)  = ~ g~z ~ be holomorphic  in B,. We 
lal = 0 lal = 0 

( f  o g) (z) = g z k, z e Bl . 
k = 0 \ l a l  = k / 

Let H ~176 = H ~ (B0 be the space o f  holomorphic  bounded  functions 
in B1 with the sup-norm. A function g ~ H (B,) is said to be a multiplier 
f rom H e' q' ~ (B,) to H ~176 if  the map  f o f o  g acts as a bounded  linear 
operator  f rom H p' q' ~ (B,) to H ~. The set o f  all such multipliers will be 
denoted by (H p' q' ~)*. Analogously,  we define (H~, q' ~)*. 

It is easily seen that  (H  e, q, ~)* is a quasi-normed space with the 
quasi-norm 

IIglI(HP, q, a,)* = l[gllp, q, a; co = s u p { l [ f ~  : f ~He' q" ~, [I flip, q, ~ -N< 1 } .  

The next lemma shows that  the dual  o f  H p" q" ~ (denoted by (H  ;" q' ~)') 
may  be identified with the space (H  p' q' ~)*. 

Lemma 2.3. I f  g e (H p' q' ~)* and i f  we define 2g ( f )  = lim (fo g) (r), 
r ~ l  

f E H  p'q'a, then ~ge(HP'q'a) ' and II~gll = [Igl[p,q,~; o~. 
Conversely, given s  (H  p' q' a),, then there is a unique g e (H  p' q' ~)* 

such that 2~g = ~. Also, Ilglle, q, ~; ~ ~< C II~ll. 

Proof. Define ~ ,  z s B1, by ~ ( f )  = ( fo g) (z), f e  H p' q' a. Then 
{A,z: z e B ; }  is a bounded  subset o f  (H  p'q' ~)'. On the other hand  if f is 
a holomorphic  polynomial  in n-variables and a e $1 then the limit of  
s ( f ) ,  as z--,  a, exists. F rom this we conclude that  the above limit 
exists for all f E  H p' q" ~. Thus, s is well defined. It is easily seen that  

~gff (H p, q, a), and [l~,gl[ = Ilgllp, q, ~, oo- 

Conversely,  define g~ = Z (z~), a e (Z+) n. Since ( fo  g) (z) = 
= 2 (f~), z e B1, for all f e  H p' q' ~, where fz (w) = f ( z  w), w e Bn, and  
l im2(f r )  = '~(fl), we have 2g = ~. The function g e  (H p' q' ~)* because 
r--*l  

I I ( f~  = I~(f~)l ~< II.~ll Ilfllp, q,. ,  for zeB1 .  The un iquenes s  o f g  is 
obvious. 
10 Monatshefte filr Mathematik, Bd. 11 I/2 
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= 2 -"~ IJWn x f l ip ,  As a consequence  o f  (2.3) we have  [Iw~xfl[p,q,~ "~ 
f ~ H ( B . ) .  Using  this and  L e m m a  2.2 we find tha t  

Ilftlp, 3, ~ = II{llw= xfllp,  q, ~}[Its. (2.4) 

L e m m a  2.4. L e t  g e H ( B n ) .  Then 

IIg lie, s, ~; ~ --- II { II w~ x g lie, q, ~; +}lit,', 

where s -1 + ( s ' )  -1 = 1, / f l  < s <  oo, a n d s '  = oo, i f  O < s <<. 1. 

P r o o f  Define P. = w. _ 1 + w. + w. + 1, n >t 0 (w_ l = 0). Since 

we have  

and  

Wn*Wk=0 ,  for  I n - k l f > 2 ,  (2.5) 

P . . w . = w . ,  n ~ > 0 ,  (2.6) 

W n * P k = O ,  i f  I k - - n l / > 3 .  (2.7) 

Le t  IIf[Ip, 3, ~ < oo and  II{llw= x gllv, q, ~; ~o}tl+=" < oo. I f z e  B1, then  using 
(2.2) and  (2.6) we get 

I(fo g) (z)[ = (w. * ( f o g ) )  (z) = 
0 

= ~ ((P~*Wn)*(fog))(Z = 
n 0 

c~ 

= .=~0 ((P" • 1 7 6  (w~ • g)) (z) ~< 

oo 

< I I{ I IP .  xf] l , ,  q, a}lll s I [ { I I w .  x g[lv, q, a; o~}Hl s" 

by  H61der 's  i n e q u a l i t y .  I t  is easily seen tha t  II(llPn• 
Ilfllp, s,~, by  (2.4). Thus ,  we have  p roved  t h a t  Ilgllp, s ,~;~ ~< 

<<. C I[{ltwn x gllp, q, ~; ~}llz~'- 
Conversely, let Ilgllp, 3, ~; | < oo. Fix 0 < e < 1. Since IIw~ xgllp, q, ~; ~o < 

< oo, n = 0, 1, 2 . . . .  , for  each n there exists f . ,  Ilfnllv, q,~ = 1, so t ha t  

( ( w . x g ) o L ) ( 1 )  = Ii(w. xg)of~li~o ~> El[w.• q,~; ~. (2.8) 
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If  {bk}el ~, bk >/0,  using (2.4), (2.5) and (2.1) we conclude 

~ wk• p, -~ { Wn• ~ Wk• p, },~Cll{bk}l[t~, 
k = O  s,a k = O  q,a 

since Ilfnllp, q,,~ = 1, for  all n/> 0. 
By hypotheses  Jig lip . . . .  ;co < oo. Therefore  

w, • b, , f ,  o g ~o <~ C IIgl[p . . . .  ;oo II{b,}ll,s. 
n = 0  

(2.9) 

On the other  hand,  w. x b . f .  o g = b. (w.  x g)  of., and by (2.8) 

oo 

~= (w. x b . f . ) o g  
n 0 oo 

= ~ b,, II(w,• 
n = 0  

>>. ~ ~ b. llw.• q,~;o~. 
n = O  

(2.10) 

Combining (2.9) and (2.10) we obtain  

II{llw, x gllp, q, a; c~}[[l s" ~ C Jig lip, s, ~; o~. 

In the same way  we prove  that  i f  g e H ~ ( B , , )  then 

ilg I[(/~g, s, ~). ~ I[{llw, • gll(H~,q, =).}l[,s,. (2.11) 

3. Proof of Theorem 1 

Set X = H p' s, a, y = H p, s, ,,, A = H p' q' a B = H p" q' a. Suppose now 
that  B (as a subspace of  A) has HBEP.  Let g e  Y*. By L e m m a  2.3 it 
is sufficient to prove that  there exists a G e X* such that G o f  = g of, 
for all f e  Y. 

Since w , , x g e B * ,  n >~ O, and B has HBEP,  there are functions 
g. e H (B.) so that  

g , ,o f  = w , , x g o f ,  f e B  (3.1) 
and 

[[g, lip. a, ~; oo ~< C ]lw, • gllp. q, a;  o o ,  (3.2) 

where C is a positive constant  independent  o f  n (a consequence o f  the 
open mapping  theorem). 

Define the function G by  G (z) = ~ =  0 (Pn • g,,) (Z), Z e B,,. One can 
easily show that G e H(B,,) .  We claim that  G satisfies the condit ions 
cited above.  

10" 
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Using Lemma 2.4 and equations (2.7), (2.1), (3.2) and (2.11) we 
obtain 

I l a l [p , . ,  ~; oo ~ ll{llwn x GIIp,  q, ~; oo)llt." = 

= {w.X~=oSxgkl , , . ,o ;~o} , . ,  <<. 
<~ C [l{l lw.x goltp, q, ~, oo}1[,." < c II{llgkllp, q, ~; ~}11,.' ~< 

<~ C Il{ll% x gllp, q, ,,, ~o}ll~ ; ~- C I I g l l r .  < o o .  

It follows that G e X*. 
From (3.1), (2.6) and (2.1) it follows that i f f e  Y, then 

G o f =  ~ (P. x g . ) o f =  ~ P . , ( g . o f )  = 
n = 0  n = 0  

= P,, * ((w,, x g) o f )  = 2 w,, * (g o f )  = g o f  
n = 0  n = 0  

This completes the proof  of  Theorem 1. 

4. P r o o f  o f  Theorem 2 

i) Note  that we proved the case n = 1 in the Introduction. Thus, to 
finish the proof  of  Theorem 2 (i), by Theorem 1, it is sufficient to show 
that if H~' p' ~ (Bn), n > 1, has HBEP than H~' p' ~ + (n - o/p (B0 has HBEP. 

Let ~/e(H~'P'"+(~-1)/P(BO)'. Define (p(g)= o/(0g), geH~'P'"(B~), 
where p is a restriction operator defined by Q g ( z ) =  g(z ,  0 . . . . .  0), 
zeB1 ,  geH(Bn) .  The proof  of  Lemma 2.2 ([1]) shows that Q is a 
bounded transformation from HPe'P'~'(B,,) into HP'P'a+("-~)/P(B1). 
Hence, tpe(H~'P"~(B,,)) '. Since H~'P'~(B~) has HBEP, there exists 
@ e ( H  ~',p, a(Bn) )' such that ~(g)  = {o(g), for all g e H ~  "p" a(Bn). 

NOW define ~ ( f ) =  tb(r f ) ,  f e H P ' P ' a + ( n - 1 ) / p ( B 1 ) ,  where r is an 
extension operator defined by r f ( z l ,  ..., z , ) = f ( z 0 ,  (zl . . . . .  zn) E B,, 
f e H ( B O .  

It follows from Fubini's theorem that I l r f l l p ,  p, ~ = I l f l lp ,  p, ~+(,-~)/p 
(see [8], pp. 127--128). Thus, the extension r is a linear isometry of  
H p, p, ,, + (~ - O/p (B1) into H p' p' "(B,). Hence, ~ e  (H p" p" "+ (" - 1)/p (BI))'. If 
feH~,P'"+("-I)/P(BO, then ~ ( f )  = @(rf )  = ~0(rf) = ~ ' ( o r f )  = ~ ( f ) ,  
since r f e  H~' p' ~(B,) and @ is an extension of  ~o from H~' p' ~ (B,) to 
H p, p, a (B . ) .  
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ii) The p r o o f  is the same as in i), since Q is a bounde d  t ransforma-  
tion f rom H P ( B , )  into H ~ ' P ' ( " - I ) / p ( B 1 )  and r is a linear isometry o f  
H p, p, (n - ~)/p (B1) into H p ( a n ) .  
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