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Abstract. The theory of frames and non-orthogonal series expansions with respect to
coherent states is extended to a general class of spaces, the so-called coorbit spaces.
Special cases include wavelet expansions for the Besov-Triebel-Lizorkin spaces, Gabor-
type expansions for modulation spaces, and sampling theorems for wavelet and Gabor
transforms.

1. Introduction

In [FG1,2,3] a systematic theory of series expansions with respect to
coherent states was developed. Given an integrable, irreducible, unit-
ary representation z of a locally compact group ¥ acting on a Hilbert
space #, a suitable ge # and a sufficiently dense subsequence (x;);.;
in ¢, we constructed series expansions of the form

f=Y hr(x)g
iel
Here the expanding functions z (x,) g€ # are all of a very simple form,
namely, they lie in the orbit of a single element under the representa-
tion z. In mathematics such expansions are usually referred to as
atomic decompositions, in the terminology of physicists they are dis-
-¢rete expansions with respect to coherent states [KS).

The main objective of [FG2,3] was to show that such expansions are
not limited to the Hilbert space #, but that they can be constructed
for a wide class of Banach spaces, the so-called coorbit spaces. In
general, the collection {7 (x;) g, i€} is not linearly independent, hence
the coefficients in such a non-orthogonal expansion are not uniquely
determined. However, one can construct a map from functions f into
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2 K. GrROCHENIG

a Banach space of sequences (4,) on /, such that the coefficients depend
linearly and continuously on £, and such that the norm of f is equiv-
alent to the sequence space norm of the coefficients.

A wealth of examples is obtained by specific choices of a group and
a representation: non-orthogonal wavelet expansions for Besov-
Triebel-Lizorkin spaces on R”, the Gabor-type expansions for modula-
tion spaces, and atomic decompositions for Banach spaces of analytic
functions. To see how such decompositions arise as special cases from
the general theory, we refer to [FG1] and Sections 3 and 5 of this
article. For direct approaches to what seemed to be mutually disjoint
theories until the discovery of the group theoretic approach, see
[FJ1,2,3], [F2], [CR], [R], [JPR], [RT], [L], among others.

In this paper we consider the following question which is rela-
ted to the moment problem: given a discrete set of coherent states
{m(x;)g,ie I}, under what conditions is a function f completely deter-
mined by the moments or coefficients {7z (x;)g,f> and how could f be
reconstructed from these coefficients? This is an abstract formulation
of a problem that occurs frequently in applications, notably in signal
analysis, image processing, and data compression. If we think of the
representation coefficient x — {7(x)g,f)» as a signal transform of f
with g fixed [GMP), the question is (a) to what extent the continuous
information {7 (x)g,f) can be compressed into the discrete informa-
tion {7 (x,)g,f>, iel}, and (b) how the original signal f can be
recovered from the discrete set of values {7 (x))g, f>, iel.

To be more specific, let us look at the case of the Hilbert space A4
and take it for granted that every element fe # has a stable, non-
orthogonal expansion with respect to the coherent states 7 (x,) g, iel.
Then there exist functionals ¢, # and two constants 4, B > 0 such
that for every fe #

f=z<ei7f>ﬂ(xi)g

and

1/2
AVl <(SKeu SF) < BIfLe 1)
By duality one also obtains = Z {r(x,)g, f>e and

1/2
B < (SKrG e SF) < A7l
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Thus, question (a) above has an easy answer in Hilbert space.
A set {e;, ie I} that satisfies (1) is called a frame for # [DS, Y]. This
is a much weaker notion than that of a basis, but quite useful in many
contexts.
The concept of a frame for a Banach space is readily defined:

Definition: A family {e;, i€ I} in the dual B” of a Banach space B is
a Banach frame for B, if
(i) there is an associated Banach space B, of sequences on 7, such
that the coefficient mapping fi <e;, f >,.,is continuous from B into B,,
(i) the norms | f|B| and |[<e;, f);./1B,|l are equivalent, and
(iii) there exists a bounded, linear reconstruction operator S from
B, onto B, such that S({e¢;, /) =71

In this paper, we lay the foundations for a theory of coherent
Banach frames, i.e. of the form {n(x;)g, iel}, and we construct
coherent Banach frames for the coorbit spaces. Their existence is by no
means evident. It is a remarkable fact that in Hilbert space the norm
equivalence (1) alone guarantees an efficient method for the reconstruc-
tion of f and that condition (iii) is redundant in this case (cf. [DS], [Y]
for the reconstruction). For Banach spaces, however, conditions (ii)
and (iii) are independent, and to find the reconstruction operator S
poses additional difficulties.

Because of many applications in signal processing the construction
of special Hilbert frames (wavelet frames and Gabor frames) has been
a subject of intensive investigation in the past years, see [DGM], [D1],
[HW]. The only example of Banach frames is the “¢-transform”
[FJ1,2,3] which is used to characterize distributions in Besov-Triebel-
Lizorkin spaces. We are not aware of any other attempts to describe
functions in this way.

The construction of Banach frames also gives new insights for
coherent Hilbert frames:

(a) The discrete set {x,, iel} in % need not be a lattice, but can be
distributed irregularly in 4.

(b) Stability results for frames are an easy consequence of the
general theory (cf. Section 6).

(c) The coeflicient sequence {7 (x,)g, f);,c; 15 a sampling of the
representation coefficient {x(x)g, f>. The construction of a coherent
frame yields a sampling theorem for representation coefficients of
integrable representations which is similar to the famous Shannon-
Whittacker-Kotelnikov sampling theorem for band-limited functions.

1*



4 K. GROCHENIG

The paper is organized as follows: the basic assumptions, facts on
square-integrable representations, and some technical statements that
are required from [FG2,3] are collected in Section 2. Some knowledge
of [FG2,3} would be helpful, but we have tried to keep the exposition
of the paper self-contained. Section 3 reviews the notion of coorbit
spaces and provides a variety of examples. Section 4 is devoted to a
detailed analysis of convolution operators on locally compact groups
and their approximation by linear combination of translates of one
factor. Using the local oscillation of a function, such an analysis can
be carried out much simpler than in [FG2), and one obtains sharper
estimates. Section 5 contains the main results of this paper, namely the
construction of coherent Banach frames for coorbit spaces. We have
tried to keep the exposition accessible through a variety of relevant
examples. In Section 6 the stability of Banach frames is discussed.
Some complementary results show that the assumptions in the main
theorems are also necessary. They demonstrate that the general frame-
work of [FG1,2,3] and of this paper is optimal.

Acknowledgement : 1 want to thank my colleague HaNs G. FEICHTIN-
GER for the permanent discussion on the subject. I thank the Depart-
ment of Mathematics at McMaster University, in particular HANS
HemiG and ERIC SAWYER, for the hospitality and the excellent working
conditions during a stay, where the first draft of this paper was written.

2. Prerequisites

This section contains the terminology and lists a few technical
statements which were proved in [FG2, §3] and [FG3, §7]. Further-
more, it explains the basic assumptions on function spaces, weights and
representations that are made throughout the paper.

2.1. Throughout this paper, ¥ will always denote a oc-compact
group, therefore all coverings and index sets under consideration will
be countable. A or dx denote the left Haar measure of ¢, A the Haar
modulus, ee¥ the identity element.

The following operations on functions F on ¢ will be used:
left translation by xe%: L. F(y) = F(x~'y),
right translation R, F(y) = F(y x) and

the involution F"(y) = F(y ~');
(H, F) = j H (x) F(x) dx whenever the integral is defined.
4
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2.2. Function spaces on 4. By Y we shall always mean a Banach
space of functions on ¢ with norm | - | Y| which satisfies the following

properties:
(i) Yis continuously embedded into L}, (%), the locally integrable
functions on ¥. (2.1

(i) Y is a Banach lattice, i.e. if [F(x)] < |G(x)] a.e. and Ge Y, then
FeY and |F|Y] < |G|Y (2.2)
(iii) Y is invariant under left and right translations. Set u(x) =

=1L Y}l| and v(x)=A(x"DIR,-|Y]l, the operator norms of
translations on Y, then we require that

(@iv) Li»Y<Y (2.3)
and Y=LcY 2.4
are satisfied i.e. if Fe Y, Ge L} then

FxGeY and |F+G|Y| < |FIY|IGILL).

Examples: weighted I7-spaces on %, certain mixed norm spaces on

9, tent spaces etc.

In the sequel we shall always consider pairs (Y, w) where w is a
weight function on ¢ such that (for a constant C > 0)

ond w(x) = Cmax {u(x),u(x "D, v(x),v(x" A1) 2.5
w)=wx HAx")

In particular, w(x) > 1, [fILL] = | f7ILL] and
Y+Llc ¥ (2.6)

2.3. Sequence spaces. Given the compact set Q with non-void in-
terior, a (countable) family X = (x,),.; in ¢ is said to be Q-dense if
\ierx:Q = ¥, and separated if for some compact neighbourhood ¥ of
e we have x,V nx; V = ¢, i #j, and relatively separated if X is a finite
union of separated sets.
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In the applications usually “lattices™ are chosen for Q-dense and
relatively separated families. The general theory, however, allows much
more freedom and irregular “sampling” sets.

Examples: The standard lattice in the n-dimensional Heisen-
berg group R" x R x T is (al, pm, 1), I, meZ" (a, B> 0); for the
ax + b-group R x R* the lattices (akp”, B"), k,neZ are used
(>0, >1).

Given a Q-dense, relatively separated family X = (x,),.; in ¥, the
sequence space Y;(X) of Y is

10 = {A)er T4 Loz ¥} @.70)
iel
with norm

I =

Y AL, col Y“ (2.7b)

iel

(where ¢, is the characteristic function of Q). Y,(X) is independent of
Q and X (cf. [FG2], Lemma 3.5), therefore we shall suppress the index
X frequently.

Example: 1£,(9),=I., where m’(i) = m(x;). Thus the correspon-
dence is natural, but it may be more complicated for other function
spaces.

2.4. Maximal functions and convolution relations. Choose Q & ¥
compact with nonvoid interior and eeQ, then the (local) maximal
function MF of F is defined to be

MF(x) = |Lycq. Fll, = sup IF)I 2.8)
MF(x) controls F in a neighbourhood of xe%. For a function space
Y on ¢ we define
M (Y) = {F such that MFe Y} (2.9a)
With norm
IFl ()| = |MF|Y|, (2.9b)

and write ./ -(Y) for the subspace of continuous functions in .# (Y).
Then M (Y)— M (Y)— Y are continuous embeddings and . (Y),
M (YY) are independent of Q. The general theory of such spaces has
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been worked out by H. FeICHTINGER in [F1], under the name of
Wiener-type spaces, and has many applications in harmonic analysis.
The control of the local behaviour of functions in .#.(Y) yields
immediately the following

2.5. Proposition ((FG2], Lemma 3.8). If (x,);., is relatively separated
and Fe # (Y), then (F(x;);c;) is in Y;(X) and

1F G Yall < CIFIY ], (2.10)

where C is a constant independent of F.

Working with nonabelian groups we shall need the right versions of
these spaces:

MRF(x) = |R,c,.F|,, and .#*(Y)={F such that M*F¢ Y}

(2.11)
with the obvious norm ||Fl.Z®(Y)|| = |M*F|Y].
The following convolution relation was proved in [FG3], Thm. 7.1, and
is vital for our approach:

2.6. Theorem. Assume that Y satisfies 2.2 (i)- (iv), then

Y« M (L)< 4 (Y) (2.12)
and
Y Mo (L)< M (Y) (2.13)

2.7. Square-integrable representations. An irreducible, unitary,
continuous representation 7 of ¢ on a Hilbert space # is called
square-integrable if for at least one representation coefficient

(n(x)g, g)(geH)

J Km(x)g, g>fdx < o (2.14)
9

(see e.g. [DM], [GMP], or any standard text on representation theory).
In this case there exists a positive, densely defined self-adjoint
operator 4 on J# such that the orthogonality relations hold true:

f GO en T (XD gn fy> dx = (Agy, Agy S £ (2.15)

for all f;, f,e # and g,, g,edom 4. If we write V,(f) (x) = {m(x) g, />
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for the representation coefficients, then for a fixed gedom 4 the
mapping f - V,(f) is from # into L’ (%) and intertwines 7 (x) and L,.

For the special choice g, =g, =gedomAd and |Ag) =1, f,=
=n(y)g, fo=feH one obtains the reproducing formula for the
representation coefficients V,(f) from (2.15):

V,(f) =V (g) = V. () (2.16)

This formula and its extensions are the very reasons for the unifica-
tion of all the different examples mentioned in Section 1,

2.8. As was pointed out in [FG2], it is necessary to require stron-
ger integrability conditions on x, in order to handle other spaces
than Hilbert space. Therefore, given a weight function w, i.e.
w(xy) < w(x)w(y)and w(x) > 1 for all x, y €%, chosen as in (2.5), we
shall always assume that the representation  is w-integrable: in other
words

o, ={geH [IK(n(x)g, glw(x)dx < oo} is non-trivial. ~ (2.17)

With this assumption &, # {0}, formula (2.16) can be easily analyzed.
Note that the functions G: = {x(x) g, g) are convolution idempotents
in L) whenever g is normalized by |Ag| = 1. Therefore the con-
volution operator TF = F* G is a bounded projection from Y onto the
subspace Y G in the situation of (2.6).

3. Coorbit Spaces and Examples

We recall the definition of coorbit spaces and review their basic
properties. Finally we show how the classical function spaces fit into
this construction. For a detailed exposition of the abstract coorbit
spaces we refer to [FG2], §4, and [FG3]. There it was shown how to
attach an abstract Banach space €« ¥ to a w-integrable representation
7 and a function space Y on the group . Starting only with a Hilbert
space given, the first problem is to provide spaces of “test functions”
and “distributions™.

Whereas function spaces on manifolds, domains etc. are always
defined as subspaces of distributions, of all holomorphic functions etc,
in our situation we first have to construct a suitably large object that
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may serve as a reservoir for selection. Here is how this is done ([FG1]
and [FG2)):

3.1. Fix an irreducible, unitary, continuous representation x on 5
and a weight function w on ¥ (arising as in (2.5) from a function space
Y on %) such that &7, # {0} and fix once and forever some nontrivial
vector gef,.

Definition: (“Test functions” and “‘distributions’)

H, ={fe# such that V,(f) =<(x(-)g, freL)} (3.1a)

with norm
1A = 1V, (OIL | (3.1b)

Then the anti-dual #°, ", the space of all continuous conjugate-linear
functionals on #,, will serve as the reservoir for selection.

#, and # )~ are m-invariant Banach spaces with the continuous
embeddings

H s H— A~ (3.2)

and their definition is independent of the choice of the analyzing vector
gesd,,. (It follows from (2.15) and the symmetry of the weight w,
w=w"A"", that #]. = o/, as sets, see [FG1], Lemma 4.2) The inner
product on # x # extends to a sesquilinear form on ) x #}~,
therefore for ge s, and fe #\~ the extended representation coef-
Jicients V,(f)(x) = {m(x)g, f> are well-defined.

3.2. Let Y be a Banach space of functions on % with canonical
weight function w satisfying conditions 2.2 (i)—(iv).
Definition (the coorbit of Y with respect to x):

CoY={feH, :V,(/)eY} (3.3a)
with norm

/1€ Y1 = 1V, (MY (3:3b)

Then %< Y with this norm is a z-invariant Banach space, the
definition is independent of ge.Z,, and one obtains the obvious
embeddings

Hy>CoY > HL~ (3.4
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Moreover, the basic spaces #, #) and #]~ can be 1dent1ﬁed with
coorbits under 7z:

H =b01* (%), H)=%sL, and #)!~ =%oLj,.

These abstract spaces have been investigated thoroughly in [FG1],
[FG2], [FG3]. [FG3] is devoted entirely to the Banach space structure
of the coorbit spaces. We refer to these papers for more details and the
proofs of the assertions.

A square-integrable representation can usually be realized by opera-
tors acting on a Hilbert space of functions on a homogeneous space of
%. Therefore for a concrete realization of 7 the elements in %o Y are
indeed such handy things as functions or distributions or measures.
The advantage of this general definition is that — for frames, atomic
decompositions, structure of the spaces — it does not matter in the
least what the objects in €+ Y “are”.

3.3. Examples. In order to demonstrate the scope of the notion of
coorbit space we give a list of examples. It is a remarkable fact that
almost all classical function spaces in real and complex variable theory
occur naturally as coorbits of certain integrable representations. We
shall content ourselves with a few hints and refer to the literature for
the standard theory of the mentioned spaces. In all of the examples it
can be checked that the assumptions of Section 2 on the representation
m and the function space Y are satisfied.

(a) The Besov— Triebel — Lizorkin— Spaces. Let % be the n-dimen-
sional ax + b-group R" x R* with multiplication (¥, H)(y, v) =
=(X+tJ,tv), X, e R, t,ve R* and 7 (X, f) be the unitary representa-
tion of ¢ which acts on L?(R") by translations and dilations, i.e. for

feL}(R) ]
x) (3.5)

(strictly speaking, r is not irreducible. Extending % by the orthogonal
group O (n) and 7 by rotations, one is back with the assumptions in
2.5). For convenience the analyzing vector g is chosen to be a radial
Schwartz function with all moments vanishing and the reservoir for
selection shall be the space of tempered distributions modulo polyno-
mials. Then a result of TREBEL ([T]) implies that

%%, i) () = t‘"/2f<f -
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=%o Ls +nf2 —njq (363)
and
== (gO T s+ n2 (3.6b)

where se R, 1 < p, ¢ < o0, B are the homogeneous Besov-spaces on R”,
F the homogeneous Triebel—Lizorkin spaces, I7¢ a certain mixed
norm space on ¢ and 777 a tent space on ¥ (cf. [CMS]). Written out
in detail, this means for example: fe F; g P < 0, iff

jd}?( ” Kz (5, z)g,f>lqt"q‘””/2)w>p/q< o (37)
tn+1

R G- <t

For p = o0, the definition of 7> is different (see [CMS]), nevertheless
BMO = F? , and the smoothness spaces of Sharpley-de Vore C?*
(coinciding with some F%, ) are coorbits. [SV]

(b) The modulation spaces on R'. Let H, be the Heisenberg
group R x R" x T with multiplication (%,, 7,, )%, ¥, T,) =
=(%, + %y F1+ 7 Tne Y, %, 7,€R", t,eT and consider the
Schrodinger representation on M, of L* (R?):

(%, 5, DfE) = 167 If(E — %) (3.8)

Then the modulation spaces M, ,(R"), seR, 1 < p, g < oo, were in-
troduced by FEICHTINGER ([F2], [F3]) in formal analogy with the Besov
spaces:

feM;  if and only if [[[IK7 (%, 7, ) g, /O dxI* (1 + [p])?dy < ©
(3.9)

(¢ being an analyzing vector in &, the reservoir being &’) or

M, , =%CoL}" (3.10)
Among the M, , can be found L*(R"), certain Sobolev spaces, the
Bessel potential spaces and the Segal algebra S, of FEICHTINGER ([F3]).

(¢) Similarly, modulation spaces can be studied on all locally com-
pact abelian groups (cf. [F3]).

(d) For the Besov— Triebel— Lizorkin—spaces on the Heisenberg
groups H, (cf. [FS]) neither a new theory nor a new notation is required.
The only adjustments to be made are the following substitutions: in
example (a) replace R” by H,,, translations and dilations on R” by the
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corresponding operations on H,, the group ¢ by the semidirect product
H, oc R*, R* acting by dilations on H,. Then everything said in (a)
carries over to the function spaces B, ,(H,) and F, ,(H,) on H,.

From the abstract point of view, the next example is nothing new
and equal to example (b), but the actual appearance is quite different.
We use the well-known fact that the unitary representations of the
Heisenberg and the ax + b-groups can also realized on spaces of
holomorphic functions:

(e) The Bargmann— Fock spaces on C": It is convenient to write the
Heisenberg group H, in a slightly different form: H, = C” x T with
multiplication (¢;, 7,).(c T) =(c; + ¢ T Tzeilmf“czlz) where ¢;eC”,
1,6 T and ¢, . ¢, denotes the standard bilinear form on C". The identifi-
X+ if, ,L.e—ifcf/2>‘

cation with H, of example (b) is given by (X, , 7) - (

For any a > 0 the Bargmann— Fock representation o, on

H,= {F holomorphic on C™: le(z)lze'“‘z'zdz < oo}
Cﬂ

is defined by (3.11)
6,(c, DF(2) = 16V "2 F(z — ¢/\/a)

(cf. [B]). o, and the Schrodinger representation z (3.8) are equivalent
by means of the intertwining operator T,: L*(R") - #,, sometimes
called the Bargmann transform,

T.f() = j exp(— o-los 2az§>f(§)dr§ -

= exp (g(xz + y2)> ((2ax, —2ay, e g, f>

where x = RezeR", y = Imze R and g, (&) = e the Gaussian.

By the general intertwining theorem of [FG2], Thm. 4.8, T, esta-
blishes an isometric isomorphism between the coorbits with respect to
7 and those with respect to o,:

fe(go,, Y ];fe(go% Y
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Since 7, is essentially a generalized representation coefficient with
respect to 7, the coorbits w.r.t. o, are easily described. After a trivial
manipulation we obtain: a holomorphic function ¥ on C"is in ¥, ¥
iff exp(—alz[*/2) F(z)e Y. (Observe that we can assume Y to be a
function space on C” instead of H,, because the action of the torus 7’
can be neglected.)

The simplest examples are the coorbits of L?:

Fh=%o, IF = {F holomorphic on C™: f]F (e P4z < oo}
Cn
(3.12)

These spaces have recently emerged in the study of Hankel operators

“on Bargmann—Fock space #, [JPR]. Although rather different in
their appearance, they have the same properties as the modulation
spaces.

(f) The Bergman spaces on the upper half plane. They are defined on
U={zeC:Imz>0}forp>1, a> —1, by

A% = {fholomorphic on U: J‘Jlf(x +iyfy*tedxdy < oo} (3.13)
[
(cf. [R]) and are related to the discrete series 7z, of SL(2, R). For
instance, in [FG1], 7.3, the following identification was obtained
AP = Co, L7 (3.14)

3.4. Before we can deal with atomic decompositions and frames of
general coorbit spaces, we need some facts from [FG1] and [FG2].

Theorem (the Correspondence Principle, [FG2], Prop. 4.3). Let n, ¥
and w satisfy the assumptions of Section 2 and set G = V,(@)eL,, for a
Jixed analyzing vector gesf, with normalization lAgll = 1. Then:
A function Fe Y is of the form V,(f) for some fe %o Y if and only if

FxG=F (3.15)

In other words, €« Y is isometrically isomorphic to the closed
subspace Y G of Y. In this case,

F(x) = (LG, F> (3.16)



14 K. GROCHENIG

exhibits the subspace Y = G as a Banach space with reproducing kernel.
This theorem explains why the unification of all the mentioned
examples works. As soon as a space is known to be a coorbit with
respect to a representation, one may forget its original definition and
deal with certain functions on the group. The theorem describes the
mechanism of transference between 4+ ¥ and functions on 4.
Definition: By a slight abuse of notation, call the inverse operator
from Y+ G onto - Y V,'. The intertwining of z(x) and L, by ¥,

implies that Vo (L,G) = n(x)g (3.17)

The theorem is essentially a consequence of the orthogonality relations
for 7 ((2.15) and (2.16)).

3.5. Dealing with coherent frames for ¥« Y we need information
about the sequences ({7 (x;)g, f)).1» Where (x;) is some Q-dense,
relatively separated set. In other words, we need a control of the local
behaviour of the extended representation coefficients V, (f). To this end
we have to restrict the set of analyzing vectors.

Definition ((FG1]). The set of basic atoms is defined to be

B, =1geH :{n(x)g, gre M (L)}
It follows immediately, that
B, < H) (3.18)
(m(x)g, greM (L)AL (L) (3.19)

and that

(because G = V,(g) is continuous and “-invariant, G = G ", moreover
Fe MR (Y)iff F¥ s (Y) is true in general).

Remark: If ¢ has a compact invariant neighbourhood, e.g. the
Heisenberg group, then o/, = #,,. In general, however, </, and %, are
different. See also Section 6.

3.6. Applying Thm. 2.6 to the reproducing formula (3.15) yields the
desired control of the local behaviour of V,(f).

Theorem ([FG3], Thm. 8.1). Let , Y, w be as in Section 2. If g€ %4,
then V,(f)e M (Y) for all fe 6o Y. In particular, if (x);c; is a relatively
separated family in 9, then

IV (D) il (D < Cl f1 €2 Y| (3.20)

with a constant C independent of f.
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4. The Analysis of Discretization Operators

In this section different types of discretization operators are studied
which finally lead to the general construction of atomic decom-
positions and frames. As a consequence of Thm. 3.4. this is equivalent
to discretization of the reproducing formula (3.15)

FxY3L.G. @.1)

One way of doing this is to approximate F = Fx G = [F(y)L,Gdy
by a Riemann type sum, as was shown in [FG2]. In the following we
give a systematic treatment of different approximations to the re-
producing formula (3.15). The use of “maximal functions” instead of
a Cotlar-type decomposition of the discretization operators simplifies
many arguments and enables us to construct both atomic decom-
positions and Banach frames for the coorbit spaces.

4.1. For the discretization of formula (3.15) we make use of uni-
form partitions of unity ¥ = (y;, X, U) subordinate to (the compact
neighbourhood of e) U < ¢ with the following properties:

(i) X = (x);c; is a U-dense and relatively separated family in &
(2.3) such that

(ii) suppw; < x; U
(i) 0<w, <1 foralliel 4.2)
i) Yy=1

iel

It is convenient but not necessary to assume the functions y; to be
continuous. On the other hand, the characteristic functions of a par-
tition of ¢, which is deduced from the covering (x, U),.; of ¥, are also
admitted. With the symbol ¥ is always given the information on y;, x;
and U. We order partitions of unity by inclusion of their neighbour-
hood U and write ¥ — 0if U — {e}. To avoid trivialities we furthermore
assume that U is always contained in some fixed (large) compact
neighbourhood Q < 4.

4.2. Discretization operators. We try to approximate the con-
volution operator

T:F>F%G (4.3)
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by one of the following discretization operators

TeF = Z(l//,-, F)inG (4.4)
iel :

SeF =Y F(x) y;*G (4.5)
iel

UgF=7) F(x)c,L, G, (4.6)

iel

where ¥ is a partition of unity as in 4.1 and ¢; is the mass of y;:
¢;= [ ;. Ty involves only the averages of F around the points x;e %
and was therefore used in the approach of [FG2]. The pointwise
evaluations at x; make S, and U, more subtle to treat and it is to be
expected that some kind of “maximal inequality” shows up in the
proof. U, is a combination of T, and S,.

4.3. Remarks (i) It is not clear apriori whether the formal ex-
pressions (4.4)—(4.6) make sense at all and on which spaces they are
bounded operators. Remember that in the reproducing formuia (3.15)
F=V,(f)and G = ¥,(g) for some ge o/,,. In view of the identification
of o Y with Y * G we want to check the boundedness of the T, S, U
on Y* G. Moreover, (4.5), (4.6) and Thm, 3.6 suggest that g should be
taken from 4, to get the desired estimates.

(ii) Some comment is required on the meaning of the sum over I:
we order the finite subsets of I by inclusion, then ) ... will be
understood as the limit of the net of partial sums over the finite subsets
of I. If the bounded functions with compact support are dense in ¥,
then this convergence should take place in the norm of Y, otherwise in
a weak sense.

Example: If g € #,, 1.e. G = V,(g) € MF(L,) n (L)), then
(G ('), ,€l) (by Prop. 2.5) and by the same argument F(x,) =
= V,(f) (x) € Y;(X) = I}, (according to [FG2], Lemma 3.5). Therefore
Y et F(x;) L, G(y)is defined for all ye ¥ by I}, — / ! duality, hence the
sum converges at least pointwise. In the sequel we show what else can
be said about these sums.

Since the index set is countable we could enumerate it in some way
and then interpret Y, ,... as the limit of the sequence of ordinary
partial sums. Because Y and Y, etc. are Banach lattices, this is equi-
valent to the first description.
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With this interpretation in mind, it is never a problem to justify the
use of the distribute law (summation against convolution) or the
interchanging of sums and integrals. In the proofs these details will be
omitted in most cases.

We need some preparation for the main results on the discretization
operators:

4.4. Lemma. For any Fe # (Y) and any uniform partition of unity
¥ subordinate to Q = ¥ the following inequality holds true:

S IFGa)l il (1) < CIFL A @)
iel
with an absolute constant C depending only on Q.

Proof: Note that in

=:4

[ve]

M(z o)l wi) =

iel !

L, cg.(z () w)

iel

the sum runs only over the finite index set
IL={iel: xQnx;Q# ¢}={iel: x;ecxQQ 'L
Therefore, we continue with
A< | Lecoo1-Fllo = M'(F) (),

where M’ is the maximal function taken with respect to Q Q%
Therefore,

IXIFCl il (D) = 1M IF )l ) 1Y) < IM(F)|Y | <
< CIMF|Y| = C|F|.#(Y)|

because different maximal functions yield equivalent norms on . (Y).
(cf. 2.4. and [F1], Thm. 2) 0O

4.5. Finally we need a related maximal function for the description
of local oscillations. (For function spaces defined by local oscillations
see also [S]).

Definition: If U < 4 is a compact neighbourhood of e, then
GI(x) = suIU) |G (ux) — G (x)| (4.8)

is the U-oscillation of G.

2 Monatshefte fiir Mathematik, Bd. 112/1
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4.6. Lemma. (i) A function G is in M® (L)) if and only if Ge L}, and
G e L), for one (and hence for all) compact neighbourhoods U of e.
(i) If, in addition, G is continuous, then

lim |GZILL] =0 4.9)
U—{e}
(i) If yex U, then
IL,G— L, G\< L,Gg (4.10)
holds pointwise, i.e.
GG '2) -~ G(x"12|<GEW'z) forall ze%.

Proof: (i) Take the maximal function M* of (2.11) with respect to
U. Then

MEG(x) = [Recy. Glo < GF (x7) + G (x 71 (4.11)
and consequently
Gl AR (L) = IM*GIL, | < IGFIL, I + IGMIL, || =
= IGZIL. Il + IIGIL, (4.12)

Since 4R (L)) < L} and G (x) < MRG(x~ ") + |G (x)| the converse is
also obvious.

(ii) If, in addition, G is continuous, then by (i) Ge #X(L,). Note
that U < U, implies G < G{}‘o , therefore for £> 0 a compact set
K < 9 may be chosen such that

GE(X)wx)dx <
K

4.13)

N |t

for all U < Uj. Since G is now uniformly continuous on K, we can find
a neighbourhood U, € U, such that

&

Gt (x) < 4.14
7, (%) A 4.14)
holds for all xe K, where w = sup w(x).
: xekK
Consequently, J GE (x)w(x)dx < g (4.15)

X
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whenever U < U, and all together yields
IGEILL| <& for U< U,.
(iii) is a consequence of

GO ')~ Gx ") <sup|G(y~'2) — Gluy ' 2 = GF (' 2),
uel

because yex U implies x ' =uy~'. O

4.7. If G = V,(g) then the condition of 4.6. (i) again implies that
g€, . Now it is very easy to show the boundedness of the discretiza-
tion operators 7, S, and U,,.

4.8. Proposition. (i) If GeLl, then {Sy}, ¥ running through all
uniform partitions of unity subordinate to Q, is a uniformly bounded
Sfamily of operators from M, (Y) into Y.

(1) IfGe H R (L)), then {Uy} is a uniformly bounded operator family
from M, (Y) into Y.

(i) If Ge MR(L)), then {T,} is a uniformly bounded family of
operators from Y into Y.

Proof: (i) We use (2.6), the embedding .#,(Y) — Y and Lemma 4 4.
to obtain
ISy FIY| = IQ. FGx)w) + GIY | < [ FCx) wil Y IGIL, || <
S L FO) wiltt (DIGIL, | < CIF |4 (V)] |GIL, |
(4.16)

and the constant is independent of .
(i) We use (4.10) and estimate first

le;Ly, G — yix Gl = f y:(0) (L.,G — L,)dy| < [y (0) L, G dy = y;* G

(4.17)
(because supp y; < x; Q). Therefore,
IUVF = S,FIY] = [T F(:) (@ 1,6 = W G | <
<|(greorm)«cziv] 4.18)

As in (4.16) we obtain

2%



20 K. GROCHENIG
[UeF — Sy F|Y ) < C|F| M (V)| |GFIL, | (4.19)
Finally, from (4.16) and (4.19)
(U FIY[| < CUGILL + NGFILL D [ Fidl (D) (4.20)

holds with a bound independent of ¥.
(i) has already been shown in {FG2], Prop. 53. OO

4.9. Remarks: (i) Almost the same arguments show, that for any
O-dense and relatively separated set X = (x;),., in # the corresponding
“synthesis operators”

Sy(h) = (z A w,-) e 4.21)
iel
Ux() = Y A4c L, G 4.22)
and
Te(h) = YL, G (4.23)

are bounded from Y,(X) (cf. 2.3) into Y with a norm independent of
X. This is needed in the “synthesis problem”. (cf. [FG2], and Thm. 5.2).

(ii) Note that in the original situation where G = V,(g) is an L,-
convolution idempotent (because of (2.16)), the image of these opera-
tors is contained in the closed subspace Y+ G of Y. If g4, ie.
V.(@)=Ge M (L))~ #F(L)), then Y+ G is contained in .#,(Y) by
Thm. 2.6. We conclude from Prop. 4.7., that the discretization opera-
tors S¢, Ty, Uy are uniformly bounded from Y= G into Y= G.

Now we can study how the convolution operator 7, TF = Fx G, is
approximated by the discretizations Sy, Ty, Uy. The use of the local
oscillation G} makes this almost trivial for 7, (compared to [FG2],
5.4)

4.10. Theorem ([FG2], Prop. 5.4). Assume that Y satisfies the stan-
dard assumptions of 2.2. ()—(iv). If Ge #MX(L.). Then

lim 7 — Tl Yl = O, (4.29)

i.e. for any € > 0 there exists a neighbourhood U of ¢ such that the
operator norm on Y satisfies \|\T — TWlYil| < € for all uniform partitions
of unity subordinate to U.

Proof: We use (4.10) and obtain pointwise
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ITF— Ty F| =} [FO) () (L, G~ L, G)dy| <

<Y IFOIw0)L,GFdy =|F« GF (4.25)

(Taking only partial sums over finite subsets and then taking the limit,
shows that the interchange of summation and integration is perfectly
justified). The norm in Y is therefore

ITF— TuFIY| < |FIY] |GZIL, | (4.26)
because of (2.6), and the operator norm in Y is
1T — Tl Y1l < | GEIL ' (4.27)

Now apply Lemma 4.6(i) I

Whereas T, approximates 7 on the whole space ¥ and only
Ge M, (L)) is required, for the treatment of Sy and Uy more structure
is needed: the full power of the reproducing formula (3.15) and the
interpretation of L, G, xe ¥, as the reproducing kernel of Y= G.

4.11. Theorem. Assume that Y satisfies 2.2 (1)—(iv) and that G is a
self-adjoint convolution idempotent in MFX(L!), ie. G=G"= GxG.
Then lim |7 — S, Gl = 0 (429)

where the operator norm is taken of the restriction to the subspace Y x G.
Proof: With (4.5), (2.6), (3.15) and Lemma 4.4. one obtains
ITF— Sy FIY|| < |F = F(x)wlYI |GIL,I. (4.29)

iel
Thus we are led to estimate the differences F(y) — F(x,) for yex, U.
For that purpose we use the reproducing kernel, i.e. the expression
F(x) = (L.G, F) (3.16) and the fundamental estimate (4.10) for L,G
in Lemma 4.6. (iii).
For yex, U, ie. x,= yu~', and ue U this yields

IF(y) — F(x;)| < sup IF) — Fyu™)| = SUpKL, G — L1 G, F) =

<

= sup f(G_(y“‘z) — G(uy“lz))F(z)dZ

uelU
g

<[GE(')IF@Idz =R+ GE7 () (4.30)
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Therefore,

FO) = Y Fx)w()| < ZSUgIF(y) —Fuy0) <

iel ie] UE

<SYIFI=GE M) wi() =1F1=GEY(y)  (431)

iel
where we have used (4.30) and finally
\TF— Sy FIY)| < |F = L F(x) YT IGIL, | <
iel
< FI*GEVIYIGIL, | < IFIYIGEIL, I IGIL, | (4.32)

This is true under the assumption that F = F* G, consequently on
Y x G the operator norm is

T — Sel Y+ Glll < |GZIL, | | GIL, | (4.33)
Again, Lemma 4.6(ii) proves the claim. 0O

4.12. Remark: If one is inclined to introduce another function, the
right U-oscillation

Fh(x) = sup|F(xu™") — F(x)| 4.34)

then this proof can be rephrased in terms of the following pointwise
inequalities:

6] Fi(x) = (F* G)y(x) < |F|* (GE) (%) (4.352)
and
(i) IF — Y F(x) il < F (4.35b)

It remains to prove the same for the discretization operator Uy. As in
Prop. 4.8(ii) this case can be reduced to Sy.

4.13. Theorem. Under the assumptions of Thm. 4.11

},,in% NT - UglY+Gil|=0 _ (4.36)
holds true.

Proof: The inequality
T — SelY = Glil < |GFIL, | |GIL, |
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has just been proved (4.33). If we take into account that by (2.13)
IF# (DI < IFY ) |Gl , (L)) (4.37)
estimate (4.19) turns into
NUeF — SeFIY | < c|GIA L) IGEIL, IFIYT (4.38)

(¥1is now subordinate to U, the constant ¢ can be given more explicitly).
Combining these estimates proves Thm. 4.13:

T — Upl Y Gll| < |GEIL, I IGIL, | + c|GEIL, | |Gl (L)
(4.39)

4.14. Remark: The estimate of ||| T — Ty|Y||| by |GZIL. || in (4.27) is
slightly sharper than the one given in [FG2]. There the modulus of
continuity £2,(G) was used, and it was shown in Section 6 that
Gl e #®(L,) and that |GZ|LL| < |GE|A®(LL)| < 2,(G). In nume-
rical work this observation might lead to more efficient (i.e. less
redundant) decompositions of functions.

5. Atomic Decompositions and Frames

In this section we have a rich harvest. Almost without effort the
atomic decompositions and Banach frames for general coorbit spaces
are obtained from the results on the discretization operators. The
general theorem will be illustrated on some of the examples of Section
3, and a discussion and comparison with other results will conclude this
section.

5.1. Recall once more that z is an irreducible, unitary representa-
tion of ¢ which is w-integrable (2.7 and 2.8) and that Y is a function
space on ¥ satisfying conditions 2.2 (i)}—(iv) with canonical weight w
(2.5). We considered the coorbit of Y under 7, ¥+ Y, and found that
it can be identified with a subspace of ¥ that has a reproducing kernel.
For any fixed element ge ./, with the normalization |Ag|| = 1 this
subspace consists exactly of all functions F = V,(f), fe ¥~ Y, and the
reproducing formula Fx G = F holds true for exactly these functions
by Thm. 3.4 (G = V,(g)).

In Section 4 we tried to approximate this convolution T by the
discretization operators Ty, Sy, Uy. But because T'is a projection onto
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Y=+ G (cf. 2.8), it is the identity operator on the relevant subspaces
Y G =~ %o Y. Therefore the essence of Thms. 4.10, 4.11 and 4.13 is
that T}, Sy, Uy are invertible on Y * G as soon as the partition of unity
¥is fine enough! This is sufficient to extract the atomic decomposition
and a frame for €- Y.

5.2. Theorem T. Assume that Y satisfies 2.2 (1—(iv), that w is the
canonical weight, that the irreducible, unitary representation m is w-integ-
rable and choose ge B, normalized by || Ag| = 1. Choose a neighbour-

hood U so small that
IGEIL,I < 1 (5.1)

Then for any U-dense and relatively separated set X = (x;);.;, €0 Y has
the following atomic decomposition: If fe €0 Y, then

f= leiU)ﬂ(xi)g (-2)

where the sequence of coefficients A(f) = (A,(f));e; depends linearly on
f and satisfies
AN < Clf1€2 Y| (5.3)

with a constant C depending only on g.
Conversely, if A = (A)e Y(X), then =) ALw(x)g is in o Y and
iel

11192 Y1 < CLALM) (54

The convergence of the sums (5.2) and (5.3) is in the norm of €0 Y, if the
bounded functions of compact support are dense in Y, and is w* in K~
otherwise.

Proof: Note first that condition (5.1) can be satisfied as a conse-
quence of Lemma 4.6(ii). By the preceding discussion and Thm. 4.10,
in particular (4.27), (5.1) implies that T, is invertible on Yx*G.
Therefore for F= V,()eYxG

F=T,T;'F=Y <y, Ty' F) L, G (5.5
ief
and by the Correspondence Principle (Thm. 3.4 and (3.17))
S=2 W, Te' V() n(x)g (5.6
iel

yields the desired decomposition.
The other assertions follow as in [FG2], Thm 6.1. O
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Theorem T is the main result of [FG2]; what is new here, is the
explicit condition (5.1) on the size of U. As we remarked earlier, (5.1)
enables us to choose U larger than in [FG2]. For more details on the
“T-method” and the remaining details of the proof we refer to [FG2].

We now turn to the existence of coherent frames for Co Y. From the
atomic decomposition and the results of [FG3], the structure of €» Y
is known well enough to guess that the sequence space that appears
with these frames is nothing else but ¥; (from 2.3).

5.3. Theorem S. Impose the same assumptions on Y, w, x and g 4,
as in Theorem 5.2. Choose the neighbourhood U of e such that

IGFIL, | < 1/IGIL, | (5.7

Then for every U-dense and relatively separated family X = (x,);.;in 9
the set {n(x;)g:iel} is a Banach frame for €0 Y. This means that

(1) febe Y= (n(x) g, [))ier€ Y(X) (5.8)
(i) There exist two constants C,, C, > 0 depending only on ge %,
such that

Cilfl8e Y| < Kn(x) & el (DI < G /162 Y] (5.9)

(1) f can be unambiguously reconstructed from the coefficients
{m(x)g, [, iel If LY, the space of bounded functions with compact
support, is dense in Y, this reconstruction may be achieved as follows:
there exists a system e;e A}, iel, such that

f=2An(x)g fe (5.10)

iel
with convergence in 6o Y.
Proof: By the same reasoning as above, condition (5.7) implies that

Sy is invertible on Y= G. (see Thm. 4.11 and the estimate (4.33)). For
F=V,(f)eY«G, fe¥o Y, we obtain therefore the representation:

F=S8;'S,F= S;l(ZF(x,.)WG> (5.11)

iel

This is a reconstruction of F starting from the coefficients F(x;). By the
Correspondence Principle Thm. 3.4, we obtain

= n-‘s;1<z<n(xi)g,f> %*G). (5.12)

iel
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Next we observe that Sy is simultaneously invertible on all spaces
Y+ G provided that the canonical weights w of Y are the same.
Therefore the reconstruction (5.12) is valid simultaneously for all € Y,
H\—> G0 Y— H,". This follows from (4.33), which depends only on
g and w, not on Y.

Thus any fe# !~ is reconstructed this way. If for some fe #.~
V. (f) (x;) € Y;(X), then (5.11) yields a function Fin Y * G (use Remark
49 and S;":Y+G—>Y*G) and f= V' (F)e®¥s Y. The converse,
febo Y=<n(x;)g, fics€ Y;(X), is contained in Thm. 3.6.

The equivalence of norms (5.9) follows readily from (5.11)

If1€e Y1 = |FY| <IIS3’|Y + Gl IlieZIF(x,-)l//i*GlYH <
< ISzl IIiEZIF(xi) wIYTIGIL, | <
< MISE MIGILLNEF x))ie | LGOI <
< NS MIGILLI 1 /1€ Y| (5.13)

where we have used (2.6), the definition of ¥,, and Thm. 3.6.
It remains to prove the explicit representation (5.10) in the case that
LY is dense in Y. In this case the following lemma can be proved:

5.4. Lemma. Set E;= Sy (y;+G). Then E, is in LL+G = M, (L))
and the operator A = (A);c;— Y, A E; is bounded from Y;(X) into Y * G.
iel
Proof: As argued above, Sy is also invertible on L.+ G under
condition (5.7), and therefore S¢'(w;*G): = E, is in L)+ G and in
M (L) (by Thm. 3.6 once more). Now let E< I be finite and
A= (1)e Y;(X): then

Z liE,-IY” = S{,‘(Z A= G)]Y“ <
<IISE'1Y+ GIIGILL G KOOI (5.138)

is obtained as in (5.13).

Because the bounded functions with compact support are supposed
to be dense in Y, the finite sequences are dense in Y,(X) ([FG2],
Lemma 3.5). Therefore the mapping A — Y 4, E; extends to a bounded
mapping from Y,(X) into Y+« G. O
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We have ged,, febeY, F=V,(f), and Thm. 3.6. implies
(F(x,));es€ Y;(X). By the Lemma the expression ) F(x,;) Sy ' (v;+ G) is
a well-defined function in Y* G. Now the approximation by partial
sums over finite index sets shows that we can interchange Sy ' and the
summation in (5.11) to obtain

F=38;"(CF(x)w#G)=Y F(x)E,. (5.14)

Call ¢;e #,, the unique vector, such that ¥, (e;) = E,e L), * G, then the
Correspondence Principle applied to (5.14) yields
[=2A7(x)g e
iel
as desired. The convergence in ¢ Y follows from (5.13). Thus Thm.
S is proved completely. [

Before we further exploit this construction of frames, let us for-
mulate the analogous theorem for the discretization operators U,.

5.5. Theorem U. Assume that Y, w, & and ge B,, are the same as in
Theorem 5.2 and 5.3. Choose the neighbourhood U small enough, such
that

IGZILLIIGIL, | + cl|Gl4 (L)) < 1 (5.15)

Then for any U-dense and relatively separated family X = (x,),., in %,
the set {n(x;) g, i€ I} is both a set of atoms and a Banach frame for € Y.
Moreover, there exists a “dual frame” {e,, icI} in H#) such that

(i) The following norms are equivalent:

1A1%e Y1 = <&, /i (Ol = <7 (x) &, /Dier| T (X)) (5.16)
(ii) For fe¥oY
f=YLe [rm(x)g, (5.17)

iel

with norm convergence in €0 Y, if LY is dense in Y, and w*-convergence
in #L1~ otherwise.
(i) If LY is dense in Y, then the decomposition

f=Y<nx)g e (5.18)

iel

is also valid for fe€e Y.
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Proof: As in the proofs of Thm. T and Thm. S, the stated condition
(5.14) implies that the discretization operator Uy is invertible on Y * G.
Therefore for fe€e Y, F=V,(f)eY*G

F=UyUs'F=Y (Us' F)(x)¢,L,G (5.19)

iel
and

F=U;'Uy,F= U;‘(ZF(x,.) ciinG). (5.20)

iel

The rest of the proof now repeats the arguments given earlier, i.e. (5.19)
leads to the atomic decomposition (5.17) proceeding as in Thm. T, and
(5.20) ends with the construction of a frame for €+ Y and (5.18).

Set E, = ¢;Uz' (L, G), then E;e L, * G and E, = ¥,(e;) for a unique
e,e #). Then

[=YAx(x)g e

iel
provided that LY is dense in Y.
Claim: Ug' F(x;) = <e;, f> (5.21)

By construction, Uy' Fis in the space Y x G with reproducing kernel
L,G, therefore by (3.16) Ug' F(x,) = <L, G, Uy' F)). Now a simple
computation shows that Uy is “self-adjoint™ with respect to <., .), i.e.
(L,G, UgFy ={UgL,G, F) for all FeL}, +*G(=2 Y+G) and all
xe¥. Therefore the same applies to Ug! = Y2 (Id — Uy)":

(LG, Us'Fy = (U3'L,G, F.
Now (5.21) follows:
| 6(Us' F)(x) = ¢, G, Ug'Fy = c<Uz' L, G, Fy =
= (¥, (e), V,(f)) =<e, >

With this final piece of information and the Correspondence Principle,
(5.19) becomes

(5.22)

f=Y e ) m(x)g,

iel

and the equivalence of the norms is shown by the following estimate
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1162 Y| < Cless e/l Ya(N = Cli(c; Ug ' F(x))se | Y (D] <

(5.23)
S CNUG'FIY*G| < C"||F|Y| = C"[f1% Y,
where the first inequality follows from Uy' Fe Y+ G and Thm. 3.6. as
usual. O
In view of the examples of Section 3 Thms. T, S, U contain all the
atomic decompositions with respect to coherent states so far known
and provide the first construction of frames for these spaces. Let us
write down explicitly what this means in some of the examples. All
necessary calculations are straightforward and left to the reader.

5.6. Examples. (a) Wavelet Theory: An atomic decomposition for
the spaces of Besov— Triebel — Lizorkin type B; , or F;  on R"is of the
form

J) =% 4B g(Bx — ak) (5.24)
et
Here we use the lattice x; ~ (akf, #) in the ax + b-group as the
simplest example of a U-dense and relatively separated set in 4. ¢ > 0
and > 1 depend only on g (and possibly on the smoothness para-
meter s) in the way specified in Thms. T, S, U.
A very general condition for g to be in Z,, w(x, ©) = 7%, is

Kn(x, g, g0+ t+ X7+ ) ——< @ (5.25)

tn+l

” dxdt

in other words, g is in a certain weighted Besov space. Finally, the
conditions on the coefficients A = (4;,) are (cf. also [LM] and [G2] for
the explicit calculation of the sequence spaces)

ar lg
fe By I 12 1A = (5 (S| e ne-) < oo
) I

and (5.26)

feks = fIEs, | = Al )l =

l/q
(Z l;t]k iq ﬁ‘ﬂI(s +n/2) Clpiak, piath + 1) (X))

gk

(5.27)

I’ (dx)| < ©

{with nontrivial modifications if ¢ = o). On the other hand, the same
functions g; ., given as g;, = 7(akff, f)g = 7" g(B/x — ak) are
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frames for all these spaces. Thus, fe B; , is completely determined by
the coeflicients {g,,, />, je Z, ke 2", Wthh have a nice interpretation
in signal analysis. The algorithm described in the proofs of the theo-
rems allows to construct f provided that only the values {g; 6, f> are
known. Moreover

1718y gl = 1<k S50l 22411
Similarly, fe Flf, ; if and only if

IA1Ey o 2 11<gses SN2

Since 17 (R"), all Sobolev spaces, the real Hardy space # !, BMO and
many others are F; g» f. [T2] this description applies to most function
spaces in classical analysis. Since much of classical analysis is focussed
around this example, it is not surprising that other treatments of
wavelet theory exist. In [FJ3] similar non-orthogonal expansions are
obtained by discretizing Calderon’s reproducing formula. More
powerful tools are the orthogonal bases for these spaces, [LM], [M],
[D2], [MA] etc. Both types of description are useful in applications:
The orthogonal bases, when a concise characterization of a function
without redundancy is important, but the form of the basic wavelet g
is not essential, the non-orthogonal expansions and frames, when the
basic function g is given by the problem and flexibility is required.

Let us mention that a discussion of Besov—Triebel —Lizorkin
spaces on the Heisenberg groups H, — a little explored topic — is
analogous and requires no additional efforts.

(b) The modulation spaces of (3.9) have a decomposition of the

form _
f@= Y A e™g(x — Bk) (5.28)

mkeZ?

where o, B> 0 depend only on g. There are easy necessary and
sufficient conditions for g to be a basic atom. The Bessel potential
space M3, = {fe &": [|F(E)F(1 + |EPY d & < oo} is characterized by the
condition

12
||f|M5,2||zn(am,k)vzu=(zkmm,k|2(1+|m|2>f> <o (529

(In (5.28) we have put the trivial action of the third coordinate of H,
by scalars into the coefficients. This simple change does not affect any
of our considerations).
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Dually to (5.28) the set g, (x) = &"**g(x — Bk), m, keZ', is a
frame for the M, , e.g.

1<8m, ks S Om el F1 = 1 F10M3, ] (5.30)

with the possibility of the complete reconstruction of f from the values
{gmr» /7 by one of the algorithms of Thm. S and U.

Thus in this approach the construction of frames for other spaces
than L*(R") poses no additional problem. Moreover, (5.30) has an
important consequence for signal analysis: if the basic atom g has
compact support, then the representation coefficients {7 (%, 7, 1) g, >
are known as the short time Fourier transform of /. By (5.30) it suffices
to know the STFT on a discrete lattice only in order to store the full
information on f, see also [D2], [BA1]. The general theory shows that
it need not even be a lattice, but it may be a rather irregular sampling
of the STFT. Furthermore, the smoothness of fis reflected in the decay
of the coefficients <{g, ,, /.

(c) Mapping example (b) to the Bargmann — Fock representation,
the existence of frames for the general Bargmann— Fock spaces F?
follows easily and does not require any additional efforts (compare
[DG)). If G(z) is in #,, i.e. G is holomorphic on C* and

j |G (2)|e~“"Pdz < oo (5.31)
Cn

then for > 0, ¥ > 0 small enough

G (2) = exp(Va(Bm — ivk)z — (Bm, + ¥*k)/2)-

) (5.32)
‘G~ (Bm+ivi)a)
is a frame for #7¢ (see (3.12)) and
FeFL<={G,,, F)el* (5.33)

If G is taken to be the reproducing kernel of #?, one recovers easily
the sampling theorem Theorem 8.4 of [JPR]. It is left to the reader to
write down frames and atomic decompositions for the other examples
of Section 3,
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Discussion of the Theorems

5.7. The frame operator D: Assume the same situation as in Thm. U
and choose the neighbourhood U small enough to make the discretiza-
tion operator Uy invertible on Y* G. (condition 5.15). Set

D:%oY>%0Y

Df = V;;_l U‘I’I/g(f) = Z<7T(xi)ga fHean(x)g.

iel

(5.34)

Since Uy isinvertible on Y+ Gand Ug' =Y 2, (Id — Uy)" on Y+ G, we

find that D is invertible on €< Y and
D !'= Z (Id — D). (5.35)
n=>0

The reconstruction of f from the frame coefficients {x(x;)g, f> now
involves only operations in €+ Y and (5.35) is a “simple” iteration
algorithm to do that. The first approximation of fis of course Df, higher
approximations require the repeated application of Id — D. Numeric-
ally, this means just repeated multiplication with the matrix

g;=<n(x)g, n(x)g» (5.36)

“and all information on the numeric procedure is completely contained in
this matrix!

Thus for a numerical implementation one may completely disregard
the group theoretic background of the problem.

In the special case of the original Hilbert space # one recovers
the technique of I. DauBecHiEs [D1]. In # the situation is very
simple: the mere existence of frame bounds, i.e. the equivalence
WA = 1< (x;,)g, [ l?]l, already guarantees the invertibility
of D. This argument seems to break down completely outside Hilbert
space. Moreover, the frame bounds seem to play only a minor role in the
general case; as we have seen, the invertibility and the quality of
approximation of f by Df are determined by |GZ|L.|.

5.8. (a) By construction, the family {z(x,)g, ie I} is a frame simul-
taneously for all spaces €0 Y, where # ) — G0 Y — #1~ (provided that
g<B,)
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(b) The dual frame {e,}, i.e. the vectors for the synthesis of f from
the coefficients {7 (x,)g, f> (5.18), belongs automatically to #].
Therefore the pathologies that are described in [D1] do not occur here.

(c) The sequence {7 (x;)g, f» characterizes to which space f be-
longs. Even if the interest is only directed to the Hilbert space case, this
remark enables us to detect smoothness of f and may increase the
quality and speed of reconstruction. Such questions obviously do not
make sense in an approach with only one space under consideration.

(d) In the examples related to the Heisenberg group and the
ax + b-group it is easy to give explicit sufficient conditions for ge %,,.
This makes the choice of the basic atom g highly flexible and allows to
take g according to one’s purposes, e.g. in examples (a) and (b) of 3.3.
g may be chosen to have compact support, or vanish on certain
intervals or be band-limited etc. This flexibility is important in many
applications.

(e) All existing theories of frames work only with lattices (x;) in the
group, e.g. those presented in 2.3. This is certainly highly desirable and
is the most economic way for computations, but it does not always
occur in practice where sampling errors have to be taken into account.
We consider it an important meassage of the general theory that a
complete reconstruction of functions is guaranteed even for highly
irregular samplings.

5.9. Formulas (5.13) and (5.19) have an interesting interpretation
on the level of representation coefficients. A general representation
coefficient (w(x)g, > is completely determined by its values on a
sufficiently dense, discrete subset (x;) in 4. This reminds strikingly of
the Shannon— Whittacker sampling theorem for band-limited func-
tions and shows that representation coefficients of the discrete series
exhibit a behaviour similar to holomorphic functions.

5.10. Duality of frames and atomic decompositions: If ¥ has an
absolutely continuous norm, then the dual (40 Y) = %o Y”is again a
coorbit space embedded into #)~. ([FG2], Thm. 4.9). Under this
hypothesis on the norm of Y, the atomic decomposition

f= Zl<ei,f> m(x)g

is norm convergent for all fe ¥+ Y and this implies at least w*-conver-
gence of

3 Monatshefte fiir Mathematik, Bd. 1 12/1
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h=Y {m(x)g he; (5.37)

iel
for he (62 Y) = %o Y" Moreover, with (5.37) and Thm. 3.6 it is easy
to see that ||A| %o Y| and |[{n(x,)g, h);;|Y] | are equivalent. Thus
under this weak hypothesis the set of atoms {z(x;)g} for €Y is a
frame for the dual space (¥¢ Y)', and vice versa by the same argument.

5.11. Corollary. ([Y], p. 189). In a Hilbert space sets of atoms and
frames coincide.

This duality of atomic decompositions and frames is also built in the
discretization operators: Sy and T, are adjoint to each other at least
in a formal sense.

6. Complementary Results

In this final section, a few converse results are given, which should
help to clarify the meaning of some of the assumptions in the main
theorems.

Recall that in the construction of a frame or an atomic decom-
position for s Y one starts with a basic atom ge %,,. Then a neigh-
bourhood U of e can be found such that {#(x,)g, iel} is a frame and
a set of atoms, respectively, for any U-dense and relatively separated
set (x;),;- In the theorems the size of U is determined by the explicit
formulas (5.1), (5.7) and (5.15).

6.1. The necessary conditions can be understood roughly as foll-
ows: the “atoms” 7 (x,) g must of course be elements of €.~ Y; but since
the construction should work simultaneously for all coorbit spaces
%o Y — )", this means that the {z(x;)g} must be contained in the
minimal space which is embedded into all these Co Y. This minimal
space is precisely #, ([FG1], Cor. 4.7), therefore at least n(x;)ge
€ #.. In order to sum up infinite series, additional properties are
required, i.e. ge4,, which on the level of the examples can be ex-
pressed by decay conditions, smoothness and cancellation properties.

In order to get a frame, the coefficient mapping f— {7(x,) g, f i1
must be one-to-one at least, which indicates that a sufficient density of
the (x;) is required. Next we want to sum up Y ., 4,7 (x;) g for general
coefficients (4,) e Y,(X) (< I, (X) by [FG2], Lemma 3.5). This requires
that the (x,) be separated, otherwise such a series might not be conver-
gent. This qualitative discussion is made more precise by



Describing Functions: Atomic Decompositions Versus Frames 35

6.2. Proposition. Suppose that the ‘“operator of synthesis” Ty:
(Adier = Y ier (X)) g is bounded from I35, into #,~ for all relatively
separated sets X = (X,);c;in 9. Then ge 4%,,.

Proof: We choose a fixed vector he </, and take all representation
coefficients with respect to 4. Then for A = (4,),.,€/j, we obtain

V(T A) () = V,,(z zin<xi>g)<y) YL@ (6.

iel iel

By assumption, for any relétively separated X = (x,),.;

1V (T LG | = N LAl < Cell Al | 6.2)
holds true for all Aelf,. (6.1) and (6.2) imply that
@G y) =V, x)el, (6.3)

Since this is true for all relatively separated sets X = (x;);.;, this implies
that V,(hye 4 (L,) (by Lemma 3.8 in [FG2]). Using the orthogonality
relations (2.15) (with the special choice g, =g, =h, fi =n(V) g, f, = g)
enables us to isolate V,(g):

IARI*V, (8) = Vi(@) * V(W e L, = M (L,) = M .(L,) (64
by means of (2.13). Therefore
Ve(®) = V(@) e MEL) A (L)
or ge#, by Def. 3.5. O

6.3. Thus the condition ge 4, is necessary. In groups with a com-
pact invariant neighbourhood, e.g. the Heisenberg group, the basic
spaces 4, and A, coincide ([FG3], Lemma 7.2) and there is no
problem to describe the basic atoms. In general, however o7, and %,
are distinct. This may be seen as follows:

If ge4,, choose he o/, such that (Ag, Ah> # 0. By (2.15) we
obtain that

V@ Vi(h) =<4g, Ah) V,(9)e M*(L,)* L, = M*(L,). (6.5)

On the other hand, if for some 4e <7, the function V,(g) is in #* (L)),
then ¥,(g) is in #®(L)) as in (6.4). Thus we have proved that

geB, < V,(g)e M (L)) for some he . (6.6)

3%
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This means (almost) that
B,=Co MR(L). (6.7)

In the next step it can be shown that the sequence space associated to
M R(LL) is different from I} unless ¢ has a compact invariant neigh-
bourhood. Since the sequence spaces are distinct, the coorbit spaces
must be distinct by [FG3], Thm, 8.14.

Example: Let 4 be the one-dimensional ax + b-group, 7 the re-
presentation on L*(R) by translations and dilations (3.5) and consider
the unweighted case w = 1. Then (6.7) is actually true and

%o L' = Bj} |
A =BRABP =% L, 4o
and the following embeddings are valid
B\ S B =% M"(L") g B!} (6.8)

(where w(x, £) = (1 + x| + [¢]) is the left translation norm on .# * (L")
and By, the weighted Besov space defined in (5.25) with s = 0)

6.4. Proposition. Suppose that for some ge #.~, X = (x,);.;in 9 and
1 < p < o, the “synthesis operator” Ty((A,) =Y ;. A m(x;) g is bounded
from It into €0 L%,. Then X is relatively separated. The conclusion also
holds true if Ty is bounded from I35, into #),".

Proof: We fix a vector he.o/, such that Redh, gd> >0 and set
H =V, (g). By assumption

I X AL HL) < CIAEwx)'"” (6.9)

iel
holds true for all A = (4,)el2 with a constant C independent of A.
Choose a compact set Q with nonvoid interior such that
0'Qc {xefﬁ:ReH(x) > i Re (A, g)}
and set w = sup{w(x):xe Q' Q}. If (x,),, is not relatively separated,
there exists a sequence {z,} in ¢ such that

I.=#{iel: xez,Q}=n (6.10)
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holds for all neN (compare [FG2], Lemma 3.3). Set

40— {w(xi)"1 if x,€z,0

) (6.11)
0 otherwise

then each sequence A, = (A%),_,is in /2 and A, |2]| = I'. -
Next we evaluate 7y A, on z,Q and observe that for x,ez,Q and
ue Q both

Ai=wx) 2w lw(z,u)”! and ReH(x,'zu) = i— Redh, g>

hold true. Therefore
ReTyA,(z,u) = Y w(x) 'ReH(x; " z,u) >

x€z,0

> w"w(z,,u)“iRe{h, g 1,

and consequently (with the obvious modification for p = o0)

1ip
LA > ( f [Re Ty A, (2, ) w (2, uy du) > 6.12)
[

> L rech, gy 1,2(0)7
4w

If p > 1 and n large enough, (6.12) will certainly exceed || A, |2 =
= [, Therefore (6.10) contradicts the boundedness of T} and the
claim is proved. [

6.5. The final result concerns small perturbations and the stability
of frames.

Proposition. Assume that {z(x)g,icl} is a frame for ¥c Y, as
constructed in Theorem S or U.

(a) Then there exists a neighbourhood V of e such that {n(y,) g, ieI}
is a frame for €0 Y whenever x;7'y,e V for all icl.

(b} There exists a 6 > 0 such that {n(x,)g’, i I} is a frame for ¢ Y
whenever g’ € B, and

1V, (g — gNM (L) < 6. (6.13)
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Proof. We consider only the discretization by Sy, the other method

is treated in an analogous manner. The given sampling values {y,};,;
suggest to compare Sy, which is invertible by assumption, to

WF=2F0)y*G (6.14)

ief

on Y*G with F = V,(f) as usual. Then the same arguments used in
(4.31) and (4.32) lead to

1Sy — Sel¥ * Glll < |GIL, || | GFIL, | (6.15)

If V is small enough, S, must be also invertible on Y* G (using
Lemma 4.6 ii). In that case, S ' provides a method of reconstruction
from the coefficients (x (y,) g, /> and e; = ¥, §%"' (y;* G) is the “dual
frame”.

(b) In this case we consider the discretization

SeVe(N =LV (NI y*G (6.16)

iel
Because of g’e 4, and the one-to-one correspondence V,(f) < f«>

V. (f), S%is well-defined and bounded from Y+ G into Y * G. Now
recall that

Vo () = V,(N*V,(8) (6.17)

holds true on # )~ = %o Y (this is a consequence of the orthogonality
relations (2.16) for fe # and can be extended to # .~ whenever g,
g'ed,). Now:

1Sy — S NIY | =

=X Ve (NG) Wi GlY| < (by (2.6))
< TV DEWITHIGIL] < (Lemma 4.4)
< |V () = Vo (O (D |GIL, || < (by 6.17)
<clV,(N V(g — gHN . (DI GIL, || < (by 2.13)

<V, NY |1V, (g — g F(L)I IGIL, |
Thus
1Sy — S4 Y *Glll < C'|| V(g — gNA T (L) (6.18)
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implies that S is invertible on Y * G as soon as |V, (g — g4 X (L))l
is small enough, and the proof is complete. [J

6.6. Concluding remarks. (a) The discretization methods used for
the construction of Banach frames and atomic decompositons work in
the presence of a reproducing formula F+ G = F with a sufficiently
“smooth” reproducing kernel G. Therefore this program should work
in more general situations than that of an irreducible, unitary re-
presentation. The irreducibility of 7 is only needed to guarantee the
validity of a reproducing formula. Examples suggest that this should
be true whenever 7 is a cyclic representation which is supported on a
compact-open set in the dual € of 4. In this case the techniques of
Section 4 and 5 would provide immediately frames for Besov—
Triebel — Lizorkin-spaces on homogeneous groups. But to achieve this
is now no longer a problem of function spaces, but one of representa-
tion theory.

(b) Square-integrable representations: If (x, H) is no longer integ-
rable, but only square-integrable and irreducible, then the definition of
a coorbit does not make sense, but the Hilbert space # has still a
reproducing kernel and the question arises whether it is possible to
construct a coherent frame {r(x,)g, iel} for #. The analysis of
Section 4 breaks down because a convolution F+G = Fon L’ L’ I?
depends highly on the phase, not only on the absolute value |F| and
none of the arguments in Section 4 seems applicable. Nevertheless, it
is possible to modify some of the techniques and construct coherent
frames for # also in this case.

(c) Tight frames: A Hilbert frame {7 (x;)g:iel} < H is called tight
if coincides with its “dual frame” {e;} = 47, i.e.

f=Yeln(x)g [yn(x)g forallfe#  (6.19)

It is known that tight Hilbert frames exist for all realizations of the
representations of the Heisenberg and the a x + b-group ((DGM]) with
¢; = 1 and for Lorentz groups [BO]. For theoretical considerations it
would be very interesting to know whether tight frames {7 (x,) g, ie [}
with ge 4, do exist in general. If g€ 4,,, then the decomposition (6.19)
holds automatically for all fe%» Y — # )~ and

IA1Co Y| < eill <7(x) &, fIierl XX < &, [ /10 Y (6.20)
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is true (use (4.23) and Lemma 4.4). This means: if {7 (x;)g} is a tight
frame for only the Hilbert space # and if ge 4, then {z(x,) g, iel}
is automatically a Banach frame for all coorbit spaces ¥~ Y embedded
into #}~ and the reconstruction method is particularly simple. This
implies that the smooth tight frames of [DGM] are actually frames for
all modulation spaces and all Besov—Triebel — Lizorkin spaces!

It is not known whether smooth tight frames exist in the general
situation.
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