
Z. Phys. B - Condensed Matter  49, [ 2 3 - 1 2 8  (1982) Condensed 
Zeitschrift Matter 
for Physik B 

�9 Springer-VerJag 1982 

Structure Factors for Neutron Scattering on Tunnelling Methyl Groups 
in Nitromethane 

A. Heidemann and I. Anderson 

Institut Laue-Langevin, Grenoble, France 

B. Jeffryes 
Mathematical Institute, University of Oxford, Oxford, United Kingdom 

B. Alefeld 
Institut ffir Festk6rperforschung der KFA, Jtilich, Federal Republic of Germany 

Received September 2, 1982 

The elastic, quasielastic and inelastic structure factors for neutron scattering on CH 3 
groups tunnelling in a sinusoidal hindering potential with threefold symmetry are 
calculated as a function of the momentum transfer Q. A comparison is made with data 
on methyl groups in nitromethane obtained with high resolution inelastic neutron 
scattering experiments at high momentum transfer. 

1. Introduction 

Rotational tunnelling of small molecules or mo- 
lecular groups like CH4, NH 2 and CH 3 has been 
studied extensively in recent years with spectroscop- 
ic methods like N.M.R. and high resolution inelastic 
neutron scattering [1]. Several papers were pub- 
lished about the theory of neutron scattering cross 
sections: Hiiller [2-1 treated the case of a tetrahedron 
like CH 4 or NH~ in a three dimensional potential 
with high barriers to rotation, i.e. V>>B where B 
=h2/2I is the rotational constant with the moment 
of inertia I. The basis of this theory is the pocket 
state formalism. The pocket states were approxi- 
mated by delta functions in the equilibrium orien- 
tation. Therefore this approach is valid for cases 
with rather high barriers and low momentum trans- 
fer Q ~ 1/R where R is the radius of the molecule (R 
= 1.08 A for a CH 3 group). 
Ozaki et al [3] improved these calculations for the 
special case of CH 4 in phase II employing a series 
expansion into free rotor states on the basis of the 
extended James-Keenan model [4]. Hiiller and Press 
[5] extended Htiller's [2] calculations abandonning 
the delta function approximation and allowing for a 
finite width of the pocket states. 
The calculation of the scattering cross sections of a 
tunnelling methyl group which behaves like a one 

dimensional rotator has been performed by HOller 
[6] with the delta function approximation. Clough 
et al. [7] improved the calculation employing spatial 
wavefunctions which were obtained by solving the 
Schr6dinger equation of the CH 3 group in a si- 
nusoidal potential with three and sixfold symmetry. 
Due to the approximations made the results are 
however only valid for small momentum transfer 
Q < 1/R. 
We have extended these calculations to the case of 
large Q.R. In Sect. 2 we derive the expressions for 
the neutron scattering cross sections. The results are 
compared in Sect. 3 with experimental data obtained 
on nitromethane with the new backscattering spec- 
trometer IN13 at the HFR in Grenoble. 

2. Neutron Scattering Cross Sections 

We use the notations as introduced by Hiiller [2] 
and Clough [7]. The Hamiltonian HNM describes 
the spin-dependent interaction between the neutron 
and the three protons of the methyl group: 

2ain c 3 
HNM-- ~ r~=l ~(r--RK)s.I r (1) 
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R K is the position of the K-th proton, I K its spin 
operator, s and r are the spin and position of the 
neutron, a~,~ is the spin-dependent scattering length 
of the proton, Equation (1) can be symmetry adapted 
[73: 

A E ~ E b HNM = HNM + HuM + HNM (2) 

with 

A = �89 [ a ( r -  R,) + 6 ( r -  R2) + a(r - R3) ] HNM 
�9 s .(I* +12+13)  

and 

eo = } [ 6 ( r  - R 1) + e 8(r - R2)  + ~ 6(r  - R 3)1 HNM 
�9 S- (I ~ + e* l  2 + eP) 

where e = exp(2~i/3). 
E b HNM is the Hermitian conjugate of H~N~r 

The double differential neutron scattering cross sec- 
tion can be written as [21: 

d2o - /c' 
dK2doo- k Z Z P,P~]< tP.'l <#' kI HNM I# k> I~P,>[ 2 

# # '  aa" 

�9 a ( c o -  co.~,). (3) 

Unprimed symbols relate to quantities before the 
scattering event, primed symbols to those after scat- 
tering, f2 is the solid angle and he) the energy trans- 
fer. I/zk> is the wavefunction of the neutron: 

[#k>--I#> eik'r 

where ]#) is the spin state. P~ and P~ are the initial 
probabilities for I#) and the state [~a) of the target 
with the energy E,. 
If one assumes that the methyl group is rigid then 
the neutron scattering operators 

H x _ , , x = ( #  k [HNu[#k ) with X=A,E" ,E  b have the fol- 

lowing form 

n X = x x 
( H M ) s p i n ( H M ) s p a c  e ( 4 )  

with 

(HA)~P i"=s" (I* +I2 +I3) (5) 
E a (Hu)~pi, = s. (I 1 + e*I z + eI a) 

and 

(H~t)~par =�89 cos q~) + exp(ix cos(~b - 2=/3)) 

+ exp(ix cos(~b + 2 ~z/3))] (6) 

(H~~ oe = �89 4,) + eexp(ixcos(4) - 2 re/3)) 

+ e* exp(ix cos(q5 + 2 rt/3))l 

4, is the coordinate describing the motion of the 
methyl group and x=QRsin 0 where 0 is the angle 

between Q and the rotation axis of the group. The 
matrix elements of the spin part of H x are Q inde- 
pendent [7]. 
In order to calculate the matrix elements of the 
spatial part, we expand the wavefunctions 171) into 
a series of free rotor states, i.e. : 

I 7", ) = ~', % exp(im(~b - q~o)) (7) 
m 

X Thus the matrix elements H~p~r for a transition 
between states 17'.> and 17'a,> can be written as: 

X __ * Hspace -- E anam S (HX)space exp(i(m - n) (q5 - qSo) ) d~b 
n , m  -- Tz 

(8) 

Putting m -  n = r one obtains: 

HXpace  = 2 7/7E 2 , x e -  (9) a,a,+rF~ Jr(x) '~'o 
r n 

where Jr(x) is the Bessel function of the first kind of 
order r and 

[0 if (r -1 )  mod 3 4= 0, ( r + l ) m o d 3 + 0 ,  

Ffo, e~ A = Jrmod34=0 

lir if ( r - 1 ) m o d 3 = 0 ,  ( r + l ) m o d 3 = 0 !  10) 

t r mod 3 = 0 

Inserting (9) into (3) yields the elastic (for X=A),  
quasielastic and inelastic (for X=E" ,E  b) neutron 
scattering cross sections for transitions between 
energy levels with wave functions I~va> and 17'~,> for 
the case of a single crystalline sample with CH 3 
groups of equal orientation. 
For a polycristalline sample a powder average over 
~b o and 0 has to be performed. The average over ~b o 
yields: 

t<~'olHxl~'o,>12 *~ y,(cX)2 Js 
r 

with 

( ~ 
(CE-,~b)aa,= ~ 

~ ama'_vr 
rn 

and 

A (Cr) .a  , =  

r m o d 3 = 0  

r mod 3 = 1 

r m o d 3 =  - 1  

I 
~m(a,.a'+.+am+ra',.) r m o d 3 = 0  

~a,.a',. r = 0  

O r m o d 3 =  -t-1 

01) 

(12) 

(13) 

From the average over q5 o and 0 we obtain: 
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2QR 

[(~a]HXl~a'>2 4~176 o~ d2,(t)dt (14) 

The coefficients (CX), , can be calculated by numeri- 
cal integration of the Schr6dinger equation with the 
Hamiltonian 

with 

h 2 
B = ~ -  = 5 9 3 geV 

and 

N 

V ( ~ ) =  2 V3nc~ (16) 
n = l  

The coefficients V3, represent the strength of the 
hindering potential. They are scaled to the ro- 
tational constant B. 
The elastic, quasielastic (E"+--~E b) and inelastic (A 
�9 --,E",E b) structure factors for transitions between 
levels of the molecular groundstate are plotted in 
Fig. la,  b, c as a function of Q with the barrier 
height as parameter. The continuous line corre- 
sponds to the case of nitromethane (tunnel splitting 
35 IxeV I-8]) assuming a purely 3-fold cosine poten- 
tial with V3/B=16. The dotted curves are valid for 
the free rotor, the dashed for very high barriers. It 
turns out that for the latter case the structure factors 
are the same as those obtained by the delta function 
approximation. It is interesting to note that the qua- 
si-elastic and inelastic structure factors are very dif- 
ferent for the case of the free rotor, but they become 
quickly identical with increasing barrier height V 3. 
The quasielastic structure factor for the case of a 
purely sixfold potential  stays however rather close to 
the one of the free rotor, independent of the barrier 
height. 
The sum S of all structure factors of transitions 
between levels of the ground state i.e. the intensity 
of elastically or "nearly" elastically scattered neu- 
trons is plotted on a logarithmic scale as a function 
of Q2 in Fig. 2. Obviously the Q-dependence 
resembles to that of a Debye Waller factor 
exp(-x2Q 2) if the barrier height is sufficiently high 
(Vs> 15). In this case x 2 is in a first order approxi- 
mation proportional to the mean square amplitude 
of "libration" (U2>lib : 

X2 =�89 <"2>lib 

The factor 1/3 occurs due to the fact that the l ib- 
ration of a C H  3 group has only one degree of free- 
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Fig. 1. Calculated elastic (a), quasielastic (b) and inelastic (c) 
structure factors of methyl groups in a polycrystal as a function 
of the momentum transfer Q for three different barrier heights V 3 
with V6=0.---1/3=oo , V3=16B , . ..... V3=0 

dom. For nitromethane (V3/B=16.) we obtain 
<UZ)lib=0.06A 2 corresponding to a "librational" 
amplitude of 13 ~ . 
If one divides all structure factors for transitions in 
the groundstate by the Debye Waller factor then the 
Q dependence of these renormalized structure fac- 
tors is practically identical with those valid for very 
high barriers. Therefore it is legitimate for values 
V3>15 to approximate the structure factors by a 
product of a Debye Waller factor and the structure 
factor for the delta function case i.e.: 

Se] = exp( - � 8 9  (UZ)lib Q2). �89 + 2jo(Q D)) (17) 

SA,e = SE.,~ ~ = exp(- �89  (U2)lib Q2).  2(1 -Jo(Q D)). (18) 

Where jo(X) is the spherical Bessel function of order 
zero and D the proton-proton distance. The error 
introduced is always less than 3 %. 
The Q dependence of the structure factors for tran- 
sitions between the groundstate and the first excited 
state i.e. librational excitations is plotted in Fig. 3 
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Fig. 2. Calculated sum S of all structure factors of transitions 
between levels of the groundstate on a logarithmic scale as a 
function of Q2 for various barrier heights V 3 with V 6 =0 
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Fig. 3. Calculated Q dependence of the structure factors for tran- 
sitions between the groundstate and the first excited librational 
state 

for various barrier heights. At small Q, a Q2 de- 
pendence is observed as expected for a harmonic 
oscillator. 
It is interesting to note that the elastic incoherent 
structure factor (EISF) [9] valid for a stochastically 
reorienting methyl group is identical with the one of 
a tunnelling CH 3 group provided that both cases are 
taken under equivalent conditions. For  example: 
Rotational diffusion equivalent to free rotation, or 

jump reorientation between three completely loca- 
lised orientations equivalent to tunnelling through 
very high barriers. The EISF for the case of an 
uniaxial rotator reorientating stochastically in a N- 
fold cosine potential has been calculated by Dia- 
noux and Volino [10]. Again their EISF valid for a 
methyl group is identical with the one derived in 
this paper (14) for the quantum mechanical case. 
The frequency dependence of the classical case is 
however completely different from the quantum 
mechanical case. In the former quasielastic scatter- 
ing is observed, in the latter inelastic scattering due 
to the periodic character of the tunnelling and lib- 
rational motion. 

3. Experimental Details and Analysis 

The sample investigated was nitromethane 
(NOzCH3) which is liquid at room temperature. It 
was poured into a thinwalled sample container 
made of aluminium yielding a specimen with the 
shape of a hollow cylinder with a radius of 15 mm, a 
thickness of 0.3 m m  and a height of 30 ram. A trans- 
mission of 0.85 was measured for a 2,~ neutron 
beam passing through the center of the sample. The 
sample was cooled down to 5 K in a helium cryostat 
with a temperature stability of 0.2 K. The experi- 
ments were performed at the high flux reactor of the 
Institute Laue-Langevin using the new backscatter- 
ing spectrometer IN13 for thermal neutrons [11]. 
The incident energy was 16.3meV, the energy res- 
olution 8 geV(FWHM). A Q-range from 1.4 to 5.4 A -  1 
was covered. Spectra at 15 different Q-values were 
recorded, 11 of them simultaneously with a typical 
beam time between 12 and 24 h. The data was treat- 
ed in the usual way: After subtraction of the empty 
cell data the spectra were normalized with a calibra- 
tion run performed with a vanadium standard whose 
dimensions were identical to those of the sample 
except the thickness which was 2.5 mm. Cylinder 
corrections were applied to eliminate the influence 
of self-shielding and absorption. The normalization 
was done in such a way that the integral of the 
spectra from h e ) = - o o  to +oo is one. The data 
were in addition corrected for multiple scattering 
[12]. These corrections are rather small (1 to 5 %) in 
the Q range we investigated. They become large (10 
to 50 %) at Q values smaller than 1 A-~. 
A typical spectrum is shown in Fig. 4. The con- 
tinuous line represents a fit with a sum of two 
resolution curves yielding a tunnel splitting of 
35 geV in agreement with the value published re- 
cently [8]. The elastic and inelastic integrated in- 
tensities J'l and JEA w e r e  obtained by numerical 
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Fig.4. Energy spectrum of neutrons scattered in NO2CH 3 at 5 K. 
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Fig. 5. Experimental results for the Q dependence of the "elastic" 
and inelastic integrated intensities of CH 3 groups in NO2CH 3. 
The continuous curve corresponds to a fit as explained in the text 

integration of the data after subtraction of a con- 
stant background. These integrals are proportional 
to the "elastic" and inelastic structure factors S'e~ 
and SEA , the proportionality constant being the De- 
bye Waller factor exp(--(Ua)vibQ 2) for the center of 
mass vibration of the group. Remember that S' d 
contains the sum of the truly elastic and the qua- 
sielastic structure factors Sel and Seoeb. Figure5 
shows these integrals as a function of the momen- 
tum transfer Q. 
The Q dependence of the inelastic integral Jea was 
then fitted with (18) multiplied with a weight factor 
W and a temperature factor 2 / ( l + e  h'~ which 
takes detailed balance into account i.e. we assume 
that the CH 3 groups were in thermal equilibrium 

with the phonon bath. The mean square amplitude 
(U2)=l(U2)lib+(U2)vib and W were taken as fit pa- 
rameters. 
The use of a weight factor W which is theoretically 
equal to one can be justified by the facts that neither 
the number of tunnelling CH 3 groups present in the 
sample is known precisely nor the corrections ap- 
plied are perfect. The continuous lines in Fig. 5 show 
the fit result with 

@2) = 0.029 + 0.002 ~2 

W= 0.85 _+ 0.02. 

Apparently the fit is quite good. The experimental 
values of the integral J~l are however always higher 
than those calculated with the above given parame- 
ters. This discrepancy can be explained by the fact 
that coherent elastic scattering from Bragg peaks of 
the sample could not be eliminated in the experi- 
ment. Therefore the experimental values of J~l don't  
carry quantitative information. 
The fitted value of W of 0.85 is rather near to one 
showing that the normalization procedure worked 
quite well. The mean square amplitude @2) con- 
tains the sum of the librational and vibrational part. 
As outlined in section 1 we can calculate (U2)lib . 
For NOzCH 3 we obtain (U2)lib=0.06 ~2 if we use a 
purely three fold cosine potential which is a reason- 
able assumption [8]. Therefore we deduce a value 
for (U2)vlb =0.009 +0.003 A 2. 
Trevino et al. [13] determined the ellipsoid (uZ)u of 
the thermal clouds of the deuterons in fully deu- 
terated nitromethane from a neutron diffraction ex- 
periment. The value for (u 2) extracted from our 
experiment can be related to (u2)u by the ex- 
pression: 

3 
(uZ)=�89 ~ @2). (19) 

i = l  

yielding (u2)=0 .028•  2 at 4 K  in agree- 
ment with our result which is however valid for 
protons. In order to calculate (U2)nb for CD 3 groups 
in nitromethane we have to double the scaled poten- 
tial V 3 compared to the case of protonated groups. 
We obtain 

,,2\deuteron = 0.04 A 2. 
~ / l ib  

This corresponds to a librational amplitude of 
10.7 ~ . 
As we do not expect a significant difference of 
(uZ)viu for the two isotopic species we estimate: 

0.04 
(u2)aeu~ . . . . .  +0.009=0.023 _+0.003 ~2. 

3 
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This  va lue  is a b o u t  20 % smal le r  t h a n  the o n e  found  
by  T r e v i n o  et al. [13].  Th e  difference is twice as 
large as the s ta t is t ical  error ,  i.e. n o t  real ly  s ign i f ican t  

yet. 

4. Conclusion 

W e  have  m e a s u r e d  the ine las t ic  s t ruc tu re  factor  of  a 
t u n n e l l i n g  me thy l  g ro u p  by  high r e s o l u t i o n  ine las t ic  
n e u t r o n  sca t te r ing  at  h igh m o m e n t u m  transfer .  The  
resul ts  are in  good  a g r e e m e n t  wi th  theore t ica l  ca lcu-  
l a t ions  a n d  wi th  n e u t r o n  d i f f rac t ion  data.  
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