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We study Schlogl’s second model, characterized by chemical reactions

ky k3
2Xe=—3X, X<:k———’0,
2 4

in d-dimensional space. The reactions are assumed to be local; local fluctuations are
fully taken into account, and particle transport occurs via diffusion.

In contrast to previous investigations, we find no phase transition when k,+0 and
d<4. For k,=0, ky+0, and 1=<d<4, we find a second-order phase transition which is
in the same universality class as the transition in Schldgl’s first model. Only for d 24 we
do find the first-order transition found also by previous authors.

These claims are supported by extensive Monte Carlo calculations for various re-
alizations of this process on discrete space-time lattices.

1. Introduction

Instabilities in systems far from equilibrium have
been studied very intensively during the last years
[1, 2]. The variety of phenomena observed there is
extremely rich, reaching from close analogies of
equilibrium phase transitions to such phenomena
like self-generated chaos.

In this paper we shall study transitions between two
stationary states in models for autocatalytic chemi-
cal reactions. Two such models were introduced by
Schlogl [3], and studied later in great detail as pro-
totype models with second order resp. first order
transitions. They are characterized by the reactions

K1 k3
Xe=2X X - 0 (model I) (1.1)
and by

kq k3

2X<_——k—_—> 3X, ka 0 (model II). (1.2)
The rate equations are
dn 5
E=k4—k3n+1cln—;c2n (model I) | (1.3)
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and

dn

r =k, —kyn+k n*—k,n?

(model II). (1.4)

By suitable rescalings, we can always put
ki =k,=x,=x,=1. 1.5

Model I is in this approximation just the well-
known Malthus-Verhulst population model. The sta-
tionary solution of (1.3) shows a bifurcation for k,
=0:

{0 for ky>1
n=

1=k, or O (1.6

for ky<1

(see Fig. 1a), resembling a second order phase tran-
sition. For k, >0, there is no sharp transition.

The equation determining the stationary state of
Model I1,

k,—kyn+3n*—n*=0, (1.7

has either one real and two complex solutions or
three real solutions, depending on the rates k, and
k, (see Fig. 1b). In the latter case, only two of these
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Fig. 1. Phase diagrams in the rate approximation. a) Model I,
with «, =k,=1, b) Model I, with k, =3, k,=1

solutions are stable under small fluctuations, and the
model shows a first order transition. For

ky=k,=1, ky=k =3, n=1, (1.8)
one has a triple solution corresponding to a critical
point, ic. a second order transition. All this becomes
fairly obvious by noting the similarity of (1.7) with
the van der Waals-equation [3].

Now we may ask how these results are modified by
fluctuations, if we treat the models as Markov pro-
cesses.

In the simplest case, one might assume the systems
to be well stirred, so that the positions of the par-
ticles are irrelevant. In this case, the natural de-
scription is by a nonlinear death- and birth-model
[4]. The results (1.6)-(1.8) are then recovered in the
limit of large systems — where, however, the assump-
tion of perfect stirring becomes unrealistic.

For a more realistic description, one should use a
reaction-diffusion model, with local interactions and
local fluctuations. This is what we shall do in the
present paper.

If one assumes the interactions to be strictly point-
like, one encounters the usual short-distance diver-
gences [5, 6], hence one has to resort to some reg-
ularization prescription. Each different regulariza-
tion defines of course a different model, but one
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expects all to have essentially the same phase struc-
ture, and in particular to have the same critical
behaviour near a second order phase transition.

In this sense, model I is equivalent to a large num-
ber of models which have been studied indepen-
dently in various fields of science: to reggeon field
theory [7, 8], to directed percolation [9, 10], and to
the basic contact model [11] which itself is isomor-
phic to the reggeon spin model [12, 13]. As a con-
sequence, its critical behaviour is very well known
[13-171.

The situation is different for model II. There exist
several calculations [18-20] based on Langevin and
multi-variate master equations, all of which claim to
verify the results of the rate equation: they find (for
dz2; d=number of dimensions) a first order tran-
sition, and a critical point (with k,=+0) which is in
the same universality class as the Ising model. If
true, this would be a most remarkable extension of
the universality hypothesis, from models with de-
tailed balance to models without it.

There exists in addition a Monte Carlo simulation
of model II, putting it on a lattice in space with
continuous time [21]. For d=1, the authors do not
find a phase transition. For d=2, their results are
inconclusive, although suggestive of a transition in
agreement with [18-20].

In contrast to this, we shall present formal argu-
ments and rather detailed Monte Carlo calculations
which show clearly that there is no sharp transition
for d<4, and for k,#+0. We furthermore propose
that for k,=0 and k,+0 there is a second-order
phase transition, which for d <4 is in the same uni-
versality class as the transition in model I. For 4
=1,2 and 3, the existence of this transition is clearly
seen in the Monte Carlo calculations, but only for d
=1 our data are sufficient to indicate that it has
indeed the same critical behaviour as model 1. For
d=4, the transition at k,=0 becomes of first or-
der.

Our Monte Carlo simulations relied on the univer-
sality hypothesis. Using this hypothesis, we sim-
plified the model drastically, as compared e.g to
that of [21]. First, we discretized time in addition to
space. Secondly, we substituted the saturation re-
action 3X—2X by assuming that any lattice point
can be at most doubly occupied. Finally, some other
modifications will be described later in detail. In
order to test the universality hypothesis we also
studied several other versions. They all showed qual-
itatively similar behaviour.

When making such modifications, one has of course
to take care not to destroy the essential properties of
the model. These properties of model II, as com-
pared to model I, are (1) that saturation effects set in
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only when 23 particles meet, and (2) that antocata-
lytic production occurs only when =2 particles
meet. They are satisfied in all our versions. We also
checked that the mean-field approximations to our
modified models (valid in the limit d—c0) show first
order transitions which are in surprisingly good
agreement with our Monte Carlo results for d=4.

In the next section, we present the general formalism
and the standard argument leading to an Ising-type
behaviour of Model II. Conflicting formal and heu-
ristic arguments are given in Sect. 3. In Sect. 4, we
shall define the lattice model for which the most
detailed Monte Carlo calculations have been per-
formed, and present their results. Finally, in Sect. 5
we end with a comparison of our approach with the
approach of [21], and with some concluding re-
marks.

2. Formal Developments

a. Operator Formulation

We shall use here the Fock-space methods develop-
ed in [6] and [22], employing essentially the no-
tation of [6]. There, annihilation and creation fields
Y(x) and n(xj with the usual commutation relations
and with ¥{0> =0 were introduced. The time evolu-
tion of a state |®(z)> is described by

d
57 19> =L[&(1), (2.1)

with the Liouville operator L depending on the spe-
cific model considered. Defining a scalar product
such that

n(x)=1+&*y*(x) (2.2)

with ¢ being an arbitrary positive constant of di-
mension /%%, the n-particle densities (correlation func-
tions) in a state ¢ at time ¢ are

PulX g, %, ) =COY(x,) ... Y(x,) [ (1)) (2.3)

If all reactions are strictly local, the two Schlogl
models are defined by Liouvillean densities (L
={d'x L(x))

L=—DVr-Vy+x,(n*—r)y

+iy(m =) Y2 ks (L—7) Y+ ky(n—1) (2.4)
and

Ly=—DVPr -V +k(n® —n?)y?

+ky(n? =) k(1 —m) Y+ k(- 1), (2.5)
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with D being the diffusion coefficient. For model I,
this was shown in [6]; for model 11, it is easily
found by applying the rules given there.

In view of (2.2) we put

Yx)=¢"lo(x), n(x)=1+&p*(x), (2.6)
and get

FL=—DVo* -Vo+(x,~kj)oT o+l 0 %0

K [
_z%¢+(p2—;cz(p+2@2+k4g(p+ 2.7)
and

k
Ly = —DV¢*~V¢—’<3¢+¢+?¢+¢2

k, .
+k1¢”(2+ffp+)402~5—5¢+(1 +EpTY Ptk ot
(2.8)

The advantage of this transformation is that
Olp*(x)=0 (2.9)

while (0|n(x)=<0|.

One sees immediately from (2.7) and (2.8) that model
I is renormalizable for d <3 while model II is non-
renormalizable, if expanded about the vacuum state,
forall d=2.

We might add that the fields 7 and # of [19] are
closely related to our fields:

A(x) =n(x) Y(x).

With this transformation, the “hamiltonian” of [19]
is easily seen to coincide with our 7.

7(x)=ilnn(x), (2.10)

b. Critical Behaviour of Model 1

For k,=0 the critical behaviour of model I has been
studied among others by the g=4—d-expansion
[14], by a high-“temperature” expansion [15], and
by Monte Carlo methods [13]. We shall quote here
only some results which later will prove useful for
understanding model II.

Let us first note that % has dimensionality ¢~ * [~
while

[p]l=[p*]=1"%%

From this one sees the quartic term xk,p*?@? is
irrelevant near the phase transition. Dropping this
term does not change the critical behaviour. If we
would drop, in contrast, all “irrelevant” terms in
#y» we would end up with a trivial theory.

(2.11)
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As shown in [14], the existence of a renormalization
group fixed point depends crucially on the anti-
hermiticity of the cubic couplings, ie. on the op-
posite signs of the terms ¢t ¢? and ¢*?¢. Another
necessary condition is x; >k;.

The upper critical dimension is d_ =4, the lower is
[13, 15] d_=1. In qualitative agreement with the
rate approximation, there exists a critical value of k,
(for x, and x, fixed, k,=0) such that there are two
stationary states for k;<k; ,: the vacuum and a
state with

nEpl(x)zpo(k&”—kﬂﬁ, p>0. (2.12)

For k;=kj; ., all configurations with finitely many
particles die out: the chance E to find at least one
particle at time t>»0 in a state which had started
with a finite number of particles at =0 decreases as

P xp,t% 6>0,

t— oo

(2.13)

although the average particle number increases as

{ny,=nyt",  y>0. (2.14)

The exponents f§, , and 5 (and other critical ex-
ponents) can be found e.g. in [10, 13, 15-17].

The strong clustering expressed in (2.12) and (2.13) is
also scen by looking at p,(X,y,#)/p,(x,?). This is the
conditional probability density to find a particle
near y, provided there is at the same time a particle

at x. For large times, one finds for ky~k; , and
finite [x —y|
pZ(X7 ya t) ~ c d5 (2 15)

P, 0)  [x—y["’ Y e

Thus, the chance to find a second particle at a finite
distance from any given particle does not go to zero
at the critical point, in contrast to the assumption
underlying the rate approximation.

At d=4, clustering may still be strong, but it no
longer dominates the critical behaviour: the ex-
ponents (6=1, =0, and f=1) are precisely those
obtained from the rate approximation. This ex-
presses just the fact that the chance for any two
particles to meet is essentially independent, for d =4,
of their origin (whether they come from the same
“ancestor” or not), and thus clusters can not evolve
as coherent objects.

c. Critical Behaviour of Model 11

According to the rate approximation and to [18-
217, we should expect a critical point for k, >0, with
a stationary density n=0, This suggests replacing ¢
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by a shifted field y, with

1(x)=o(x) —ng, (2.16)
so that

<O 1(X)| Dy > RO, (2.17)
The conjugate field ¢+ should not be shifted.

Under this shift, .%}; is transformed into

Lu=9" F)—¢" Q0+ %y (218)

with

F()=DV?y+ &k, —kyn+k n*—k,n®

1 1
+Q2kyn—ky—3k,n?) x—i—E(kl —3k,n)y? —EE ky i3,
(2.19)
0=(kyn—k,) 22, (220

and %, containing all higher terms.

One finds that all terms lumped into %, are irre-
levant under the renormalization group [19]. This is
most easily seen by making the further transfor-
mation

q)+——>fz/d—+, X——)f’z/dz, (2.21)
such that [¢*]=["1"%% and [¥]=I'"%% Then all
coupling constants in %, have positive dimension of
length [19], for d~4.

Neglecting %,;, one gets however a theory with de-
tailed balance. The equation {d’x %;|®) =0 for the

stationary state is thus equivalent to

{Fi)—@7 0} 19> =0, (2.22)

with the solution

|¢> :j’ [doc] eIddx {a(x) et (x)-f-é?(a(x))} |0>, (2‘23)
X

97(X)=j dy F(x) (2.24)
0

This state is easily seen to be just the equilibrium
state of ¢*-theory with kT=Q and #' = —Z.

Thus the critical behaviour of model II is, according
to this standard treatment, exactly that of the Ising
model.

3. Arguments Against the Standard Treatment
of Model 11

a. d=1

The first argument against the conclusion that mod-
el II has an Ising-type critical point comes from
considering d=1.
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For d=1, model 1 is well known to show a critical
point {(at k,=0) [11, 13, 15, 16]. At first sight, this
seems to contradict the Mermin-Wagner theorem.
This theorem is, however, not applicable as the sta-
tionary state of Model I is not a thermal equilib-
rium with a short-range hamiltonian.

In coatrast, for model II the above treatment would
suggest that there is indeed no phase transition for d
=1. This difference between models I and Il would
be very hard to understand:

For k;<xj; ., the stationary state of model I has a
non-zero particle density # and a finite range ¢ of
correlations. Let us assume that in model II the

. . . 1

interaction range is ¢, and that klz;;cl and
1 o

k,~—1,. Then it is easy to see that both models
n

should have essentially the same stationary state.
Since, on the other hand, n=0 for sufficiently large
k,, there must exist a singular point also for model
IT, with k, =0.

b. d>1

For all d<4, very similar heuristic arguments sug-
gest that the critical behaviour of models I and IT is
indeed the same - implying, of course, that the criti-
cal point of model II is also at k,=0.

The essential difference between the two models is
that in model 11 a single particle cannot produce off-
spring. Near the critical point, however, the ability
of a single model-I-particle to produce such off-
spring becomes irrelevant: due to the strong cluster-
ing mentioned in the last section, there will always
be a second particle near-by (on a length scale de-
fined by the correlation length). The same is true of
the reaction 2X — X, which near the critical point is
indistinguishable from 3X—-2X.

Of course, this is only true for d<4. For d=4,
clustering no longer dominates the critical behaviour
of model I, and the two models are no longer
equivalent. This implies that the constants g, po,
1y, and ¢ in (2.12)-(2.15) must diverge for d./ 4. We
expect

Po—=®
Pos>Ng, € =0

for d 4. (3.0

c. Alternative Field Theoretic Treatment

As we have already stressed, a perturbative treat-
ment of £ about the vacuum is impossible: drop-
ping in (2.8) all non-renormalizable terms, we end
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up with a trivial theory. The above arguments might
explain this gualitatively: near the critical point, the
basic entities are not single particles but clusters of
particles.

This suggests that we make a transformation to new
creation and annihilation operators which create
resp. annihilate just such clusters. Let us assume that
we are working on a hypercubic lattice in space, so
that

[ (@), =()]=96; ;- (3.2)
Then one such transformation is*

F(i) =eC0-D =1 4 a& G (i), (3.3)
B = 10 b6 =(a2)" ol (4

One easily checks that [Y(i), Z§)]=[6®), ¢ ()]
=0, ;, and that ¢|0)=0.

For k,=0, the Liouvillean expressed in terms of the
new variables ¢ and §7 is

L= —DV(])*-V¢+(ak1—a2k2—k3)q~)+(ﬁ
—(3ak,—k)) 6“195*@2—1—%[2(1(1 —ak,)

+i(ak, —ak, — k)1 6% 62 + .2 (3.5)

Here, §H contains terms with higher derivatives
(from the lattice approximation to Fz-Vy) and/or
higher powers of the fields. Assuming the constant a.
to be dimensionless, one has [¢]=[¢*]=1"%? and
all terms of %, are irrelevant as compared to the
terms written explicitly in (3.5). These latter terms
are however just those of model I, suggesting that
both models have indeed the same critical be-
haviour.

This argument is of course far from being rigorous.
It does not say anything, in particular, about what
happens at d=4. Also, the constant a has to be
chosen appropriately in order to get the correct
signs of the ¢* ¢? and ¢*+2¢ couplings. But it does
not seem worse than the standard argument pre-
sented in the last section. The crucial assumption in
both was that perturbatively irrelevant terms can be
simply thrown away. While this should work in
cases where the true solution is already close to the
perturbative (i.ec. deterministic) one, it can com-
pletely fail if this is not true.

* In writing the right-hand side of (3.3), we have also changed
the definition of the scalar product (and whence of hermitian
conjugation). One is free to do this in the present formalism [6],
and only with the new scalar product the analogon of (2.3) holds
for the densities of clusters
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d. Detailed Balance and the Interface
between the Two Phases

The crucial property missed by the standard argu-
ment seems to be the lack of detailed balance in
model II and, related to it, the existence of an ab-
sorbing state (the vacuum) if k,=0. (The terms in
2, violating detailed balance are all “irrelevant”.)
That the lack of detailed balance leads to problems
in locating the transition of model 1T is well known.
Assume that the k; are such that the rate equation
(1.4) has two stable solutions. Two different argu-
ments have been proposed in order to decide which
one is the abolutely stable state.

The first was proposed by Schlogl [3]. He adds a
diffusion term to (1.4) and looks at the kink so-
lutions interpolating between the stationary so-
lutions. In general this kink will move, so that one
of the solutions “eats up” the other. Equilibrium is
thus defined by v, =0.

The other argument, proposed by Nicolis and others
[23], assumes strict homogeneity, but includes (in
contrast to the above) homogeneous fluctuations. In
the bistable region, the master equation for finite
volume has then a solution with two bumps. In the
limit of infinite volume, one of the bumps becomes a
o-function, P(n)~d(n—n,,, .,), while the other dies
out, except exactly on the transition point kj
= K3, Nicolis-

The problem is that, for fixed k,,k, and k <k, ,,
the predicted transition point k; gpsg 15 always
larger than the transition point k; y;..;s (se€ Fig. 2).
For systems with (small) inhomogeneities and fluc-
tuations, and with k3 nieois <Kk3 <K3 geniser» the fol-
lowing happens: assume that, at a particular instant,
nxn_ in the whole system. A roughly homogeneous
fluctuation will sooner or later lead to a collapse
leading to n~n_ in some finite region. The kink at

n

Nicolis P

& Turner\é \

| i_—Schlsgt

k3

Fig. 2. Solid line: rate approximation for model I, with k, <k, _,;
dotted: transitions according to Schlégl [3] and Nicolis [23];
dashed: more realistic behaviour (schematic)
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the boundary of this region will, however, move
inwards, and after some time the original status will
be restored. This permanent cycling is of course a
manifestation of a lack of detailed balance, and it
will wipe out the sharp transition, for k, 0.

This is seen more clearly by looking at the interface
between the two phases, when k,=0. In this case
k3 nicous =0, since any finite population will finally
die for all k;>0. Schldgl’s construction leads, on the
other hand, to k; g5 =2

Let us now consider a “hyperstrip”

0=x,=L, —owo<x<w, i=2,..,d

At x, =L, we take absorbing boundary conditions (n
=0), while at x;, =0 we assume that particles are
permanently fed in, leading to a non-zero density.
Between these two surfaces, there must be an in-
terface. According to the standard treatment, the
transition is first order (we still assume k,=0), and
thus the width of the interface remains finite for
ky—k; . (except when k;=k, , exactly) and
L—co.

In order to see that this cannot be correct, assume
ky=k; ,+e with ¢>0. Then the interface will be
near x, ~0. Its deterministic velocity would be posi-
tive, however, for sufficiently small & Thus the ac-
tual interface will be strongly influenced by fluc-
tuations: there is a permanent sparkling off of clus-
ters, all of which die sooner or later, due to fluc-
tuations in size. Since, for ¢—0, sufficiently large
clusters can live arbitrarily long and move arbitrari-
ly far, the interface will become increasily fuzzy in
this limit.

This argument breaks down for d=4 where, as we
have seen in the last section, a cluster no longer
evolves as a coherent object.

A similar (albeit less drastic) effect is indeed seen
when treating the model in the mean field approxi-
mation of [24]. There, one divides the system into
cells, in each of which the particles react according
to a master equation. Diffusion between cells is tak-
en into account by adding to the reaction rate for
X—0 a term proportional to D, and adding to the
rate for 0—X a term proportional to {(n)D. One
finds that, for any D >0, the critical point is shifted
towards a smaller value of k,, as compared to the
rate equation. We claim that, in a more exact treat-
ment, it would be shifted to k, =0.

4. Monte Carlo Calculations

The arguments of the previous section can hardly be
claimed to be rigorous. Thus, we dediced to support
them by Monte Carlo calculations.
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a. The Model

In order to obtain sufficient statistics, one can of
course not perform molecular dynamics calculations
with realistic interactions (e.g. hard spheres or Len-
nard-Jones potentials). Since we are interested only
in the critical behaviour, this is also not necessary.
Thus, we studied highly simplified models where we
kept only those features which we considered essen-
tial.

In all models, we discretized both space and time,
1e. we replaced the space-time continuum by a 4+ 1-
dimensional cubic fattice. We also replace the satu-
ration reaction 3X—-2X by the prescription that
any lattice point can be at most doubly occupied.
The other reactions were simulated in a variety of
different ways. A more or less random study of
various models showed that all of them had the
same qualitative behaviour. Some seemed however
to have somewhat longer relaxation times than
others, and some had transitions for very small val-
ues of k.

Finally, we settled down at the following model:
each iteration t—¢+1 consists of four steps (i) to
(iv). During each step, the whole lattice is scanned
through, and a set of new occupation numbers {m,
=0,1, or 2; i=site} are calculated from the previous
set of occupation numbers {n}. After the whole
lattice has been scanned, the n;’s are replaced by the
m’s, and we go on to the next step. The four steps
are:

(i) If site i 1s empty, we go to the next site. Other-
wise, we choose a random number O<r<1. If
r, <k, and if site i is singly occupied, we remove the
particle. If it is doubly occupied, we remove both
particles if n<k3, and one if kj<r<2k;(1—k;).
This simulates the reaction X —» 0.

(ii) Similarly, we add a particle at site i with proba-
bility k,, provided it is not already doubly oc-
cupied.

(iii) With probability 0.6 we go to the next site.
Otherwise, and if site i is singly occupied, we move
this particle with equal probability to one of its next
neighbours. If i is doubly occupied, we move the two
particles to opposite next neighbours. If this yields
=3 particles in one of the neighbouring points, the
surplus particle(s) is (are) simply discarded.

(iv) If and only if point i is doubly occupied, we
add a particle in each of two neighbouring points i
+8,, and in the two opposite points i —¢,. For d>2,
the unit vectors é, are chosen randomly. This sim-
ulates a reaction 2X —=1»6X, which in the rate

approximation has the same effect as 2X —=%, 3x.
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Again we discard any particle which is to be added
to a site which is already doubly occupied.

b. Stationary States

The most extensive runs were performed in 2 dimen-
sions. For given values of k, and k,, we performed
up to 9,600 iterations on lattice sizes up to 60 x 60,
just ot obtain a stationary state. The same number
of iterations then was used to calculate the average
density n of particles per site, by calculating its
mean value after every tenth iteration. In order to
be sure that no hysteresis has remained, we perform-
ed sweeps with fixed k,, and with k; both increasing
and decreasing (except for k,=0, where we made
only one sweep with k, increasing). We started these
sweeps with all sites doubly occupied. Helical
boundary conditions were used, ie. for a N xN-
lattice we identified (i, N +1) with (i-+-1,1), and (N, N
+1) with (1, 1).

A first search, the result of which is shown in Fig.
3a, showed the expected behaviour, intermediate be-
tween Figs. 1a and 1b. There is no sign of any
singularity for k, 0, but there is clearly a transition
near k,~0, k,~04.

The results of detailed runs in the latter region are
shown in Fig. 3b. We see that there is definitely no
phase transition for k,z0.01, but there is a tran-
sition at
k,=0, 5 =0.38051£ 0.0005. 4.1
The data are not precise enough to decide whether
it is mdeed of second order (but they are compatible
with it). This should not be surprising, as it should
be of first-order in the absence of fluctuations.

There are three possible criticisms against our in-
terpretation. First, one might suspect that the criti-
cal point is actually at a very small but non-zero
value of k,. Secondly, it might be that it is in the
universality class of model 1 for all d, for some
trivial reason. Third, our lattices might have been
too small, so that the smoothness of the transition
reflects only the finite lattice sizes. In order to elim-
inate these possibilities, we compare in Fig. 4 the
results for k, =0.03 with the results in 3 and 4 di-
mensions, also for k,=0.03. As expected, the tran-
sition becomes steeper with increasing d. The 4-
dimensional calculations strongly suggest a first-or-
der transition, implying that the critical point has
k,>0.03. We notice that the 3- and 4-dimensional
results were obtained on lattices of only 9° and 5*
points, while the 2-dimensional results were ob-
tained from 45 x 45 points. The iteration times were
comparable in all 3 cases.
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d

Fig. 3a. Monte Carlo phase diagram (density n of particles per
site) for d=2. The continuous lines are curves k,=const, hand-
drawn through points whose errors where roughly of the same
size as the thickness of the curves

T

k, =003

051

09 0 a 2 3

Fig. 4. Average density n for k,=0.03 and d=2 (circles), 3 (tri-
angles), and 4 (squares). Full symbols: sweeps with k; increasing.
Open symbols: sweeps with k; decreasing. The dashed line is the
result of the mean-field approximation

Also shown in Fig. 4 is the result of the mean-field-
approximation for our model. It is defined by re-
placing in steps (i) and (iv) “neighbouring point”
by “random point”. It describes exactly the be-
haviour at d—oo. It leads to a critical point at
k,~0.05. The location of the transition for k,=0.03
cannot be determined without further assumptions
(compare Sect. 3d).

As another check against a finite-size effect, we per-
formed 2-dimensional calculations for k,=0.015 on
lattices 60 x 60 and 25 x 25. Within statistical errors,
both showed exactly the same smooth transition.
Finally, we performed also calculations on one-di-
mensional lattices. If the critical behaviour were Ising-
like as claimed in [18-20], we would not expect any
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Fig. 3b. Average density n of sites per site near the phase tran-
sition for d=2. o: sweeps with increasing k,, with fixed k,, a:
sweeps with decreasing k;, with fixed k,. The continuous lines are
only drawn for guidance. Curves: (a) k,=0; (b) k,=0.01; (c) k,

=0.02; (d) k, =0.03; (e) k, =0.04; (f) k, =0.05; (g) k,=0.07; (b) k,
=01

Fig. 5. Same as Fig. 2, but for d=1

transition. If it is the same as in model I, there
should be a transition with qualitatively the same
behaviour as in higher dimensions. For d=1, we
have of course to modify step (iv). We chose instead

Step (iv'): if point i is doubly occupied, we add one
particle in i+ 1 and one in i—1, provided

these points are not already doubly oc-
cupied.

The results, shown in Fig. 5, clearly show the expect-
ed transition at k,=0 and k;=021410.001. Al-
though the transition is less steep than for d=2 (as
we should have expected), it seems still hard to
extract critical exponents from these data.
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Fig. 6. Monte Carlo results for {(n), (Fig. 5a) and F, (Fig. 5b), for

Cd=1. o: ky=0213; @: ky=0215; A: k;=0217. Data are based
on 10* runs for each value of k;. The straight lines have the
slopes predicted by Egs. (2.12) and (2.13)
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Fig. 7. Same as Fig. 6, but for d=2. 0: k=0.378 (5x 10* runs,
lattice 25 x25); @: k=0.380 (2x10° runs, lattice 35 x35); a: k
=0.381 (4 x 10° runs, lattice 33 x 33). Helical boundary conditions
have been used. Due to the finite size of the lattices, there is a
small systematic error shifting the very large-t data points to
lower values. No corrections for this have been applied

¢. Time-Dependent States

According to our experience with model I [13], it
was easier to obtain rough values for these ex-
ponents from time-dependent states, by using (2.12)
and (2.13). We thus performed also such calcu-
lations, for k,=0, by starting with one doubly oc-
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cupied site with all other sites empty, and watching
the evolution for typically ~1,000 iterations.

Such calculations are particularly effective for d=1,
where we can choose the lattice large enough so that
no particle ever reaches its boundary. There, we can
also easily restrict the iterations to that part of the
lattice which is not empty.

The results of {n), are shown in Figs. 6a (d=1) and
7a (d=2), those for B in Figs. 6b and 7b. For
comparison, also the predictions from (2.13) and
(2.14) are shown. For d=1, as expected, scaling sets
in later than in the model I calculations in [13].
Nevertheless, the data seem to agree with the pre-
dictions. For d=2, scaling sets in even later. Again
this was expected - for d=4, we do not expect any
scaling behaviour at all -, but it makes any compar-
ison with the predictions meaningless.

5. Discussion

The Monte Carlo simulations of the last section
clearly show that there is no first-order transition in
Schiogl’s second model. They also indicate (although
less clearly) that the observed second-order tran-
sition is in the same universality class as the one in
Schldgl’s first model. Both conclusions are in agree-
ment with our prediction based on formal and heu-
ristic arguments, but in striking disagreement with
[18-20].

The Monte Carlo calculations of Hanusse et al. [21]
indicated no phase transition in d=1, but a tran-
sition at k,>0 in d=2, although - as the authors
state themselves - the data are far from convincing.
The main difference between our specific model and
theirs is that they use very large cells (=20 particles
per cell) and very strong diffusion: the chance of one
particle jumping into a cell is comparable or larger
than the chance of a chemical reaction in this cell.
In our model, in contrast, the number of particles
per cell was <2, and the rate of interaction between
cells was of the same order of magnitude as the
reaction rates within a cell.

As a consequence, even away from any critical
point, the correlation length in [21] was so large
that fluctuations were coherent over volumes con-
taining very many (2 10?) particles. Thus within any
reasonably long running time and on any manag-
able lattice size, it seems impossible to reach the
critical regime. This is indeed what was found in
[21]. Although there it was claimed that no critical
behaviour was seen in d=1, they did find that the
model was bistable (for d=11!) for certain rate pa-
rameters (private communication). These two state-
ments are of course mutually excluding. As we ex-
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pect relaxation times to be even longer in d =2, their
conclusion in that case seems even less justified.

In realistic applications, it might well be that the
parameter choice of [21] is more appropriate. In
that case, it might be very hard to observe the
critical behaviour, as advocated in the present paper,
in any true experiment. In such experiments, one
should instead see something like a first order tran-
sition. But the sharpness of this transitions is pri-
marily a measure of the size of the cells, not of the
total system. This is not what one usually would
consider a local interaction model. Also, when more
refined experiments would become available, one fi-
nally should observe a cross-over to the behaviour
described above.

Our conclusion is thus that the second Schlégl mod-
el, when treated as a truly local reaction-diffusion
system, is an example where fluctuations change
drastically the phase structure. It is not an example
of universality between models with and without
detailed balance.

Rather, it suggest another type of universality, com-
prising all critical points with an absorbing state
and a single order parameter in one universality
class. This class does not, of course, include multi-
critical phenomena which also occur in nonequilib-
rium models. An example resembling a tricritical
point occurs in the reaction scheme 2X-3X,
3X—X. We have performed some preliminary cal-
culations for this model in 1 dimension, showing
indeed a transition with critical behaviour distinctly
different from model L

1 am deeply indebted to M. Scheunert, M.K. Janssen, and P.
Hanusse for numerous critical discussions on the subject of this
paper. For very useful correspondence, [ also want to thank Drs.
E. Tirapegui and D. Walgraef.
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