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The p re sen t  p a p e r  is a su rvey  of the con t empora ry  s ta te  of a r t  in the theory  of mult ivalued 
mappings .  In it one cons iders  different f o r m s  of continuity of mult ivalued mappings,  one in-  
ves t iga tes  different iable  and m e a s u r a b l e  mul t ivalued mappings ,  one cons iders  s ing le -va lued  
continuous approximat ions  and sect ions  of mult ivalued mappings ,  one studies f ixed points of 
mul t iva lued  mappings and other  questions of this theory .  One gives  r e f e r e n c e s  to the l i t e r -  
a ture  regard ing  appl icat ions to the theory  of games ,  ma themat ica l  economics ,  the theory  of 
different ia l  inclusions and genera l i zed  dynamical  s y s t e m s .  The p a p e r  contains an extensive  
bibl iography.  

INTRODUCTION 

The theory of multivalued mappings is a branch of mathematics which has been developed intensively in 
the last years and lies at the junction of topology, theory of functions of a real variable and nonlinear functional 
analysis. 

The concept of a multivalued mapping, assigning to the points of some set X a subset of another set Y, 
has arisen in a natural manner by refining the classical concept of a multivalued function. However, for a long 
time, in the above mentioned chapters of mathematics, one has studied systematically only the single-valued 
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mappings and functions; moreove r ,  as it  is known, p resen t ly ,  without a specia l  st ipulation, the concepts of 
"mapping" and "function" mean s ing le -va luedness .  Of course ,  this gap can be compensa ted  by that s imple  con- 
s idera t ion  that  a mult ivalued mapping can be viewed as a s ing le-va lued  mapping into the family  (supplied with 
some s t ruc ture)  of subsets  of Y, so  that there  is hardly a need for  an independent theory of mult ivalued map-  
pings. Never the les s ,  the ment ioned a rgument  helps ve ry  li t t le in the invest igat ion of the specif ic  p rob lems  
which a r i se  natura l ly  in this theory.  The gradual  rea l iza t ion  of these p rob lems  and the extension of t he i r  col-  
lection, the format ion  of the fundamental  concepts ,  the development  of the n e c e s s a r y  machinery ,  all these  have 
led to the format ion  of the theory  of mul t ivalued mappings ,  distinctly noticeable in the las t  decades.  A large 
role  in a t t rac t ing attention to this theory  has  p layed the significant extension of the sphere  of its applicat ion 
and methods,  which in cer ta in  a r ea s  (especial ly in the theory of games ,  mathemat ica l  economics  and in the 
theory  of opt imal  control) have become genera l ly  accepted.  

In the p r e sen t  survey  we have under taken an a t tempt  to sketch the fundamental  ideas of the theory  of 
mul t ivalued mappings (possibly with a complete  bibliography).  

In the f i r s t  chapter  we cons ider  the e lements  of the analys is  of mult ivalued mappings .  He re  we descr ibe  
the var ious  topologies in the space of c losed subse ts  and we de termine  the f o r m s  of the continuity of mul t i -  
valued mappings .  We consider  operat ions with mult ivalued mappings and we invest igate  the p r e s e r v a t i o n  of the 
continuity p rope r t i e s .  Then, we touch the p rob lem of the exis tence of continuous sect ions and of the approxi -  
mat ions  of mult ivalued mappings.  We descr ibe  the concept of a different iable mult ivalued mapping,  we indicate 
the p rope r t i e s  of measurab le  mult ivalued mappings and we give the definition of a mult ivalued integral .  

The second chapter  is devoted to t ~  theory  of fixed points of mult ivalued mappings .  We consider  fixed 
point pr inc ip les  of mult ivalued mappings,  defined on continua and par t i a l ly  o rde red  se ts ,  andwe give some 
genera l iza t ions  of the Banach pr inciple  of contract ion mappings .  A significant  pa r t  of the chapte r  is devoted 
to the presen ta t ion  of approximat ive  and homological  methods of the const ruct ion of the topological c h a r a c t e r -  
i s t ics  of mult ivalued mappings and to the invest igat ion,  on this bas i s ,  of var ious  theo rems  on fixed points.  

Unfortunately,  the increasing volume of the manuscr ip t  has fo rced  us to exclude f rom the su rvey  the a l -  
r eady  wri t ten  chapter  on the applicat ions of mult ivalued mappings.  Instead,  we p re sen t  a supplement  in which 
we give only r e f e r ences  to the l i t e ra tu re  devoted to some  of the fundamental d i rect ions  of these applicat ions.  
The authors  p ropose  to extend l a t e r  this su rvey  by elucidating in detail  the p rob l ems  of the applicat ions.  

At p resen t ,  the var ious  aspec ts  of the theory of mult ivalued mappings have been ve ry  extensively  de-  
veloped and, there fore ,  the authors do not pre tend  in any m e a s u r e  the comple teness  of the survey .  We note 
that many of these aspec ts  (this r e f e r s  espec ia l ly  to sect ions ,  measu rab l e  mul t ivalued mappings,  etc.) de se rve  
undoubtedly a separa te  survey .  

C H A P T E R  i 

T H E  A N A L Y S I S  OF M U L T I V A L U E D  M A P P I N G S  

1 . 1 .  S p a c e  of  C l o s e d  S u b s e t s  

Let  X be a topological  space .  We denote by P(X) the collection of all  nonempty subse ts  of the se t  X, by 
C(X) the se t  of all  of its nonempty closed subsets  and by K(X) the se t  of all  of its nonempty compact  subse t s .  
We note that 

C(X) \ C ( X \ A )  --- {F~C(X) IFNA ~ } .  

The set  C(X) can be conver ted  into a topological  space  by var ious  methods .  The mos t  p reva len t  are  the 
following construct ions (see, for  example ,  [140]). 

1.1.1. Exponential  Topology. Space 2 X. The concept of the exponential  topology has  been introduced 
and invest igated in [140, 141,938,  1211, etc.] .  

Let  A0, A, . . . . .  A , ~ X  . We set  B(Ao, A~ . . . . .  A.) =C(Ao)N[C(X) \C(X\A~)]  N . . .  N[C(X) \C(X \A . ] ,  
i .e . ,  the se t  F l ies in B(A0, A~ . . . . .  A,) if and only if FEC(X), F~A0, FNA~=/=:;2, i=1 . . . . .  n. 

It is easy  to ver i fy  that  the se ts  B (Go . . . . .  G~) , where  60 . . . . .  G~ a re  open, f o r m  the bas is  of some 
topology on the se t  C(X). The se t  C(X), provided with this topology, is denoted by 2X and is cal led the space of 
the closed subse t s  of X with the exponential  topology. 
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1.1.2. THEOREM. The sets  C(A) and C(X)\C(X\A) are open (closed) in the space 2X if and only if A 
is open (closed) in X. 

We note that when the set G runs through all the open sets of the space X, the sets C(G) and C(X) \C(X\6)  
fo rm aa open subbasis in the space 2 X. 

1.1.3. Upper Semifinite Topology. Space zX.  The concept of the upper semifinite topology has been 
investigated in [140, 240, 241, 938, etc.]. 

An open basis of this topology is fo rmed by the sets C(G) when G runs through the collection of all non- 
empty open sets of the space X. The set C(X), provided with this topology, is denoted by zX.  Thus, the topology 
z X  is weaker  than 2 X. We also note that z X  is not a Tl-space with the exception of the tr ivial  case when X 
consists  of one point. 

1.1.4. Lower Semifinite Topology. Space XX. The concept of the lower semifinite topology has been 
introduced by Michael [938]. An open subbasis of this topology is fo rmed by the sets  C(X)\C(X\G),  when G 
runs through the collection of all nonempty open sets of the space X. This is the weakest  topology in which 
the sets  C(K), where K is a closed set in X, are closed. The set C(X), provided with this topology, is denoted 
by kX. The space XXhas  a weaker  topology than 2 X and it is not a Tl-space,  also with the exception of the 
tr ivial  case when X consists  of one point. 

1.1.5. Hausdorff Metric.  Space (2X) m. Let (X, p) be a metr ic  space.  We denote by C0(X) the set of 
nonempty closed bounded subsets in X. As the distance H(A l, A2) between A~, A2EC0(X) we take the larges t  
of the numbers  

sup p(x, A2) and supp(x, A1), 
xEA, xGA. 

or,  which is equivalent, 

/=I (A1, A2) = tnI {s l e > 0, A1 ~ U~ (As), A2cU~ (A1)}, 

where Ue(A) is an e-neighborhood of the set A. 

The function H satisfies all the axioms of a metr ic  on the set C0(X) and turns this set into a metr ic  space 
which is denoted by (2X) m. The metr ic  H is called the Hausdorff metr ic  (or somet imes  Pompeiu-Hausdor f f ) ,  
after Pompeiu and Hausdorff who have introduced and investigated it in [725, 1020]. 

There  exists a theorem which establishes the connection between the topology of the space 2X and the 
topology of the space (23:) m. 

1.1.6. THEOREM [141]. Let X be a compact  met r ic  space. Then, 

2x .2x. 

i.e., the identity mapping 2x~(2x)~ is a homeomorphism.  

A more general  fact  is true.  

1.1.7. THEOREM [141]. If K(X)c2 x, while (K(X)),~ is the set  K(X) with the metr ic  H, then K ( X ) ~  
(K(X))~ for any met r ic  space X. 

1.1.8. Linear  Operations on Sets. K X is a topological vector space,  then in the set P(X) one can introduce 
in a natural  manner  the operations of addition and multiplication by a real  number  (the so-ca l led  Minkowski 
operations).  These operations possess  the following proper t ies :  

i )  AI+A2=A2+A1; 

2) A~+ (A2+A3) = (A~+A2) +A3; 

3) A~+O=A1 , where 0 is the zero  of the space X; 

4) 1,(AI+A2)=kAI+kA2; 

5) ~(I~A) = (Mr)A; 

6) I.A=A. 

For  convex sets we also have the following property:  

7) (~+p~)A=~,A+p,A if ~, ~t~>O. 
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If Y is a subset of a vector  space X, then Pv(Y) denotes the collection of all nonempty convex subsets 
of Y. If X is a topological vector  space, then Cv(X) is the collection of all nonempty closed convex subsets  
of X, while Kv(X) is the collection of all nonempty compact convex subsets of X. 

1.1.9. Conductivity of Linear  Operations. We consider the mapping a : K(X) •  generated 
by the addition of sets,  andthe mapping ~ : RxK(X)-+K(X) , generated by the multiplication of a set  by a number.  

1.1.10. THEOREM. 
and fl are  continuous. 

1.1.11. THEOREM. 
and fi are  continuous. 

1.1.12. THEOREM. 
continuous. 

The validity of this theorem follows f rom Theorems 1.1.10 and 1.1.11 since the sets K(G) and K(X) \ K 
( X \  G) form an open subbasis of this topology when G runs through all the open sets of the set  X. 

The space of subsets has been investigated f rom different points of view also in [190, 240, 241,328,  342, 
413, 417, 420, 439, 537,648, 666, 729, 732, 931, 970, 1121, 1125, 1151, 1168, etc.]. 

If the set K(X) is endowed with the topology of the space ~X, then the mappings 

If the set  K(X) is endowed with the topology of the space XX, then the mappings a 

If set  K(X) is considered in the exponential topology, then the mappings ~ and fi are 

1 . 2 .  C o n t i n u i t y  of  M u l t i v a l u e d  M a p p i n g s  

A multivalued mapping F of a set X into a set  Y is a correspondence with associates  to each point x~X 
a nonempty subset F(x)~_Y , called the image of the point x, i .e. ,  it is a s ingle-valued mapping F : F-~P(Y) 
F r o m  now on, we shall call every  mapping F : X-+P(F) an m-mapping (from X into Y). 

Since in the space of the subsets  there  exist  various topologies, the c lass ica l  concept of the continuity of 
a s ingle-valued function splits into various concepts when applied to multivalued mappings. In 1931-1932, 
Kuratowski [848] and Bouligand [424] have introduced the concept of semicontinuous multivalued mappings. 

Let X, Y be topological spaces.  

1.2.1. Definition. An m-mapping F :X~P(Y)  is said to be upper semicontinuous at the p6int x~X, if for  
any open set V~Y such that F(x)~V there exists a neighborhood U(x) of the point x such that 

F(U(x))~V.  

An m-mapping F : X~P(Y)  is said to be upper semicontinuous if it is upper semicontinuous at each point 
x~X. 

1.2.2. Definition. Let D~Y; by a small  (full) pre image  of D under the m-mapping F : X.-,-P(Y) we mean 
the set F+ ~ (D) (Fz ~ (D)) : 

1.2.3. THEOREM. 

(a) 

(b) 

(e) 

(d) if D~Y, then F_-I(/3)~Fz~(D). 

1.2.4. THEOREM, An m-mapping F : X~+C(Y) 
a mapping f rom X into ~Y. 

1.2.5. Definition. An m-mapping F :X-*P(Y) 

F+~(D)={xixEX, F (x )cD}  

(F-__'(D) = { x  f xEX, F (x) N D @ ~5}). 

The following statements  are equivalent: 

the m-mapping F is upper semicontinuous; 

for  any open set V~Y  the set  F_~ ~ (V) is open in X; 

for  any closed set F/~I/  the set ~-1 (W) is closed in X; 

is upper semicontinuous ff and only if F is continuous as 

is said to be lower semicontinuous at the point xEX, if for  
any open set V~Y such that F(x)nV=/=;~, there exists a neighborhood U(x) of the point x such that F ( x ' ) N V # ~  
for  any x'eU(x) 

An m-mapping F : X--*P(Y) is said to be lower semieontinuous if it is lower semieontinuous at each point 
xoX. 

1.2.6. THEOREM. The following statements  a re  equivalent: 
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(a) 

(b) 

(c) 

(d) 

(e) 

the  m - m a p p i n g  F i s  l o w e r  s e m i c o n t i n u o u s ;  

f o r  any open s e t  V~Y the  s e t  F-_ ~ (V) i s  open in  X; 

is  c l o s e d  in X; f o r  any  c l o s e d  s e t  W ~ Y  the  s e t  F_T~ (W) 

if D~Y , then  F~(b)~F+~(D); 

if A ~ X , t h e n  F(~)~F(-A). 

1.2.7.  THEOREM.  A n m - m a p p i n g  F : X-+C(Y) 
m a p p i n g  f r o m  X into X Y. 

1.2.8.  Def in i t ion .  
to  be con t inuous .  

1.2.9.  THEOREM.  
X into 2 Y. 

A n o t h e r  i m p o ~ a n t  c l a s s  is  f o r m e d  by the c l o s e d  m - m a p p i n g s .  

1 .2 .10.  Def in i t ion .  An m - m a p p i n g  F : X-~C(Y) i s  s a i d  to  be c l o s e d  if i t s  g r a p h  

F F =  {(x, b') [ (x, g) ~XX Y, b,6F(x)) 

i s  a c l o s e d  s e t  in X x Y. 

1.2.11.  THEOREM.  The fo l lowing  s t a t e m e n t s  a r e  equ iva len t :  

(a) the  m - m a p p i n g  F is  c l o sed ;  

i s  l o w e r  s e m i c o n t i n u o u s  if  and only if i t  is  cont inuous  as  a 

If an m - m a p p i n g  F : X~P(Y) is  both  u p p e r  and l o w e r  s e m i e o n t i n u o u s ,  t hen  i t  is  s a i d  

An m - m a p p i n g  F : X-+C(Y) i s  con t inuous  i f  and only if F i s  a cont inuous  ma p p ing  f r o m  

(b) fo r  any p a i r  xeX, y~y such  tha t  gCF(x) o t h e r e  e x i s t s  a n e i g h b o r h o o d  U(x) of the  po in t  x and  a n e i g h -  
b o r h o o d  V(y) of t he  po in t  y such  t ha t  F(U(x)) f~V(g) =~; 

(c) f o r  any ne t s  {x~}cX, {gJ~Y such  tha t  x~-~x, g~eF(x~), g~-+g, we have  g~F(x) . In the c a s e  of m e t r i c  
s p a c e s  i t  is  s u f f i c i e n t  to  c o n s i d e r  s e q u e n c e s .  

Be tween  c l o s e d  and u p p e r  s e m i c o n t i n u o u s  m - m a p p i n g s  t h e r e  e x i s t s  a c l o s e  connec t ion .  

1 .2.12.  THEOREM.  If the  m - m a p p i n g  F : X-+C(Y) is  u p p e r  s e m i c o n t i n u o u s  and the s p a c e  Y is  r e g u l a r ,  
t hen  F is  c l o s e d .  If the  m - m a p p i n g  F has  c o m p a c t  i m a g e s :  F : X-+K(Y) , then  in the  g iven  s t a t e m e n t  the  c o n -  
d i t ion  of the r e g u l a r i t y  of Y can  be r e l a x e d :  i t  i s  su f f i c i en t  to  r e q u i r e  tha t  i t  be a H a u s d o r f f  s p a c e .  

1 .2.13.  THEOREM.  If F : X-~K(Y) is  a c l o s e d ,  l o c a l l y  c o m p a c t  m - m a p p i n g ,  t hen  i t  i s  u p p e r  s e m i c o n -  
t i nuous .  

W e  m e n t i o n  the fo l lowing  p r o p e r t i e s  of c l o s e d  and u p p e r  s e m i c o n t i n u o u s  m - m a p p i n g s .  

1 .2.14.  THEOREM.  If the  m - m a p p i n g  F:X-~C(Y) is  c l o s e d  and AeK(X) , then  F(A)~C(Y). 

1.2.15.  THEOREM.  If the  m - m a p p i n g  F :X-+K(Y) is  u p p e r  s e m i c o n t i n u o u s  and AeK{X) , thenF(A)eK(Y). 

1.2.16.  Mapp ings  into a M e t r i c  S p a c e .  Le t  (Y, p)  be a m e t r i c  s p a c e .  

1 .2.17.  THEOREM.  F o r  the  u p p e r  ( lower)  s e m i c o n t i n u i t y  of the m - m a p p i n g  F : X-+K(Y) i t  i s  n e c e s s a r y  
and s u f f i c i e n t  t ha t  fo r  any e > 0 t h e r e  shou ld  e x i s t  a n e i g h b o r h o o d  U(x) of the  po in t  x such  t ha t  F(x')~U.(F(x)) 
(F(x)cU,(F(x'))) fo r  al l  x'cU(x). 

1.2.18.  Def in i t ion .  An m - m a p p i n g  F:X-~Co(Y) is  s a i d  to  be cont inuous  in the  H a u s d o r f f  m e t r i c  ff F is  
con t inuous  as  a m a p p i n g  into  the  m e t r i c  s p a c e  (2Y) m.  

1.2.19.  T H E O R E M .  An m - m a p p i n g  F:X->K(Y) i s  con t inuous  if  and  only if  i t  i s  con t inuous  in the  H a u s -  
do r f f  m e t r i c .  

A s s u m e  now t h a t  the  s p a c e  Y is  s e p a r a b l e .  L e t  {r~}7= 1 be a coun tab l e ,  e v e r y w h e r e  d e n s e  s u b s e t  of Y. 
E v e r y  m - m a p p i n g  F:X~P(Y)  de f ines  the  func t ions  {q~}7=1, q%:X--> R 

(Pi ( x ) = p  (ri, F(x)). 

1.2.20.  THEOREM.  F o r  the  u p p e r  s e m i e o n t i n u i t y  of an m - m a p p i n g  F : X-+K(Y) i t  i s  n e c e s s a r y ,  and in the  
c a s e  when X is  c o m p a c t  i t  i s  a l s o  su f f i c i en t ,  tha t  a l l  the func t ions  ~0i be l o w e r  s e m i c o n t i n u o u s  (in the  s i n g l e -  
v a l u e d  s e n s e ) .  
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1.2.21. THEOREM. F o r  the lower  semicont inui ty  of an m-mapping  /: : X~K(Y) it is n e c e s s a r y ,  and in the 
case  when X is compact  it  is a lso  sufficient ,  that  all the functions ~i be upper  semicont inuous (in the s ingle-  
valued sense) .  

Different  types and t es t s  for  the continuity of the mult ivalued mappings have been studied by many authors  
(see [4, 7, 11, 14, 15, 19, 131, 132, 133, 153, 240, 241, 356, 377, 378, 381-389, 409,413,  496, 498, 528, 536, 541, 
578, 590, 592, 593,605,  621,645,  663, 705, 757, 795, 796, 811, 814, 849, 873, 875, 876, 934, 943, 958, 972, 1002, 
1021, 1023, 1024, 1026, 1066, 1069, 1092, 1125, 1140, 1142, 1144, 1151, 1153, 1157]). We mention the su rveys  
and monographs [19, 140, 141,407,  408, 931, 1151]. The pape r  [408] contains,  in pa r t i cu la r ,  the original  defini-  
t ions of Kuratowski  and Bouligand but it includes an i n c o r r e c t  s t a tement  regarding  the equivalence of the con-  
cepts of c losed and upper  semicontinuous mul t ivalued mappings .  

1 . 3 .  O p e r a t i o n s  on  M u l t i v a l u e d  M a p p i n g s  

In this sect ion we consider  var ious  continuity p rope r t i e s  of mul t ivalued mappings  which are  the resu l t s  
of s e t - t heo re t i c ,  topological  or  a lgebra ic  operat ions  on mult ivalued mappings .  

Operations on mult ivalued mappings and the i r  p rope r t i e s  have been invest igated by Kuratowski  [140, 141, 
849] and by Berge  [19, 407]. 

Let  X, Y be topological spaces ;  let  {Fj}jU, Fj:X-+P(Y) be a family  of m-mapp ings .  

1.3.1. THEOREM. (a) Assume that  the m-mapp ings  Fj a re  upper  semicont inuous.  If the index set  J is 
finite,  then the union of the m-mapp ings  j~jFy:X~P(Y), 

J{U 

is upper  semicont inuous.  

(b) Assume that  the m-mapp ings  Fj a re  lower  semicont inuous.  Then the union U F i is lower  s emico n -  
tinuous, j~s 

(c) Assume that the m-mapp ings  Ft:X-+C(Y ) are  closed.  If the index set  J is finite, then the union 
U F;:X~C(Y) is closed.  

IEJ 

1.3.2. THEOREM. (a) Assume that  the m - m a p p i n g s  F~:X~C(Y) are  upper  semieont inuous.  If the in-  
dex set  J is f inite,  the space  Y is no rma l  and 

then the in te rsec t ion  of the m - m a p p i n g s  

N Fj(x)--p~, vxEX, JEJ 

N FI:X~C(Y), 
~Es 

is upper  semicont inuous.  

(b) Assume that  the m-mapp ings  Fj :X-~C(Y)  are  closed and 

fl Fj(x)=/= Q~, VjEJ. iEJ 

Then, the in te rsec t ion  (] F i is closed.  
JEJ 

The following s ta tement  holds.  

1.3.3. THEOREM. Assume that  the m-mapp ing  
is upper  semicont inuous and 

Fo:X~C(Y ) is closed,  the m-mapp ing  FI:X~K(Y) 

Fo(x) N F1 (x)@ 0, vxEX. 

Fo N FI:X---~ K (Y) 
Then, the in te rsec t ion  

is upper  semicont inuous.  
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1.3.4.  COROLLARY.  A s s u m e  tha t  the  s p a c e  Y i s  H a usdo r f f ,  the  m - m a p p i n g s  {FI}/Ej, F / : X ~ K ( Y )  a r e  
u p p e r  s e m i c o n t i n u o u s  and 

N Fj (x) #- gO, vxEX. JCa 

Then,  the i n t e r s e c t i o n  

N F/:X-~K(Y) 
iCs 

is  u p p e r  s e m i c o n t i n u o u s .  

If the  m - m a p p i n g s  a r e  l o w e r  s e m i c o n t i n u o u s ,  then the i n v e s t i g a t i o n  of the con t inu i ty  of t h e i r  i n t e r s e c t i o n  
b e c o m e s  m o r e  c o m p l i c a t e d .  E l e m e n t a r y  e x a m p l e s  show t h a t  in the g e n e r a l  c a s e  such  an i n t e r s e c t i o n  wi l l  not 
be l o w e r  s e m i c o n t i n u o u s  (see  [212]) (in th i s  connec t ion  we m e n t i o n  the i n a c c u r a c y  of s t a t e m e n t s  in [19 ,407] ) .  
In o r d e r  to  e l u c i d a t e  the  cond i t ions  u n d e r  w h i c h  one can  g u a r a n t e e  the  l o w e r  s e m i c o n t i n u i t y  of the  i n t e r s e c t i o n  
of m - m a p p i n g s ,  the  fo l lowing  concep t  w i l l  t u r n  out  to  be  u s e f u l  ( see  [212, 958]). 

1 .3.5.  Def in i t ion .  An m - m a p p i n g  F : X-~P(Y) is  s a i d  to  be q u a s i o p e n  at  the  po in t  xO.X if 

int F (x) =# 

and  i f  f o r  any yeint F(x) one can  f ind  a n e i g h b o r h o o d  V(y)cY and a n e i g h b o r h o o d  U(x)cX,  such  t ha t  

V (V) = F  (x') 

f o r  a l l  x'~U(x) . If F i s  q u a s i o p e n  at  e ach  po in t  x~X , then  i t  wi l l  be c a l l e d  qua s iope n .  

1.3.6.  THEOREM [958]. The fo l lowing  s t a t e m e n t s  a r e  equ iva l en t :  

(a) t he  m - m a p p i n g  F : X-*P(Y) i s  quas iope n ;  

(b) i n t F ( x ) = # ~  f o r a l l  xeX and the g r a p h  of the  m - m a p p i n g  i n tF:X~P(Y) ,  

(int F) (x) =int F(x) 
i s  open in X x Y. 

The concep t  of a q u a s i o p e n  m - m a p p i n g  a l l ows  us to  g ive  the  fo l lowing  c r i t e r i o n  f o r  l o w e r  s e m i c o n t i n u i t y .  

1 .3.7.  T H E O R E M  [212]. Le t  Y be a m e t r i c  s p a c e .  An m - m a p p i n g  F : X ~  P(Y) is  l o w e r  s e m i c o n t i n u o u s  
a t  the  p o i n t  x E X if and  only if f o r  any  ~ > 0 the  m - m a p p i n g  F, : X--,P(Y), F,(x) =U,(F(x)) is  q u a s i o p e n  at  the  
po in t  x.  

1 .3.8.  THEOREM [212, 958]. Le t  Y be a f i n i t e - d i m e n s i o n a l  t o p o l o g i c a l  v e c t o r  s p a c e .  An m - m a p p i n g  
F : X  ~ Cv(Y) i s  q u a s i o p e n  a t  the po in t  x s X if and  only  i f  int F(x) =/=Zf and F i s  l o w e r  s e m i c o n t i n u o u s  a t  the  
po in t  x.  

Now we f o r m u l a t e  a cond i t ion  f o r  the  l o w e r  s e m i c o n t i n u i t y  of the i n t e r s e c t i o n  of m u l t i v a l u e d  m a p p i n g s  
([212, 958]): 

1 .3.9.  THEOREM.  A s s u m e  tha t  the m - m a p p i n g  Fo:X-+P(Y) is  l o w e r  s e m i c o n t i n u o u s  at  the po in t  x 0 E X, 
the  m - m a p p i n g  FI:X~P(Y)  is  q u a s i o p e n  at x 0 and a s s u m e  tha t  

f o r  a l l  x E X and 

Fo(x) NF1 (x) :/:f~. 

Fo (xo) N FL (xo) cFo (xo) Nint F, (xo). 

Then,  the  i n t e r s e c t i o n  FoNF~ i s  l o w e r  s e m i e o n t i n u o u s  a t  the  po in t  x o. 

1 .3.10.  C O R O L L A R Y  [212]. L e t  Y be a f i n i t e - d i m e n s i o n a l  t o p o l o g i c a l  v e c t o r  s p a c e ,  a s s u m e  tha t  the  m -  
m a p p i n g  F0, F~ : X ~ C v ( Y )  i s  l o w e r  s e m i c o n t i n u o u s  and a s s u m e  tha t  

f o r  a l l  x E X and 

1.3.11.  

f o r  s o m e  x 0 E X. Then,  the  i n t e r s e c t i o n  

Fo(x) nF~ (x) ~ 

Fo (x0) N int F 1 (Xo) :7~ 
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FonF, : X-~Cv(Y) 

is lower semicontinuous at the point x 0. 

We mention that the intersect ion of m-mappings  is investigated in certain problems of mathematical  
economics and the condition 1.3.11 ensures  a strong condition of A r r o w - D e b r e u  type (see, for  example, [213]). 

1.3.12. COROLLARY [212]. Let Y be a met r ic  space,  assume that the m-mappings  F0, FI : X~P(F)  are  
lower semicontinuous and that 

Fo (x) n U, (F, (x)) ::~ 

for  some ~ > 0 at each point x 6 X. Then, the m-mapping 

Foil (F,), : X...~P(Y), (FoN (F,).) (x) =Fo(x)NU,(F, (x)) 

is lower semicontinuous. 

We consider  the continuity proper t ies  of the composit ions of multivalued mappings. 

Let X, Y, Z be topological spaces.  

1.3.13. THEOREM. If the m-mappings  
then their  composit ion 

Fo : X-~P(Y), FI : Y-+P(Z) 

F, o Fo : X--~P (Z), 
F, ~ Fo(X) =F, (Fo(x)) 

are  upper (lower) semicontinuous, 

is upper (lower) semicontinuous. 

1.3.14. THEOREM. If the m-mapping 
C(Z) is closed, then their  composition 

Fo : X'-*K ( Y) is upper semicontinuous and the m-mapping FI:Y --* 

FI . Fo : X ~ C ( Z )  
is closed. 

Now we consider  the operation of taking the Car tes ian product of multivalued mappings. 

1.3.15. THEOREM. (a) If the m-mappings  Fo :X.--+P(Y),F1 :X-+P(Z) are  lower semicontinuous, then 
thei r  Car tes ian product 

FoXF, : X-,-P(YXZ), 
(Fo>(F,) (x) =Fo(x) XF, (x) 

is lower semicontinuous.  

(b) If the m-mappings F0 : X-+C(Y), F, : X.-+C(Z) are closed, then the m-mapping 

is closed; 

(c) if the m-mappings F0 : X--)-K(Y), 

is upper semicontinuous.  

FoXF, : X--+C(YXZ) 

F,:X---)-K (Z) are upper semicontinuous, then the m-mapping 

Fo• : X-~-K(YXZ) 

We investigate algebraic and some other operations.  Let X be a topological space and let Y be a topologi- 
cal vector  space.  

1.3.16. THEOREM. (a) If the m-mappings  F0, Fl : X-~P(Y) are  lower semicontinuous,  then their  sum 
Fo+F, : X ~ P ( Y )  

(Fo+F,) (x) =Fo(x) -}-F, (X) 

is lower semicontinuous.  

(b) If the m-mappings  F0, F, : X.-+K(Y) 
upper semicontinuous.  

are upper semicontinuous,  then their  sum Fo+F1 : X-)-K(Y) is 
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1.3.17. THEOREM. 
is continuous, then the product f.F : X-.+P(Y), 

(a) If the m-mapping F : X--.P (Y) is lower semicontinuous and the function t : X-+R 

is lower semicontinuous.  

(b) If the m-mapping F : X---~K(Y) 
the product  

([.F) (x)=/ ' (x) .F(x) 

is upper semicontinuous and the function T : X--~R 

[.F : X-+K(Y) 

is upper semicontinuous.  

Let Y be a topological space.  

1.3.18. THEOREM. An m-mapping 

is continuous, then 

F : X~P(Y)  is lower semicontinuous if and only if the closure 

1: : X..+C(Y), P(x) =F(x),  

is lower semicontinuous. 

Let Y be a metric space. 

1.3.19. THEOREM. K the m-mapping F : X-*P(Y) is lower semicontinuous, then the m-mapping 

F, : X---~P (Y), 

Fe(x)=U~(F(x)) 

is also lower semicontinuous. 

Let Y be a normed space. 

1.3.20. THEOREM. Let F:X-+K(Y) be a compact, upper semicontinuous m-mapping. Then, for any 
e > 0 the m-mapping F~:X-+C(Y), 

~,  (x) = u~ (F (x)), 
is closed. 

Let Y be a complete locally convex space. 

1.3.21. THEOREM. If the m-mapping F:X-*K(Y) is upper (lower) semicontinuous, then the convex 
closure coF:X ~Kv(Y) ,  

co F (x) = co (F (x)), 

is upper (lower) semicontinuous. 

We conclude this section by a maximum theorem,  somet imes  called the continuity principle of optimal 
solutions, which plays an important  role in the applications of the multivalued mappings to game theory and to 
mathemat ical  economics .  

1.3.22. THEOREM. Let X, Y be topological spaces,  let ~ : X.-,-K(Y) be a continuous m-mapping and let 
f :XXY-+R be a continuous function. Then, the function (p:X-~R, 

(x)---- max f (x, y) 
~Eo(x) 

is continuous, while the m-mapping F : X-~K(Y), 

F(x) =~ly~r  f(x, y)--~(x)} 
is upper semicontinuous.  

Among other works devoted to the investigation of the various proper t ies  of the operations on m-mappings ,  
we mention [17, 145, 146, 168, 259,302,  303, 379, 380, 383, 384, 386,387,  417, 590, 592, 614, 849, 876, 1033, 
1078, I156]. 

Various topological properties of m-mappings have been investigated in [5, 6, 16, 17, 19, 42, 50, 84, 123, 
136, 139, 144, 153, 154, 158, 178, 185, 186, 240, 241, 248, 260, 262, 282, 287, 288, 314, 316, 341, 348, 355, 374, 
434, 469, 486, 514, 515, 520, 533, 535, 546, 587, 596,627,638,643, 644, 662, 665, 696, 719, 731, 732, 751, 752, 
763, 768, 777, 785, 794, 797, 810, 812, 834, 854, 887, 898, 901, 912, 959, 960, 961, 973, 990, 997, 1022, 1033, 
1034, 1068, 1073, 1075, 1076, 1098, Ii01, 1125, 1134, 1146, 1151, 1154, 1156, 1159, 1162, 1163, 1164, 1165, 1174, 
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1198, 1213, 1216, 1217, 1235, 1238, 1239, 1240, 1243]. 

The homotopic proper t ies  of m-mappings  have been investigated in [432,693, 1061, 1062, 1063, 1171]. 

We mention that many topological proper t ies  of spaces can be expressed  in t e rms  of multivalued mappings 
(see, for  example, [184, 187, 191, 242, 243, 284, 315, 418, 419, 525, 531, 583, 794, 886, 957, 971, 980, 1237, 
1242]). 

1 . 4 .  C o n t i n u o u s  S e c t i o n s  o f  M u l t i v a l u e d  M a p p i n g s  

Let X, Y be topological spaces and let F : X--.~P(Y) be an m-mapping.  

1.4.1. Definition. A continuous s ingle-valued mapping ~ : X-+Y be said to be a continuous section (selec-  
tor ,  sample) of an m-mapping F if 

f (x) ~F (x) 

for any x E X. 

A classical  theorem on the existence of a continuous section of an m-mapping is Michael 's  theorem [940]. 
Since we have not found a Russian t ranslat ion of this significant result ,  having numerous applications, we give 
it in its entirety.  

1.4.2. THEOREM. The following proper t ies  of a T 1 space X are equivalent: 

a) X is paracompact ;  

b) if Y is a Banach space,  then every lower semieontinuous m-mapping F : X-+Cv(Y) has a continuous 
section. 

The proof of this theorem is based on the following statement.  

1.4.3. LEMMA. Let X be a paracompact  space,  let Y be a normed space and let F : X-~Pv(Y) be a lower 
semicontinuous m-mapping.  For  any ~ > 0 there exists a continuous s ingle-valued mapping [, : X-+Y such that 

f ,  (x)fiU~ (F (x)) 

for  any x 6 X. 

Proof. Assume that 

u ,={x l  x~X, v~UdF (x))} 

for  any y E Y. These sets are  open by vir tue of the lower semtcontinuity of the m-mapping F. The sys tem 
{Uy}uEr forms an open covering of the paracompact  space X. Let {Uui}jEs be a locally finite subcovering of 

this covering, We consider  {%J]JU' the parti t ion of unity corresponding to the covering IUvj}jU. We define 
a continuous mapping f ~ : X ~ Y  in the following manner:  

A(x)= ~ %j (x).vj. 
J(~S 

It is easy to ver i fy  that f e  is the des i red  mapping. 

1.4.4. Proof  of Theorem 1.4.2. 1) F i rs t  we prove that a)=~ b). We construct  an inductive sequence of con- 
tinuous mappings 

{f,~}~'=I, f k:X-+ Y, 

satisfying the conditions: 

1.4.5. 11 f~+t(x)--f~(x)ll < 1/2"% 

1.4.6. f k(x)fiU1/~ (F(x)) 

for  each x fi X. The existence of f~, satisfying the condition 1.4.6, follows f rom Lemma 1.4.3. If f l  . . . . .  f k  
have been already constructed,  t h e n f k + l  is const ructed in the following manner .  By the induction hypothesis,  
we have 

F~+I (x) = F (x) Cl U~-~ (A (x)) § O, vxeX. 

F r o m  1.3.12 it follows that the m-mapping Fk.~:X-+Cv(Y) is lower semicontinuous.  Then, f rom l_emma 1.4.3 
there follows the existence of a continuous mapping fk.1:X--+Y such that fk.~ (x)fiU2-k-~ (F,+~ (x)) for  each xEX 
But then, for  each xEX we have 
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1 1 I IIft,+, (x)-- f k(x)ll < - 7 + - ~ - 7  <.2,_------- 7 
i . e . ,  cond i t i on  t . 4 . 5  ho lds ,  and fk+l (x)EU:-~-~ ( F  (x) ) ,  i . e . ,  cond i t i on  1.4.6 h o l d s .  

F r o m  cond i t ion  1.4.5 i t  fo l lows  tha t  the s e q u e n c e  {f~}~_l c o n v e r g e s  u n i f o r m l y  to  a cont inuous  f t m c t i o n f  
fo r  which ,  by v i r t u e  of the  cond i t ion  1.4.6 and of the  e l o s e d n e s s  of the  i m a g e s  of the  m a p p i n g  F ,  we  have  
f(x)EF(x) f o r  e a c h  xEX, i . e . , f  is  the  d e s i r e d  cont inuous  s e c t i o n .  

2) We show tha t  b) =~ a) .  F o r  th i s  i t  i s  su f f i c i e n t  to  e s t a b l i s h  tha t  e a c h  open c o v e r i n g  ~ of the  s p a c e  X 
a d m i t s  a s u b o r d i n a t e  p a r t i t i o n  of uni ty .  Le t  

Tak ing  Ilvll= ,~lv(U)l 
u(!'~ 

Y=l~ (Gg)= { yI y:~'+ R' VE~l [Y(U)] < oo }. 

, we convert Y into a Banach space. We consider 

C= {y[ yEY, y(U)>~O, vUE3s uE~X Y(U)= I} 
a convex  c l o s e d  s u b s p a c e  of Y. F o r  a l l  x E X, l e t  

F (x)=CN{YIy&, g(U)=O ;r xeU}.  

C l e a r l y ,  F(x)ECv(Y) vxEX.  We show tha t  the  m - m a p p i n g  F i s  l o w e r  s e m i c o n t i n u o u s .  

F i r s t  of a l l  we  show tha t  f o r  any gEC, e > 0  t h e r e  e x i s t s  g'EC s u c h t h a t  [ I g - - g ' J ] < e  and g'(U)>O 
f o r  a t  m o s t  a f in i t e  n u m b e r  of U ~ .  In o r d e r  to f ind  such  a yT i t  is  n e c e s s a r y  to  s e l e c t  U, . . . . .  U~Eeg, 
g(U3>O, l~<i~<n , where g(U~)+ ...-i-g(Un)~5> l--e/2, a n d t h e n t o d e t e r m i n e  g'EC f r o m t h e  r e l a t i o n s  

r  u~{u~ . . . . .  u~}; 
v ' ( u , ) = v ( u ~ ) +  1 - ~ ;  

y,(U~)=y(u~), i = 2  . . . . .  n. 

It is  e a s y  to  s e e  tha t  I l y - - y ' i [ < 2 ( 1 - - 6 ) < e .  

A s s u m e  now tha t  xeX, y & ( x )  and t h e r e  i s  g iven  ~ > 0. A s s u m e  tha t  yV and U 1 . . . . .  Un s a t i s f y  the  above 
m e n t i o n e d  c o n d i t i o n s .  If U =U1N ... NU, , then ,  due to  v(U,) >0, l<i<n, f r o m  the de f in i t ion  of F i t  fo l lows  
t ha t  y ' E F ( x ' )  f o r  a l l  x I E U and,  thus ,  F is  l o w e r  s e m i c o n t i n u o u s .  

A s s u m e  now tha t  f : X.-~-Y is  a con t inuous  s e c t i o n  of F .  F o r  e a c h  UEr we def ine  /~ : X-~R by the r e l a -  
t ion  f . (x )  = It(x)]  (U) �9 Then  /v is  the  d e s i r e d  p a r t i t i o n  of un i ty ,  wh ich  c o n c l u d e s  the p r o o f .  

1 .4.7.  T h e r e  e x i s t  e x a m p l e s  (see  [940]) w h i c h  show tha t  the  cond i t ions  of the  c o m p l e t e n e s s  of the s p a c e  Y, 
of the  c l o s e d n e s s  and  convex i ty  of the i m a g e s  of the  m - m a p p i n g  F ,  the  cond i t ion  of l o w e r  s e m i e o n t i n u i t y  of the  
m - m a p p i n g  F a r e  n e c e s s a r y  f o r  the  e x i s t e n c e  of a cont inuous  s e c t i o n .  At  the  s a m e  t i m e  i t  is  e a s y  to  g ive  e x -  
a m p l e s  of m u l t i v a l u e d  m a p p i n g s  wi th  convex  i m a g e s ,  which  a r e  no t  l o w e r  s e m i c o n t i n u o u s  but  a d m i t  con t inuous  
s e c t i o n s .  We g ive  a new r e s u l t  in th i s  d i r e c t i o n ,  o b t a i n e d  by V. D. G e l ' m a n .  

Le t  X be a m e t r i c  s p a c e  and le t  Y be a convex ,  c o m p a c t  s u b s p a e e  of the  Banach  s p a c e  E.  Le t  F : X-+Kv(Y) 
be an m - m a p p i n g ,  F. (x) = U. (F (x)) .  F o r  e a c h  po in t  x 0 E X we def ine  the  s e t  L(F)  (x 0) a c c o r d i n g  to  t he  fo l lowing  
ru le :  

L (F)(xo)= N (U ( N F~(x))), 
e>0 ~>0 x~U6(xo) 

The s e t  L(F)  (xO m a y  be e m p t y  f o r  s o m e  x 0 E X. 

1.4.8.  LEMMA.  F o r  any po in t  x0E X t h e  s e t  L (F ) (x~  is  a convex,  c l o s e d  s u b s e t  of F ( x ~ .  

1.4.9.  LEMMA.  A s s u m e  tha t  the  m - m a p p i n g  W : X-~Kv(Y) is  l o w e r  s e m i c o n t i n u o u s .  If f o r  any x E X the 
i n c l u s i o n  F(x)~-~(x) h o l d s ,  then  L(F)(x)~_W(x) f o r a n y x E X .  

1.4.10.  THE ORE M. In o r d e r  tha t  an m - m a p p i n g  F, : X--~ Pv (Y) shou ld  have  a cont inuous  s e c t i o n  f o r  
any c > 0, i t  is  n e c e s s a r y  and s u f f i c i e n t  tha t  L(F) (x)=/=~ f o r  any  xE  X. 
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We mention that  the nonemptiness of the sets  L(F) (x) for  any x E X does not guarantee the presence  of a 
continuous section for  the m-mapping F. 

Example.  Let F be the m-mapping of the segment [ -1,  1] into R 3, defined by the following con-  1.4.11. 
ditions: 

Obviously, 

I 
I(x, 1, 0); ( x ,  - -  1, x)l.)l ' x > 0 ,  xeQ; 
[(x, 1, O);(x, - - 1 , - - x  x>O,  xe [ - -1 ,  1 ] \Q;  

F ( x ) =  l(O, 1, 0); (0, -- 1, 0)I, x=O; 
/l(x, - 1 , 0 ) ; ( x ,  1, x)], x < 0 ,  x~Q; 
(l(x, --1, 0); (x, 1, - x ) l ,  x<O,  x E [ - 1 ,  l l \ Q .  

t{(x, 1, o)}, x > o; 
L(F)(x)---~[(O, 1, 0); (0, --  1, 0)], x = O ;  

[{(x, --  1, 0)}, x < O, 

i.e., L (F)(x)4: • for  any x E [-1,  1]. However, the m-mapping F does not have a continuous section. 

We consider  now the i terates  of L: 

LO (F) = F, L" (F) = L (L"-' (F)), n > 1. 

We continue this p rocess  for  each transfini te  number  of the f i rs t  type, while for  a transfinite number  of the 
second type we se t  

L ~ (F) (x) = fl L ~ (F) (x). 
~,;cr 

We shall say that the sequence {L ~ (F)} is s tabil ized at the step ~0 if 

L~"(F) (x)-----L ~+I (F) (x) 
for  any x E X. 

1.4.12. THEOREM. In o rder  that an m-mapping F : X-~Kv(Y) should have a continuous section,  it is 
neces sa ry  and sufficient that the sequence {L~(F)} be stabil ized at some (finite or countable) step a0 and that 
L ~o (Y) (x) =/= Z for  any x E X. 

1.4.13. Remark.  It presents  in teres t  to determine under which additional assumptions on Y is the s e -  
quence {L~(F)} stabil ized in a finite number  of steps.  

We mention also the following interesting proper ty  of quasiopen m-mappings (see [212]). 

1.4.14. Assume that X is a paracompact  space,  Y is a met r ic  vec tor  space, F : X.--~P(Y) is quasiopen 
and 

int F(x) EPv(Y), vxeX. 

Then, F has a continuous section. 

An extensive l i tera ture  is devoted to the development of Michael 's  theorem as well as to other theorems 
on continuous sections (see, for  example, [70, 155-158,198-203, 289, 293, 299 ,302 ,303 ,  327 ,329 ,330 ,  331, 
334, 335, 336, 346, 354, 356, 470, 471,480,  487 ,493 ,528 ,  530, 562, 574, 585, 622, 625,639,  649, 656, 677, 680, 
724, 728, 739, 802, 851, 853, 888, 896, 897, 898, 899, 932, 939 ,941 ,942 ,  944, 945-947, 955, 969, 970, 979, 981, 
992, 1009, 1057, 1104, 1105, 1110, 1125, 1161, 1168, 1169, 1194, 1227, 1245]). 

We mention the survey [992] where one also gives some applications of the concept of section. 

1 . 5 .  C o n t i n u o u s  A p p r o x i m a t i o n s  o f  M u l t i v a l u e d  M a p p i n g s  

It is easy  to see that, in general ,  upper semicontinuous and closed m-mappings  do not admit continuous 
sect ions.  The path to their  investigation by means of s ingle-valued mappings is opened by single-valued ap-  
proximations.  

Let (X, Pz), (Y, 97) be met r ic  spaces.  The metr ic  p in the  product space X• is defined by the equality 

p((x, v), (x', v'))=max{~x(x, x'), o~-(v, v')}- 
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1.5.1. Definition. Let F : X ~ P ( Y )  be an m-mapping.  A continuous mapping f ~ : X ~ Y  , where s > 0, 
is said to be an s -approximat ion  of the m-mapping F if 

p. ( r j ,  r e ) =  sup p (V, re) <~, 
v~r~ s 

where F / ,  FF are  the graphs of the mappings /~, F. 

The problem of the existence of s -approximat ions ,  ra i sed  by yon Neumann [977] and important  for  ap- 
plications, has been investigated by many authors (see, for  example, [83, 488-492, 867, 983, 1112, 1113]). 

One of the mos t  general  resu l t s  is the following statement.  

1.5.2. THEOREM [867]. Let X be a met r ic  space and let Y be a met r ic  LCS (locally convex space).  Then, 
for  any s > 0, every  upper semicontinuous m-mapping F : X-~Cv(Y) has an s -approximat ion  ~, : X-~Y such that 

f ,  ( x ) ~  coF (X). 

We mention the following important  p roper ty  of e -approximat ions .  

1.5.3. THEOREM. Assume that  the m-mapping F:X-+C(Y) is upper semicontinuous and that f~ /X- , -Y  
is a sequence of a t -approximat ions  for  F, e i ~ 0  . If {x~}T=I~X , l imxt=x0,  and lirnf~t(x~)=V0 , then 
VoEF ( Xo). i-~ i ~  

Theorems of existence of s -approximat ions ,  for  cer ta in  c lasses  of upper semieontinuous m-mappings  
wlth nonconvex images,  a re  contained in [39, 73, 82, 196]. 

The so-ca l led  acute-angled approximations are  another suitable class of continuous s ingle-valued ap-  
proximat ions .  

Let X be a paracompaet  topological space,  let E be a Hausdorff LCS and let E* be its topological con- 
jugate. By (/, y),  where I~E*, y~E, we denote the va lue / (y) .  

1.5.4. THEOREM [212, 869, 870]. Assume that the m-mapping F : X-*Cv(E\0)  is upper semicont inu-  
ous. Then, there exists an acute-angled approximation for  it, i .e.,  a continuous mapping ~ : X-.E* such that at 
each point x E X, for  ali y E F(x) we have (f(x), y) > 0. 

The proof of Theorems 1.5.2 and 1.5.4 can be found in the survey [37]. 

1 . 6 .  D i f f e r e n t i a b i l i t y  o f  M u l t i v a i u e d  M a p p i n g s  

One of the most  natural  definitions of the differentiability of m-mappings  is the definition of 7r-differen- 
tiabili ty which occurs  in [376]. 

If E is a topological vector  space,  then the se t  Kv(E) is a semi l inear  space (see 1.1.8). We consider  

l(v~(E) =Kv(E) • Kv(E) 

and we introduce in this set an equivalence relat ion according to the following rule: 

(A, B)~(C,  O), if A + D = B + C .  

The equivalence class  of the element  (A, 13) will be denoted by (A, B). Let ~ = K v 2 ( E ) / ~ ;  we introduce 
in t~ l inear  operations according to the following rule: 

( A , B )  + ( C , D )  = ( A + C , B + D ) ;  
{(~A,c~B> if r 

a ( A , B ) ~  <[atB,[a[A } if  a<O.  

It is easy to verify that the set  E, with the operations defined in this manner ,  is a vec tor  space.  

Let n : Kv(E)-*E be the mapping defined by: 

n(A),=(A, 0), A~Kv(E), 

where 0 is the zero  of the space E. Obviously, this mapping is semil inear ,  i.e.,  

(aA+f3B) =a~(A) +[3~(B), a, 1~>0. 

If E is a normed space,  then in Kv(E) there  is defined the tIausdorff  met r ic  H, which generates  in/~ 
a norm according to the following rule: 
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II(A, B>II =H(A ,  B).  
Then  

II<A, B>--(C,  D>II = H ( A + D ,  B + C ) .  

It i s  e a s y  to s ee  tha t  t he  mapp ing  v is  an i s o m e t r y ,  i . e . ,  

H(A; B) = [l~ (A)--~(B)11, 

fo r  any A, B6Kv(E).  

1.6.1.  THEOREM.  If E is a linear normed space, then there exist a linear normed space ~ and an 

isometry 

~: Kv(E)-~, 

satisfying the universality condition; i.e., if E l is a linear space and ~p : Kv(E)~gl is a semiliaear mapping, 
then there exists a linear operator ~ : E--~EI such that the diagram 

Kv (E) -~ E 

E1 

is  c o m m u t a t i v e .  

L e t  L, E be l i n e a r  n o r m e d  s p a c e s ,  l e t  U be an  open s u b s e t  in L and l e t  F : U-~Kv(E) be an m - m a p p i n g .  

1.6.2.  Def in i t ion .  An m - m a p p i n g  F i s  s a i d  to  be  7 r -d i f f e r en t i ab l e  at  the po in t  x 0 E U if the mapp ing  
n o F : U-~/~ i s  d i f f e r e n t i a b l e  at  t h i s  poin t .  IS an m - m a p p i n g  F is  7 r -d i f f e r en t i ab l e  a t  e a c h  x EU, then  F is  s a i d  
to  be v - d i f f e r e n t i a b l e  on U. 

Thus ,  F i s  ~ - d i f f e r e n t i a b l e  at  t he  po in t  x0E U if  t h e r e  e x i s t s  a con t inuous  l i n e a r  ma pp ing  dFx.:L-->F. 
such that 

noF (x) - -  noF (Xo)-- d F  x, (x --  Xo)= o (ll x -  x0 I1). 

The  fo l lowing  p r o p e r t i e s  of ~ r -d i f fe ren t i ab le  m - m a p p i n g s  a r e  obv ious .  

1.6.3.  If an m - m a p p i n g  F is  7 r -d i f f e r en t i a b l e  at  the  po in t  x 0 E U, then  F is  cont inuous  at  t h i s  po in t .  

1.6.4.  If F is  ~ r -d i f f e ren t i ab le  a t  the  po in t  x 0, then the d i f f e r e n t i a l  dF2c o i s  de f ined  in a unique m a n n e r .  

We c o n s i d e r  s o m e  e x a m p l e s  of r - d i f f e r e n t i a b l e  m - m a p p i n g s .  

1.6.5.  Let  r : U-~E be a d i f f e r e n t i a b l e  mapp ing  and le t  AeKv(E) ; then ,  the  m - m a p p i n g  F(x)  = r(x) + A 
i s  a ~ - d i f f e r e n t i a b l e  m - m a p p i n g  and 

dFxo(hX)=  ( r ' (xo)hX,  0 ) �9 

1.6.6.  If g : U - ~ R  is  a s m o o t h  funct ion  of a f i x e d s i g n  [ i . e . , g ( x )  > _ 0 o r g ( x )  _ 0 f o r  any x E U ]  and 
AEKv(E) , then  the  m - m a p p i n g  F(x) = g(x)A is  ~ - d i f f e r e n t i a b l e  and 

dF~ , (hx )~g ' xo (Ax} (  A, 0 ) .  

1.6.7.  T H E O R E M .  Le t  U be an  open  s u b s e t  of R m and a s s u m e  tha t  the m a p p i n g s  ~,~ : U-*R s a t i s f y  the  
i nequa l i t y  f ( x ) < ~ ( x ) ,  x e U .  The  m - m a p p i n g  F : U-~Kv(R) d e f i n e d b y  F ( x ) = [ / ( x ) ;  i f(x)]  i s v - d i f f e r e n t i a b l e  
at  the  po in t  x 0 if and  only if  the  func t ions  f and ~ a r e  d i f f e r e n t i a b l e  at  t h i s  po in t .  

F r o m  the r e s u l t s  of [1168] t h e r e  fo l lows  the  fo l lowing  s t a t e m e n t .  

1 .6.8.  THEOREM.  Le t  U be an open s u b s e t  of R m and  le t  F : U-~Kv(R ~) be a n - d i f f e r e n t i a b l e  m - m a p -  
ping;  then ,  fo r  any po in t  x 0 E U and any po in t  Y0 E F (x  0) t h e r e  e x i s t s  a d i f f e r e n t i a b l e  ma pp ing  ~ : U-~R ~ such  
tha t  f ( x )  E F(x)  f o r  any x E U  and f ( x  0) =Y0" 

Thus ,  t h r o u g h  e a c h  po in t  of the  g r a p h  F F of a r - d i f f e r e n t i a b l e  m - m a p p i n g  t h e r e  p a s s e s  a d i f f e r e n t i a b l e  
s e c t i o n .  We no te  t ha t  a n o t h e r  t h e o r e m  on the e x i s t e n c e  of a d i f f e r e n t i a b l e  s e c t i o n  i s  p r o v e d  in [302, 303]. 

B. D. G e l ' m a n  h a s  p r o v e d  a t h e o r e m  which  shows  t ha t  t h e r e  a r e  su f f i c i e n t l y  many  ~ - d i f f e r e n t i a b l e  m -  
m a p p i n g s :  
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1.6.9. THEOREM. Let L be a linear normed space and let U be an open subset of L. Let (I) : U-+Kv(R ~) 
be an upper semicontinuous m-mapping; then, for any number ~ > 0 there exists a ~-differentiable m-mapping 
F: U-~I(v(R ~) , such that 

(1) F(x)~q~(x), for  any x~U; 

(2) r e c U r ( r e )  , where  U~(rr is the e -ne ighborhood of the set  P .  in the space  U X R " .  

p roof .  F o r  each xE U we fix ~-----~(x), 0 < ~ < e  so that  r ~ (O(x)); such a 5 always ex is t s  by 

v i r tue  of the upper  semieont inui ty  of the m - m a p p i n g  ~. 

F o r  "q(x)=lo(x)  we cons ider  the covering {Un(~)(x)}~Ev of the space  U and we ex t r ac t  f r o m  it a locally 

finite subcover ing  {Un(~j)(x])}j U. Let  {qgj}]~ z be a smooth  par t i t ion  of unity, cons t ruc ted  over  this cover ing.  

We define a mapping F : U - + K v ( R  ~) by the relat ion: 

F (x)= ~ % (x). u~(r (x j)). 
j ~ l  2 

The mapping F is the desired one. Indeed, since the covering {U~(xj)(xj)}j U is locally finite, it follows that 
fo r  any point x 0 E U there  exis ts  an open neighborhood V(xo)~U such that  only a finite number  of functions ~oj 
are different from zero at the points of this neighborhood. Let these functions be ~J1' ~J2 ..... ~Jk; then 

k 

F (Xo) = ~ q% (xo) u~ (r (xh)). 
i = [  2 

Since ~= g) h (xo)= 1 and xofiUn(x]~)(xj~), we have r (xo)~Ue (q)(xj~)) and, consequently,  r 

The m-mapping F is ~-differentiable at the point x 0 ~ U since in the neighborhood V(x 0) we have 

F (x) = ~ F~ (x), 

where Fi(x)=el h (x).UL(Cp(x]~)) and Fi(x) is ~-differentiable (see 1.6.6). It is easy to verify that the con- 
2 

dition (2) of this theorem also holds. 

We note that the original definition of ~-differentiability [376] has been given for the case when E is a 
reflexive Banaeh space and the m-mapping F acts in the collection of nonempty, closed, bounded subsets of E. 

Other definitions of differentiability of m-mappings and some applications have been considered in [206, 
298, 359, 376, 431, 438, 563, 566, 736, 761, 868, 922, 935, 1168, 1179, etc.]. 

We mention, however, that the theory of the differentiation of m-mappings is not sufficiently developed 
and has not found yet wide applicability in the theory of multivaiued mappings and in their applications. 

1.7. Measurable Multivalued Mappings. The Integral. 

A. F. Filippov's Lemma. The Superposition Operator 

1.7.1. Measurable  Multivalued Mappings. Apparent ly,  the concept of a measu rab l e  mul t ivalued mapping, 
genera l iz ing  the c lass ica l  concept of a m e a s u r a b l e  mapping,  has been introduced f o r  the f i r s t  t ime  in [1010]. 
Subsequently,  the p rope r t i e s  of measu rab l e  mul t ivalued mappings have been invest igated in an ent i re  cycle of 
works  (see, for  example ,  [120-122, 358, 367, 368, 462, 472, 474-479, 482, 485, 526, 552, 556, 557, 567, 570, 
575, 661, 736, 742, 749, 750, 753, 755, 760, 761, 767, 769, 774, 779, 780, 876, 880, 934, 982, 1010, 1071, 1072, 
1074, 1087, 1088, 1099, 1100, 1196, 1197, 1200, 1201, 1203-1206, 1234, 1251, etc.]).  

We indicate certain fundamental properties of measurable multivalued mappings, without aspiring to a 
maximal generality. A detailed analysis of the properties of such mappings and some of their applications to 
convex analysis and to variational problems can be found in [3, 120, 121, 122, 475, 477, 485, 556, 557, 742, 
755, 760, 761, 779, 1071, 1201]. 

Let  A~R be a m e a s u r a b l e  subset ;  let R be endowed with the Lebesgue m e a s u r e  # .  
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1.7.2. Definition. An m-mapp ing  F : A-~K(R n) is sa id  to be measurab le  if fo r  any open se t  V-~R n the 
se t  F+ '  (V) is measu rab l e .  

An equivalent  condition is the measu rab i l i t y  of F -1 (W) fo r  any c losed set  W-~R~. 

1.7.3. THEOREM. The measurab i l i t y  of an m-mapp ing  F : A ~ K ( R  ~) is equivalent  to the measurab i l i t y  
of the set  F+ 1 (W) [F Z~(V)] for  any c losed se t  W-=l( ~ [open se t  V~_R~]. 

Obviously, an upper  or  a lower  semicont inuous m-mapp ing  is measu rab l e .  

1.7.4. Definition. A s ingle-va lued  mapping f : A-~R ~ is sa id  to be a measu rab l e  sect ion of the m-mapp ing  
F:A-+K(R~),  if f is measu rab le  and f(t)~F(t) fo r  a lmos t  all t~A. 

The following t h e o r e m  desc r ibes  the fundamental  p r o p e r t i e s  of m e a s u r a b l e  m - m a p p i n g s .  

1.7.5. THEOREM. F o r  an m-mapping  F : A-+K(R n) the following s ta tements  are  equivalent: 

a) F is measu rab le ;  

b) for  any point x E Rn with ra t ional  coordinates ,  the function (~ : A-+l(, ~ (t) =p  (x, F(t))  is measurab le  
(p is the m e t r i c  in Rn). 

c) there  exis ts  a countable se t  {f,~}~1 of m e a s u r a b l e  sect ions  of F such that 

d) fo r  any i5 > 0 there  exis ts  a c losed set  A 6 ~  such that  I~(A\z~8)<6 and FI% is continuous (the an-  
alogue of Luzin 's  C-p roper ty ) .  

The proof  of this t heo rem and bibl iographic  indications can be found, fo r  example ,  in [120-122,475,  779]. 

Measurab le  sect ions  of m-mapp ings  have been inves t igated in [3, 102, 150-152, 299, 332, 333, 339,368,  
372, 373, 392, 404, 475, 479, 482,485,  493, 516, 554, 572, 575, 581, 589,615,  649, 655,661,  681, 682, 739, 746, 
747, 773,774,  792, 804, 817, 850-853, 856, 880, 890) 896, 897, 899,900,  992, 1065, 1067, 1074, 1096-1097, 1102, 
1103, 1160, 1169, 1201, 1219]. 

Applying T h e o r e m  1.7.5 to the operat ions  on m-mapp ings ,  we obtain the following s ta tement .  

1.7.6. COROLLARY. 

a) If the m - m a p p i n g s  

a re  m e a s u r a b l e  and if 

fo r  each t E A, then the in te rsec t ion  

is measurab le ;  

{F1}i%1, F y:A-+ K (R n) 

er 

n Fj (0 6 

F i : A ~ K ( R "  ) 
j - - 1  

b) if the m-mapp ings  F0, FI :h -+K(R")  a re  measu rab l e ,  then the i r  Car t e s i an  product  

FoX FI:A'--~ K (Rn X R") 

and the i r  sum 

are measurable; 

c) if the m-mapping F:A-+K(R") 

uct 

is measurable; 

Fo--k Fa:h-+ K (R") 

is m e a s u r a b l e  and f : A ~ R  is a m e a s u r a b l e  function, then the i r  p rod-  

f . F : A ~ K ( R " )  
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d) if the m-mapping F:A--+K(R n) is measurable ,  then the convex closure "c-oF:A-+K(R n) is measurable .  

1.7.7. COROLLARY. If the m-mappings  F0, FI:A-~K(R ~) are  measurable ,  then the functions 

p,:A-+R, p, ( t )=p ,  (Fo(t), F, (t)); 
H,:A-+R, H , ( t ) = H  (Fo(t), Fl(t)) 

(where p .  is the deviation and H is the Hausdorff metric)  are measurable .  

We mention also the following fact.  

1.7.8. THEOREM. If the m-mappings  

{Fj}7~,, 

are measurable  and there exists an m-mapping 

such that 

Fj:A--> K(R n ) 

r n) 

Fj (t)~r (t) 
j=1  

for  all t E A, then the m-mapping 

is measurable. 

U Fj:~-~/((rn), U Fj(t)= ~ F~(t) 
1=1 j = l  i=1  

1.7.9. Integral  of a Multivalued Function. By the integral of a multivalued mapping 
the set  of all integrals of the summable sections of F. In other words,  

F:A-~P(R n) we mean 

F(t)dt=(glg= ~ f(t)dt, f~Li(A), f(t)EF(t) VtEA}~ 

Clearly,  for  the existence of the integral IF(t)dt it is sufficient that the m-mapping F : A~K(R ~) be 
A 

measurable  and be major ized  by some summable function z : A~R , i.e., 

liP(t) [I = supfllf[I I[eF(t)}<z(t) 
for  a lmost  all t E A. 

One of the fundamental proper t ies  of the multivalued integral  is descr ibed by the following statement,  
basical ly equivalent to the well-tmown theorem of A. A. Lyapunov on vec tor  measures .  

1.7.10. THEOREM. The integral S F(t)dt is a convex set.  If F:A->K(R n) is measurable  and is m a j o r -  
n 

ized bya summable function, then 

~ F(t) clt=S ~ F (t)dt. 
n n 

The proof  of this s ta tement  can be found in [122]. 

The integral  of a multivalued mapping and its applications have been investigated in [162, 237, 291, 357, 
367, 438, 462, 485, 529, 553, 556, 557, 570, 715, 736, 760, 761, 876, 924, 948, 985, 1196, 1199, 1200, 1201, 1218, 
1220, 1234, etc.].  

1.7.11. Carath6odory Conditions and A. F. FilippovVs Lemma.  Everywhere in the sequel we shall assume 
that the set A~R is compact. Let E be a Banach space. 

1.7.12. Definition. We say that an m-mapping F : AXE-.-K(R n) satisfies the Carath~odory conditions if: 

a) for all fixed x E E the m-mapping F(., x) : A -~K(R ~) is measurable; 

b) for almost all fixed t ~A the m-mapping F(t, .) : E-~K(R ~) is upper semicontinuous. 
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An m-mapping F satisfies the strong Carath~odory conditions if it sat isf ies the condition a) and the con-  
dition 

b') for  almost  all fixed tE 2x the m-mapping F(t, .) : E~K(Rn)is  continuous. 

Both of these definitions are natural general izat ions of the CarathSodory conditions for  s ingle-valued func-  
tions. 

We give some proper t ies  of m-mappings  which satisfy the Carath~odory conditions. 

1.7.13. THEOREM [818]. Assume that the m-mapping F:  A• ~) satisfies the strong Carathgodory 
conditions. Then, for  any 5 > 0 there exists a compact  set A~A such that 

is continuous. 

We mention that a s imi la r  s ta tement  for m-mappings which sat isfy the (simple) Carath6odory conditions 
does not hold (see a counterexample in [210]). 

The following statement  is a general izat ion of a resul t  which is important  for  the theory of controlled 
sys tems ,  proved in its initial fo rm by A. F. Filippov [306]. Subsequently, this s tatement,  known as "A. F. 
Filippovts lemma on implicit  fanctions, ~ has been general ized in a ser ies  of works (see [188, 189,472, 475, 
589, 613, 743, 767, 769, 778]). 

1.7.14. THEOREM. Assume that the m-mapping F : A •  ~) sat isf ies the strong Carath~odory con- 
ditions and let U: A~K(R~)be  a measurable  m-mapping.  Assume that g :  A-~R n is a measurable  mapping such 
that g(t)eF(t, U(t)) for  almost  all tEA. Then, there exists a measurable  section u : A ~ R  ~ of the m-mapping 
U such that g(t) E F(t, u(t)). 

1.7.15. Superposition Operator.  Every  m-mapping F : A• ~) defines an operator  which associa tes  
to an m-mapping Q : A-*P(E) the m-mapping qb : A-+P(R ~) according t o t h e  rule 

r =r(~, q(t)). 
This opera tor  is called the superposit ion operator .  We describe some of its proper t ies .  

1.7.16. THEOREM [816]. If the m-mapping F : A •  ~) sat isf ies the strong Carath~odory con- 
ditions, then F is superposit ionally measurable;  i.e., for  any measurable  m-mapping Q : A-+K(R ~) the m -  
mapping ~,  

(D(t) =F(t, Q(t)) 
is measurable .  

We mention that the proper ty  of superposit ional  measruabil i ty  of an m-mapping F is lost when passing 
f rom the strong Carath6odory conditions to the usual ones (see [210]). 

Never theless ,  it turns out that also in the case of the usual Carath6odory conditions, an m-mapping 
possesses  definite "good n proper t ies .  Namely, we have the following statement.  

1.7.17. THEOREM [473]. Let E be a Banach space and assume that F : A •  ~) satisfies the Cara -  
th~odory conditions. Let q : A-~E be a measurable  mapping. Then, there  .exists a measurable  m-mapping 
S : A-+K(R n) such that 

S(t)~F(t,q(t)) 

for  almost  all t E A. 

C H A P T E R  2 

FIXED POINTS OF MULTIVALUED MAPPINGS 

Let X=-Y, and let F : X--.P(Y) be an m-mapping.  A point x E X such that x E F(x) is said to be a fixed 
point of F. The set of all fixed points of F is denoted by Fix F. 

The problems on the fixed points of m-mappings ,  important  for  applications, have been investigated by 
many authors,  s tar t ing with yon Neumann [977], Kakutani [801], Wallace [1221], E i l enbe rg -Mon tgomery  [610], 
etc. In this chapter we present  a survey of the fundamental directions in the theory of the fixed points of m-  
mappings. 
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2.1. Fixed Points of Multivalued Mappings on Continua and 

on Partially Ordered Sets 

We recall some definitions. A compact, connected Hausdorfs space is called a continuum. A Peano con- 

tinuum is a Hausdorff space which is the continuous image of the segment [0, i]. A dendrite is a Peano con- 

tinuum which does not contain any closed Jordan curves. A continuum in which each pair of distinct points is 
separated by a third one is called a tree. 

The following theorems are classical results on the fixed points of m-mappings on trees. 

2.1.1. THEOREM (Wallace [1221]). Each upper semicontinuous continuum-valued m-mapping of a tree 
into i t se l f  has a f ixed point.  

Capel  and S t ro the r  [468] have p roved  this  t h e o r e m  making use of the l a t t i ce  o r d e r  on a t r e e  and of the 
t heo rem on continuous sec t ions .  

2.1.2. THEOREM (Plunkett  [1019]). A Peano continuum X has a f ixed point fo r  any continuous m-mapp ing  
F : X ~  C(X) if and only if X is a dendr i te .  

2.1.3. THEOREM (Smithson [1150]). Eve ry  lower  semicont inuous  m-mapp ing  of a t r e e  into i t se l f ,  with 
connected images ,  has a f ixed point.  

Many inves t iga t ions  have been devoted to the study of var ious  f ixed point p r inc ip l e s  fo r  mul t iva lued  m a p -  
pings on continua (see,  for  example ,  [393, 394, 401, 499, 690, 894, 895, 903, 904, 964-966, 975, 976, 1019, 1080, 
1107, 1109, 1111, 1139, 1141, 1143, 1145, 1149, 1221-1225]; we a lso  mention the su rveys  [970, 1151, 1208, 1226]). 

In a s e r i e s  of p a p e r s  one inves t iga tes  the f ixed points  of mul t iva lued  mappings  which p r e s e r v e  the o r d e r  
on p a r t i a l l y  o r d e r e d  se t s .  We give the following t h e o r e m  of Smithson [1148]. 

2.1.4. THEOREM. Let  (X, >-) be a p a r t i a l l y  o r d e r e d  se t  such that  each nonempty chain in X has  a l eas t  
upper  bound. Assume that  the m - m a p p i n g  F : X--,-P(X) s a t i s f i e s  the conditions:  

1) if xl, xp~X; x~<xpand yl~F(xl), then there  ex i s t s  yp~F(xp) such that  YI<YP; 

2) t he re  ex i s t  e~X and yeF(e) such that  e<y; 

3) le t  C~X be a chain and a s sume  that  F has a monotone sec t ion  f on C. If x 0 = sup C, then the re  
ex i s t s  yo~F(xo) such that  f(x) <Y0 for  al l  xeC. 

Then, FixF=/= ~ .  

F o r  o ther  r e s u l t s  in this  d i rec t ion  see  [964, 966, 1151, 1152, 1226]. 

2 . 2 .  F i x e d  P o i n t s  of m - M a p p i n g s  of  M e t r i c  S p a c e s  

In th is  sec t ion  we cons ide r  t heo rems  on f ixed points of m-mapp ings ,  which a re  fo rmu la t ed  in m e t r i c  t e r m s  
without in t roducing addi t ional  s t r u c t u r e s .  A l a r g e  number  of pape r s  a r e  devoted to this  quest ion s ince  p r a c -  
t i c a l l y  e v e r y  t h e o r e m  on f ixed points  of s i ng l e - va l ue d  cont rac t ive  mappings  has a mul t iva lued  analogue.  A na t -  
ura l  gene ra l i z a t i on  of the Banaeh p r inc ip le  is  the following s t a tement .  

2.2.1. THEOREM [967]. Let (X, d) be a complete  me t r i c  space ,  let  Cb(X) be the col lect ion of nonempty,  
c losed,  bounded subse t s  of X and le t  F :X- - -  Cb(X) be an m-mapp ing  such that  

H ( F  (x), F (y))~<qd(x, Y) 

fo r  a n y x , y E X a n d f o r a f i x e d  q, O ~ < q < l .  Then, F I x F ~ O .  

The proof  of this  t h e o r e m  cons i s t s  in the fac t  that,  s t a r t i ng  with an a r b i t r a r y  point x 0 E X, one cons t ruc t s  
a sequence {xt}~~ such that  

a) xt~F ( xi_l), i--~ l, 2 . . . .  ; 

b) d(xt ,  xl+~)~<q'd(x~, x~_~), i>~l, q ~ q , <  I. 

This sequence is  a Cauchy sequence and x, . . .~X . Clear ly ,  ~ is  a f ixed point of the m-mapp ing  F .  

F o r  mul t iva lued  mappings one has  a loca l  va r i an t  of Banach~s t heo rem.  

2.2.2. Defini t ion.  A me t r i c  space  (X, d) is s a id  to be e - c o n n e c t e d  if fo r  any points x,y 6 X there  ex i s t s  
a sequence x 0 =x ,  x 1 . . . . .  Xn =y ,  such that  d(x i, x i+  1) < g, i = 0, 1 . . . .  , n -  1. 
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2.2.3. THEOREM [967]. Let (X, d) be a complete e-connected  metr ic  space and let F :X ~ Cb(X) be an 
m-mapping such that 

H(F(x), F(y))<qd(x, y) 

f o r d ( x , y )  < e and for  a fixed q, 0 _ q  < 1. Then, FixF~=~. 

In [540], the principle of contract ion mappings is general ized to multivalued mappings whose images are  
nonempty, closed subsets of a metr ic  space.  

One has obtained a ser ies  of theorems on the fixed points of m-mappings  in convex metr ic  spaces .  Thus, 
for  example, the following s ta tement  holds. 

2.2.4. THEOREM [362]. Let (X, d) be a complete,  convex metr ic  space,  let M be anonempty,  closed set  
in (X, d) and let F : M ~ C ( M )  be an m-mapping such that: 

a) H(F(x), F(y))<qd(x, y); x, y~M, 0 < q < l ;  

b) F(x) c M  for  all x~OM. 

Then, there exists a fixed point of the m-mapping F. 

In [631, 646, 647, 915, etc.] one investigates the topological s t ruc ture  of the set  of fixed points of con- 
t rac t ion mappings. 

In [369, 776, 825, 839, 840, 1025, 1126] one investigates the common fixed points of multivalued mappings. 

We mention the following interesting fixed point principle.  

Is (X, d) is a met r ic  space and F:X ~ K(X) is an upper semicontinuous m-mapping,  then there is defined 
the mapping F : K(X)~K(X), where F(A) =F(A) . If F is a q-cont rac t ive  (contractive) m-mapping,  then also 

is q-contrac t ive  (contractive). 

2.2.5. THEOREM [647]. Let (X, d) be a met r ic  space and assume that F:X ~ K(X) sat isf ies the conditions: 

a) H(F(x), F(y))<d(x, y), Vx, y~X, x:~:g; 

b) there  exists A E K(X) such that some subsequence of the sequence {P~(A)}~=~ converges in (K(X), H). 
Then, Fix F~= ~. 

Various general izat ions of the principle of contract ion mappings are contained in [345, 347, 361,362, 370, 
371 ,422 ,500 ,  505, 531, 539, 540, 576, 586, 588, 597, 600, 601,632,  654, 658, 698, 700, 701, 745, 770, 772,775,  
841, 902, 905, 913, 925, 927, 967, 968, 1040-1043, 1046, 1048, 1050, 1051, 1053, 1089, 1094, 1106, 1118, 1120, 
1128, 1129, 1147, 1183]; see also the papers  on nonexpanding m-mappings:  [423, 599, 845, 862, 881, 882, 883, 
884, 914, 918, 926, 933, 1049, 1155]. We also mention the surveys  [112, 598, 968]. 

2 . 3 .  A p p r o x i m a t i v e  M e t h o d s  

2.3.1. Rotation of Completely Continuous Multivalued Vector  Fields.  Let E be a Hausdorff locally convex 
space (LCS); let X~_E. Every m-mapping F : X-+P(E) defines an m-mapping r : X-+P(E), r =x--F(x), 
called the multivalued vector  field (briefly: m.v.-field) corresponding to F. Denoting by i : X---~E the im-  
bedding mapping, we shall write ~ = i -F. .  If G : X• is a family of m-mappings ,  then W : X• 
W(x,L)=x--F(x, ~.) is called a family of m.v . - f ie lds .  A point xE X s u c h t h a t  0E~(x) is called a s ingular  point 
of the m.v . - f ie ld  ~. Clearly,  the singular points of a m.v. - f ie ld  �9 = i - F  are flexed points of F and the converse 
is also true.  If Fix F = 0 ,  then �9 = i - F  is nondegenerate,  i.e., q~ : X~P(E\O).  The family W: XXL~P(E\O) 
is also called nondegenerate.  

If the m-mapping F : X ~  P(E) is upper semicontinuous and compact,  i.e., F(X) is relat ively compact  in E, 
then both F and its corresponding m.v. - f ie ld  ~ = i - F are said to be completely continuous. 

The collection of all completely continuous m.v. - f ie lds  r =i--F : X--~Kv(E) will be denoted by ~(X) 
The collection of m.v.-f ie lds  $ ~ ( X )  , nondegenerate on X ~ X ,  is denoted by ~(X, X 0. The collection 

(X, X) will be denoted by ~0 (X). 

If L is a topological space, then there is a natural  definition (replacing X by X x L) for  the complete con- 
tinuity of a family of m-mappings  G : X •  L--~-Kv (E) and the corresponding family of m.v.-f ie lds  W= i--G. 

2.3.2. Definition. The m.v. - f ie lds  ~0, ~,c~(X, X~) are said to be homotopic (r162 if there exists a 
completely continuous family of m.v. - f ie lds  (deformation) 
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such that 

In pa r t i cu la r ,  qbo, @~6~o(X) 
fo rmat ion  on X. 

,I~ : x x  [o, l]-+I<v(E) 

0~W(X~X[0,1] and W ( . , 0 ) = O o ,  W(., 1)=O~. 

a re  sa id  to be homotopie  if they can be eormected by a nondegenerate  de-  

The set  of all m .v . - f i e ld s ,  homotopic to the m.v . - f i e ld  O~T(X, X~) (or ~o(X) ) in the cor responding  c la s s ,  
is cal led the homotopy c lass  of ff and is denoted by [O]x, , [r r e spec t ive ly .  Assume ,  fur ther ,  that  T~_E is 
a convex,  c losed  se t  and X~-T is c losed.  We shal l  say  that  T is invar ian t  fo r  the m . v . - f i e l d  O =i--F~' (X)  
if F(X)~-T. In the c l a s s e s  ~(X, X,), g0(X) we s epa ra t e  the subc la s ses  ~ ( X ,  X,), ~0~(X) of all those m . v . -  
f ields fo r  which T is invar iant .  F o r  CEde(X, X,), ~0~(X) we denote by [r , [r its homotopy c lass  in 
~ ( X ,  X,) or  ~0~(X),  r e spec t ive ly .  

Let U ~ E  be open. The c losure  and the boundary of the se t  Ur  = U N T in the re la t ive  topology of the 
space  T will be denoted by ~ T  and OU T. 

F o r  a m .v . - f i e ld  r  r (OUr) one defines an in tege r -va lued  cha rac t e r i s t i c  - t h e  rota t ion 

Vr (O, OUr) 

re la t ive  to T, posses s ing  the following fundamental  p r o p e r t i e s  

2.3.3. If F ( x ) ~ x  o fo r  all xEOUr, then 

2.3.4. Homotopy Invar iance .  If~0, 

i . e . ,  O,E[O0l r , then 

2.3.5. 

2.3.6. 

T, and let 

(see [29, 31, 33, 37, 40]). 

xoEUr. 

r ~0T (0UT), O0~Ol, 
T 

Vr(O0, 0Ur )=Vr ( r  OUr) .  

The quantity ~'r (0, OUr) does not depend on the continuation of ff to UT. 

Additive Dependence on the Domain.  Let  {Ujr}jEs be a f ami ly  of dis joint  subse t s  of U T, open in 

r U r \  U U jr). Then the ro ta t ions  Yr(r O Uir) a re  different  f r o m  z e r o  only fo r  a finite 
JEJ 

number  of indices j and 

Vr (O, OUr)=  ~ ~r (O, OUjr). 
JQJ 

then 
2.3.7. Pr inc ip le  of Mapping Res t r i c t ions .  Let T 1 be a convex, c losed  subse t  of E, T1cT . If F(OUr)c-T,, 

Vr(O, OUr)=~r,(O, OUr,). 

The application of the concept  of re la t ive  rotat ion o f m . v . - f i e l d s  to the invest igat ion of fixed points is re la ted  
to the following proper ty :  

2.3.8, If O = i - - F ~ r ( O r ,  OUr)and 

then G ~ F t x F ~ U r .  
7r(O, OUr)4=O, 

We describe briefly the scheme of the construction of the indicated characteristic (see [37, 40]). 

We start with the "absolute" case, i.e., we set T = E. We consider in the finite-dimensional space E n 
the m.v.-field CE~ 0(X) , where X~E, is closed. 

2.3.9. Definition. A completely continuous single-valued vector field ~ : X-~E,\O is called a single- 
valued homotopic approximation (s.h.-approximation) of the m.v.-field OE~0(X), if ~[~]. 
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2.3.10. THEOREM. Every  m.v. - f ie ld  CE~0(X) has a s .h . -approximation.  

Indeed, such an approximation ~ can be taken to be an acute-angled approximation (by identifying E~ = En) 
or  an e-approximat ion  for  a sufficiently small  e > 0. 

2.3.11. Definition. By the rotation 7((I), 0U) of a m.v . - f ie ld  CE~o(OU ) we me an the rotat ion 7(9, 0U) 
of any of its s .h . -approximat ions .  

Assume now that E is infinite dimensional; let X~E  be closed. 

2.3.12. Definition. An m.v. - f ie ld  r = i --  FE, :X -+ Kv (E \ 0 )  is said to be a f ini te-dimensional  homotopic 
approximation (f.h.-approximation) of the m.v.-f ie ld  (I)@~0(X), if 0~, E[q)] and F~ , (X)~E '  , where E'  is a 
f ini te-dimensional  subspace of E. Let U ~  be an open subset,  let  r  and let ~E '  be an a rb i t r a ry  
f .h . -approximat ion of ~. 

2.3.13. Definition. By the rotation y(r OU) we mean the rotation in thespace  E ' o f t h e r e s t r i e t i o n o f ~  E, 
to 0 U ' , w h e r e  U ' ~ U O E ' :  

�9 v(O, OU)=~(oe,, OU'). 
def 

We turn now to the general  case of relat ive rotation. Let ~ = i - - F E ~  r (OUr). Assume that V is an ab-  
solutely convex neighborhood of zero .  

2.3.14, Definition. A completely continuous m-mapping Fv:OU~Kv(T)  is said to be V-close  to F on T 
if F v ( x ) ~ F ( x ) ~ V  for all xEOUr. 

2.3.15, THEOREM. For  any absolutely convex neighborhood V, the m-mapping F has a V-close  m - m a p -  
ping F V. 

It is easy to see that the set r (OUr) is closed. Assume then that V is an absolutely convex neighborhood 
of ze ro  such that V [1 r (OUr) = ~ .  

2.3.16. Definition. By the relative rotation Yr{r OUr) of the m.v. - f ie ld  q J ~ i - - F  we mean the ro ta -  
tion of any V-c lose  m.v. - f ie ld  r  

vr (0, O U r ) : ~  (or, OU). 

2.3.17. ttomotopy Proper t ies  of Noncompact Multivalued Vector  Fields.  Present ly ,  the investigation of 
the problems,  related to the solvability of inclusions with multivalued opera tors ,  has been real ized in a s ig-  
nificant degree also for  the case of noncompact  opera tors .  We describe the theory of rotations for  the class 
of fundamentally contractible multivalued vec tor  fields, including the condensing and the l imi t -compact  fields. 
This will be preceded by the investigation of the homotopy proper t ies  of such fields. 

Let E be a Hausdorff LCS, let X~_E and let L be a compact  topological space.  

2.3.18. Definition (see [104, 207]). A convex closed set  T~_E is said to be fundamental for  the m- reap-  
ing F : X--~K(E) (or for  its corresponding m.v . - f ie ld  r if: 

1) F(XflT)~T; 

2) f rom xo6~o (F(xo)t3T) there follows that xo6T. 

We emphasize tha t the  definition does not exclude the case T = ~  or XNT=~J . We also mention that 
every fundamental set  of the m-mapping F contains Fix F. 

A convex closed set  T~E is said to be fundamental fo r  the family of m.v.-f ie lds  u/= i--G :X• 
if it is fundamental for  each m.v. - f ie ld  ~F{., k), k@L f rom the given family.  

Examples of fundamental sets are  the entire space E and the set ~ F(X). 

We descr ibe  now the considered class  of m-mappings  (see [37, 40, 137, 212, 215]). 

2.3.19. Definition. If an upper semicontinuous m-mapping F : X--~K(E) has a fundamental (possibly 
empty) set  T such that the res t r ic t ion  of F to XA T is compact,  then F and its corresponding m.v.-f ie ld  r = 
i - F are  called fundamentally contractible (on T). 

An upper semicontinuous m-mapping G :X• such that every  m-mapping G(-, ~), )~EL , is fun- 
damentally contractible on T and the res t r ic t ion  of G to (XNT) • is compact  is called a family of fundamentally 
contractible m-mappings  (on T). 
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It is c lear  that a completely continuous m-mapping F: X -  K(E) is fundamentally contractible (on-coF(X)). 
Other examples are  l imi t -compact  and condensing m-mappings  (see [37, 207, 1004, 1005]). 

We give some neces sa ry  definitions. 

Fo r  an m-mapping F : X~K(F.) we const ruct  a transfinite sequence {DJ of sets  in the following manner:  

a) Do=co F (X); 

b) D~=-~F(XAD~-I), if a - 1 exists;  

c) D ~ =  • D~, if a - 1 does not exist.  
13<c~ 

The sequence (D,}  stabil izes;  i.e., there exists an ordinal number  6 such that D~=D, for  ~>~5 (the 
proof does not differ f rom that in the s ingle-valued case;  see [265]). The limit set  D, is called the limit do- 
main of the values of the m-mapping F and is denoted by D~. 

2.3.20. Definition. An upper semicontinuous m-mapping F : X~K(E) is said to be l imi t -compac t  if its 
r es t r i c t ion  to the set  XnD~ is compact.  

We recall  {see, for  example, [265]) that  a mapping X : 2~-~A , where A is a part ial ly ordered  set  and 2E 
is the collection of all subsets  of E, is called a measure  of noncompactness  in E if 

~(,o~) =~(~) 

for any ~2 E. A measure of noncompactness X is said to be monotone if ~0, Q~2 E, ~0-~ imply that ~(~20) 
<%(f~). A measure of noncompactaess X is said to be nonsingular if x({a}U~]) =X(~) for any a~s ~2 ~ . A 

measure of noncompactness X : 2E-~A is said to be real if A = [0, oo). A real measure of noncompaethess is 

said to be 

a) proper if X(~) = 0 is equivalent to the relative compactness of $2; 

b) semiadditive if X(~0U~1)=max{x(Q0), Z(~)} for any ~0, ~1G2 E. 

Extended examples of measures of noncompactness in normed spaces are the Kuratowski measure of 

noncompacthess: a(~) =inf{dld>O , f~ admits a partition into a finite number of sets whose diameters are 

less than d} and the Hausdorff measure of noncompactness: • = inf{e le>0, ~ has in E a finite g-net}. 

2.3.21. Definition. An upper semicontinuous m-mapping F : X-~K(E) or a family of upper semieontinu- 

ous m-mappings G : ~fXL-~K(E) is said to be condensing relative to a measure X of noncompaetness (or X- 
condensing) if we have, respectively, 

~(~(~)) ~(~),  
%(G(QxL)) >~Z(tn) 

for  any tncX that is not relat ively compact.  

A l imi t -compact  m-mapping is fundamentally contractible since all the sets Da are fundamental. An 
m-mapping which is condensing relative to a monotone measure  of noncompactaess  is l imi t -compac t  (see [265]). 

2.3.22. Definition. A fundamental set  T of an m-mapping Y : X--*-K(E) for  which XF1T=/=~ and the r e -  
s t r ic t ion FlXnT is compact  is called essential .  

2.3.23. Definition. If an m-mapping F : X~K(F.) has an essential  fundamental set  T, then F and also its 
corresponding m.v. - f ie ld  q~=i--F are called completely fundamentally contractible (on T). 

2.3.24. LEMMA. If X=-E is c losed and the m-mapping Y : X-+K(s is condensing relative to a mono-  
tone noasingular  measu re  X of noncompactness ,  then F is completely fundamentally contract ible.  

Let (X, X~), X~-X be a pai r  of subsets of E. Everywhere  in the sequel we assume that X t is closed. We 
denote by JF(X, X~), J~(X,  X~), ~9~(X, X~) the sets of all m.v.-f ie lds  (I) : X-+Kv(E), 0 ~q)(X~) that are,  r e spec -  
tively, fundamentally contract ible,  completely fundamentally contractible,  and X-condensing. If X~ = X, then 
we shall write JC(X), #{~(X), ~)z(X), respect ively,  while if we consider  families of m.v. - f ie lds ,  then we also 
mention the set L of values of the pa ramete r s  (J{ (X, X~; L~ etc.).  

Next, the collections of m.v.-f ie lds  that are fundamentally contractible on a fixed fundamental set  T are  
denoted by ~ r ,  czar and T is assumed to be essent ia l  if we consider  the class  #/~r. 
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2.3.25. Definition. The m.v . - f ie lds  O0, O,6Atr(X, X , ) [ J e t ( x ,  X~)] are  said to be homotopic re la t ive  to a 
fundamental se t  T, in symbols  

00 N @i, 
T 

if there  exists  a family T 6 ~ r ( X ,  X~; [0, 1]) [ respect ively,  ~EJZ~(X, X,; [0, 1])] such that T ( . ,  0)~O0, T ( . ,  1)=O1. 
The family ,I, is cal led a deformation,  joining 4, 0 and O l" 

The re la t ive  homotopy c lasses  of the m.v . - f ie ld  o E ~ r [ ~  r] are  denoted by [O] r, [O] r respect ive ly .  

2.3.26. Definition. The m.v . - f ie lds  O0, OlE~g(X, X1) [~B(X, X~)] are said to be homotopic,  in symbols 
O0~O1 O0~O~l , if there  exis t  sequences of m.v . - f ie lds  Q~ ~Jg(X, X1)[J~s(X, X~)], o~<iKn and of essent ia l  

fundamental sets  T~, O~i..<n-- 1 , such that: 

1) Qo=Oo, Qn=Ol; 

2) Q~Q~+I, o..<i..<n-1. 
T l 

We denote the corresponding homotopy class  of the field OEJ~ [JgB] by [O] [[O]B]. 

Examples  of fundamentally contract ible  homotopies a re  the homotopies of condensing and completely 
continuous m.v . - f ie lds .  Assume that  X is closed.  The m.v . - f ie lds  r O~E~z(X, X0 are  said to be homotopic 
(relative to  a measure  X of noncompactness) ,  in symbols  

O0 ~ r 

if there  exists  a family W~(X,X~; [0,1]) s u c h t h a t  W(-, 0) =q)0, W ( . , 1 ) = q h .  The homotopy class  of 
O ~ ) ,  (X, X~) re la t ive  to X is denoted by [q)]~. 

Now we formulate  the following fundamental t heo rem.  

2.3.27. THEOREM. If ~=i--F~Jf~(X, X~; L),  then for  any neighborhood V of z e ro  and fo r  any essent ia l  
fundamental set  T of the family �9 there  exis ts  a family  W=i--G~ ./gBr(X, X~; L• [0, 1])such that 

1) G(x,~.,x)~F(x,X)--FV for  all (x,~,x)E(XNT)XLX[O, 1]; 

2) ~I' (x, ~, x )=(1- -~)O(x ,  )~)+xT(x, ~), where  ~e~(X,  X~; L); 

3) G(XXLX{1})~TNE' , w h e r e  E ' ~ E  is a f ini te-dimensional  subspace.  

We formulate  an analogue of Theorem 2.3.27 for  condensing m-mappings .  

2.3.28. THEOREM. Let  OED~(X, X1; L) , where  (X, X1) is a pa i r  of closed subsets  and X is a p rope r  
semiaddi t ive monotone and nonsingular  measure  of noncompactness .  Then there  exis ts  a family  W~D~(X, Xl; 
LX[0, 1]) s u e h t h a t W ( . , . ,  0)=q), W ( . , . ,  1)e~(X, X1; L)and the  field W( . , . ,  1) is f ini te-dimensional .  

The construct ion of the deformations of a completely ftmdamentally contract ible  m.v . - f ie ld  and of a com-  
pletely continuous one allows us to prove eas i ly  the following s ta tement .  

2.3.29. LEMMA. Let  O~gr0 (X, X1) N ~gr~ (X, X~), where X1 is closed and To N T~ N X-~ ~ .  Then there  

r162 N [r exis ts  a m.v . - f ie ld  q~E~(X, X 0 ,  such that - To 

Our purpose now is to descr ibe  the re la t ion between the homotopy c lasses  of completely fundamentally 
contract ible  and completely continuous m.v . - f ie lds .  Namely,  we give the conditions under  which there  exists  
a bijeetive cor respondence  between these c lasses .  

2.3.30. Definition. An m.v . - f ie ld  ~ ( X ,  X1) is said to be 1(2)-fundamentally contract ible if �9 posses -  
ses an essent ia l  fundamental set containing any previous ly  given point x 0 E X (respect ively ,  pair  of points x0, 

x~ E X). 

We denote the set  of l (2)-fundamental ly contract ible  m.v . - f ie lds  by ~ ( X ,  X~) [respect ively,  ~ ( X ,  X~)]. 

Clear ly ,  Jg~ (X, X~)~./g~s(X, X~). 

If X is a monotone nonsingular  measure  of noncompactness ,  then 

~z (X, X ~ ) ~  (X, X~). 

The definition of the homotopy of the m.v . - f ie lds  

r r  (X, X,) [ ~  (X, X,)l 
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in the cor responding  se ts  differs  f r o m  Definition 2.3.26 only in one respec t :  we shal l  a s sume  that the m . v . -  
f ields Q~, O 4 i 4 n ,  connecting ~0 and ~l ,  a l so  belong to ~ ( X ,  X0 ( ~ ( X ,  X0 , r e spec t ive ly ) .  The homotopy 
c l a s s e s  of the m .v . - f i e ld  ~ in YZ~(X, X~) [/Z~(X, X~)I will  be denoted by [r , [O]~ r e spec t ive ly .  

2.3.31. LEMMA. Let O0, O~e~(X,X~)~B(X,X~) and O0~O, . Then O0~O~. 

From Lemma 2.3.31 there follows the following principle of bijective correspondence, generalizing the 
bijection principle of Yu. I. Sapronov for single-valued condensing mappings (see [266]). 

- 2 2.3.32. THEOREM. The mapping [O]~-+[@] , where (PEJZ~B (X, X,), @@~(X, X~), O@[0]~, [O] is the homotopy 
class of ~ in ~ (X, X~), is a bij ective correspondence between the sets of homotopy classes in ~g~ (X, X~) 
and ~(X, X~). 

From Theorem 2.3.28 there follows a variant of the principle of bijective correspondence for condensing 
m.v.-fields: 

2.3.33. THEOREM. The mapping [O]z~[O] , where  OE~Dz(X, X~) , X is a p r o p e r  semiaddi t ive  monotone 
and nonsingular  m e a s u r e  of noncompactness ,  OE~ (X, X~), OEICJx, [r being the homotopy c lass  of r in ~ (X, X 0 ,  
is a bi ject ive cor respondence  between the se t s  of homotopy c l a s s e s  in ~Dx(X, X,) and ~(X,  X0. 

2.3.34. Rotation of Fundamental ly  Contract ible  Multivalued Vec to r  F ie lds .  The concept of the rota t ion 
of a fundamental ly  cont rac t ib le  m.v . - f i e ld ,  desc r ibed  in the p re sen t  subsect ion,  is based  on the theory  of the 
ro ta t ions  of comple te ly  continuous mul t ivalued vec to r  f ie lds  with convex images  (see 2.3.1). 

Let �9 = i -  F e ~  (�9 OU). 

2.3.35. Definition. If @E~B(U, OU), then 

y(o, U)~0. 
If O~./ge (U, OU) , then 

~(o, �9 ou), 

where  OE~ (U, OU) is an a r b i t r a r y  compact  homotopic  approximat ion  of ~ .  

The validi ty of this definit ion is jus t i f ied by the following s ta tement .  

2.3.36. LEMMA [40]. If r  OU) , then 7(0, 0) =Tr(O, OUr) , where  T is an a r b i t r a r y  e s sen t i a l  
fundamental  se t  of ~ .  

L e m m a  2.3.36 opens the path to an equivalent  definition of the rota t ion of fundamental ly  cont rac t ib le  m . v . -  
f ields in t e r m s  of the re la t ive  rotat ion.  In the ma jo r i t y  of cases ,  this definition is more  convenient  fo r  the 
computat ion of the rota t ion of concre te  m .v . - f i e ld s .  

2.3.37. Definition. Let O ~ ( U ,  6U) .  If ~ ( ~ ( U ,  OU) , then  

~(~, 8)=o. 
def 

If oE./KB(O, OU) , then 

~(o, e)=~r(o, nuT), 

where T is an a r b i t r a r y  e s sen t i a l  fundamental  se t  of the m.v . - f i e ld  ~ (see [37, 40, 207, 215]). 

Now we descr ibe  the pr inc ipa l  p r o p e r t i e s  of the rotat ion we have introduced.  

2.3.38. Homotopy Invar iance .  If O0, O~E~(U, 0U) and O0~O~ , then 
Jg 

~(0o, ~)=v(o,, �9 

Prope r ty  2.3.38 admits  a par t ia l  converse ,  the following analogue of Hopf 's  c lass i f ica t ion  t h e o r e m .  

2.3.39. Let U be an absolutely convex open subse t  of the me t r i zab le  LCS E such that  in te rsec t ion  of U 
with any f in i t e -d imens iona l  subspace  E '  is bounded in E ' .  If for  the m.v . - f i e lds  r O ,EJ~(U,  OU) we have 
u U) =Y(O1, U) , then OoNOl. 

ate 
If, under  the assumpt ions  of 2.3.39, the m .v . - f i e ld s  ~0, ~1 are  condensing, then it  would be in te res t ing  to 

find out in which case  will they be homotopic in the c lass  of condensing m.v . - f i e ld s .  Taking into account  
T h e o r e m  2.3.28 and a lso  the fac t  that  eve ry  comple te ly  continuous homotopy is condensing re la t ive  to a p r o p e r  
m e a s u r e  of noncompactness ,  we obtain the following s ta tement .  
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2.3.40. Let U be as in 2.3.39. Let r 0I E~Dz(U, OU) , where  )/ is a p r o p e r  semiaddi t ive  monotone and 
nonsingular  m e a s u r e  of noncompactness  and a s sume  that  V (r d ) ~ 7  (r U).  Then r162  

z 
2.3.41. Additive Dependence on the Domain.  Let  {Uj}j~J be a family  of open disjoint  subsets  of U and 

let  r (U, U \ [J U j) �9 Then the ro ta t ions  ~ (r bY j) a re  different  f rom ze ro  only for  a finite number  of in- 
JEs 

d i c e s j E J a n d  ~ ( r 1 6 2  U j). 
J~J 

Now f rom the p rope r ty  2.3,8 and Definition 2.3.37 there  follows the following impor tan t  

2.3.42. Fixed Point Pr inc ip le .  If r  J~B(O, OU) and 7(@, 0 ) : ~ 0  , then O = ~ F i x P ~ U .  

In conclusion, we cons ider  the p rob lem of the dependence of the rotat ion of a fundamental ly  contract ible  
m .v . - f i e ld  on the values taken by it inside the domain.  Since for  the proof  of the validity of the definition of 
rota t ion (Lemma 2.3.36) one makes  use of informat ion  on the m.v . - f i e ld  defined on the ent i re  domain ~ ,  in 
genera l  the rotat ion of a fundamental ly  cont rac t ib le  (as well  us l i m i t - c o m p a c t  o r  condensing) m.v . - f i e ld  is 
defined on U. It  turns  out that  the 2-fundamental ly  contract ib le  m.v . - f i e lds  f o r m  the c lass  fo r  which the r o t a -  
t ion can be c o r r e c t l y  defined f r o m  the values taken only on the boundary 0U of the domain.  

Indeed, if Cede, 2 (OU) and r ~ (0U), r [r ,~ is a compac t  homotopic approximat ion  of r  then, by v i r tue  
of Theorem 2.3.32 on the bi ject ion of the homotopy c l a s s e s ,  the rota t ion 7(r OU) can be c o r r e c t l y  defined as 
7(~,  OU). In the case  when Ce~2(U,  0U) , th i s  definition of the rota t ion coincides with the one given before .  
This means ,  in pa r t i cu la r ,  that fo r  a 2-fundamental ly  cont rac t ib le  m .v . - f i e ld  r  aU), the rota t ion 7(r 0) 
does not depend on the behavior  of the m.v . - f i e ld  r on U. 

This fact ,  applied to condensing m.v . - f i e lds ,  means  that  for  a m.v . - f i e ld ,  condensing re la t ive  to a mono-  
tone nonsingular  m e a s u r e  of noncompac taess ,  the rotat ion can be defined on the boundary of the domain and 
does not depend on the continuation to its inside.  We mention,  however ,  that  the fact  that the rotat ion 7( r  U) 
is independent of the continuation can be es tab l i shed  a lso  for  an m .v . - f i e ld  r  condensing re la t ive  to a monotone 
semiaddi t ive  m e a s u r e  of noncompactness .  The proof  of this fact ,  taking into account that the l inear  d e f o r m a -  
tion of X-condensing m.v . - f i e lds  will be a X-condensing fami ly ,  does not differ  f r o m  the s ing le -va lued  case  
(see [265]). 

2.3.43. Theo rem s  on Fixed Points .  The theory  of rotat ions developed in the previous  sect ion allows us 
to give a s imple  and geome t r i ca l l y  intuitive proof  of a s e r i e s  of fixed point pr inc ip les  for  noncompact  m - m a p -  
pings. 

Everywhere  in the sequel U is an open subset  of the Hausdorff  LCS E. F i r s t  we cons ider  the following 
genera l iza t ion  of Rothe ' s  t heo rem.  

2.3.44. THEOREM. Let  U be convex, a s sume  that  the m-mapp ing  F : G-*Kv(E) is complete ly  funda- 
menta l ly  cont rac t ib le  and let  

P(x)nC+~ 
fo r  all xoOU. Then F i x F = ~ ;  if FixFfiOU=~, then 7(i~F,  0):~1. 

Border ing  on T h e o r e m  2.3.44 is the following s ta tement  which gene ra l i zes  the c l a s s i ca l  t heo rem of Kakn- 
tani  [801]-Glicksberg [660]-Ky Fun [623] as well  as a s e r i e s  of fixed point pr inc ip les  f o r  condensing and l imi t -  
compact  s ing le -va lued  mappings (see,  fo r  example ,  [265,544, 744, 1005]). 

2.3.45. THEOREM. If M is a convex c losed subset  of E and if the m-mapp ing  F : M-*Kv(M) is comple te ly  
fundamental ly  contract ib le ,  then Fix F=/= ;~. 

2.3.46. THEOREM. Let  the 1-fundamental ly  contract ible  m-mapp ing  F : ~7-*Kv(E) be such that  for  the 
cor responding  m .v . - f i e ld  r  one has  at  each  point x6OU : 

r (x) ('1 Lx a = Q, 

where  a~U, Lxa={z]zEE, z ~ ( x - - a ) ,  ~<0}. Then FixF:/:~D. If F i x F N O U = ~ , t h e n v ( q ) ,  U ) = l .  

2.3.47. COROLLARY (General izat ion of Schae fe r ' s  Theorem) .  Let 0~U and a s sume  that the 1-funda-  
menta l ly  contract ible  m-mapp ing  F:  U -~ Kv (E) is such that  at each point x~OU we have F (x) D kx = | for  
a l l X  > 1 .  Then F ixF=~D.  If F ixF  O O U ~ ,  then v ( i - - F ,  / ~ ) ~ l .  

2.3.48. COROLLARY. Let  0~ U, U is convex and a s s u m e  that  the 1-fundamental ly  contract ible  m-mapp ing  
F : tT-*Kv(E) is d i rec ted  inside 8U, i .e . ,  F ( x ) ~ l  ~ (x) =- {yly~E, x+k(y--x)~U for  some  ~ > 0 } .  Then FixF:/=~. 
If FixFflOU=~ , then v(i--  F, ~ = l .  

744 



Now we formulate  the odd field theorem for  fundamentally contractible m.v. - f ie lds .  

2.3.49. THEOREM. Let U be a symmet r i c  neighborhood of ze ro  and assume that the m-mapping F : 0-+ 
Kv(E) is completely fundamentally contractible and possesses  an essent ial  fundamental set which is symmet r i c  
relat ive to zero.  Assume that for  the m.v. - f ie ld  ~ = i - F one has 

(x) n ~ r  ( - -x )  = 

for  all xEOU and 0 _< p <__ 1. Then ~(09, 0 ) - - 1  (mod 2) and, consequently, ~=/=FixF<U. 

A consequence of Theorem 2.3.49 is the odd field theorem for  condensing m-mappings .  

2.3.50. THEOREM. Assume that U is symmet r i c  relative to ze ro  and assume that the m-mapping 
F : U-+Kv(E) is X-condensing, where X is a semiadditive montone measure  of noncompactness,  invariant r e l a -  
tive to reflections in the origin (i.e., X(-~2) = X(~2)). Assume that the m.v . - f ie ld  @ = i - F sat isf ies  the con-  
dition 

r (x) n ~ e  ( - -x )  = 

for  all xEOU and 0 _< # __ 1. Then 7(~, U)----1 (mod2) and, consequently, ~=/=FixFcU. 

2.3.51. THEOREM (Generalization of Browder ' s  Theorem).  Let U0, Ui, U be open subsets of E; OocU~ 
~ O 1 ~ U  ; U 0 and U are convex. Let O=i - -FE ~ t~ (U ,  3U~) and assume that for  some integer m _> 1 the fol-  
lowing conditions hold: 

1) U FJ (D~)~U; 
l~<j<.ra--1 

2) U FJ(Uo)~U~; 
l~<j~<ra--I 

3) F~(UI)=Uo. 
Then y(r O , ) = 1  and, consequently, ~ @ F i x F ~ U 0 .  

Theorem 2.3.51 general izes  the resul ts  establ ished in the single-valued case by Browder  and Yu. G. 
Borisovich [30, 441]. 

We also mention that the theorems of this subsection general ize  the fixed point theorems for  condensing, 
l imi t -compact  and fundamentally contractible m-mappings ,  considered in [207, 212,215, 1005]. 

The complete proofs of the s tatements  of this subsection can be found in [37, 40]. In the survey [37] one 
can also find detailed bibliographic indications regarding the development of approximative methods in the 
theory  of fixed points of m-mappings .  Therefore ,  we r e s t r i c t  ourselves to Table 1 which i l lustrates  the p rocess  
of the construct ion of the topological degree (rotation) for  m.v.-f ie lds  with convex images.  

Lately, one has developed the theory of the degree of Fredholm operators  per turbed by a condensing m -  
mapping (see, for  example, [32, 34, 94, 185]). 

2.4. Homological Methods in the Theory of Fixed Points 

2.4.1. The Topological Characteristic of Multivalued Mappings. First we make some preliminary re- 
marks .  Le tX ,  Y be a rb i t r a ry  sets , let F:X-,-P(Y) be an m-mapping and let F ~ X x Y  be the graph 
of F. We consider  the mappings t : F~-+X, r : F f + Y ,  which are the res t r ic t ions  to FF of the natural  project ions 
Pr~ : XX  Y-~-X, Pr,  : XX Y-+Y. Obviously, for  any xE X we have the equality F (x) =r o t -1 (x). 

Thus, every m-mapping F :X-+P(Y) defines a quintuple (X, Y, re, t, r) of objects.  The converse  is also 
true" if a quintuple (X, Y, Z , f ,  g) is given, where  X, u and Z are  a rb i t r a ry  sets  and f :  Z-+X, g :Z--+.Y are 
mappings,  w h e r e f  is sur ject ive ,  then the  equality g(x)---go [<(x) defines an m-mapping F:X-+P(Y) .  I r i s  
easy to see that one and the same m-mapping can be defined by different quintuplets. 

The quintuple (X, Y, FF, t, r) is called a canonical representat ion of the m-mapping F.  

Assume now that u is a vector  space,  X~ Y ,  and F :X -+P(Y) is aa m-mapping.  We consider  the m.v . -  
field ~ = i - F. Obviously, the field ~ is defined by the quintuple (X, Y, F~, t, t--r) ; we call this r ep resen ta -  
tion canonical for  the m.v . - f ie ld  ~.  

Let U be a domain in the f ini te-dimensional  Euclidean space E n+l.  We consider  the m-mapping 

F:U-~P(En+I), FixF D L =  Q, 
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TABLE i. 
Images 

~ acc 

Clas of 1 
mappings ~ 

Completely 
continuous 

Topological Degree of m-Mappings with Convex 

Banach 

Granas [683, 684]; 
Bofisovich, Gel'man, 
Mukhamadiev, Ob- 
ukhovskii [85, 36]; 
CelHna, Lasota [495]; 
Hukuhara [759] 

Frechet space Hausdorff LC S 

Condensing Obukhovskii 
[20~3 

Limit-compact Webb [1282]; Petryshyn, 1 
Vanderbau- Fitzpatrick I whede [1207] [1004, 1005] 

Fund amentaily 
contractible 

I zrailevich 
[116]; Ma [891] 

Obukhovskii [212];[ Borisovich, 
Obukhovskii, [ Obukhovskii 
Gorokhov [215] [ [37, 40] 

where L = aU. Let P~(F) and Fz(F) be the graphs of the m-mappin4~ F over U and L, respectively. 

We consider the m.v.-field 

�9 = i - - F :  O -~P (E"+9. 

Since the m.v. - f ie ld  ~ does not have s ingular  points on L, it follows that there  is defined the mapping of 
pairs 

t--r:(r~(F), rL(F))-+(E .+', E.+I\0), 

which induces a homomorphism (t - r)* of the A l e k s a n d r o v - C e c h  cohomology groups of these spaces.  We 
consider  the composition ~ of the homomorphisms:  

{ t - - r ) n  n " 6 2.4.2. H n (En+'\O, G) +H (Pz(F), G)-+H"+I(Fv(F), I'z(F), G), 

where 6 is the connecting homomorphism of the exact  sequence of the pair  (F-D(F), Fz (F)), and G is the co-  
efficient group. 

2.4.3. Definition. The topological charac te r i s t i c  of the m.v. - f ie ld  @ on the domain ~ is the homomorphism 

• = ~o(t - -  r ) . * .  

We say that the topological charac te r i s t i c  of an m.v. - f ie ld  is equal to z e r o  (different f rom zero) i f~  is the 
zero  (a nonzero) homomorphism.  It is convenient to introduce the notation •215 L/). 

2.4.4. THEOREM. If ~((P, LV)=/=0,then ~W=FixF~U. 

We give the formulation of cer tain theorems  regarding the computation of the topological charac ter i s t ic .  

2.4.5. Definition. We say that the m.v . - f ie ld  r = i - F does not have opposite orientation on L to that of 
the continuous s ingle-valued field ~ = i - f if 

(x) n ( - - ~  ( x ) ) = ~ ,  
for  any xeL, ~>0. 

2.4.6. THEOREM (An Analogue of the Poincar6 - B o h l  Theorem).  Assume that the m.v.-f ie ld  ~ is non- 
degenerate and does not have opposite orientation on L to that of the continuous vec tor  field ~ = i - f .  Then 
•  ~) =~  ot.*o ~.*, 

�9 t* tPn n 6 

HnCEn+~\O, G)--+Hn(L, G)-~H.crz(F), G) -+/-/~+~ (r~CF), rgF), O). 
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F r o m  this  t heo rem  we obtain as a co ro l l a ry  a s imple  s t a t ement  which is impor tan t  in the theory  of fixed 
points.  

Let  B be the closed unit ball  in E ~*~, S= OB. 

2.4.7. THEOREM [75]. Let F:B-~P(E n+1) be an m-mapp ing  without f ixed points on S and let F(S)~B.  
In o rde r  that •162 B)~#0 it is n e c e s s a r y  and sufficient  that  the composi t ion 6otn* of the h o m o m o r p h i s m s  

H~(S, Q)-+//~(rs(F), O)-,/-/~+I(rB(F), r s (F) ,  0 )  
should not be zero .  

We also have the following analogue of the odd field t heo rem.  

2.4.8. THEOREM. Assume that the m-mapp ing  F :  B ~ P ( E  n+~) is defined by the canonical  quintuple 
(B, E ~+I, PB(F), t, r), and the h o m o m o r p h i s m  6ot,* 

t* 5 

Hn(S, z~)~H~(rs(F), Z2)-+H~*'(r,(F), rs(F), Z2) 
is not ze ro .  

Suppose that  there  ex is t s  an upper  semicont inuous m.v . - f i e ld  ~F:S---~K[En+I\0), sa t is fying the following 
conditions: 

I) there exists a quintuple (S, En+~\0, Z, f, g) defining the field@, and f:Z-* S is a Vietoris mapping, 
i.e., the set f-l(x) is acyclic for any xES; 

2) (i--F) (x)=-T(x) for  any xES; 

3) T(x)N~T(--x)=D for  any x~S; X>O. 

Then x(i--F, B)=/=O. 

AS we can see, in Theorems 2.4.7 and 2.4.8 there occurs the condition of the nontriviality of the homorph- 

ism 6 ~ tn*. 

A sufficient condition for this, by virtue of the Vietoris-Begle-Sldyarenko theorem (see [271, 399, 1212]), 
is that t be an n-Vietoris mapping (see 2.4.10 below). 

Another condition is given by the following statement. 

2.4.9. THEOREM. Let X be a compact metric space and let F:B ~ K(X) be an upper semicontinuous m- 
mapping. If there exists a sequence of numbers {e~}~=~ such that e~0, [ime~-~0, and if for any ei the m- 

i--~oa 

mapping F admits a single-valued ~i-approximation fi' then the composition 6eta* of homomorphisms 

t* 
n 6 

~(s, O)-~Hn(r~(F), O)-~H~+'(r~(f), rs(f), 0) 
is nonzero for any nontrivial group G. 

In conclusion we formulate some theorems on the fixed points of m-mappings F. 

Let X, Y be metric spaces and let f:Y-* X be a continuous mapping. We consider the set A4k(f)~X of 
points at which the preimages fail to be k-acyclic, i.e., 

A4o(/)={xl x~X, I-IO(f-,(x), 0)~0}, 
M,(y)={xlxEA', Hn(f-'(x), G)v~0}, k > 0 .  

2.4.10. Definition [674]. A mapping f : Y  ~ X is ca l led  an n -Vie to r i s  mapping, n _> 1 (re la t ive to the co-  
eff icient  group G) if the following conditions hold: 

(1) f is p r o p e r  and sur jec t ive ;  

(2) rdx(M~([) ) <n--k--2, 

where rdx denotes the relative dimension in X. 

2.4.11. THEOREM (An Analogue of RotheTs Theorem). Assume that the m-mapping F : B~K(En+O sat- 
isfies the conditions: 

1) F(S)~B; 
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2) there exists a quintuple (B, g~+~, Z, f, g) such t h a t f  is an n-Vietor is  mapping and 

go ~:-~ (x) =F (x) for all x~.B. 

Then, FixF=/= ~. 

2.4.12. THEOREM. Let F : B..*K(E ,~+i) be an upper semicontinuous m-mapping such that F ( S ) c B  . If 

there  exists a sequence of positive numbers  {eiIi~, lim~i=0, such that for  any e i the m-mapping F admits 
i-+0o 

a s ingle-valued el-approximation,  then FixF4:2L 

2.4.13. THEOREM. Assume that the upper semieontinuous m-mapping F : B--,-K(E ~§ sat isf ies  the foI-  
lowing conditions: 

1) there exists a quintuple (B, E ~+~, Z, f, g) such that f is an n-Vietor is  mapping and 

g o ~-i(x)~F(x) for any x~B; 

2) for  each point xES there exists a l inear functional ~x, defined on E n+l, separating the sets x - F(x) 
a n d - x  - F(-x) .  

Then FixF=# ~. 

2.4.14. THEOREM. Assume that F : B-+K(E .+~) is an upper semicontinuous m-mapping,  satisfying the 
following conditions: 

1) for  each point xES there exists  a l inear functional ~x, defined on E n+l, separat ing the sets  x - F(x) 
and - x  - F(-x) ;  

2) there exists a sequence of positive numbers  

{et}~=l, lim s~=0, 

such that for any e i the m-mapping g admits an el-approximation fi on B. 

Then FixF=/= ~, 

The topological charac ter i s t ic  of an m.v. - f ie ld  has been introduced and investigated in [37, 74, 75]. This 
concept is general ized to the case of completely continuous m.v.-f ields in infinite dimensional spaces (see 
[37, 76|). 

We describe briefly the connection between the concept of topological characteristic and certain theories 
of the topological degree, which have been developed by a series of authors. 

Let X, Y be metric spaces; let F:X~K(Y) be an m-mapping. We consider the sets of nonacyclic im- 

ages of F: 

M o ( F ) = { x l x e X ,  ttO(F (x), Z):#Z}, 

M,(F)={x lx~ .X ,  Hk(F(x) ,  Z)0=/=}, /~>1. 

2.4.15. Definition. An upper semicontinuous m-mapping F :X~t ( (Y )  is s a i d t o  be n-acycl ic  (n - 1) if 
rdxM~(F) <n--k- -2  for  all k _> 0. 

If F is 1-acycl ic ,  then the image F(x) of each point xEX is acycl ic .  Such m-mappings  are called acyclic.  

Let B be the closed unit bah in E n+l, let S = 8B and let F:B --- K(E n+l) be an n-acycl ic  m-mapping.  

2.4.16. LEMMA. The diagram 

t ' *  
n 6 '  

H . ( B ) ~ . ( S )  -~ H . ' ( B ,  S) 

t* 
n 5 

~ .  (rB (FI)-~ [t .  (rs (F))-~ g"*' (r~ (F), r~ (F)) 

is commutative and all its vertical arrows are isomorphisms. 

The last  s ta tement  follows f rom the V i e t o r i s - B e g l e - S k l y a r e n k o  theorem.  

If Fix F • S = ~ , then there is defined the mapping 
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(t - -  r): Ps (F) ->  E ~+t \ 0. 

We consider  the composit ion ~ of the homomorphisms  in the sequence 

{ t - - r )  + t* - t  

Hn (En+,/o)--~H,, (rs (F))(tU+H n (S). 

In Hn(En+l\O) and Hn(S) we choose identical orientations (i.e., genera tors  z 1, z 2 of tile groups H n 
(E~+~\0) and H ~ (S) such that file homomorphism induced by the imbedding of S in E~+t\0 ca r r i es  z 1 into 
z2). Then ~(zl)=k.z2 , where keZ. 

2.4.17. Definition. The rotation of an n-aeyel ie  m.v . - f ie ld  ~ = i - - F  on S is the number  Y(q),S)--k. 

The Kronecker  index mod 2 for  acyclie m.v. - f ie lds  in a f ini te-dimensional  space has been constructed by 
Granas and Jaworowsld  [686]. This paper  has been preceded by ffaworowstd's paper  [787] in which proper t ies  
of a homomorph i sm genera ted  by an m-mapping have been investigated. 

In [38] these methods have been developed for m-mappings  whose images under file re t rac t ions  of En+, \0  
to S turn into acycl ic  sets and one has defined the rotation of the corresponding m.v.-f ie lds  on the boundary 
of a s imply connected domain. 

The rotation (toplogical degree) of n -acyc l ic  m.v.-f ie lds  has been defined and used in [427, 669]. This 
rotation possesses  many usual proper t ies :  it is p re se rved  under homotopies in the class of n-acyc l ic  m.v . -  
fields,  it is the algebraic number  of the singular points, etc. 

We descr ibe  the relat ion between the topological charac ter i s t ic  and the rotation of n-acyel ic  m.v. - f ie lds .  

2.4.18. THEOREM (see [37]). Let rD=i--F : B-,.K(E n-m) be an n-acyc l ic  m.v.-f ield,  not degenerated on 
S; let z I be a generat ing e lement  of the group H~(E,~+~\O) . Then there exists  a generat ing elarnent 
z3~H~+'(FB(F), rs(F)) such that • =~(q~,S).z~ 

We consider  a wider class of m.v. - f ie lds .  

2.4.19. Definition. An m-mapping F:X ~ K(Y) is said to be general ized n-acyc l ic  if there  exists a quin- 
tuple (X, Y, Z, f ,  g) such that the following conditions hold: 

1) f:Z -+ X is an n-Vietor is  mapping, n >_ 1; 

2) g(f-i(x))~_f(x) for  all xEX. 

The rotation of agenera l ized  n-aeyel ic  (n-admissible) m.v. - f ie ld  is defined as a cer tain set  r(q~, s) of 
integers (see [459, 674]). Many theorems on the rotation of n-acyc l ic  m.v.-f ie lds  are genera l ized in a natural  
manner  to this concept (see same references) .  

2.4.20. THEOREM (see [37]). If r(q~,s)4={o}, then the homomorphism x is nonzero.  

2.4.21. In the infinite dimensional ease,  the definition of an n-aeycl ie  m.v . - f ie ld  can be modified some-  
what, obtaining a more  convenient form.  

2.4.22. Definition. An upper semicontinuous m-mapping F : X ~ K ( Y )  is said to be a lmost  aeyclie if: 

1) Mk(F) = ~  for  all k>~k0~>0; 

2) rnaxrdxMk(F)< c~. 
O~:k~:ko 

The rotat ion (degree) of a lmost  acyelic m.v. - f ie lds  has been constructed by Bourgin [429, 430]. Also this 
concept is connected with the topological charac ter i s t ic :  it is different f rom ze ro  simultaneously with the ro ta -  
tion (see [37]). 

The rotation of almost  acyclic  m.v.-f ie lds  covers ,  in par t icular ,  also the class  of compact aeyclic  m.v . -  
fields (for such fields the degree in an infinite dimensional space has been constructed by Will iams [1241] and 
F u r i - M a r t e l l i  [652]). 

The relat ive rotation of almost  acyclic m.v.-f ie lds  in LCS has been constructed and investigated in [216]. 

The extension of the degree ~ e o r y  to the case of compact  general ized n-acyel ic  m.v.-f ie lds  in Banach 
spaces and LCS has been done in [458, 460, 606]. 
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TABLE 2. Topological  Degree of m-Mappings  with Non- 
convex Images  

c ~ e  1 Finite-dimen- 
sional space 

mappings \ 

Banach space 

LCS 

completely 
continuous 
mappings 

fund amentally 
contractible 
mappings 

Aeyelic 

Almost 
acyclie 

Generalized 
aImost 
aeyclic 

Arbitrary 

i 

Granas-Iaworow- Furi--Martel- 
ski [686]; Bori- 
sovieh--Gel'man-i li [652] 
Obukhovskii [38] I 

Williams 
[1241] 

G&niewiez 
[6691; Bour- 
gin [427] 

Bourgin 
[429. 430] 

Obukhovskii- 
Fleidervish 
[216l 

Bryszewski-- 
G&niewicz 
[459, 674] 

Gel'man 
[74] 

Bryszewski-- 
G~'rniewiez 
[45% 460] 

Gel'man 
[763 

Dzedzej 
[606] 

Obukhov- 
skii [214] 

The cons t ruc t ion  of the degree  fo r  fundamental ly  contract ible  (see Sec. 2.3) a lmos t  acyelic m.v . - f i e lds  
has  been communica ted  by Obukhovskii [214] (the detai led publicat ion is in print) .  

The development  of the theory  of ro ta t ions  fo r  m.v . - f i e lds  with nonconvex images  is i l lus t ra ted  in Table 2. 
F o r  m o r e  detai led bibl iographical  indications and proofs ,  see  the su rvey  [37]. 

2.4.23. Lefschetz  Number  of m-Mappings .  Let X be a compact  me t r i c  ANR space  and let  F : X - -  K(X) 
be an acycl ic  m-mapp ing .  

The m-mapp ing  F defines a canonical  quintuple (X, X, F F, t, r) ,  where  t is a 1-Vie tor i s  mapping and, 
consequently,  it induces an i s o m o r p h i s m  t.~ : H~(FF, O)-~ttn(X, G) of the cohomology groups  for  any n >- 0. 

E i lenberg  and Montgomery [610] have defined the Lefschetz  number  of the m-mapp ing  F in the following 
mariner: 

c o  

~.( F)= ~,i ( -- 1)" tr (r , ,ot~ 1) 
n = 0  

and they have proved  the following s ta tement .  

2.4.24. THEOREM. If ~(F)~=0 , then F i x F = ~ .  

Subsequently,  the E i l e n b e r g - M o n t g o m e r y  t h e o r e m  has been genera l i zed  and developed in var ious  d i r e c -  
t ions (see [39, 80, 272, 273, 276,277,  279,400,  461, 630,641,  642, 650, 653, 667 ,668 ,670 ,  671,673,  674,676,  
788, 843, 844, 993, 996, 1027-1031, 1132, 1137, 1208, etc.];  for  more  detai led informat ion  see [37]). 

We indicate br ie f ly  one of the genera l iza t ions  of this t heo rem,  due to Gorniewmz and Granas  [676]. F i r s t  
we give the definition of the genera l i zed  Lefschetz  number ,  due to Leray .  

Let  E be a vec to r  space  over  the f i e l d Q  of rat ional  number s  and let  ~:E-+E be an endomorph ism.  We 

se t  N (~)=~U Ker ~", E ~ E / N ( ~ )  and we define the induced endomorph i sm ~ : s  �9 If dim/~ < co , then we 

define the genera l i zed  t r ace  

Tr (~)= t r  (~). 

{&} 
i s m s  we can define the (general ized) Lefsche tz  number  

Let  E-~{En} be a g raded  vec to r  space  and let  ~{~n}:E-~E be a z e r o - d e g r e e  endomorph ism.  

2.4.25. Definition. The endomorph i sm ~ is sa id  to be a Leray  endomorph i sm if the quotient space  E = 
is of finite type, i .e. ,  d i rnEn< oo for  all n and E n = 0  for  all but finitely many  n. F o r  such endomorph-  
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oo 

A ( ~ ) = ~  ( ~  ly  Tr ((..). 
n = 0  

2.4.26. THEOREM. Let  X be an ANR space  and let  F:X --~ K(X) be a compact  acycl ic  m-mapp ing .  Then 

(a) F,={r,otTi}:H,(X, Q)~H.(X, Q) 

is a L e r a y  endomorph i sm (the A l e k s a n d r o v - C e c h  homology with compact  supports) ;  

(b) if A(F.)=/=0 , then FixF=/=~. 

2.4.27. At the conclusion of this chapte r  we mention that var ious  t heo rems  on f ixed points of m - m a p p i n g s  
have been obtained also in [85, 161, 171, 172,180, 204, 245, 349, 363, 366,402, 403, 504, 538, 542, 543, 550, 
578, 579, 602,616-618, 628,650, 658,699, 701, 702, 716, 717, 721, 722, 762, 774, 791, 795, 805, 833, 861, 874, 
877, 878, 885, 917, 929, 962, 988, 989, 1058, 1093, 1151, 1170, 1172, 1190, 1236]. 

In the direction connected with the approximate determination of the fixed points, we mention [58, 170, 
239, 261, 264, 297, 353, 500, 603,604, 607, 608, 664, 758, 846, 860, 937, 1056, 1158, 1191]. 

SUPPLEMENT 

L i t e r a t u r e  on  t h e  A p p l i c a t i o n s  o f  M u l t i v a l u e d  M a p p i n g s  

As a l r eady  ment ioned in the introduction,  we give only undifferent ia ted guiding informat ion on the l i t e r -  
a ture  regard ing  the applications;  we intend to p r e sen t  these  questions in detail  in the second pa r t  of the p r e sen t  
survey. 

i. Applications to game theory and mathematical economics: [16, 19, 128, 142, 205, 213, 217, 218, 238, 
249, 263, 286, 324, 326, 375, 623,660, 697, 798, 803, 977, 1073, 1181, 1193, 1210]. 

2. Applications to Be theory of differential and integral inclusions, to the theory of optimal control and 
to the theory of differential equations: [i, 2, I0, 12-15, 18, 20-29, 50-55, 57, 59, 61, 62, 64-69, 71, 72, 77-79, 
86-88, 90-99, 124-127, 130, 134, 138, 142, 143, 147-149, 160, 163-167, 169, 173-177, 179, 181-183, 189, 192, 
193, 195, 197, 209, 210, 212, 219-223, 225-236,249-258, 269, 270, 285, 290, 292-296, 299,304-313, 317-319, 
324, 326, 337, 344, 351, 352, 354, 364, 390, 391, 395-397, 410-412, 414, 415, 433, 435, 437,455-457, 463, 465- 
467, 473, 481, 483, 484, 491, 497, 498, 501-503, 507-513, 520, 547-549, 555, 558-561, 564, 568, 584, 591, 595, 
612, 640, 657, 659, 687-689, 726, 727, 733-739, 740, 754, 781-784, 798-800, 805, 806, 809, 813, 815-821, 823, 
824, 835-838, 842, 847, 857-859, 863-866, 871, 906-911, 916, 936, 974, 984, 986, 995, 998, i000, i001, 1007, 
1008, 1011-1018, 1032, 1035-1039, 1044, 1045, 1060, 1079, 1083, 1090, 1115, 1122-1124, 1127, 1166, 1167, 1179- 
1181, 1187, 1188, 1202, 1209, 1214, 1215, 1228-1231, 1234, 1240, 1246-1250, 1252-1254]. 

3. Applications to the theory of generalized dynamical systems: [I, 8, 9, 37, 39, 43-47, 82, 97, III, 113- 
115, 196, 211, 212, 267, 268, 320-323, 325, 340, 343, 365, 398, 517, 714, 793, 827-829, 889, 999, 1082-1086, 
1175-1178, 1192, 1193]. 

4. Other applications: [137, 300, 301,440, 519, 577, 665, 794, 830-832, 956, 1073, 1116]. 
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