
Aeta Meehanica 60, 67--89 (1986) A C T A  lVIECHANICA 
�9 by Springer-Verlag 1986 

A Theory of Thermoelastie Materials with Voids 

By 

D. Iesan, Ia~i, Romania 

(Received March 18, 1985; revised May 30, 1985) 

Summary 

A linear theory of thermoelastic materials with voids is considered. First, some general 
theorems (uniqueness, reciprocal and variational theorems) are established. Then, the 
acceleration waves and some problems of equilibrium are studied. 

1. Introduction 

Nunziato and Cowin [1] have presented a nonlinear theory for the behaviour 
of porous solids in which the skeletal or matrix material is elastic and the inter- 
stices are void of material. In  this theory the bulk density is written as the product 
of two fields, the matrix material density field and the volume fraction field. This 
representation introduces an additional degree of kinematic freedom. The intended 
applications of the theory of elastic materials with voids are to geological materials 
like rock and soils and to manufactured porous materials. 

Jari6 and Golubovie [2] and Jari6 and Rankovi~ [3] have studied the non- 
linear theory of thermoelastic materials with voids. The linear theory of elastic 
materials with voids has been established by  Cowin and Nunziato [4]. Another 
version of the linear theory, called the dilatation theory of elasticity, was in- 
dependently proposed by  Markov [5]. Some applications of the linear theory were 
presented in [4]--[7]. 

In  this paper we s tudy the linear theory of thermoelastic materials with 
voids. In  the first part  of the paper we use the method given by Green and Rivlin 
[8] in order to obtain the basic equations from the balance of energy and the 
invarianee requirements under superposed rigid body motions. In  Section 3 we 
establish theorems concerning the uniqueness of solution, the reciprocity relation 
and variational characterization of solution in the dynamic theory. In  the next  
section we s tudy the acceleration waves in homogeneous and isotropic bodies. 
The propagation conditions and growth equations, which govern the propagation 
of waves, are derived. The couplings between the discontinuities are studied. In 
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the final section of the paper, some problems of thermoelastostatics (the response 
to a concentrated source of heat, the deformation of a thick walled spherical shell 
and a hollow cylinder) are solved. In  each of these applications, the change in 
void volume induced by  the deformation is determined. 

2. Basic  Equa t ions  

We refer the motion of the continuum to a fixed system of rectangular Car- 
tesian axes Oxi (i = 1, 2, 3). We shall employ the usual summation and differen- 
tiation conventions: Lat in subscripts (unless otherwise specified) are understood 

to range over the integers (1, 2, 3) whereas Greek subscripts are confined to the 
range (1, 2), summation over repeated subscripts is implied and subscripts pre- 
ceded by  a comma denote partial  differentiation with respect to the corresponding 

Cartesian coordinate. In  what  follows we present a linear theory for the behavior 
of porous solid in which the skeletal or matrix is a thermoelastic material  and the 
interstices are void of material.  We assume tha t  the initial body is free from 
stresses. The concept of a distributed body asserts that  the mass density at  
t ime t has the decomposition yv where y is the density of the matr ix  material  and 
is the volume fraction field [1]. We denote by  us the components of the displace- 
ment  vector. We consider an arbi t rary  material  volume 7] in the continuum, 
bounded by  a surface ~4 a t  t ime t, and we suppose that  V is the corresponding 

region in the initial undeformed state  of the continuum, bounded by  a surface A. 
Let  the outward unit  normal at  A be nl, referred to our fixed rectangular frame 
of reference. 

We postulate an energy balance for an arbi t rary  material  domain, in the form 

f q(vlr ~ hi, f,) dV 4- f Q~ dV 
V V 

----- f e(/iv, + lO + 8) dV + f (tivi + h* + q) dA, 
V A 

(2.1) 

where vi -~ q~i, Q is the density in the reference configuration, ~ is the equilibrated 
inertia, e is the internal energy per unit  mass , / i  is the body force, 1 is the extrinsic 
equilibrated body force, s is the extrinsic heat supply, tl is the stress vector 
associated with the surface ~ but  measured per unit area of the surface A, h is the 
equilibrated stress, q is the heat flux associated with the surface ~4 but  measured 
per  unit  area of the surface A, and a superposed dot denotes the material  der- 
ivative with respect to the time. We suppose that  the body has arrived at  a given 
state at  t ime t through some prescribed motion. :Following [8], we consider a 
second motion which differs from the given motion only by  a constant super- 
posed rigid body translational velocity, the body occupying the same position a t  
t ime t, and we assume tha t  ~,/~, l, 8, ts, h, q are unaltered by  such superposed 
rigid velocity. I f  we use the Eq. (2.1) with v~ replaced by  v~ + a~, where as is an 
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arbitrary constant, we obtain 

f # ,dV= f e/,aV + f t, aA. (2.2) 
V V A 

Using the well-known method, from (2.2) we get 

t~ = ti~n j, (2.3) 
and 

t~,s + ~/~ = ~/i~. (2.4) 

Taking into account (2.3) and (2.4), the Eq. (2.1) reduces to 

f Q(~ + ~ )  dV  = f [t,,v,,i + e(li, + s)] dV + f (4h + q) dA.  (2.5) 
V V A 

With an argument similar to that  used in obtaining (2.3), from (2.5) we obtain 

(h -- h~n~) ~ + q -- q~nl = 0, (2.6) 

where h~ is the equilibrated stress vector [1] and q~ is the heat flux vector. With 
the help of (2.6), Eq. (2.5) reduces to 

(h~,i + Ql -- e~:~) ~ + ti~vi.~ + qi.~ + ~s + h#,i -- ~ = O. (2.7) 

Let  us now consider a motion of the body which differs from the given motion 
only by a superposed uniform rigid body angular velocity, the body occupying 
the same position at  time t, and let us assume that  g l, s, t~ i, h~, qi are unaltered 
by such motion. In this ease, as in [8], the equation (2.7) leads to 

t~ t = tj~. ( 2 . 8 )  

With the help of (2.8), the Eq. (2.7) reduces to 

~ - -  ti#~j - -  g~ + hi~,i + qi.~ + ~s,  (2.9) 

where we have used the notations 

1 
eli = ~ (ul,i + uLi), (2.10) 

and 
g = ~u~ -- h~.~ -- el. (2.11) 

The Eq. (2.11) was obtained in [1] from the balance of equilibrated force. The 
function g is the intrinsic equilibrated body force [1]. 

The entropy production inequality is 

f f" ei~ dV ~ ~ 71' dV + dA,  (2.12) 

V V A 



70 D. Ie~an: 

for an arbi t rary  material  domain. I-Iere ~ is the specific en t ropy and T is the 
absolute temperature.  The free energy is 

= e - -  ~ T .  ( 2 . 1 3 )  

Let  us introduce the notations 

0 = T - -  T o ,  ~ = v - -  Vo, ( 2 . 1 4 )  

where To is the absolute temperature  in the reference state and Vo is the volume 

distribution function for the reference configuration. We assume tha t  T o and v o 
are constants. 

We restrict our at tent ion to the linear theory of thermoelastic materials where 

the constitutive variables are eli, ~, ~,~, 0, 03. I t  is easy to see that  the constitutive 
variables are invariant  under superposed rigid-body motions. 

We assume that  at  each point x and for all time, ~b, tii, 9, h~, h and q~ are 

functions of e~j, vo + ~, ~,~, To + O, 03 consistent with the assumption of the 
linear theory. Moreover, we assume that  h and q are functions of e~ i, v0 + ~, 

q3, To + 0, 0~ and n~. 
X~or a given deformation, ~ in (2.6) may  be chosen arbitrari ly so that,  on the 

basis of the constitutive assumptions, we have 

h = h~n~, q = q,nl.  (2.15) 

Using (2.15), the inequality (2.12) reduces to 

1 
~Ti? - -  9s - -  q~,i + -~ q iT  3 > O. (2.16) 

With the help of (2.9) and (2.13), the inequality (2.16) becomes 

1 
(2.17) 

I f  we use the constitutive equations and the standard arguments, then the 

inequality (2,17) implies the restrictions 

= ~b(e~ t, ~, ~o,~, 0), 

and 

w h e r e  a ~ 9~- 

t i~  ~ 

cq~ t3~ 
~e~j g = ~v (2.18) 

r r 
~0 '  h~ = , ~,~ 

qiO.~ >--_ O, (2.19) 
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The inequality (2.19) implies that  

ql----0 if 0 . 1 = 0 .  (2.20) 

In the linear theory, and assuming that  the initial body is free from stress and 
has zero intrinsic equilibrated body force, we have 

1 1 
a = -~ C~irseiie, s - -  tiiiei~O - -  ~ aO 2 

1 
+ -~ Ai~qLig,j + Bi~q~eli -q- Dii~eljg,k (2.21) 

1 
+ dicfqDi + -~ ~ 2  __ mOq9 - -  aicf,iO. 

Using (2.18), (2.20) and (2.21) we obtain the following constitutive equations 

hl = A ~ o  j + D,,ie~, + di~ - -  aiO, 

g = --Bi~els - -  $9 - -  d~q~.i -{- toO, (2.22) 

q~ = tiijelj + aO + mcf + avp.i,' 

q~ = kifl.~. 

The coefficients in (2.22) have the following symmetries 

r  = O,,,~ = C m ~ .  t i .  = ~J,. 
(2.23) 

Dok = D i ~ ,  A i i =  Ai~, Bi t  = B~i. 

In the case of an isotropic material, the constitutive equations (2.22) become 

t~j = 2err + 21*e~j + b9~5~ i - -  tiOeS,t, 

hi = a~, i ,  

g = - -be , ,  - -  • 9 ' +  toO, (2.24) 

erl = tief, + aO + rag, 

ql = kO.~, 

where (~ii is Kronecker's delta and 2, #, b, ti, ~, ~, m, a, k are constitutive coef- 
ficients. 

In the linear theory, the energy equation (2.9) reduces to 

oToil = ql.i + Q8. (2.25) 
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We assume that the body occupies a bounded regular region B of three- 
dimensional Euclidean space. Let us consider the subsets ~'~ (i---- 1--,6) of ~B so 

consider the ~ollowing boundary conditions 

u s = 4 i  on X~• to), t ~ = ~  on 2:2• t0), 

= ~  on X~• t0), h = h  on 27~• t0), 

O = ~  on 2 , •  to), q = ~  on _r,• to), 

(2.26) 

where 41, ~, ~, h, 0, ~ are prescribed functions and to is some instant that  may be 
infinite. 

The basic equations of the theory are: the equation of motion (2.4), the 
balance of equilibrated forces (2.11), the energy equation (2.25), the constitutive 
equations (2.22), the geometrical equations (2.10). To the system of field equations 
we adjoin the boundary conditions (2.26) and the following initial conditions 

u s ( x ,  O) = u ~ ~  ~ ( x ,  0) = v~~ 

~(x, 0) --  q~ ~(x, 0) = ~~ (2.27) 

o(x, O) = O~ ~(x, o) = ~~ x ~ ~ ,  

where ul ~ v~ ~ ~0 ~ $0, 0 o, ~0 are prescribed functions. 
:From (2.4), (2.11), (2.24) and (2.25) we obtain the field equations in terms of 

the displacement, volume fraction and temperature, for homogeneous and iso- 
tropic bodies 

gAu~  4-  (;~ 4-  g )  u , . ,~  4- b~.~ - -  flO ~ 4-  e/~ = eii~, 

a~Aq9 - -  bur, r - -  Sq~ 4-  mO 4-  e l  ~-- e z ~ ,  (2.28) 

kAO - -  f l T o ~ , , ,  - -  aToO - -  m T o ~  = - - 0 8 ,  

where A is the Laplacian. Let us introduce the notations 

(2.29) 

The Eqs. (2.28) may be written in the alternative form 

b fl 
c~2Au~ 4 -  (c~ ~ - -  c~ 2) u i . ~  4 -  - qJ.~ - -  - O ~ 4 - / ~  = i~i,  

b ~ 1 
c,2Aep - -  - -  u~ . ,  - -  - - ~  4-  - - ~  4- - -  l = ~ ,  (2.30) 

eu eu ez 

kAO - -  flToie~., - mTodp - -  cO ---- - - e s .  
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8. Uniqueness and Variational Theorems 

In this section we establish some general theorems in the dynamic theory of 
thermoelastic materials with voids. 

Theorem 3.1. Suppose that  

2 W  = Cisr,eise~, + 2Boeis9 + 2Do~eljqD,, 

+ 2di~9~,i + ~9 ~ + AoqJ,19),s >= O, (3.1) 

0 > 0, ~ > 0, a > 0, To > 0. 

Then the boundary-initial-value problem of thermoelasticity has at  most one 
solution. 

Proo]. With the help of (2.22) we obtain 

ti#i~ + hdf.i - -  g~ + ~0~ = fir + aO0. (3.2) 

On the other hand, from (2.4), (2.10), (2.11) and (2.25), we find that  

to~i s + hdo.i - -  g~ + qOi~ 

( ' ) ( ,  ') = t#t~ + h #  + -~o qsO ,s + ~ dt~ + lid + Too sO (3.3) 

1 
- -  - -  qiO,i - -  q(i~di~ + ~ ) .  

To 

By the divergence theorem and (2.3), (2.15) it follows 'that 

f ( t . , , ,  + h,~., -- 96 + q0~) aV 
B 

1 80) dV (3.4) / (t,~, + hq~ + ~ qO) dA + f q (/dz, + l~ + ~o 
# 

~B B 

f 1 
r - -  q(i~dll + x6~) d V  --  -m- _q~O i d V .  

" l ' 0 , ]  ' 
B B 

If  we introduce the total energy U on [0, to) by 

U = -~ (0 d~i + ~ 2  + 2W + aO 2) dV, 

B 

(3.5) 
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then, f rom (3.2), (3.4) and  (2.19) we conclude t h a t  

' )  f( ' )  ( 1 -  o i~ + z~ + ~ sO d r - -  t~i,i + h~ + ~ qO dA 
B ~B 

,f To q~O, i d V  <= O. 
B 

(3.6) 

Suppose  t h a t  there  are  two solutions {ul (~), q~("), 0 (~), ~,~A~. ), ~(~), .q~("), h~ (~), g(~), qi(~)}, 
(a : 1, 2). Then  their  difference / I  = { ~ i  = "~i (1) - -  %i  (2) ,  ~ = ~9(1) _ _  ~p(2),  

-~ 0(~) - -  0(2) . . . .  , ~ = q~(~) - -  qi( ~)} corresponds to null da ta .  I f  ff is the to ta l  
energy  corresponding to H then  f rom (3.6) we ob ta in  

~(t) = U(0), 0 = t < to. 

The initial  condit ions imply  U(0) = 0. B y  hypothes is  we find if(t) = O, 0 ~ t < to. 
Hence  ~ = 0, ~ ~-- 0, 0 = 0 on B • [0, to). Bu t  ~ and  ~ vanish  init ially;  thus 
~ = O, r = 0 on B x [0, to). 

The  uniqueness of the solution in the theo ry  of elastic mater ia ls  with voids 
has been  p roved  in [4]. 

Wi th  a view toward  establishing the var ia t ional  character izat ion of the 
solut ion we first  give an  a l t e rna t ive  formula t ion  of the  boundary- in i t ia l -value  
p rob lem and p rove  a rec iproci ty  relation. 

Le t  u and  v be  scalar fields on B X [0, to) tha t  are cont inuous in t ime. We  
denote  b y  u * v the convolut ion  of u and  v 

t 

[u * v] (x, t) = f u(x, t - -  ~) v(x, T) dz .  
0 

Let  us in t roduce the nota t ions  

e(t) = t, ](t) = 1, 

Fi = e(e */ i  + tv? + u?), 
(3.7) 

a = o [ e ,  1 + z(tr ~ + ~0)], 

S = e] �9 e + OToV ~ 

Following [9, p. 337], [10, p. 370] one can p rove  

Theorem 3.2. The  funct ions ui, % ~, lii, hi, if, q@ sat isfy  the Eqs. (2.4), (2.11), 
(2.25) and the initial condit ions (2.27) if, and  on ly  if 

e * t i i , i  + F i  = ~u~,  

e * (hi3 + g) + G = q ~ ,  (3.8) 

j * qi.~ + S = 9To~. 
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This theorem enables us to give an alternative formulation of the boundary- 
initial-value problem in which the initial conditions are incorporated into the 
field equations. Thus, the admissible process H = {us, ~, 0, esi, V, h~, h~, g, qs} is a 
solution of the boundary-initial-value problem if and only if H satisfies the 
Eqs. (2.10), (2.22), (3.8) and the boundary conditions (2.26). 

Let  us consider the body subjected to two-different systems of loadings 
L(,) = {/s(~), l(:), s(,), 4s(~), ~s(~), ffp(,), ~(~), O(~), ~(~), u o(:), vsO(~), ~o(,), ~o(,)} (~ = 1, 2), 

and the two corresponding solutions H(~)= {@"), ~o ("), 0(~), ..., qs(:)}. The func- 
tions F~, G, S corresponding to the system L (") will be denoted by Fs (:), G (:), S (~). 

Theorem 3.3. (Reciprocal theorem). If a thermoelastic solid with symmetric 
conductivity tensor is subjected to two systems of ]oadings L (~) (~ = 1, 2), then 
between the corresponding solutions H (") there is the following reciprocity 
relation 

f (  Fs(1)*~s(2)@G(1)*~v(2)I ) - - T o e * S (  ~) . 0( 2 ) dV  

B 

@fe,(h(1),us(2)-~-h~l),~(2) -- ~To1],q(1),O(9)) dA 

OB 
/@ ~(~)*u~(1)+0(~)*~(1)1 ) 

= - - - - e . S (  2 ) .0 (  1 ) dV  
To B 

(3.9) 

+fe,(h(~),u,(,+h(~),~m 1 ) - - ~ ] * q ( ~ ) * O ( t )  dA.  

0B 

Pro@ On the basis of the relations (2.23) we conclude from the constitutive 
equations that  

t ( . 1 )  e(2) ~.s(2) g(1) ~p(2) G0(1) ~(2) ,~ * -si § hs(1) * -- * + * 
(3.10) 

If we introduce the notation 

f (t(2) ... A~) ~(~) _ g(=) q~(~) 
B 

- -  O~ (~) * 0 c~)) d V ,  
(3.11) 

then from (3.10) we get 

I12 = I~1. (3.12) 
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B y  using (2.10) and  (3.8) we can write 

e �9 (tii (") * ~0~(~) + h~ (~ �9 ~v.~(~) - -  g(~) �9 9 @ - -  Q~(~) �9 0 @) 

_-- ( (~) u,(~, hk(~' ~(') ),~' e * tki * -4- �9 "~o i * qk (~) * 0(~) 

1 
A- F~ (~) * u~ (~) ~- G (~ * qJ~ - -  ~o e �9 S (~ �9 0 (~) 

1 
_ q(ui(~),  u~(~) _~ • ~(e)) + ~o e * ] * kr,O!s ) * 0 (~1 �9 .f �9 

I n  view of the divergence theorem we find t ha t  

f( ) I ~  = F~(,~ , u~(~) § G(~) , ~(~ _ ~ e �9 S ~ * 0 ~ d V  

B 

+ f e , ( t i ( a ) , u l  @ ~- h ( : ) ,  q(P) - -  - -  

~B 

- - f ( ~ u i ( ~ ) * U i ( f l ) - ~ -  ~ f f ( a ) *  f f  (~) - - 

B 

Final ly,  (3.12) and  (3.14) imp ly  the  desired result.  

1 q(~) ) d A  
To ] * * Ol~) 

1 b O(~) 0@~ ~ r o e , ] , . , ~  ~ �9 .3 ] d V .  

(3.13) 

(3.14) 

This  type  of reciprocal  theorem in the thermoelas todynamics  has been estab- 
lished in [11]. 

F r o m  (2.10), (2.22) and  (3.8) we ob ta in  the  field equat ions  in te rms  of the 
displacement ,  vo lume fract ion and  tempera tu re .  These equat ions can be wr i t ten  
in the fo rm 

~ru = ~r, (3.15) 

where the f ive-dimensional  vec tors  u, ~u ,  J" are  defined b y  

u = (u, ,  u~, u~, ~,  0 ) ,  ~ = F1,  F~, F3,  G, --'Too e * S , 

S4u = ~ - -  e * [(A~iq. j -~- Dr~U, .s  + d ~  - -  aiO).~ (3.16) 

- -  B~ju~.i - -  ~ - -  d~.~ + toOl, 

f su = e �9 ] * (krsO.s),r - -  flrsUr.s - -  aO - -  m q  - -  alcf , i . 

I n  wha t  follows we consider the  case of homogeneous  b o u n d a r y  conditions, 
i.e. [~ ~ 4i ~ h -~ ~ = ~ ----- 0 --~ 0. I f  d and  b are f ive-dimensional  vectors ,  then  

5 

d * b  = ~ ' a i * b i .  
i=1  
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I f  we introduce the n o t a t i o n s  u -~ (u1(1), U2 (1), Ua (1), 9 (1), 0(1)), V = (Ul (2), U2 (2), 

ua(2), 9(2), 0(2)) then b y  (3.15), (3.16) the relation (3.9) can be writ ten in the form 

f u * d v d V =  f v * 2 f u d V .  
B B 

This relation shows that  the operator 5 e is symmetric in convolution. Let  us 
denote b y  2) the domain of the definition of the operator 2f. Following [12]/we 

are led to the variational theorem 

Theorem 3.4. Let  3~ ~ ~) be the set of all admissible vectors u =: (u~, 9, 0) 
which satisfy the homogeneous boundary  conditions, and for each t C [0, to) 
define the functional Ft{.} on JC by  

Ft{u } = j e * (C~j~sur,~ * u~, i + 2B~j9 * u~,j 
B 

+ 2D~i~u~,i * 9,k + 2d19 * 9.1 + ~9 * 9 + A~9,1 * 9,~ 

- -  2fli~uij * 0 - -  2mO * 9 - -  2aig, i * 0 - -  aO * O) d V  

§ f e (u ,  �9 u, + z9 * 9) d v  (3.17) 
B 

- -  * S * O  d V  - - 2  F i * u i §  

B 

i f  - e * j * k r ~ O ~ * O . d V ,  
T o  " , 

B 

for every u C ~ .  Then 

6I~t{u} = O, t E [0, to), 

at  u ~ ~ if and only if u is a solution of the boundary-initial-value problem with 

homogeneous boundary conditions. 
The Theorem 3.4 is a variational theorem of Gurtin type. In  the classical 

theory of thermoelastodynamics, the variational theorems of this type are pre- 
sented in [9, p. 338], [10, p. 370]. Variational theorems for nonhomogeneous 
boundary  conditions can be derived by  the method given in [12]. 

4. Accelerat ion Waves  

Let  X be a moving surface defined by  

x~ = x~(O 1, 02, t), (4.1) 

where 01, 02 are eurvilinear coordinate on the surface. We assume that  the func- 
tions (4.1) are continuously differentiable with respect to their arguments and 
that  27 is smooth in the sense that  the matr ix  (axd~O ~) has rank two. The metric 
tensor of the surface is given by  a,~ = x~,~x~,p. 
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In  this section we will denote by  n, the unit  normal to 27. We note that  [14] 

n~n~ = 1, n~x~;~ ~ O, x~;~ = b.~n~, hi; ~ --= --a~b~x~;~,  (4.2) 

where indices followed by  a semicolon represents covariant partial  differentiation 

based on the metric of 27, b.~ is the second fundamental  form of the surface and 

a ~ are the elements of the inverse of matr ix  (a.~). We also note tha t  

1 a.~b.~ ' (4.3) / / = - ~  

where H is the mean curvature of the surface. 
The propagating surface X is said to be an acceleration wave if us, % 0 have 

the following properties: 

i) u~, % O, its, ~, O, ui.~, qJ,~, O ~ are continuous functions everywhere; 

ii) /~, ~, t7, u~,sk, q~,i~, 0.o, it~.i, df,~, 6~ and all higher-order derivatives of these 
quantities have, a t  most, jump discontinuities across 27 but  are continuous 

functions everywhere else. 

In  this section we s tudy the acceleration waves in homogeneous and isotropic 

bodies. Let  / be one of the functions u~, q, O. We list for future reference the 
compatibil i ty conditions satisfied b y  the jumps on X of the second and third 

derivatives of this function 

[l.*s] = C'n~ns, [ ] .d  = - C ' V ~ i ,  []'] = V~O, 

[/,ki]] ~- Obafl(GTtk);a (~iX~;fl -~ ~iZi;fl) - - a  ob b.~Gnkxi;~xi;o -~ [/,kpq] 7tpTlq~lin]' 

O 
[/,si] = - -a~(VCns) ; .  xi;~ -~- ni ~ (Cns) --  g[/,spq] npnqni, (4.4) 

~V 6 
[]'~] = - O n .  T - 2 V  ~ (C~.) + V~[/.~,A ~ s ,  

where 

[/,jss] = - - 2 H C n 8  + [/.8~j] n~n~, 

~-t = ~-t § Vni ~x~' 

is the displacement derivative, V is the speed of propagation of 27 in the direction 
of the normal n, and C = [/,i jn,nj].  A detailed account of compatibil i ty conditions 
holding on singular surfaces has been given in [15], [16, pp.  491--529]. Derivation 
of the Eqs. (4.4) can be constructed in a straightforward manner  from these 
sources. We assume t h a t / i  = 1 = s = 0. On forming the jump of each term in 
the Eq. (2.30) on the singular surface 27 and using the compatibil i ty condition 
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(4.4), we ob ta in  

(V ~ - -  c~ 2) 21 - -  (c~ 2 - -  c~ 2) 2inlni = O, 

(V 2 - -  c~ ~) , / =  O, 

k~ + flTo V~n~ = O, 

(4.5) 

(4.6) 

(4.7) 

where 2~ = [uLr~n~n~], ~ = [9.,~nrn,], ~ = [O ~in#1]. 
Equat ions  (4.5) admi t  a non  t r ivial  solution for  2~ if, and  only  if 

(c~ 2 - V 2 )  ~ (c~ ~ - V 2) - -  O .  

I t  is an  immedia te  consequence of Eq.  (4.5) t ha t  longi tudinal  waves  of first  k ind  
(for which )~i = Anl )  p r o p a g a t e  wi th  the speed cl. The  speed of p ropaga t ion  of 

t ransverse  waves  (for which ~ini ----- 0) is c2. F r o m  Eq.  (4.7) we no te  t h a t  ~ ---- - - f lTo 
�9 c l A / k  for  a longi tudinal  wave  of first  kind, and  ~ -~ 0 for  a t ransverse  wave.  

I f  ~ ~ 0, the  wave  is an  accelerat ion wave  of compac t ion  or distension. This  
wave  is called the  longi tudinal  wave  of second kind. The  possible speed of prop-  
aga t ion  of this wave  is ca. 

Le t  us s t u d y  now the g rowth  of the  accelerat ion waves.  We  first  a p p l y  to each 
t e rm  of Eqs.  (2.30) the opera to r  ~/~x~ and form jumps  across the  wave  X. Nex t  we 

m a k e  use of the  compat ib i l i ty  condit ion (4.4), then  mul t ip ly  b y  n~ and  sum on the  
repea ted  index s. W e  ob ta in  the  equat ions  

( V 2  - -  C2 2 ) /-$i - -  (C l  2 - -  C2 2 ) {l~n]ni -}- a~xl;~()~i;:ni ~ a~b,,flixi;~) 

52~ b fl 
+ a"~2i;,n~xi;~} - -  2 V  - ~  + 2Hc222~ - -  - ~ini + -- ~nl ~ O, 

e 
(4.8) 

b 2~n~ - -  O, (V 2 - -  c3 ~) v ~- 2Hc82~ - -  2 V  ~ t  ~- 

r V ~ n j  - -  n~ - ~  + Vc~ ;ti;,xj; ~ + k~, + (eV - -  2kH) ~ + mToV~ = 0, 

where  

~ = [u~,~q~] n~nqn,, ~ = [%~] n~n~n~, ~ = [0 ~ ]  n~n~n~, 

and  simplif ications have  been effected wi th  the  aid of Eqs.  (4.2) and  the fac t  
t ha t  V is cons tan t  for  accelerat ion waves.  I t  is known [17, pp.  43- -45]  t ha t  
dn~/dt = - - a ~ x i ; ~ V ~ .  Using this result  and  the  fac t  t ha t  V is cons tan t  for all 
waves  we find 

dA n ~$2~ ~--~- = ~ ~ - .  (4.9) 

Wi th  the  help of (4.2) and  (4.3) we ob ta in  

a ,~j;~xj;r = a~(,~jxj;r - -  2 H A ,  2i;~n i - -  2ia~b:vxj;q ----- A . : .  (4.10) 
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Using (4.9) and (4.10), we can write (4.8) in the form 

( V 2 - -c22)  ~ - (cl 2 - - c ~  ~) {tzinjni q-a~(2ix i ;~);~  ni-q- a~A,~,x~;~} 

~2i b fl 
- -  2 V ~ /  ~- 2H{c222~ q- (cl 2 - -  c22) A n i }  e ~ln~ q-  - Cni = O, 

0 

~ b A ---- 0, (4.11) ( v  2 - c~ 2) ~ - 2 v -~  + 2c~2H~7 + o~ 

f l T o V # i n  j ~- k y  - -  f iTo - -  Va~(2ixj;~);~ + 2 H V A  

+ (c V - -  2 H k )  ~ + m T o  V~7 = O. 

On mult iplying th roughout  Eq. (4.11 h by  hi, summing on the repeated index i 

and using Eqs. (4.2) and (4.9), we obta in  

~A b fl 
(V 2 - -  cl ~)/zin i - -  (c~ ~ - -  c~ ~) a"~(2jxi;~);~ - -  2V - ~  + 2Hc~2A - -  - ~ + - ~ : O. 

(4.12) 

I n  what  follows we assume tha t  c~ ~ c~, c~ ~ ca, c2 ~= ca. I n  the case of longitudinal 

waves of first kind, V = c ,  21 = A n i ,  ~ = --f lToc~A/Ic,  and ~ ---- 0. 

The Eq. (4.12) yields the growth  equat ion 

1 ( 
c-~ 8--[ = d--~ = A H - -  2c~] '  (4.13) 

where n is the distance measured along the normal  to the wave, measured f rom 

the wavefront  a t  t ---- to, ~nd 

= 32Tolcec~ 2, ~ *  = cc~llc. 

I n  view of (4.13), Eqs. (4.11) reduce to 

ttl - -  lainin i = a"~A, ,x  i;~, (4.14.1 

b 
(c~ ~ - -  ca ~) ~ : - -  A,  (4.14.2 

flToc~/z~n t -}- k 7 = flToc~A + - -  1 - -  e (4.14.3 
Cl -2 �9 

Suppose that ,  a t  t = to, the mean  and Gaussian curvature  of the wavefront  are Ho 

and  K0, respectively. Then, the mean  curvature  at  a subsequent  t ime t is given 
b y  [14, pp. 108--113] 

H : (Ho - -  nKo) / (1  - -  2 n H o  -[- n2Ko) ,  
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and  the t ranspor t  Eq.  (4.13) can be in tegrated to give the decay  law for A, 

A ---- Ao(1 - -  2nHo ~ n~Ko) -112 exp (--e~*n/2cl) ,  (4.15) 

where Ao is the s t rength  of the wave a t  t ime t ---- to. :From (4.14.2) and (4.15) 

we ob ta in  

b Ao n~ Ko )- 1/2 - -  (1 - -  2nHo + exp (--~o*n/201), (4.16) 
~ g ( C l  2 - -  032) 

so tha t  a dis turbance in the porosi ty,  which is of third order  is induced b y  a 

longitudinal  wave of first kind. This d iscont inui ty  propagates  with the same 

speed as the inducing longitudinal wave. The decay  law (4.15) contains the ex- 

ponent ia l  fac tor  exp (--s~o*n/2cl) which ensures t ha t  the s t rength  A, and hence 

the jumps  ~i, ~, v tend to zero as the interval  t - -  to increases indefinitely. 

I~ follows tha t  2~, ~, �9 are completely determined if A0 is known. To determine 

the  jumps  #~ and  y, we see f rom Eqs. (4.14.1, 3) tha t  it is necessary to have 

prior  knowledge of one of these jumps.  
I n  the case of t ransverse wave we have V ~-- c2, A ~-- 0, ~/---- 0, ~ ---- 0 and  

the  Eq. (4.12) reduces to 

/ajnj = --a,r ~rx r ;~) ;~. 

Using this result  in (4.11), we get  

1 ~ 2 i  
- -  - -  --~ H ) . ~ ,  ( 4 . 1 7 )  

together  with the  result  

As before, we have 

z = ~ , = O .  

).~ ---- 2,~ - -  2nHo + n2Ko) -112, 

where )l~ ---- 2~ ~ when t ---- to. To determine the jumps  Pt it is necessary to  have 

pr ior  knowledge of two of the  j u m p s / ~ .  
I n  the  case of an  acceleration wave of compact ion  or  distension we have 

V = cs, 2~ ---- 0, ~ ---- 0, and  the Eq.  (4.12) reduces to 

b 
(032 - -  012) #ins = -- ~. (4.18) 

Q 

The Eq. (4.11) become 

b 
{(cs ~ - -  c~ ~) ~ i  - -  (012 - -  c2 ~) njni} lai = - ~ni, 

1 c$~ 
- - -  = H ~ ,  ( 4 . 1 9 )  
c3 (~t 

flToca#in i ~ lc 7 ~ mToca~ = O. 

6 A c t a  M e c h .  60/1-2 
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The solution of the Eqs. (4.18), (4.19) is 

~/---- ~o(1 - -  2nile ~- n2Ko) -1/2, 

bni~]o - (1 - -  2nile ~ n2Ko) -112, (4.20) 
/~ = q(c~ - ~1 ~) 

mc3To~o ( l  + f i b )  
7 = k re(c32 _ cl~i (1 - -  2nile -f- n2Ko) -1]~-, 

where ~] : ~o when t : to. We  note  tha t  an  accelerat ion wave of compact ion 

or distension is accompanied b y  third order discontinuities in mechanical  and 
thermal  fields. 

5. E qu i l i b r i um  T h e o r y  

Le t  us consider the linear theory  of thermoelastostat ics for homogeneous 

and  isotropic materials with voids. As in the classical theory  we assume tha t  the 

mechanical  loadings are absent,  the principal a t ten t ion  being devoted to the 

deformation due to the temperature  field. The Eq. (2.28) reduce to 

and  

#Au~ + (4 + I~) u,.~ ~- bg, i flO , = O, 

o~Aq~ -- bu,., -- ~q~ + mO = O, 
(5.1) 

kz]0 = - - e s ,  (5.2) 

in B. Le t  us consider the bounda ry  conditions 

ts~n~ = O, ~q~ = O, 0 = ~ on ~B. (5.3) 
~n 

The Eq. (5.2) with the corresponding boundary  condit ion determine the 
tempera ture  var ia t ion 0. 

I n  what  follows we s tudy  the effect of a concentra ted  source of heat  in a 
b o d y  which occupies the ent i re  space and the thermal  stresses in a thick walled 
spherical shell and a hollow cylinder. 

i) Concentrated source o/ heat. Let  us consider the case of a concentrated 

source of heat  applied a t  the point  y(y~) of a b o d y  occupying the entire space. 
Le t  s = Q~(x - y), where Q is a cons tant  and  (~(.) is the Dirac delta. F r o m  (5.2) 
we get  

eQ o = 4 - ~ '  (5.4) 
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where r 2 =  ( z ~ -  y ~ ) ( x ~ -  Yl). We assume now tha t  u~-= O.i where 'O is an 

unknown function. The Eq. (5.1) are satisfied if the functions ~b and V satisfy 

the equations 

1 
A ~ - -  - -  (#0 - -  b~), 

2 +  2~ 

where 

(5.5) 

1 
T 2 - -  [(,t + 2#) ~ - b~], 

m bfl 
1 -  ~ ( ~  + 2/~) 

(5.6) 

I t  is known [6] that  z 2 > 0. This is a consequence of the fact  that  the internal 

energy density is a positive definite quadratic form. From (5.4) and (5.5) we 
find 

~Q [fl~ -- mb /b ] 
O :  4zk~2(~-2#) 2 ~ r - - z 2  r - ( 1 - e  -~r) , 

(5.7) 
dQ 

- -  (1 - -  e - ' ) .  
-- 4~kvZr 

Let  us note that  in the classical theory of thermoelastici ty [18, p. 162] the function 
q~ has the form Cr where C is a constant. In  the case of thermoelastic materials 
with voids the displacement field contains new terms characterizing the influence: 

of the material  porosity. 

it) Thermal stresses in a thick walled spherical shell. We assume that  B is a 

thick walled shell. Let  the internal and external radii of the shell be as and  a2, 
respectively. We take the center of the shell to be a t  the origin. We assume 
tha t  the heat  source is absent, the flow of heat in the shell being produced by  

maintaining the outer surfuce of the shell at the constant temperature T2 and 
the inner surface a t  the constant temperature  T~. in  this case 

where r 2 ---- x i x i  and 

A 1  - -  

0 = ! A1 + A~, (5.8) 
r 

a l a 2 ( T  2 - -  T 1 )  T2a2 - -  T l a  1 
, A 2  

a 2 - -  a 1 a 2  - -  a 1 

We seek the solution of the system (5.1) in the form 

ui -~xi~(r), cfl-~ep(r). (5.9) 

6* 
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The subst i tut ion f rom (5.9) in (5.1) yields the equat ions 

~2 

(rash) ' = ~ (flO - -  bq)) § A1 re, 
,~ + 2# 

A~ - -  ~a~o = b A,  - - / 0 ,  
0~ 

(5.10) 

where prime denotes the derivative with respect  to r, and  A~ is an  unknown 

constant .  F rom (5.10) we obta in  

where 

1 A A , + ; ;  ~ + r/(r), 
= 3a--- ~ 

1 
q) = ~fo(r) + - -  (o~/0 - -  bA~),  

O;T g 

1 
= B2e ), 

(5.11) 

F 

; r 2 0 ( r )  dr bcf~ (5.12) 
/ / =  r~(~ + 2#) j ~(~ + 2~)~' 

0 

(4 -1- 2tt ) (fl~ - -  bin) 

~ ' =  ( ) t §  ~ ' 

and  A2, BI,  B ,  are unknown  constants .  

A simple calculation shows t h a t  the stress Tr,  =-- h jn ,n j  in the radial direction 

n~ = xi /r  is 

4tt 
T , ,  = pA~ - -  -~g A~ - -  4#H(r) ,  (5.13) 

where 
1 

p = 3~---- i [(34 -t- 2/~) } - -  3b2]. 

~'or the determinat ion of the constants  B~ we have the bounda ry  conditions 

~0'(r) -= 0 for r = al ,  r = a~, (5.14) 

and,  on solving these equations,  we get  

/Ai 
BI - -  -TD [e~a'( 1 -t- rct~) - -  e~al(1 + ral)] ,  

A 
B2 - -  ~2 D [e-~al(1 - -  ral) - -  e- 'a '(1 - -  ~a~)], 

(5.15) 
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where 

D = e'(a~--a~)(1 - -  Tal) (1 + ~a~) - -  e-~(a~-a~)(1 - -  Ta2) (1 -~ zal). 

By  using (5.8), we obtain 

y ( 3 A 1 +  2A~) + b [ B ~ e _ , r ( ~ r + l ) _ B 2 e , ~ ( ~ r _ l ) ] .  
H = 6(t + 2#) ~2(A + 2/~) r a 

(5.16) 
The surface of the shell is free of external loads if 

T r , : 0  for r : a l ,  r : a ~ .  (5.17 

From (5.13) and (5.17) we find that  

A 1 : : -  

A 2 = 

4~[ a2a[l ( a2) - -  alaH ( al) ] 
~9(a23 - -  a l  3) 

a i 3 a 2 3 [ H ( a 2 )  - -  / - / ( a l )  ] 

(%2 3 - -  ~13 

(5.18) 

Let  us note that  p > 0. This is a consequence of the fact that  the internal energy 
density is a positive definite quadratic form [4]. With the help of (5.14), we 
obtain 

H(~,) - 6(t + 2~) g, ~ 2 ~ 7 / A ~  + 2A, , (o~ = 1, 2).  (5.19) 

By using (5.19) we can express the constants A, in terms of the temperatures 
T~ and T2. Thus, the functions ~, and ~ are given by  (5.11) where f0, H are defined 
by  (5.12), (5.15), (5.16), and the constants A, are uniquely determined from 
(5.18), (5.19). 

The ra~a l  stress T, ,  can be calculated from (5.13), (5.16), (5.18) and (5.19). 
The "'hoop stress" Too, in the tangential direction, is 

Too : (3t +-5 2/~) ~ + , l r~ '  - -  flO + bg~. 

I f  TI = T~ ---- T*, then A, = 0, A2 = T* and (5.15) implies r = 0. In  this 
case we obtain 

fl~ - -  m b  [(3t + 2/~) m - -  3b i l l  
0 = T*,  ~ -- T*,  ~0 = T*.  

(31 + 2/,) ~ --  3b ~ (3i + 2/,) ~ - -  3b 2 

The radial displacement u = u~xdr is given by 

fl~ - -  mb 
u = T *r .  

(3~ + 2/~) ~ - -  3b 2 

Let  us note that  in the classical theory of thermoelasticity the radial displacement 
is ~T*r/(3~ + 2~). 
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The result established here can be used in order to obtain the solution in 
the case of the elastic space with a spherical cavity. 

iii) Thermal  stresses in a hollow cylinder. Let  B be a right hollow cylinder 
with the generic cross-section Z. We assume that  the domain X is bounded 
by  two concentric circles of radius a~ and a~, where a~ < a~. The rectangular 
Cartesian coordinate frame is chosen such that  the xa axis coincides with the 
center line of the cylinder. We assume that  the heat source is absent. We suppose 

tha t  the temperature  on the inner surface of the cylinder is T~ and that  the 
temperature  on the outer surface is T2, where T ,  are constants. In  this case 
the body is in a state of thermoelastic plane strain, parallel to the x~x~-plane. 

We have 

where r 2 = x,x~ and 

0 = G 1 In r + G2, (5.20) 

T 2 -  T 1 T 1 In a~ - -  T~ In al 
G~ --  G~ = 

In (a2/ai)' In (a2/al) 

We seek the solution in the form 

u~ = x~g(r ), u3 = O, ? : q~(r). (5.21) 

The Eq. (5.1) are satisfied if the functions g and 9 satisfy the equations 

r 

(r~g)' = 2 + 21 ~ (rio - -  bqv) + G~r, 

b 
A q  - -  v 2 ~  = - C~ - -  1 0 ,  

(5.22) 

where C1 is an unknown constant. From (5.22) we obtain 

where 

-~ - -  - -  C~ -~" F ( r ) ,  g 2r162 2 CI + r 

1 
= q~o(r) + - -  (~ , /o  - b e , )  

OCT 2 

~o : DlIo(vr) -}- D2Ko(rr) ,  

(5.23) 

F _ 

r 

? f r o  dr bqD~ 
(4 + 2/,) r ~ (4 + 2/,) v~r' 

0 

G2, D1, D2 are unknown constants, and In, K ,  are modified Bessel functions 
of order n. 
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The radial stress ~ t  is given b y  

( ) ~ . = 2  ~C~--~C~--~F , 
where 

(~ + #) ~ --  b ~ 
20r 2 

(5.24) 

The constants D~ and D2 are determined by  thec onditions ? ' ( a , ) ~  O, 

(cr ---- 1, 2). We obtain 

/G1 
n~ =- ala~---d [a~K~(~a2) - -  a~K~(~al)], 

where 

/G1 
D 2  ~ - -  

a l a 2 d  
[a~Ii(~a2) -- all l (~al)  ], 

d -~ I1(~a2) Kl(7:al) - -  I1(~al) Kl(~a2).  

The constants C1 and C2 are found from the condition that  the surfaces 
r = al and r = a~ are free f rom forces. We find that  

G 1 
/x[a22F(a~) - -  alSF(al)] 

r - -  ~bl 2) 

a l ~ a ~ [ F ( a ~ )  - -  F(al)]  

a22 - -  ~ i  2 

Thus, the functions g and ~ are determined. By  a simple calculation we can 
find the other components of the stress tensor. 

I f  T1 = T2 = T*, then 

(fit - -  rob) T*  (~. -~ #)  m - -  bfl 
0---- T*,  Z = 2 [ ( 2 + / ~ ) ~ _ b S ]  ' ~ = ( ; t + / ~ ) $ - - b  ~ T*, 

and the radial displacement is given by  

f i t  - -  mb 
u -~ T * r .  

2[(~  + ~ )  ~ - b 2] 

In  the classical theory of thermoelasticity the radial displacement is flT*r/2(,~ Jr #). 

In  the isothermal ease, the problems of the thick walled spherical and circular 
cylinder shells under internal and external pressure are solved b y  Cowifi and 
Puri  [6]. 
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6. Conclusions 

The results established in this paper  can be summarized as follows : 

a) General dynamic theory. We have derived a linear theory of thermoelastic 
materials with voids. To obtain the field equations we have used the balance 

of energy, the entropy production inequality and the invariance requirements 
under superposed rigid body motions. Some basic theorems concerning the 
uniqueness appropriate  to the fundamental  boundary-initial-value problem, the 
reciprocity relation and the variational characterization of the solution are 
proved. 

b) Acceleration waves. The propagation conditions and growth equations, 
which govern the propagation of acceleration waves in homogeneous and isotropie 
materials with voids, are derived and discussed. The couplings between the 

discontinuities are studied. In  general, three speeds of propagation are possible: 

cl = [(~ + 2~) /~]  112, ~ = (~/o) ~1~, c~ = (~/~)1/2 .  

I t  is shown that  the longitudinal wave which propagates with the speed cl induces 
a disturbance in the porosity which is of third order. This discontinuity propagates 
with the same speed as the inducing longitudinal wave. The foregoing longitudinal 

wave is accompanied by  a second order discontinuity in thermal field. The 
acceleration wave of compaction or distension, which propagates with the speed 
c3, is accompanied by  third order discontinuities in mechanical and thermal 

fields. The transverse wave propagates without affecting the temperature  and 
the porosity of the material.  

c) Thermoelastostatics. The solutions for the traditional problems of con- 
centrated source of heat, the deformation of a thick walled spherical shell and 
a hollow cylinder have been developed for a thermoelastic material  with voids. 
The salient feature of these solutions is tha t  the displacement field, the tem- 
perature and the stresses contain new terms characterizing the influence of 
the material  porosi ty and their values are therefore modified from the values 
predicted b y  the classical theory of thermoelasticity. 
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