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Abstract. We proved some results on the dispersion of the real quadratic irrational numbers,
and use LEO 386/25 to compute some numerical results for discriminant <200 (see the attached
Table A).

1. Introduction and Results

Let {x,} be a sequence of numbers, 0<x,<1. In [6], H.
NIEDERREITER introduced a measure of denseness of such a sequence
as follows. For each N let

dy= sup min |x—x,|
0<x<11<ngN

and define
D({x,})=limsup N d.

N—w
In particular, for irrational a, the dispersion constant D(a) is defined
by D({namod1}). It turns out that D(a) < oo if and only if the
continued fraction expansion of « has bounded partial quotients. It
is well known that, for irrational «, the Markov constant M(x) is
defined by

M(x)~ ! =liminfn | nal|,
where || x|| denotes the distance from x to the nearest integer.
Moreover if «; and «, are equivalent, then D(a,)= D(a,) and
M(a,)= M(x,). (Two numbers a and f§ are called equivalent if their
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continued fraction expansions coincide from some point on or,
equivalently, if there exist four rational integers r, s, t, and u such that
ro+ s

ru—ts==+1, and f= ,
ta+u

cf. [2].) H. NIEDERREITER also shows that if « is equivalent to (1 + ﬁ)/Z
then D(2) = (5 + 3./5)/10, and if « is equivalent to ,/2 then D(x) =
=(1+ \/i)/2, and so on.

The results of this note are Theorem 1, Theorem 2, and Corollary 3.

Theorem 1. Let d = b(mod 4) be a positive discriminant which is
not a perfect square of a rational integer, and b =0, 1. Then we have

D<b+ﬁ>=2d+(d+b)\/ﬁ
: :

4d

Theorem 1 is a consequence of the following

Theorem 2. Let d =0,1(mod 4) be a positive discriminant which
is not a perfect square of a rational integer. Let three integers a,b and
c satisfy

bl <a<c,ged(a,b,c)=1, and d = b* + 4ac.

Leta=b+\/a

2a

have a simple continued fraction expansion

b+f

[aOa ala v ak]a

with the basic period a, ..., a, and n-th complete quotient
_ P+ \/E “[a
20,

Then we have

o s Q15+ 1(1 = 0,00 = ).

D)= sup —————, (1

1<i<k 4d




On Dispersion and Markov Constants 71

where

Q,2 —(Bﬁz—P—) =Qi2_(aiQi—Pi)2: if a; odd;

R;= e

Pi+1_Pi g 2

Qil Py —Pil— —‘—2—’ =20;|a;0;— P;|—(a,Q,— P))",
if a; even.

Corollary 3. With the same notations as in Theorem 2, we have

D(P) = D(a), where f = f—bzf“—*@.
a

It is well known (cf. [3]) that for Markov constants, we have

Theorem 4. With the same notations as in Theorem 2, we have

M(a)= \/E

min Q;
1 <igk
b d
Theorem 5. With the notations as in Theorem 1, for o= +2J,

we have

M(x)=/d.

From Theorems 1 and 5, it is easy to see that

Theorem 6. Let o, = bl_ﬁzﬂ and o, = bL‘l'z_\/_dz

= by(mod 4)(i = 1, 2) are two positive discriminants which both are not
the perfect square of the rational integers, and b, = 0,1 (i=1,2). Then
we have

, where d, =

M(ey) < M(ay) ifand only if  D(ay) < D(xy).
Remark. H. NIEDERREITER [6] asked whether
M(oy) < M(a,) if and only if D(«,) < D(x,).

A. TripATHI [7] gave some negative answers for this question. And
our Theorem 6 gives some positive answers for this question.
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I1. Proof of the Results in I

Theorems 4 and 5 are clear, cf. [3].
By [1] and [7], for a real quadratic irrational number « as in
Theorem 2, we have

D(a)= max ¥(n,), 3)

1 i<k

where

=X A= L - Dx AL+
. M H

14

¥i(x)

and n; is the rational integer closest to
x; =(A;— A —1)/2,
with
M, =i+ A,
and

Ai ::[ai+1,ai+2,...],},i::[o,ai,ai_l,...,algak,ak_17...,a2,a1].
By the assumption of Theorem 2, [4] and [5], we have that
1= 20; =_Pi+1+\/a
l P+ ﬂ 20Q:44

A :‘Pi+1‘|_\/22

i

for1 <i<gk,

E

=a,,, forl<i<k,

2041
and
Mz':: \/E', xizm, f0r1<l<k
Qir1 20Qi4,
Since
d+ P,
[Ad=[e, 1= [———\/;Qi+1+1:| =diy1s

and
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we get

X _ai+1+{Ai}“'1i—1
b 2

2

which yields that we have, for 1 <i<k,

al+1—‘1 . .
———, 1ifg;  isodd;

a'+1 - -
n, = '2, ifa;, (isevenand P, , = P; . ,;

a;yq . :
“—~—1, ifa;,,isevenand P, , <P,,,,

since
(A} -4, _Pisi—Pisy
l l 20,44

Therefore we get, for 1 <i<k,

—nl A== Dn+ A1+ 4)
M

viln) =

Qi Cn+ P 2P 2+ ) +2/d+ O,y + 40,
4\/2
_Qiﬂaizﬂ +2P, 10, +2\/‘;+Qi+1 +4Qi‘if
4./d
“Quy(a £ )P +2P, (g, + ) +2/d+Q,,, +40,

N

ifa,,  isevenand P,  —P, ,=0,

a,,,isodd;

2dQ,, , + \/3(_Qi2+lai2+l +2P, 4,0 t Qi2+1 +40.0.,,)
4dQ

»ifa,,  isodd;
i+1

= 2in+1+\/g(_Qi2+lai2+1+2Pi+1ai+lQl'+l¢2Qi2+lai+1iZPi+lQi+l+4QiQi+l)
4dQ

]

i+1

P 2
ifa,, isevenand P, , — P, ,Z0,
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240, + \/a(_(ai+1Qi+l —Pi+1)2 + Qi2+l +d)
4dQ

,ifa,,  isodd;

i+1

_ ) 249, +\/a(—(ai+1Qi+l =P, E0Q (P — P )+d)
4dQ '

it1

; ; >
1fa,A+llsevenandPl.H -P_,20

2d+m\/{i
i
using the definition of R; and
d=Pl +40,0, P, + P, =2a,,,Q;. 1>

which can be seen in [4].

4

This finishes the proof of Theorem 2, by using (3) (4), and the

period.

It is easy to see that under the assumption of Theorem 1, the
maximum (1) is reached when i =k, by using Lemma 5 in [4]. The

details are as follows:
(A) We have (cf. [4] and [5])

2a,,ifb=0anda=1;
ak:{ZaO— Lifb=a=1,
Q=a,P, =240, — Py 1 =200, — P, =2a,.a— (2a0a — b),
so that
O,=1L,R,=b,ifa=1landb=0or 1.
(B) From (A), we have

A+ Re_ b ifa=1andb=0or 1.

k
(C) Then by using (2) and Lemma Sin [4],for 1 <i <k, we have
d+R;, d {Qi,ifa,-odd;
—<—+
Qi Qi |Pi+1 _Pil’ifaieven:
d . d+R .
<5+\/E< g k—d+b,ifa=1andb=0o0rl.

k
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In the above, the following facts are used:

2<Qi<\/a,for1<i<k,whena=] andb=0orl,
1< P, <. /d for1<i<k
Therefore we have finished the proof of Theorem 1.

For the proof of Corollary 3, we point out that, with the notations
as in Theorem 2, the simple continued fraction expansion of f8 is

B=1[ax—ap,a4_1,04_3,...,05,81,a,],

with the basic period a,_{,a,_,,...,a,, ay, 4, and the n-th complete
quotient

P
b0 Mi<nsn
k—n

According to these facts and Theorem 2, let the corresponding R; and
Q, for B be R} and Q; respectively, then it is easy to show the following
facts:

Q’_{Qk"‘i’ lf1<l<k;
o, ifi=k

R,_, fl<i<k

and R; ={ .
Rk’ 1fi - k,

which together with (1) and (2) yield Corollary 3.
III. The Algorithm of D(x)

For oc=b—+2—\[~d, with |b|<a<c, ged(a,b,c)=1, d =b*+4ac,
a

when d < 200 is not a perfect square, by using the results of [4] and
Theorem 2 here, it is easy to implement a C-language program to
compute the desired values of D(). We ran the program in a computer
LEO 386/25, and the results are recorded in the attached Table A.
According to Theorem 1 and Corollary 3, we need to consider only

a>1,and b > 0. So we get D<M> = l + w, where the
2a 2 4Qd

values of d,a,b, R and Q are as shown in the following Table A:
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Table A

O 0N e 00 e 01 0N O O v e o e T T v T e e e v O O = e 60 60 ot v e e v

O~ RO X~~~ O AN N0 OO0 A~ OO~ OO ON ™ MNO O QD =

OF N T O~ MNNOOONANNOT N NO = OOt — NN Ot m v o omt W)

MMM TN ANTNWLOONANMNOANNO TN OTN O NN OANTN AN AN OO

197

VOO QA= NNV ANNNOO-ENOOoO ="t h oo
NN WNOOOVOOVOWOOLOWOO - C000RWNDROROVOANDNANNRNNDRN
v e vt e vt e e e vt T vd v o v et v T o ol v vmd Tt et Yl vk v v e T vl v T Tt el v e e el T

OV vt v et v ol v vt v et v N O] v e e e v v mef e v T vt T ) ) e OO e o~ OO S e 6N 0N v — O

N O OO~ OO0 OO0 OCO "™ = O Q00X —~—F =N NI~ v 0000~ O = — <

NN AN~ NANO =~ ANTOCOONANANT TN AN OO AT~ ANON === NNNDO—
.

VMM OARANNNNOOCODOOTITTONANRAANANNOD OO DO =N MmMO
COCOO~—=——=——a NN NNNNnnnnn NI nin»n
B e I R R R R e e o e o e B TR B TR R IR (R D gL R W R Vi TR P H P i e S T A g

e R s K Rl R s R e e R B T I B R R R R R I o N R R e e e R K Es
OO~ OO OO ™Mt TN S A O M OO OO NOO T~ O OO~ A= OOmM
—HON =~ O AN~ ANONOOD N ANCOC AN O~m= N ANNOONAOAN NN OE e v OO

ANANANANNANNAN AN ANNANNAN NN NN AT TN NTNONTANNT NN

N AD \D [~ O~ 0> = <t <
AN O OO
— =

105
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