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Abstract. We proved some results on the dispersion ofthe real quadratic irrational numbers, 
and use LEO 386/25 to compute some numerical results for discriminant < 200 (see the attached 
Table A). 

1. Introduction and Results 

Let {x,} be a sequence of numbers,  0~<x,~< 1. In [6], H. 
NIEDERREITER in t roduced a measure of denseness of such a sequence 
as follows. For  each N let 

d N = 

and define 

sup min I x - x , I  
0 ~ < x ~ < l  l <~ n <~ N 

D( {x,} ) = lim sup N d N. 
N--* oo 

In particular, for irrational e, the dispersion constant D(e) is defined 
by D ( { n e m o d  1}). It turns out that  O(e)<  oo if and only if the 
cont inued fraction expansion of c~ has bounded  partial quotients. It 
is well known that, for irrational e, the Markov constant M(e) is 
defined by 

M(e)-  1 = lim infn [1 n~ IL, 
n ---+ ~ 

where 11 x [[ denotes the distance from x to the nearest integer. 
Moreover  if el and e2 are equivalent, then D(e l ) - -D(e2)  and 

M(~I) = M(e2). (Two numbers  ~ and fl are called equivalent if their 
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con t i nue d  fract ion expans ions  coincide  f rom some  po in t  on  or, 
equivalent ly,  if there  exist four  ra t iona l  integers r, s, t, and  u such tha t  

r5 + s  
r u - - t s = _ + l ,  and  f l - - -  

t s + u  

cf. [2].) H. NIEDERREITER also shows that  if5 is equivalent  to (1 + x/~)/2 

then  D(5) = (5 + 3x/~)/10, and  if 5 is equiva len t  to x//2 then  0(5)  = 

= (1 + ~/2)/2,  and  so on. 
The  results of this note  are T h e o r e m  1, T h e o r e m  2, and  Corol lary  3. 

T h e o r e m  1. Let d - b (mod  4) be a positive discriminant which is 
not a perfect square of  a rational integer, and b = O, 1. Then we have 

D - 4d " 

T h e o r e m  1 is a consequence  of  the fol lowing 

T h e o r e m  2. Let d -  0, l ( m o d  4) be a positive discriminant which 
is not a perfect square of  a rational integer. Let three integers a, b and 
c satisfy 

[b[ ~< a ~< c, gcd(a,  b, c) = 1, and d = b 2 + 4ac. 

b + x / ~  
Let 5 - - -  have a simple continued fraction expansion 

2a 

b +  x / Q _  
5 - [ao, al  . . . . .  ak], 

2a 

with the basic period a l , . . . ,  ak and n-th complete quotient 

Pn + X~ ~ --[an, an+ l . . . .  ](n ~> 0,50 = 5). 
2Qn 

5 n  - -  

Then we have 

d + R ~  
2d + x /~  

Q, 
D(~)= sup , (1) 

1 ~<i < k  4d 
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where 

Q2 Pi+ Pi 2 

Ri = (2) 
Q ~ [ p ~ + , - p , I - ( P i + ~ - P i )  2 

-2- = 2 Q i l a i Q i -  P i ] - ( a i Q i -  Pi)2' 

i f  a i even, 

Corollary 3. With the same notations as in Theorem 2, we have 

- b +  x /d  
D(fl) = D(oO, where fl - 

2a 

It is well known (cf. [33) that for Markov constants, we have 

Theorem 4. With the same notations as in Theorem 2, we have 

M(~)=  v/d 
min Q~ 

I ~<i ~<k 

Theorem 5. With the notations as in Theorem 1, for ~ - 

we have 

,/3. 
From Theorems 1 and 5, it is easy to see that 

2 

b~ + x / ~  b2 + x/~2 
Theorem 6. Let c q -  and ~ 2 -  , where d i = 

2 2 
-= bi(mod 4)(i = 1, 2) are two positive discriminants which both are not 
the perfect square of  the rational integers, and b i = 0, 1 (i -- 1, 2). Then 
we have 

M(~I) ~< M(~2) if and only if D(~I) <~ D(~2). 

Remark. H. NmDERRE~TER [6] asked whether 

M(el)  ~< M(e2) if and only if D(~I) ~< O(e2). 

A. TRIPATHI [7]  gave some negative answers for this question�9 And 
our Theorem 6 gives some positive answers for this question. 
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II .  P r o o f  o f  the R e s u l t s  in I 

Theorems 4 and 5 are clear, cf. [3]. 
By [1] and [7], for a real quadratic irrational number e as in 

Theorem 2, we have 

where 

D(a) = max ~(ni), (3) 
I ~<i ~<k 

- -  x 2 + (A~ - 2i - 1)x + A~(1 + 2i) 
O,(x) =: 

Mi 

and I'/i is the rational integer closest to 

with 

and 

xi = : ( A i -  2~-  1)/2, 

M i  =:)~i + Ai, 

Ai =: [ai + i, al + 2,..-],  2i =:[0, at, a i_ 1,""", at,  ak, ak- t , . . . ,  a2, at]- 

By the assumption of Theorem 2, [4] and [5], we have that 

) . i= 2Qi - -P i+i  +x//-d, for l~<i~<k,  
Pi+l  + x/-d 2Qi+i 

Ai -P i+l+v /d=o~i+l ,  for 1 ~  i~<k, 
2Qi + 1 

and 

Since 

M ,  = " / ~  P , + , - 0 _ , + ,  - - ,  x ~ - - - - - ,  f o r l ~ < i ~ k .  
Q, + 1 2Qi + 1 

= = = 

L 2Qi+ i 

and 

O<,~i - - P i + l  + x /~  < 1, 
2QI+t 
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we get 

ai+ 1 -I- {Ai}  - 2  i - 1 
X i 

2 

which yields that we have, for 1 ~ i ~< k, 

n i ~- 

ai+ 1 - -  1 

2 
i fa . i  + 1 is  o d d ;  

a i + l  

2 
i f a i +  1 i s  e v e n  a n d  P i +  1 >~ P i +  2; 

ai+ 1 

2 
- - -  1, i f a i + l i s e v e n a n d P i + t  <~Pi+2, 

s i n c e  

{ A i }  - 2i  - 
P i + l  - P i + 2  

2Qi + 1 

Therefore we get, for 1 ~< i ~< k, 

- - n  2 + (A i - 2 i - 1)n i + Ai(1 + 21) 

Mi 

-Qi+l(2ni+ 1) z +2Pi+l(2ni+ 1)+  2 ~ +  Qi+l +4Qi 

z +2p i+ la i+ l+2x /d+Qi+l+4Qi i fa i+  -Qi+lai+l 
a is odd; 

-- Qi+ l(ai+ 1 +- 1)2 + 2Pi+ l(ai+ 1 +- 1) + 2 x / d  + Qi+ 1 + 4Qi 

if a i + 1 is even and  Pi + 1 - P~ + z ~ 0, 

2dQ.+l +x~( -Q?+,aZ+,  + 2P.+,a.+,Q.+ +Q?+I + 4 Q Q + , )  
. . . . . .  a , , , ,itai+lisodd; 

4dQi + 1 

2dQ,+ a + x / d ( - Q ~ +  la{+l +2 P i+  lai+ 1Qi+~ T-2Q ~+ ~a~+~ _+2P;+ ~Qi+~ + 4QiQ, + ,) 

4dQi + 1 

if ai+ 1 is even and  P~ + 1 - Pi + 2 -~ 0, 
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2dQi + l + x / d ( -  (at + 1Qi + 1 - Pi + 1 )2 + Q{+ 1 + d), ifal + 1 is odd; 
4dQi + 1 

2dQi+ 1 + ~ d ( - ( a i +  1Qi+ 1 - Pi+ 1 )2 _~_ Qi-}- I(PI+ 1 - PI+2) q- d) 

4dQi +, 

if al + 1 is even and P i + 1 - P i + 2 ~ O, 

2d + d + R i + ~  x /d  

= Q'+' (4) 
4d 

using the definit ion of  R i and  

d =  P{+ I + 4QiQi+ l ,Pi+ z + Pi+ l = 2ai+ l Qi+ x, 

which can be seen in [4]. 
This finishes the p roof  of T h e o r e m  2, by using (3) (4), and the 

period. 
It is easy to see that  unde r  the assumpt ion  of T h e o r e m  1, the 

m a x i m u m  (1) is reached when  i = k, by using L e m m a  5 in [4]. The 
details are  as follows: 

(A) We have  (cf. [4] and  [5])  

(2ao ,  ifb = 0 a n d a  = 1; 

ak = ~ 2a o -  1, ifb = a  = 1, 

Qk = a, Pk = 2akQk -- Pk+ 1 = 2akQk -- P1 = 2aka -- (2aoa -- b), 

Qk ~- 1, R k -~ b, if a = 1 and  b = 0 or 1. 

(B) F r o m  (A), we have 

d + R k - d + b ,  i f a =  1 and b = 0  or 1. 
Qk 

(C) Then  by using (2) and  L e m m a  5 in [4], for 1 ~< i < k, we have 

d + Ri < ~ - -  ( Qi, if ai odd; 

Q i  Q i  ( [ P / +  1 - Pi[ , i fai  even, 

d d + R  k 
< - +  x ~ <  - -  - d + b ,  i f a =  1 and  b = O o r  1. 

2 Qk 

so that  
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In the above, the following facts are used: 

2 ~ Qi <.~/d, for 1 <~i<k, when a =  1 and b = 0  or 1, 

1 ~< Pi < x/d, for 1 <<.i<.k. 

Therefore we have finished the proof of Theorem 1. 
For the proof of Corollary 3, we point out that, with the notations 

as in Theorem 2, the simple continued fraction expansion of fl is 

fl = [ak -- ao, ak-1, ak- 2 , ' ' ' ,  a2, al, ak], 

with the basic period a k_ 1, ak- 2, ' . ' ,  a2, al, ak, and the n-th complete 
quotient 

fl, = P k + l - . + x/-d (1 ~ n <<. k ). 

2Qk- .  

According to these facts and Theorem 2, let the corresponding Ri and 
Q~ for fl be R'~ and Q'~ respectively, then it is easy to show the following 
facts: 

, ~Qk-i, if l  <~i<k; a n d  R ' = f  Rk-i '  if l  <~i<k; 
Qi = (Qk,  i f /=  k, ~ kRk,  i f /=  k, 

which together with (1) and (2) yield Corollary 3. 

III. The Algorithm of D(~) 

For ~ -  , with ]bl <<.a<~c, gcd(a,b,c)= 1, d = b 2 + 4 a c ,  
2a 

when d < 200 is not a perfect square, by using the results of [4] and 
Theorem 2 here, it is easy to implement a C-language program to 
compute the desired values olD(a). We ran the program in a computer 
LEO 386/25, and the results are recorded in the attached Table A. 
According to Theorem 1 and Corollary 3, we need to consider only 

a > l ,  andb>~O. S o w e g e t D f b + x / d ' ~  1 ( R + d ) x / d  
~ / = 2 + 4Qd ' 

where the 

values of d, a, b, R and Q are as shown in the following Table A: 
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Table A 

d a b R Q d a b R Q d a b R Q 

17 2 1 1 1 
24 2 0 0 1 
28 2 2 0 1 
33 2 1 1 1 
37 3 1 1 1 
40 2 0 0 2 
40 3 2 0 2 
41 2 1 1 1 
44 2 2 0 1 
48 3 0 0 1 
52 3 2 0 1 
56 2 0 0 1 
57 2 1 1 1 
57 3 3 1 1 
60 2 2 4 2 
60 3 0 4 2 
61 3 1 1 1 
65 2 1 3 2 
65 4 1 1 1 
69 3 3 1 1 
72 2 0 0 1 
73 2 1 1 1 
73 3 1 1 1 
73 4 3 1 1 
76 2 2 0 1 
76 3 2 0 1 
80 4 0 0 1 
84 3 0 0 1 
84 4 2 0 1 
85 3 1 5 3 
88 2 0 0 1 
88 3 2 0 1 
89 2 1 1 1 
89 4 3 1 1 
92 2 2 0 1 
93 3 3 1 1 
96 3 0 0 3 
96 4 4 0 3 
97 2 1 1 1 
97 3 1 1 1 
97 4 1 1 1 

101 5 1 1 1 
104 2 0 0 2 
104 5 2 0 2 
105 2 1 3 2 

105 3 3 3 2 
105 4 3 1 1 
108 2 2 0 1 
109 3 1 1 1 
109 5 3 1 1 
112 3 2 0 1 
112 4 0 0 1 
113 2 1 1 1 
113 4 1 1 1 
116 4 2 0 1 
116 5 4 0 1 
120 2 0 0 2 
120 3 0 0 2 
120 5 0 0 1 
124 2 2 0 1 
124 3 2 0 1 
124 5 2 0 1 
128 4 4 0 1 
129 2 1 1 1 
129 3 3 1 1 
129 4 1 1 1 
129 5 3 1 1 
.132 3 0 0 1 
133 3 1 1 1 
136 2 0 0 1 
136 3 2 8 3 
136 5 4 8 3 
137 2 1 1 1 
137 4 3 1 1 
140 2 2 4 2 
140 5 0 4 2 
141 3 3 1 1 
141 .5 1 1 1 
145 2 1 3 2 ' 
145 3 1 3 2 
145 4 1 7 4 
145 5 5 7 4 
145 6 1 1 1 
148 3 2 8 3 
148 4 2 8 3 
149 5 3 1 1 
152 2 0 0 1 
153 2 1 1 1 
153 4 3 1 1 
156 2 2 4 2 

156 3 0 0 1 
156 5 4 4 2 
157 3 1 1 1 
160 3 2 8 3 
160 4 4 0 1 
160 5 0 8 3 
161 2 1 1 1 
161 4 1 1 1 
161 5 1 1 1 
164 5 2 0 1 
165 3 3 9 3 
165 5 5 9 3 
168 2 0 0 2 
168 3 0 0 2 
168 6 0 0 1 
172 2 2 0 1 
172 3 2 0 l 
172 6 2 0 1 
176 4 0 0 l 
176 5 4 0 1 
177 2 1 1 1 
177 3 3 1 1 
177 4 1 1 1 
177 6 3 1 1 
180 4 2 0 1 
180 5 0 0 1 
181 3 1 1 1 
181 5 1 1 1 
184 2 0 0 1 
184 3 2 0 1 
184 5 2 0 1 
184 6 4 0 1 
185 2 1 3 2 
185 4 3 1 1 
185 5 5 3 2 
188 2 2 0 1 
189 5 3 1 1 
192 3 0 0 3 
192 4 4 0 3 
193 2 1 1 1 
193 3 1 1 1 
193 4 1 1 1 
193 6 1 1 1 
193 6 5 1 1 
197 7 1 1 1 
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