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In this note an effort is made to give an abstract approach to some
features of the theory of spline interpolation within the framework of
functional analysis. For this purpose we introduce the concept of spline
systems allowing us to formulate certain minimal properties and their
analogues which we obtain by duality technique. Finally, as an illustra-
tion we describe the linkage of these results to classical spline inter-
polation theory.

0. Basie Notation

All vector spaces we shall consider in this paper will be defined over
the field R of real numbers.

Let E, F be two topological vector spaces. We shall denote by
L(E, F) the vector space of all R-linear mappings from £ into F con-
tinuous with respect to the initially given topologies and by L(E) the
algebra L(E, E) over R consisting of all continuous endomorphisms
of E.

As usual the kernel and the image of any mapping f e L(¥, F) will
be denoted by Ker f and Im f respectively.

A mapping e L(E, F) is called an epimorphism iff it is an open
surjective mapping from F onto F,1i. e. Hff f is a surjective strict morphism.
Recall that if f has a right inverse in L (¥, E) we are sure that f is an
epimorphism.

Furthermore any idempotent mapping f, € L(E) is called a pro-
gector in K. Then f, = id; — [, is the supplementary projector of f,.

Let H be a prehilbert space. The scalar product of H is written
(z, y) — (x|y) and the canonical norm induced by it will be denoted

by I [l
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Finally, if M and N are orthogonal subsets of H, i. e. if (z|y) =0
for all pairs (z, y) e M X N, we shall employ the notation M | N.

1. Spline Systems

In the following definition we are going to introduce the key notion
for our developments.
Let E be a topological vector space and H be a (separated) prehilbert
space. A quadruple
(E » P Uy H )
is called a spline system, provided the following four conditions are

satisfied by the linear mappings p, and u:
(i) p, e L(E) is a projector (having p, as the supplementary pro-

jector in E),

(i) we L (E, H) is an epimorphism,

(iii) Ker v & Im p,,

(iv) Im (wo py) L Im (w0 py).

In section 3 an explicit example of a spline system will be discussed
in some detail.

Let n: E — E/Ker u be the canonical epimorphism and

u: E[Keru — H
be the injection associated with ». Then we have the canonical facto-
rization
u=1uon (1)

and by condition (ii) the mapping u represents a (toplinear) isomorphism
of the quotient topological vector space E/Ker u onto the prehilbert
space H.

Condition (iil) is equivalent to Ker u & Ker p,. Hence there exists
exactly one continuous linear mapping p,: E/Ker u — E such that

P2 = Pp O )
We may now state

Theorem 1. Let (E, p;, u, H) be any spline system in the sense de-
fined above. Then the mapping
P,=uyopou?

is an orthogonal projector in the prehilbert space H.
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Proof. Evidently P, e L (H). To prove that P, is an idempotent
endomorphism of H, first of all we remark that the relation p,op,=p,
implies by (2) the identity

P20 Py = Pa (3)

Then hy (1), (2), (3) we obtain

PioPy=uop,outouopou’
=uop,oulouomopout
=uop,opou’
= P,
Consequently P, is a projector in H. It remains to verify that P,

is symmetric relative to the bilinear form (w, y) — (z|y) on H x H.
To this end we observe that we can derive by means of (1) and (2)

Poou=uopoutononr=uoqp,
2 2 2

Suppose that z, y are arbitrary elements of H. Condition (ii) for
spline systems enables us to choose elements z, € B, y, € E such that
x = u(wy) and y = u(y,). Then by condition (iv)

(Py(@)]y) = (u 0 pa(%y) | u(90))
= (u 0 o)) | © Po(3h))
= (ul%,) | Py 0 w(yo))
= (z | Py(y))-
This completes the proof.
If P, € L (H) denotes the supplementary orthogonal projector of P,,
we can infer from the preceding proof the following relations which will
be used repeatedly.

Lemma 1. For 1 = 1, 2 we have the relation
P ou=wuop,

Combining Theorem 1 with the projection theorem of Hilbert space
we obtain by virtue of the preceding lemma the following minimal
property:

Theorem 2. Let (E, p,, u, H) be a spline system and suppose that

H s a Hilbert space. For any x, € E there is one and only one point
z & lm P; such that
| wwy) — 2 ||z = inf;}“ u(zg) — % © pifz) |5
zeE
where © =1, 2. We have x = u o p,(x,).
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2. Dual Aspects

Given a spline system (E, p;, %, H), in the sequel we shall suppose
that E denotes a locally convex topological vector space and H represents
a Hilbert space. Let us form the topological duals I and H' associated
with E and H respectively and suppose that both vector spaces are
equipped with the strong dual topologies. In addition H' carries the
Hilbert space structure transported by the canonical isometric iso-
morphism j: H — H’. It will not be useful for our purposes to identify
the spaces H and H’.

As is well known, the transposed linear mappings

¢, ="pe L(E), {(+=1,2),

v ="ue L (H,E),

Q,='P,e L (H) (1==1,2),
exist. C]earlgw is an injective linear mapping. Hence its induced inverse
w=1v""is well defined on Im v and represents a surjective linear
mapping

w:Imv - H'.
Lemma 1 yields

Lemma 2. For 1 =1, 2 the relation

Q=wogou
18 valid.

It follows from Theorem 1 that @, =jo P,0j ' (i =1,2), are
orthogonal projectors in the Hilbert space H' each supplementary to
the other. Thus by the projection theorem and Lemma 2 we are led to

Theorem 3. Lei (E, py, w, H) be a spline system, E being a locally
convez topological vector space and H being a Hilbert space. For any
z, € Im v there 1s exactly one pont o' € Im Q; such that

I w(wo)—' ||z = }inf I w(xtl))_w 0 ¢i(zo) "%

zy eImy
where 1 = 1,2. We have &’ = w 0 ().
Let us proceed to a special case. From (1) we deduce the identity
Im v = Im ‘%%. Hence we obtain by (2) the inclusion
Im g, &£ Im . 4)

If 2, denotes any point of E', it is possible to apply the previous
theorem to gy(x;) € Im v in place of #,. Select any point y, € B’ such that
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Yo — %y € Im v is verified. By Lemma 2 we get ¢,(y/,—%,) € Im v. Hence

by (4)
2= qu(4o) — @ € Im w.

Setting ¢ = 1, Theorem 3 yields a

Corollary. Let (E, p,, u, H) be a spline system having the same pro-
perties as in Theorem 3. For any x, € E' we have

|[wo 92() |z = inf || w(zy—44(Yy)) ‘

Y, €4+ Imov

H’e

3. An Example of a Spline System

It is the purpose of this and of the last section to give an illustration
of the preceding developments.

Let I = [a, b] be any non-trivial compact interval in the real line R
and m > 1 any fixed integer. We denote by Ci~'(I) the vector space
of all real-valued functions / which are defined on I and have conti-
nuous derivatives D'f of order 0 << ¢+ << m—1 in I, addition and multi-
plication by scalars being defined in the usual way. Clearly, at the end
points of I the corresponding left resp. right derivatives take the place
of DY.

We shall provide C;~*(I) with the topology of uniform convergence
of functions and of their derivatives of order << m — 1. If we denote
by ||.1l,, the CEBYREV norm on I, this topology is induced on Cp~(I)
by the norm

f= 1l Hlem— =_sup LI Dt ||.,,

and clearly it turns C§'(I) into a Banach space.

Following 1. J. SCHOENBERG [4] we consider the (algebraic) vector
subspace Kg™(I) of Cy*(I) which consists of all functions f e C5Y(I)
such that D™~/ 1is an absolutely continuous function on I and the function
D" (more precisely, the equivalence class defined by D™ which lies
automatically in Lj(I)) is an element of the Hilbert space L%(I). The
space Kp™(I) is equipped with the natural norm

f= |11 lzm = sup (|| f |len-1, || D"F [} 1)-
Evidently the canonical injection Kg™(I) — Cg~'(I) is continuous,
1. e. the topology of Ki"(I) defined by ||.||¢zm is finer than the relative
topology induced by Cx~*(I).

26%
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Theorem 4. Ki™(I) is @ Banach space.

Proof. Let (f,),-, be any Cauchy sequence in the space Kg™(I).
Evidently (f,),>, is a Cauchy sequence in Cg~Y(I) and (D™f,),>, is a
Cauchy sequence in Li(I). By completeness, these sequences have
limits fe Cp'(I) resp. F e Ly(I) in the topologies associated with
these vector spaces. Since ¥ e Ly(I), it suffices to prove that relative
to the topology of pointwise convergence for all ¢ & I

lim (D, (1)~ D" (0) = § F(s) ds

But we have with a constant ¢ > 0
H
| D7 =D fa) — [F(s)ds | <

= H b, —F HL‘S c. H bf,—F HL“
for all n > 1 and all points ¢ € I. This proves the theorem.
Let us denote by P,,_,(I) the vector space of the restrictions rest, P
to the interval I of all polynomial functions P of degree << m—1 with

real coefficients. We shall consider P,,_,(I) as a (closed) vector subspace
of the Banach space Ky™(I).

Theorem 5. The linear mapping D™ belongs to the space L(KF™(I), Lg(I))
and ts an epimorphism with Xer D™ = P,,_,(I).

Proof. It follows immediately from the definition of the topology
carried by the vector space Kg™(I) that the linear mapping
D KE™(I) — Ly(I)
is continuous. Given an integer n with 1 << n < m, let us consider the
linear mapping

J*: L) s F — (t > j'Fs) (t—s)*~ 1d.s;)

1
(n—1)! 2

Then DioJ* =dJ" ¢ for 0 <<¢<_n with the usual conventions
concerning the identity mapping. In particular we obtain

D™ o JYF) = JYF): t — fF(s) ds,
D™ o J™F) = F e Li(I)

and
HI™E) |lgem < 6 || F |20
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with an appropriate constant c,, > 0. It follows that J™e L(Ly(I), K&™(I))
is a right inverse of the mapping D™. Hence D™ is an epimorphism. The
last assertion comes from the fact that fe Ker D™ if and only if
fe Cg~(I) and D™ 'f is a constant function on the interval I.

Remark. In view of the fact that K™(I) is a Banach space (Theo-
rem 4), it suffices to verify that D™ is a continuous linear mapping
from K}™(I) onto the Hilbert space Ly(I). By the open mapping theorem
D™ is then an epimorphism. However, the procedure above makes use
only of arguments which are completely elementary in character.

Let us briefly recall what a (natural polynomial) spline function is
(see e. g. AHLBERG-NILSON [1], T. N. E. GREVILLE [2], I. J. SCHOEN-
BERG [4]). Let n denote an integer, n >m > 1, and let (£);,<, be
numbers within the interval I ordered in the following way:

o<t <tby<... <t,_,<t,<bh. (5)

By a spline function of degree 2 m—1 having the » points (,),<;<,
as nodes we mean a function S € Cg"~*(R) with the property

reSt’]— @, [‘S € P, _1(1—o0, 4),

rest S E€Py (It 1), 1<i<n—1,

1 41
resty, oS €Pp_y(It,, + 2[).
We may then state the following interpolation theorem.

Theorem 6. Grven n numbers ()<, within the interval I c R,
ordered as n (5) and an n-tuple (fy, ..., [,) of real numbers then there
exists one and only one (natural polynomial) spline function S of degree
2m—1 with nodes (8,),<;<, such that

S(t) =1,
for 1 <1< n.

We shall not prove here the interpolation theorem but we refer to
T. N. E. GREVILLE [2] and 1. J. SCHOENBERG [5].

Let us denote by S; (1 << 1< n) the restrictions to I of the funda-
mental functions of spline interpolation relative to the nodes (t;);<;<,.
In the sequel we regard the functions S; as elements of the Banach
space Kg™(I). Moreover let e,ierg’”(I)’, (1 <i<m), be the Dirac
measure (unit point mass) placed at the node ¢, and let < .,.> denote
the bilinear form associated with the topological duality (Kg™(I), Ki™(I)).
To any function f € K{™(I) we shall assign the linear combination
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SPf): It = I < f,e, > .50,

i=1

Clearly f — SP,(f) defines a linear mapping of the vector space
Ki™(I) into itself. It is easy to see that Im SP, is the subspace
of Kg™(I) generated by {8, |1 < ¢ <C n}. For convenience we set

Im SP, = %, .(I).

Theorem 7. Let the nodes (1),<;<, be chosen within the interval I

as tn () and 1 << m << n. Then
(Kg"(D), SP,, D™, Li(I))

forms a spline system.

Proof. To verify property (i) of spline systems we observe that for
any function f e Kg™(I)

| SP.(f) |

where ¢, , = 2 || S, || ¢2m. Hence SP, € L(Kg™(I)). The fact that the
i=1

im < | F gt

linear mapping SP, is idempotent follows at once by Theorem 6.
Next we refer to Theorem 5 which is applied to establish condition (i).
In addition Theorem 5 yields Ker D™ = P,, ,(I). By virtue of Theorem 6

SPn(Pm—l(I)) = Pm—I(I)'

Hence property (iii) follows. Finally, property (iv) of spline systems
reads in the present case
5

[ D"SP()@)-(D™f(t) — D"SP,(f)(t)) dt = 0

for all functions fe Ky™(I). But this is equivalent to the so-called
integral relation, well-known from spline interpolation theory. See
AHLBERG-NILSON [1] and T. N. E. GREVILLE {2].

4. Classieal Minimal Properties

Besides the fact that the preceding theorem yields a concrete example
of a spline system, it enables us to apply the results we have derived
in sections 1 and 2 for general spline systems to the case
(Kg™(I), 8P,, D™, Li(I)). Recall that X, ,(I) denotes the closed vector
subspace of Kg™(I) of spline functions (restricted to I) having degree
2m—1 and the points (), <;<, in the ordering (5) as nodes.

Let us begin with Theorem 2. We obtain in the case =1 the following
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‘Theorem 8 (First minimal property). Let fe Kg"(I) be given. For
any spline function s € X, (I) we have in the Hilbert space Ly(I)

| D"f—D"s ||z = || D"f—D" 0 SP,(f) ||
with equality iff
s = SP,(f) mod P,,_(I).

We proceed to apply the case v = 2 of Theorem 2 to our special spline
system and obtain for any f e Kp"(I)

| D =g |l = inf || D"f—D"h + D" 0 SP(h) ||;»,

heKg™(I)
where ¢ = D"f—D" o SP,(f). Consequently
1 D70 8P()) [l < [| D" ||

with equality iff / = SP,(f) mod P,,_,(I). Hence follows

Theorem 9 (Second minimal property). For any function fe Ky™(I)
we have
I D" |l = || D™ 0 SP(f) || -
Equality holds iff
f =8P}
Our last application is concerned with Schoenberg’s approxima-

tion theorem. It will be obtained as a simple and direct consequence
of the Corollary of Theorem 3.

Let (,); <;<, denote real numbers. Then the real Radon measure on I,
T=2%bc¢,
=1

whose support is contained in the set {#; | 1 <<7<In} of given nodes
is an element of the dual space K§™(I)'. For any function fe K5™(I) we
have the identities

G, T = Zbf(t) = EbSP() (1) =
i=1 i=1
= SP,), T> = <{, tSPn(T))
Hence

T = 'SP(T).

In addition let a continuous linear form L e Ch~Y(I) be given.
Clearly T—L can be considered as an element of the space Kg™(I).
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Suppose that restp _ ,(7—L)=0. It is possible to apply Peano’s
theorem (see A. SARD [3, Chap. 1]). It yields for any function feKz™(I)
the identities

, T—Ly = (D"f | K) = D", juB)> = <f, ‘D0 j oK)y (6)

where K € Ly(I) denotes the Peano kernel associated with the linear
form T'—L and j;. denotes the canonical isometric isomorphism from
Li(I) onto its topological dual Li(I)'. It follows that

TeL+ Im'D"
Hence we get by virtue of the aforementioned Corollary

Theorem 10 (I. J. SCHOENBERG [4]). Let the continuous linear
form L e Cy— ') be given. If the discrete Radon measure

T=2bge, e Ky™(Iy
i=1
on I has the property
restp o (T—L) =0
then the inequality

DM T [ = 1| (D) (E—SP (L) [
holds and

'SP (L) = 2 <8;, Ly ¢,
i=1

In view of (6), the preceding theorem states that, loosely speaking,
when the continuous linear form L is approximated by T, the remainder
L—T turns out to have a Peano kernel with minimal L? norm if the
coefficients (b,);<;<, of T are equal to the values (S, L> of L at the
fundamental functions (S;);<;<, of spline interpolation with nodes
(th<i<n- In this sense the discrete Radon measure

‘SP,(L)
represents a best approximation of L on I.

It is the topic of forthcoming papers to expose more detailed investi-
gations of the topological duality (KE™(I), Kg"™(I)'), to point out especially
the connections to elementary distribution theory and to give appli-
cations of our notion of spline system to the theory of L-splines.
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