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1. Introduetion and Notation

In this paper we establish the unitary (Cohen [3]) analogues of
certain well known arithmetical identities (¢f [5]). In particular we shall
establish the unitary analogue of the identity of the Cohen, Jordan and
Von-Sterneck totients (cf Theorem 2.4 below).

We shall now establish some notation. Let M be a positive integer.
A divisor d of M is said to be unitary (Coken [3]; see also Vaidyanathas-
wamy [6, p. 606] where it is referred to as a “"block factor”) if (d, M [d) =1.
We write d || M to say that d is a unitary divisor of M.

Let £ be any fixed positive integer. For any positive integer N,
let (N, M*),* denote the largest unitary divisor of M¥, that divides N
and is a £ th power. Denote by @, *(M), the number of integers N in
a complete residue system mod M* such that (N, M¥)* = 1. @ *(M)
is the unitary analogue of Coken’s totient (cf [2]).

We now consider the unitary analogue J;(M) of Jordan’s totient
(Dickson [1; p 147]). An ordered k-tuple (o, ..., ;) of integers, where
1<<a,< M for every s =1, ..., k, is said to be a vector (mod %, M).
Let (a;)=(a; ..., ;) denote the greatest common divisor of ay, ..., a;.
The number of vectors (mod %, M) such that ((a,), M)* = ((a;), M),* =1
is denoted by J, *(M).

The unitary analogue H,*(M) of Von-Sterneck’s totient (Dickson
[1; p 151]) is defined thus:

H¥M)= X O¥dy) ... DXy
[y - or g 1= M
where the sum is extended over all vectors (dy, ... d,) (mod &, M) such
that the least common multiple (L. ¢. m.) of dy, ... d, is M and d, || M
for every ¢=1, ..., k. Here and elsewhere in the paper @*=®0 *(M).
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It should be mentioned that ®@*(M) was discussed by Cohen [3] and
Jager [4].

We shall also need the unitary analogue u*(M) (Coken [3]) of the
Mo6bius function defined thus: g*(n) = 4- 1 according as the number of
distinet prime factors of # is even or odd. u* has the important property
of unitary inversion, namely that if ¢ is an arithmetic function and

fim) = % g@), then glm) = Z [ *(nfd).

We also need the concept of the unitary convolute g* % of two
arithmetic functions g and % defined by

g*h(n) =df 9(d) h(n/d).

We note that if g and % are multiplicative then so is g*h.

2. The Unitary Totients &,*, J,*, H.*

We shall first establish

Theorem 2.1
DHM) = 5 & (M)

a|\u

the summation running over all unitary divisors d of M.

Proof: — By the definition of @,*(M), the number of integers less
than or equal to M¥, each of which has d* the greatest k th power common
divisor of M* which is unitary divisor of M?, is @, *(M [d) for, if a is any
a
&

integer satisfying 0 < & << M* and (a, M*),*= d¥, then 0< = << (M [d)*

k
a
and (75 —df),c* = 1. Thus to each integer a with (a, M¥),*= d, there

. a a [M\F\*
corresponds a unique infeger F with the property that #F\g) ] = 1
k
and the correspondence is reciprocal.
L ZoHM|d) = M",
alxu

Hence by unitary inversion

M) = Z d* y*(M|d).
a|| M
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Corollary 2.1.1

1 1
M) =M1 — —%) ... (1 — 5%
2 (M) (1= 7)1 = aw)

where M = p¥ ... p¥ is the canonical representation of M.

Corollary 2.1.2
The function @ *(M) is multiplicative 1. e.
DM, M;) = O5(M,) PH(M,)
whenever (M,, M,) = 1.

We note that the function @,*(M) appeared in [4; p. 512] in an
equivalent form.

Theorem 2.2
JHM) = Zd* pHM]d).
s

Proof: — The number of vectors (@) (mod k, M) which are such
that ((@;), M)*= dis J *(}M |d). On the same lines of the proof of Theorem
2.1, 1t can be shown that

ZJHM|d) = M*
ayl ¥

and

T M) = 2 )

Theorem 2.3
H*(M) = Z & u*(M Jd).
N
Proof: — From the definition of H,*(M), we have
2 HXd) = 2 D¥d,y) ... D¥(d,)
2|l u

where the summation on the right runs over all ordered sets of k unitary
divisors dy, ..., d; of M, for the least common multiple of unitary
divisors of M is again an unitary divisor of M.

X HXd) = (2 D,*0y)) .. -5(5 f*(%))

ail o1
where each ¢, ranges over all the unitary divisors of M.
Le ZHXd) = M~
aj| i
Hence by unitary inversion
HM) = Zd (M /d).

aj M
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Theorem 2.4
The functions @, *(M), J,*(M) and H,*(M) are equal.
Theorems 2.1, 2.2 and 2.3 establish the truth of Theorem 2.4.

3. Some more Arithmefieal Identities

Let 7*(M) denote the number of unitary divisors of M and let

0, ¥(M) = X d*. We shall now prove some identities involving @,*, g,*
aj| o
and 7*.

Theorem 3.1
2 O MM|d) v*(d) = o, (M).
ajll M

Proof: — The functions on both the sides are multiplicativa and
hence we will verify the truth of the statement of the result for M = p°,
a prime power.

2 O ¥(p*[d) THd) = §*(p%) T*(1) + §¥(1) 7H(p%)
all p*
=p* —1+2=p"+1=0%p"
Theorem 3.2
) u

Z OHM[d) d* = X BFM/S) 6.
o)l M

The result can be obtained by using the multiplicative property of
@, *(M) and O*(M) and using Theorem 2.1 on the lines of Theorem 3.1.
Theorem 3.3
2o d) DM D) = MF o, %(M) s, k being integers.
a|ju

Proof: — Functions on both the sides are mulfiplicative and hence
X a,,{(d) @*(M[d), which is the unitary convolute of o}, (M) and
any

@D, *(M), is equal to 17 [ Z a/d) (D,,*(p“/d)] where I1 denotes the pro-
2 Laf|pe P
duct over all distinet prime factors of M. But this is equal to

I [U:+k(1) D.¥(p") + Gs*+k(pa) ,*(1)]
¥4

= II[DXp%) + 05,1 (p)] = H[p* — 1 + p**+9 4 171 = H[p™(1 + p*)]
b4 P P

= II[p** 0,*(p")] = M* 6 *(M).
»
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Theorem 3.4
DHM) = O @;:_1(M/d) D*(d) for k> 1.

il
Since the functions on both the sides are multiplicative the result can
easily be verified for M, a prime power.

Theorem 3.5
pHM) = X d"= &,y (M]d) p*(d).
djlu
The result follows from the multiplicative property of the funections
involved in it. The same can be verified for any prime power.

Theorem 3.6
OHM) = Z D Mdy) ... By (d,)
[dy, ..., =M

where the summation extends over all ordered sets of » unitary divisors
dy; ..., d, of M such that their L. ¢. m. is M and k,, .. ., k, are positive
integers such that their sum is equal to %.

Proof: -~ If the required sum on the right be denoted by E, (M),
then
ER(d) = EBLG) ... B, ()
all i .
summed on the right over all ordered sets of » unitary divisors é,, ... §,
of M.
2 Ry(d) = [2 Dy (6))] - - -6[%; f:n(an)]

all it ol o
=M. Mw=Mhtth = YP
Hence by the unitary inversion
Ry(M) = £ & p*(M[d).
@l i

But the latter is
®,*(M).

All the results of § 3 can be obtained by changing summation orders
and using the definition of unitary convolution. These results also
can be obtained by using generating series of the arithmetic functions
mvolved and the calculus of multiplicative arithmetic functions in
particular the compounding operation of Vaidyanathaswamy [6].
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