NoDEA 2 (1995) 199-229 1021-9722/95/020199-31 $ 1.50+0.20
© 1995 Birkhauser Verlag, Basel

Stochastic McKean-Vlasov equations *

Donald DAWSON
Department of Mathematics and Statistics, Carleton University
Ottawa, Ontario, Canada K1S 5B6

Jean VAILLANCOURT
Département de Mathématiques et d’Informatique,
Université de Sherbrooke
Sherbrooke, Québec, Canada J1K 2R1

Abstract

We prove the existence and uniqueness of solution to the nonlinear local
martingale problems for a large class of infinite systems of interacting dif-
fusions. These systems, which we call the stochastic McKean-Vlasov limits
for the approximating finite systems, are described as stochastic evolutions
in a space of probability measures on R® and are obtained as weak limits of
the sequence of empirical measures for the finite systems, which are highly
correlated and driven by dependent Brownian motions. Existence is shown
to hold under a weak growth condition, while uniqueness is proved using
only a weak monotonicity condition on the coefficients. The proof of the
latter involves a coupling argument carried out in the context of associated
stochastic evolution equations in Hilbert spaces. As a side result, these evo-
lution equations are shown to be positivity preserving. In the case where a
dual process exists, uniqueness is proved under continuity of the coefficients
alone. Finally, we prove that strong continuity of paths holds with respect
to various Sobolev norms, provided the appropriate stronger growth condi-
tion is verified. Strong solutions are obtained when a coercivity condition is
added on to the growth condition guaranteeing existence.

1 Introduction

Limit theorems for systems of exchangeable diffusions in R¢ have been exten-
sively investigated since the original work of McKean [23] on the propagation of
chaos in physical systems of interacting particles related to Boltzmann’s model
for the statistical mechanics of rarefied gases. In the classical case the limit is de-
scribed as the solution of a nonlinear deterministic evolution equation known as
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the McKean-Vlasov equation. In this paper we investigate a related class of ex-
changeable diffusions for which propagation of chaos fails and the limiting equation
is a nonlinear stochastic evolution equation .

In each of these limit theorems, the particles are assumed to exhibit ex-
changeability of motion, which is built in the structure of their respective drift
and diffusion coefficients and allows for both convergence and characterization.
The reader is referred to Gértner [15] for some historical background and a bibli-
ographical survey. A very general version of the weak law of large numbers in the
case of interacting diffusions is found there, as well as the corresponding propa-
gation of chaos. Fluctuations and large deviation results as well are the subject
of active research (for example, see Dawson [10], Dawson and Gértner [11], [12],
Brunaud [7], Ben Arous and Brunaud [2]).

In the present paper, we are interested in extending another classical result
of probability theory to systems of exchangeable diffusions: the law of large num-
bers for strongly dependent exchangeable triangular arrays. More precisely, under
weak growth and monotonicity conditions on the operator valued coefficients, the
sequence of laws of the empirical measures associated with a triangular array of
exchangeable diffusions converges weakly (on the appropriate space of trajectories)
to a measure-valued diffusion, referred to as the stochastic McKean-Vlasov limit
for the sequence. The law of this stochastic process is characterized as the unique
solution to the local martingale problem associated with a nonlinear evolution
operator of McKean-Vlasov type.

The class of diffusions considered encompasses many of those in [15], where
the limits are deterministic evolutions in the space of probability measures on
R<¢. In many cases here, these solutions are not deterministic. The extension will
readily be seen as a natural one.

Recently, Baldwin et al. [1] and Chiang et al. [9] have considered some
McKean-Vlasov limits of systems of interacting diffusions driven by a noise valued
in the dual of a nuclear space, whereby obtaining stochastic limits as well. The
limiting process there exhibits propagation of chaos, a consequence of the weak
correlation between the particles. In the present framework, the driving Wiener
processes take their values in much smaller spaces and the stochasticity of the
limit arises through the strong correlation built in the system of diffusion equa-
tions, not from the loudness of the noise. There is no propagation of chaos here,
just propagation of the mixture.

The reader should consult Graham [17] for an alternate generalization of
Gartner’s work, to nonlinear diffusions with jumps; the stochasticity of the limits
there ensues from the non-degeneracy of the jumps in the limit and again propa-
gation of chaos obtains.

Building on the work of Bismut [3] and Kunita [20] on stochastic flows of dif-
feomorphisms on a manifold (about which more will be said in section 3), Borkar
[5] characterized the measure-valued diffusions associated with the stochastic evo-
lution of infinitely many particles in a Brownian medium, for the special case
where the evolution operator has polynomial coefficients. His construction yields
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strong Lipschitz continuity of the trajectories of a single tagged particle driven by
the stochastic measure valued solution, a property unlikely to hold for the more
general class considered in the present paper.

An alternative approach to Borkar’s, which also allows for a detailed analysis
of infinitely many strongly interacting diffusions, this time by constructing their
paths directly on a Brownian sheet, was presented in Walsh [32] and has been con-
siderably extended by Kotelenez [19]. Here again the strong construction requires
Lipschitz conditions on the coefficients of the evolution operator.

The choice we make here to define our processes as solutions to local mar-
tingale problems allows for existence and uniqueness results to emerge under con-
siderably weaker conditions than Lipschitz continuity, in parallel with the theory
of finite-dimensional diffusions, as presented for instance in the book by Stroock
and Varadhan [27].

We next sketch a brief outline of the paper.

The frequently used notation has been gathered in section 2.

In section 3, we review and extend some of the results from Gértner [15]
and Vaillancourt [31] pertinent to the tightness of the laws of the ensembles of N
particles, as their size N grows unboundedly, thereby obtaining the existence of
stochastic McKean-Vlasov limits. The only conditions required of the coefficients
governing the evolution of the finite systems at this point are ellipticity, continuity
and a weak growth condition. Passing references are made to the two degenerate
cases, partly excluded from our presentation as they are already covered in great
detail in Gértner [15] and Kunita [20].

In section 4, we prove the uniqueness of solution to the limiting local martin-
gale problem, for the special class of McKean-Vlasov limits possessing a function
valued dual, in the sense of Dawson and Kurtz [13]. An interesting feature of these
particular McKean-Vlasov limits is that, as infinite particle systems, they are in
duality with none other than the family of Feller semigroups associated with the
sequence of finite particle systems which generated them in the first place. Since
existence of a dual process ensures uniqueness of solution, no additional assump-
tions are required in this special case, other than those ensuring existence.

In section 5, we show that any (probability measure valued) McKean-Vlasov
limit constructed in section 3 takes its values in the dual of a Sobolev space. In
fact it is shown there that the weak topology on the space of probability measures
M(R?) is generated by a scalar product. This suggests the possibility of writing
the McKean-Vlasov limits as Hilbert space valued solutions to stochastic evolution
equations. We also show in section 5 that any solution to the local martingale
problem of section 3 arises as the law of a weak solution to the stochastic evolution
equation

<N’t;¢> :/O <:U‘S7L(:U‘S)¢> d8+/0 </UT('ayaMs)us(')W(ds7dy)aV¢(')>7 (11)

where {L(u) : p € My} is a class of second order differential operators, ¢ belongs
to the space of test functions S and ¢ is matrix valued and reasonably smooth.
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The meaning of equation (1.1) is made precise in section 5 and involves the con-
struction of Hilbert space valued cylindrical Wiener processes W, of Bojdecki and
Jakubowski [4].

In section 6, we use a coupling argument, to obtain the distributional unique-
ness of solution to the above stochastic evolution equation. The local martingale
problems associated with McKean-Vlasov limits are therefore well-posed by the
argument of Yamada and Watanabe [33]. Both results are obtained using a rather
weak monotonicity condition. As a corollary, we derive the preservation of positiv-
ity for a wide class of evolution equations. Section 7 contains additional information
about the smoothness of the values taken by this solution, as well as about the
continuity of its trajectories with respect to certain Sobolev norms, under stronger
growth conditions.

An alternative construction of the McKean-Vlasov limits as strong solutions
to stochastic evolution equations in rigged Hilbert spaces is provided in section 8.
We show how to use the Krylov-Rozovskii [22] results to obtain that the unique
solution to the local martingale problem of sections 3 and 6 arises ag the law of
the unique strong solution to equation

t t d f
ut=u0+/0 L*(us)usd8+/0 0N 0 (Bils ps)pss AWi(s)) (1.2)

i=1 f=1

(where superscript * indicates the adjoint to a linear operator) under coercivity
(which ensures existence) and monotonicity (for uniqueness), plus some smooth-
ness conditions on ¢ and b. The Wiener process appearing here must take values in
a space of strongly differentiable functions — conditions on its covariance kernel
will ensure this. Bear in mind that such strong solutions will always live inside a
Sobolev space and not its dual, so they take their values amongst absolutely con-
tinuous probability measures and require very strong conditions indeed. However
we give a natural example (8.1) of a McKean-Vlasov limit for which explicit calcu-
lations are readily carried out to illustrate the growth, monotonicity and coercivity
conditions in sections 6 to 8.

2 Notation

We will often need the following spaces:

C(X1, X2), the space of bounded continuous functions X; — X» with the uniform
topology, where X is any topological space and X, is any normed space — we
write C(X7) in the case Xy = R;

C? (R%), the space of real-valued continuous functions with compact support which
are twice continuously differentiable;

C?(R%), the space of real-valued bounded continuous functions, twice continuously
differentiable with first and second derivatives all bounded;
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S, the Schwartz space of smooth functions R¢ — R which together with all their
derivatives are rapidly decreasing;

&', the Schwartz space of tempered distributions, dual to S;

C(]0,00) : X), the space of continuous paths [0,00) — X with the topology of
uniform convergence on compact sets, where X is a metric space;

M(X), the space of probability measures on a metric space X, with the weak
topology defined by the Prohorov metric (see Ethier and Kurtz [14]) — weak
convergence being denoted as usual by =;

My ={p € M(RY) : (4, p2) < oo}, where p3(2) := 1+ |2 = 1+ 2] +--- + 23,
with the strongest topology coinciding on {u € M(R?) : {u,2) < R} with the
weak topology, for every R > 1 — note that this topology turns My into a Lusin
space, for details see Gértner [15];

D, the set of all continuous functions on My of the form ¢ ({u, ¢)) wherep : R - R
is smooth and ¢ € CZ(R?);

Ly(X1, X3), the Hilbert space of Hilbert-Schmidt operators from a Hilbert space
X into another Xo (When X5 = R, it is omitted.);

Lo(X1, Xs), the space of linear operators B : @Q*/2X; — X, such that BQ/? €
L2(X1,Xs), where @ € La(X7, X1) has a square-root;

HI C H° = Ly(R?% C H™ and (H)¢ c (H°)? ¢ (H79)% the rigged Hilbert
spaces defined in Section 5 for any j > 0;

R ® RS, the space of real d x f matrices, with the euclidean norm | - |;

(RY®R%), its subspace of symmetric positive definite d x d real matrices (in the
wide sense).

We will also need the following notation:

8., the unit measure at z € R%;

€z = 1/N Z,{Ll 8z, when z = (z1,22,...,z5) € (RY)Y,;

(1r8) o= [ B)(d2) for ¢ € C(X) and '€ M(X);

w3 (dzy dzo) == p(dz)p(dze);

{u(®)} or {p:}, the canonical process on C([0,00) : M(R?));

(-,-);, the scalar product on the Hilbert spaces H? and (H7)?, defined in Section
5, with || - ||; the associated norm;

Al¢], the canonical bilinear form pairing A € H™J (S') with ¢ € H? (S);

8;: 8’ — &', the weak partial derivative with respect to the i** coordinate;

V, the gradient operator acting on C2((R%)V) for any positive integer N, written
as VI = (VT)N |, where V; is the gradient on C?(R?) acting on the 5** coordinate.
All vectors are written in column form.
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3 Exchangeable diffusions

The evolution of the system of NV particles will be described using the martingale
problem formulation of Stroock and Varadhan [27]. Under the appropriate condi-
tions, the system will form a (R%)V-valued diffusion with the particles exhibiting
exchangeability of motion.

Explicitly, for mappings b : RY x My — R%, a: R* x My — (R4 Q R%),.
and ¢: R% x R? x My — (R?® R%),, the (diffusion) operator for the system of
N (exchangeable) particles L(V) : CZ2((R%)Y) — C((R*)N) may be written in the
form

N

L(N)¢(x) = ZbT(:cz,ethb

i=1

N
5 Z xzal:jae:c ])TVZ¢($)
ko

L\N»—-\

N
Z .’E“Em TV ¢( )

)—A

(3.1)

Equip space My = {u € M(R?) : {u, 92) < oo}, where we denote py(z) :=
1+ |2 = 1+ 22 + .- + 22, with the strongest topology coinciding on {u €
M(R®) : {u, p2) < R} with the weak topology, for every R > 1 — note that we
have p, — g in My if and only if both p,, = p in M(R?) and sup,, (i, ) < o0
hold.

A probability measure P") on the Borel subsets of C ([0,00) : (R})N) solves
the martingale problem started at 7 € M((R%)V) for operator L), if we have
PV 5 z{0)™' = 7 and, for every choice of ¢ in the domain of LM, the process
o(z(8))— fg LWV ¢(z(s))dsisa PﬁN)—martingale with respect to the natural (Borel)
right continuous filtration on C([0,00) : (R%)V). If a solution exists and is unique
for every m € M((R®)N), we say that the martingale problem for LY) is well-
posed.

A similar definition holds with (R?)™ replaced by any metric space X — see
chapter 4 of Ethier and Kurtz [14] for more details. We will also need the concept
of a martingale problem on more abstract topological spaces below but there is no
added difficulty there.

The family {P s € M((RHN)} will be called (N-) exchangeable if it

satisfies P( ),1 = P(N) o5 ! for every 1 € M((R%)") and every permutation o of
the N coordinates i 1n (RON| with &(z(-))(t) := o(z(t)) for each z(-) € C([0,00) :
(RYN). Since L) (g o o) (x ) L) (¢)(o(x)) for every choice of o, ¢ and z, the
following is a particular instance of theorem 10.2.2 of Stroock and Varadhan [27]
(see also Gértner [15]).



Vol. 2, 1995 Stochastic McKean-Vlasov equations 205

Theorem 3.1 Assume thatl the mappings a, b and ¢ above are continuous, with
alz, ) — c(z, 2z, 1) strictly positive definite for every choice of z and p, and c
such that all matrices of the form (c(x;, x5, 696))%’:1 are positive definite for every
choice of © and N. Assume also that there exists K > 0 such that Trace(a(z, p)) -+
207 (z, 1) 2 < K(1 + |2|2) holds for all z and all measures u with finite support.
The martingale problem for operator L) on CZ((R)N) is then well-posed on
C([0,00) : (RYN) for each N > 1 and its family of unique solutions is exchange-
able.

The N particles system may also be viewed in terms of its associated empirical
process P(M) .= P oey', defined for each probability measure 7y € M((R4)N)
with a finite second moment, by the canonical mapping ey : C([0,00) : (R)N) —
C([0,00) : M2), with en(z(-))(t) := €z — this measurable mapping is well-
defined because of equation (3.2) below. No information on the trajectories is lost
as a result of the exchangeability of motion of the N particles.

The next theorem characterizes the limit points of {P(N )N > 1} in the
sense of weak convergence in the space of probability measures on C([0, 00) : Ms).
This requires some explanation as My is a Lusin space but not a Polish space.
The following topological results are taken from Gértner [15], where the reader
will find detailed proofs of all statements.

Equip space C([0,00) : Mj) with the strongest topology which coincides
on C([0,00) : {p € M(R?) : {u,3) < R}) with the weak topology for each
R > 1. In this topology, we have p,(-) — u{-} in C([0,00) : Ms) if and only if
both weak convergence pi,,(-) = u(-) in C([0,00) : M(R?)) and, for every T > 1,
SUP,, SUPeo,7) {kn (1), 2) < 00, hold.

Since the Borel subsets of C'([0, c0) : M) (resp. Ma) are simply the intersec-
tions of Borel subsets of C([0,00) : M(R%)) (resp. M(R%)) with C([0,00) : My)
(resp. My), every probability measure on C([0,00) : Ms) (resp. Mz) has a unique
extension to C([0,00) : M(R?)) (resp. M(R?)). We do not distinguish one from
the other in the notation.

The definition of weak convergence on the space of probability measures on
C([0,00) : My) (resp. M) is the usual one, i.e., {Py} converges to Po, in the weak
sense if { [ f dPn} converges to [ fdPs for all real valued bounded continuous
functions f on C([0,00) : Ma) (resp. Ma).

Given probability measures {Pn} and Py on C([0,00) : M3), {Pn} is
sequentially weakly compact (resp. converges weakly to P,) if and only if
both sequential weak compactness of {Pn} (resp. weak convergence to Ps) in
M(C([0,00) : M(R%))) and, for every positive T, the following limit limg_ o,
supy Py (supseo 7y (1(t), w2) > R) = 0, hold. A similar statement holds for se-
quences of probability measures on My, with the supremum over time removed
from the last condition.

The operator £(%) : D — C(Mjy) which generates the process describing the
evolution of our infinite particle system — the stochastic McKean-Vlasov limit for
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the sequence of finite systems — is defined by

LN = o) s B + P 2 Ry
with Lo(z) = b (sn)V6(2) + L (alz V)" Vo(2)

and  R(p)¢(z1, 22) (V¢(Zl))Tc(zl> 22, W)V (22) .

Il

Denote by ¢ = 1/N Zszl 2N () the empirical process associated with the so-
lution to the martingale problem of theorem (3.1) and started with distribution
{mn € M(M3)}; by PW) its law on C([0,00) : My) ; and by E?Y)| the cor-
responding expectation. Note that ¢ — (e¢l¥, 5} is a continuous map for each N
though not necessarily in the limit.

Theorem 3.2 Assume that the conditions in theorem (3.1} hold. Provided that
the sequence of starting measures {my € M(Maz)} is sequentially weakly compact
and verifies supy BN, pa) < 00, the sequence {PU)} is sequentially compact
in M(C([0,00) : Mz)) and all its limit points are solutions to the local martingale
problem on C([0,00) : M3) for LI®) : D — C(My).

For any starting measure 7o, € M(M3), there exists at least one solution to
the local martingale problem on C([0,00) : Mjy) for £().
In particular, for any ¢ € C2Z(R%), the process M(¢) associated with (-, ),

given by M,(¢) = (u(t), ¢) — fg(,u(s),L(u(s))gb) ds, is a continuous locally square
integrable martingale, with quadratic variational process

< M@ >i= [ (o), Ruls))o) da.

The proof is broken into a series of lemmas.

Lemma 3.1 Assume that the conditions in theorem (3.1) hold.
Provided sup y EM) (el ¢2) < 00, we have

lim supP(N)< sup (e, pg) > R) =0.
R—oo N t€[0,T]

Proof: The stopping times 75 := inf{¢t > 0: (¢}, o) > R} for R > 1 ensure
TN . .
that Mng (p2) = (ei\/’wg, wa) — OM E (N L(eN)py) ds is a bounded martingale,

and the growth condition implies, for every t > 0,

t
0 < BNl x,02) < BENe)) o) + K / ENel x,p2) ds.
0
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Gronwall’s inequality (see Ethier and Kurtz[14]) yields, for every positive T, N
and R > 1,

sup BNl v, 0a) < X TEMN(e o). (3.2)
te[0,7] R

This implies both P (limp_, o, 7H = 00) = 1, for each N, and, for every positive
T and N,

sup E(N) <6£V7 (P2> S eKTE(N)<6(IJVv (P2> - (33)
t€[0,T]

On the set {78 < oo}, we have (eJTVN,gag} = Rfor every N > 1 and R > 1, because
R

of the continuity of trajectories of the empirical process {el¥ : ¢ > 0}.
This implies, for every positive T, N and R > 1,

R-PM(rff < T) < BN, v, 02).

Making use of equation (3.2}, we get

1
P(M( sup (e, 2) > R) < e TEN( 0a),
t€[0,T]
from which the conclusion follows. O

Lemma 3.2 Assume that the conditions in lemma (3.1) hold. Provided that the

sequence of starting measures {mn} is sequentially weakly compact, so is the se-
quence {PN)1.

Proof: Denote by Pé{Q’T the law on C([0,7] : [0, R]) of the stopped process
(N, ). By lemma (1.4) of Gértner [15] and the present lemma (3.1), it suffices
R

to show that the sequence {Péf\g’T} is sequentially weakly compact for every choice
of $ € C2(R%), R > 1and T > 0. Using theorem (1.4.6) of Stroock and Varadhan
[27], all we need to prove is that, for every ¢ € C?(R?), there is a positive constant
A = A%, ¢, T, R), invariant under translation of ¢» and independent of N, such

that ¢ ((el _ s ¢)) + At is a submartingale for all values of N.

Treating 1((e;, ®)) as a function of z, the martingale problem for L) (the-
orem 3.1) implies that, for every s,t € [0,7],
t/\‘rg
V(e @) = 0Dy ) + (VO - Ve = [ " (e, ) du,
s/\'rR

where
L%, @) 1= L ({1, 8))
st (D) (VOO (o) — ) VOO (34)

and ¥V (¢) is a continnous local ’P(N) -martingale.
é.R,T g
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Since M := {u € M(R?) : {1, 02) < R} is a sequentially weakly compact
subset of My, the continuity of a, b and ¢ plus the compactness of support of ¢
ensures that A = sup sup,cz |LMp((u, )| is finite, and translation invariant

in v since LM is. Therefore, TN (t) is actually a bounded P;{Q_T—martingale and
we are done, since we can infer ’

Y({etnry 8) — P, )+ (BY (1) ~ TV (s)) > —Alt —s). O

Lemma 3.3 Assume that the conditions in lemma (3.2) hold. Any weak limit of
the sequence {PN)} solves the local martingale problem for £{%°).

Proof: For every choice of p € C([0,00) : M3) and R > 1, define
TR = 1inf{t > 0: {u(t), =) > R},

with 7z = oo whenever the set is empty. For every choiceof F € D, N =1,2,...,00
and ¢t > 0, the mapping ZV (-, 1) : C([0,00) : My) — R defined by

b= =V (0t) = Flute n o)) - [ " LD u(s)) ds
0

is bounded and continuous in view of the argumentation in the preceding lemma
(3.2). Equation (3.4) yields Sup,ec((0,c0): M) [ (4, 8) =2 (1, )] < Ct/Nfor some
positive constant C, so that for any weakly convergent subsequence of {P(N )} with
limit P, we have

Jim [ GOEN (g apn )~ [GlE=(.0dP()
for every Fs-measurable G € C(C([0,00) : M3)), with F,the usual filtration at s
on C([0,00) : My). Since ZV is a PM)-martingale for each N > 1, then % is a
P-martingale as well. The argument in the proof of lemma (3.1) may be duplicated
here to conclude that P(limpg .o, 7r = 00} = 1, which completes the proof. 0

The last two lemmas together imply the existence of at least one solution
to the local martingale problem for operator £{*), for every starting distribution
Moo € M(Mbs). The last statement of theorem (3.2) is an application of Itd’s
formula and the proof of the theorem is complete. O

Special attention should be given at this point to the two possible interpre-
tations afforded by stochastic McKean-Vlasov limits arising respectively from the
following two degenerate classes of possible limits. In the case ¢ = 0, Gartner also
proved that, under some mild coercivity and monotonicity conditions on operator
£() the above local martingale problem is actually a martingale problem. It is
well-posed and its solution is the unit mass along the trajectory of the unique
solution u(-) to the classical McKean-Vlasov evolution equation

), 6) = (), L)),

for every ¢ € C2(R?), given any starting point x(0) € Mo.
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All solutions to the local martingale problem of theorem (3.2) can therefore
be viewed as classical, deterministic McKean-Vlasov systems which are randomly
perturbed by immersion into a Brownian medium, which is highly correlated lo-
cally and can exhibit relatively slow decay when particles move apart. This physical
interpretation is made mathematically explicit in the form of operator £(>) by the
addition of a tagged noise term (with continuous diffusion coefficient ¢) to each
particle, in such away that particles lying close together are affected by highly
correlated noise sources.

In the degenerate case where a(z, 1) —c(z, z, ) is positive definite everywhere,
but not strictly positive definite for some choices of z and g, the uniqueness of so-
lution to the martingale problems of theorem (3.1) still holds, provided we assume
an additional, Lipschitz continuity condition on both b and some square-root of
each matrix of the form (¢*(z;, z;, ez))ffj:l, with ¢*(x;, 2, €5) = c(z, 2, €;) when
t # 7 and ¢*(z;,2,€65) = a(z;,€;) when ¢ = j — see section 5.2 in Stroock and
Varadhan [27].

In particular, when representation e(z1, zg, 1) = Z;K:l a(z1,5, )0 T (22,7, 1)
holds for some Lipschitz continuous mapping o : R¢x {1,..., K} x My — RIQRS
and a(z, u) = ¢(z, z, ) holds for every choice of z and p, the martingale problem
of theorem (3.1) can be seen to arise from the following N-point motion in a
stochastic flow in (RY), driven by K independent (Rf)-valued Wiener process
{W; 7 =1,... K} (cf. Kunita, 1984):

t K t
z4(t) = z;(0) +/0 b(zi(s), €x(s)) ds + Z/O o (i(5),J, €x(s)) AW (s) -

We can therefore provide a second interpretation of the solutions of the local
martingale problem of theorem (3.2) under these additional Lipschitz conditions
on the coefficients, namely as stochastic flows enhanced by an ambient diffusion
source which acts locally on each particle, solely as a function a of that particle’s
position and the position of the entire cloud of particles.

4 Uniqueness using duality arguments

If we make the restriction that the coefficients a, b and ¢ of operator £ do
not depend on p, then uniqueness of solution for the local martingale problem of
theorem (3.2) may be obtained using a duality argument, without any additional
condition to those ensuring existence of a solution. Monotonicity is not needed in
that case: continuity of the coefficients plus a growth condition will suffice. This
class of martingale problems is akin to that studied by Dawson and Kurtz [13],
where difference operators play the role of our second order differential operator
R(u) in generating randomness in the measure-valued trajectories.
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Theorem 4.1 Assume that the conditions in theorem (3.1) hold and that
the coefficientsa, b and ¢ do not depend on p. The local martingale problem on
C([0,00) : My) for L) is then a martingale problem and it is well-posed.

Proof: We actually prove the unicity of solution on the larger, Polish space
C([0,00) : M(R%)), for every starting distribution supported by Ms. Because
of the independence in u, the processes

t
Fut) - [ £ F(u(s))ds
0

are actually bounded P-martingales, for every F € D and every solution P to the
local martingale problem for £(%), This is the first statement. Consider the set
of all continuous functions on M(R?) of the form Fy(u) = |, (raye f dp**, where

f belongs to C%((R%)*) for some £ > 1 and p** is the £-fold product of measure
p € M(R) by itself. For any such Fy, operator £(>) may be rewritten in the
(dual) form

ﬁ(oo)Ff (1) = FL(Z)f(ﬂ)

where L) is defined in theorem (3.1). This means that the (deterministic) func-
tion valued process started at f € CZ((R%)*) which is dual to the limiting em-
pirical measure process is precisely S£(f), where {S{} stands for the Feller semi-
group for the system of ¢ particles which generated the sequence of empirical pro-
cesses in the first place! By theorem (3.1}, the martingale problem on C([0,00) :
Ur>1C2((R9)%)) associated with the generator given by the family of operators
{L® . ¢ > 1} has a unique solution for every starting point f € Up>1CZ((R%)%).
The result then follows from the duality equation for £(>) (see Ethier and Kurtz
[14]), provided the following integrability condition is satisfied: for every posi-
tive T and every f € Up>1C02((R%)%), there exists an integrable random variable
I' = I(T, f) such that sup, ;<p(|Fse(s)(1(s))] + |£(°°)F3te(f)(p(s))|) < T Since

{S?f} is a contraction semigroup, we may select

P = sup(|f(@)] + L9 (z)]) < 00. O

5 McKean-Vlasov limits in Hilbert spaces

From now on we immerse M(R?) continuously into &', the Schwartz space of
tempered distributions (see Treves [30]; Holley and Stroock [18]), in order to an-
alyze the smoothness of the sample paths of our stochastic McKean-Vlasov limits
more closely. Let hy,(t) := (w1/227n1)~1/2(=1)me!*/2DP(e~t) for n = 0,1,... and
t € R, where D" denotes the nth derivative with respect to ¢. Define the Hermite
function of index n = (ny,na,...,ng) by hn(2) = Ry (21) - ... - hny(2q) for each
z = (21,22,...,24) € R% The set {h,} forms a complete orthonormal system
in Lo(RY) and satisfies the Charlier-Cramér [8] upper bound sup,, , |h,(z)| < 1.
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Szész [28] later proved sup, , |hn(2)| = ho(0) = rd/4

of Szegd [29]. The separable Hilbert spaces

— see chapters 7, 8 and 9

HI = {X €8 IXI = Y (@nly + d) X[ha)? < oo} ,

n
with |n|; == Ele n;, provide the dense continuous inclusions
SCH CcH'=Ly(RY)cH S

for any real valued 5 > 0. Remember that the elements of H7 have all their first
order partial derivatives belonging to H7~! for every j € R and that the inclusion
H7 ¢ H* is of Hilbert-Schmidt type as soon as j — i > d. We denote by (H7)f
(resp. (H7)?®/) the Hilbert space of mappings from R? into RY (resp. R? ® RY)
such that each coordinate belongs to H?. The Charlier-Cramér bound implies
both sup, |Vh,(2)|2 < (2|n|y +d) and sup, |[VVT h,(2)1? < (2|n|y + d)?, using the
well-known representation of the derivative of Hermite functions (d = 1):

Dlh,(t) = (-g)l/zhn_l(t) - (?;—1

)1/2hn+l(t) .

The Charlier-Cramér bound also implies the elementary observation M(R%) C
H~?71: indeed, for all probability measures p € M(R?), we have ||u|[2, ; <
S alnly +d) 74w, h2) < C_g_y1, with C; == 5, (2|n|1 + d)? finite whenever
j < —d. Thus every solution to the local martingale problem of theorem (3.2)
starts and remains inside the dual space H~¢~! with probability one. Further,
we have continuity with respect to the norm || - ||_4_1 for every solution as a
consequence of the following proposition.

Proposition 5.1 The weak topology on M(R?) is the restriction of the norm
topology of H™%71 to its subset M(R?).

Proof: Weak convergence of a sequence {un,} € M(R?Y) to u € M(R?) im-
plies, for every n, lim,, o0 (tm, Pn) = (i, hn). This last statement is equivalent
to limpm— oo {|tm — #ll—g—1 = 0 because of the Charlier-Cramér bound and the
finiteness of C'_g_1. Convergence in the norm || - ||_4—1 of a sequence {u,} €
M(R?) to p € M(R?) is also easy. Since S is convergence-determining — CZ(R%)
is actually in the uniform closure of S, see Tréves [30], lemma 15.2 — it sui-
fices to show that S is in the uniform closure of the linear span of {A,}. Since
L (@, ha)oD)? < C; 3 (2In)1 + d) (é, hy)3 < oo holds for any ¢ € HJ with
j > d by the Cauchy-Schwarz inequality, the sequence of continuous functions
Zlnils (&, hn)ohy, € S converges uniformly to ¢ for every choice of ¢ € S. O

In fact, a bit more work yields convergence in the stronger, inductive topology
on S of Z|n|1§£(¢7 hn)ohn to ¢ — see formula (A.15) in the appendix of Holley
and Stroock [18].
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Beware: M(R?) is not closed with respect to the norm || - ||_4_1, since con-
vergence in this norm does not imply tightness in M(R?).

An immediate consequence of proposition (5.1) is that all solutions to the
martingale problem of theorem (3.2) are in fact probability measures on C([0,00) :
H~%"1). The rest of the paper is devoted to proving uniqueness and regularity of
solution on that space.

Proposition 5.2 In addition to the conditions of theorem (3.1), assume that, for
every choice of R > 1, there exists Kr > 0 such that

la(z, W) + [b(z, )] < Kr(1+]2)

holds for all choices of z € R and u € M® = {in € M(R?) : (,p2) < R}. For
any solution P to the local martingale problem for £(°) | started at a random point
po satisfying Euo,p2) < 00,

M, =Y @lnly + &) P My(fn)

n

where f, = (2|n|1+d) 2 h,,, defines an H~42-valued continuous square-integrable
local martingale.

Proof: Recall from the proof of lemma (3.3) the localizing sequence of stopping
times {rg : R > 1}, defined by 75 := inf{t > 0 : (u(t),p2) > R}. For each
¢ € C2(R?) and any solution P, define M (¢) and Q4(¢), the local P-martingales
associated with the process (us,¢) and its square, by My (¢) = (@)
- f§<us,L(us)¢> ds and Q¢(¢) := MZ(¢)— < M(¢) >;. The first observation
is that the same property holds for each ¢ € S under the additional growth con-
dition on a and b — we need not assume the compactness of support of ¢ for the
local martingale property to remain, because any smooth function with rapidly de-
creasing derivatives can be approximated uniformly, together with a finite number
of its derivatives, by a sequence in C2(R%).

Indeed, let {¢,} € C2(R?) be such an approximating sequence for some ¢ €
S, so that both {Minrs(¢n)} and{Qirrn (¢n)} are square-integrable martingales
for every n > 1 and R > 1.

Writing | - |oo for the sup-norm on C(R%), and by extension on the spaces of
vectors and matrices with coordinates valued in C(R?), we get

sup |th-R (¢n) —Minrg (¢)l
t€[0,T]

TATR
< 16— dleo + /0 (15, L (110 (¢ — B)]) dis

S M)n - ¢|oo + KRRT(|V(¢71 - ¢)|oo + |va(¢n - ¢)|oo) ’

this last inequality the result of the definition of 7. The martingale property for
Minrp(-) and the fact that it remains well defined and square-integrable in the
limit follow at once.
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The conditions of theorem (3.1) implicitly ensure that any bound on a carries
over to ¢, since |e(z1, 22, u)|? < Trace(a(z1, 1)) Trace(a(zq, 1)) holds for all 21, 2, €
R? and p € M(R?). The additional growth condition on a implies

le(z1, 22, ) < AR+ |2a]) (1 + |22 ])

for all choices of 21,2, € R? and p € MFE,
Therefore, the martlngale property for @ remains valid in the limit, with
< M(¢) >= fo )2, R(u(s))¢) ds, in view of

sup |Qt/\'rR (¢n) ’*Qt/\'rR (¢)|
te[0,T
< sup | Miarg (6n) — Minrn (0)?
t€[0,T
+2 sup |Minrp (@) sup [Minrg(dn) — Minrp (9]
te[0,T) t€[0,77]

+VAKRRT|V (6 — 8)loo (|V(¢n)loo + [V(9)]oc) -

The Charlier-Cramér bound plus Doob’s martingale inequality applied to
Minry (&) together yield, for every R > 1 and T > 0,

Esup Minrg| P a_s
t€[0,T]

IN

AB||Mrprg|[2 422
= 42(2[n|1 +d)""PE < M(hy) >7ary 410l 2 s

T/\TR

< 4\/_KRZ 2n|; +d)"92|Vh, |2, E/ {1s,p2)? ds +4C_g_o

< 4Vd KRRQTCLdfl +4C_4_5 < 00.

Writing sup; for the supremum over all choices of s,t € [0, T] satisfying [t —s| < 6,
we also get an upper bound for Esups ||[Miar, — Msarg |2 4o

> (@lnly + )™ Esup Miney () = Mooy (1))’

Inf1<i

+ L sup Z 2lnl + d)_dAQ(Mt/\TR (hn) = Mspry (Rn))?

[f1>i

Since the second term is bounded above by

AE sup Y (2lnfy +d) MR, (hn)

t€[0,77] Inf>i

<16(VAKRRT +1) Y 2|y +d) ¢

Inj1>1
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which goes to 0 as ¢ — o0, it suffices to show that the first term can be made
arbitrarily small for each fixed ¢. The weak continuity ofM;.,, i.e., the continuity
of the real-valued martingale Mia., (h,) for each n, is immediate from the conti-
nuity conditions on the coefficients of operator L(-) — see the beginning of this
proof. By a theorem of Paul Lévy, the continuous martingale Miar, (hy) possesses
a continuous time change which turns it into a Brownian motion stopped at ran-
dom time < M(h,) >,,. Lévy’s modulus of continuity for Brownian motion(see,
e.g., McKean [24]) guarantees the uniform continuity of Mya-, (h,) and completes
the proof. O

We now state the particular form which coefficient ¢ must take in order to ob-
tain a stochastic integral representation for our processes. Recall that a cylindrical
Wiener process W in (H7)f is defined as a mapping W : 0 x [0,00) x (H/)f — R
such that Wi(h) := W{(-,¢, h) is a real-valued standard Brownian motion for every
h in the unit ball of (H7)f and W (w,t,-) is w-almost surely linear on (H¥)/ for
every t € [0,00). Here Q stands for a (possible) enlargement of C([0,00) : My).
The weak continuity of W in (H7)/ is immediate.

The stochastic integral N = f X dW of a progressively measurable process
X valued in the space of Hilbert-Schmidt operators Lo((H7)f, H*) with respect
to a cylindrical Wiener process W in (H7)f is written as follows (see Métivier
and Pellaumail [25]): N, := Y, (2ln}1 + d)7 fot Xs(hn) dWs(hy,) or equivalently

Ni[] i= 3 2Inly + d) [ (8, Xo(Bn)) s AW ()

Theorem 5.1 Assume that the mappings a : R% x My — (R4 ® R¥),,b: R x
My — R and o : REXREXMy — RIQRT are continuous and that a and b satisfy
the growth conditions of theorem (3.1) and proposition (5.2). Assume that the map-
ping c(z1, 22, 1) = (o(21,,1),07" (29, 1)) —qg—2 18 such that a(z, ) — c(2,z, 1) is
strictly positive definite for each z € R and p € My — here we mean that element
cij of matriz ¢ is given by cij(21, 20, ) = 371 (04,0(21, 7, 1), 05,0(22,+, 1)) —a—2. For
any solution P to the local martingale problem of theorem (3.2), started at o random
point pg satisfying E{ug, p2) < oo, there exists on some enlargement of the ambient
probability space a progressively measurable process Xy € Lo((H™472)f, H~972)
and o cylindrical Wiener process W in (H~4"2)f such that My(¢) — Mo(¢) =
(fot X, dW,)[¢] holds for every ¢ € S.

Remark 5.1 Notice that the positivity condition on ¢ in theorem (8.1} is auto-
matically satisfied here.

Proof: First define process U, € Lo(H~972,(H~%2)f) densely on its domain
by Us(¢) == [T (2, ps)V(2) ps(dz) for all ¢ € S. It is clearly progressively
measurable; so is its adjoint X, = U? € Lo((H~972)/, H=972). We first show that
U, and X, are indeed valued in the appropriate space of Hilbert-Schmidt operators
prior to time 7g, i.e., as long as p, belongs to M%.
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Standard operator theory (see,e.g., Gelfand and Vilenkin [16]) yields that the"
Hilbert-Schmidt norm of U, (and therefore also that of X;) is given by:

> @l + )42 [Us ()2 4o
= Y @nh +d) 2 @2ml + &) (Uslha), b )3

m,n

S @l + &) 2 [V (2)Pllo (2, o)l gz 1(d2)

n

< Cous / l0:(2, )| 2 4 t1a (d2)

Coa / Trace(a(z, ps)) s (d2)

< C_y4_1KrRVd

where we obtain the first inequality via Fubini’s theorem, the second one with the
Charlier-Cramér bound, the third one via the assumption of positive definiteness,
the fourth one because of the growth condition of proposition (5.2) on a, together
with the assumption s < 75g.

Notice that we have just proved that o(z,-,us) belongs to (H~¢=2)4®f for
every z and s < 7g, so that ¢ is indeed well defined. Note also that U, as a
compact linear operator has a unique extension to all of H~%"2 which remains of
Hibert-Schmidt type.

Finally we prove that the tensor cross-variation process verifies

IA

IN

tATR
<< M >>t/\TR:/ XSUst.
0

Let {fn = (2|n|1 + d)9t2/2h,} denote a complete orthonormal basis of H~42,
The scalar cross-variation < M (fm), M(fn} >tary is given by

]0 T2, ROus) fon @ 1) ds

/0 - f f(vfm(zl))TC(Zl,Zm ps)V fr(22) p 22 (d21 dzs) ds
= /O TH(Us(fm)a Us(fn))—d~2 ds

tATR
= /0 (XsUs(fm)afn)—d-2 ds.

Therefore M-y, @ Miprn— << M >>;n., is an Lo(H %472 H~9"2)-valued mar-
tingale, with

Mt/\TR by Mt/\‘ra = Z Mt/\TR(fm)Mt/\TR (.fn) fm ® fn

m,n
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and

<M >>ipmy = > < M(fm), M(fn) >tary fm ® fn

tATR
;ﬂ /0 (XaTs(f)y fu)-a 25 fn ®

tATR
= / XU, ds.
0

Summarizing: X is a progressively measurable process with values in

Lo((H=472)f, H=472) and M a continuous square integrable local martingale val-
ved in H %2, with tensor cross-variation << M >>,= fOt XX ds. Bojdecki and
Jakubowski [4] (generalizing Yor [34]) construct a cylindrical Wiener process W
in (H=972)f, on a (possibly extended) probability space supporting both M and
X, such that M = [ X dW. 0

Corollary 5.1 Any solution to the local martingale problem of theorem (3.2) is a
“weak solution” of the stochastic evolution equation

) =/0 {15y L{ps)#) d8+/0 </0T(~,y,us)usﬂ)W(d&dy),V¢>(~)>-

6 Uniqueness

Denote by IT¢ : 8’ — S the projection operator defined by
T(X) = Y X[hn]hn
fnl1<e
and define the seminorms || - ||; ¢ on S’ with j € R and £ > 0 by
1X13 = QOIS = D @lnly +dY X[Ra]?.
In[1<€

Consider the following condition on the operator £(°),
6.1 Weak Monotonicity Condition

For some j € R, there exists positive constants k; and £; such that, for every
integer ¢ > £; and every probabilities y, v € My, we have

S @Ik + Y (200 = v hn) (s L)) = (0, L))

The purpose of this section is to prove the following.
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Theorem 6.1 In addition to the conditions of theorem (5.1), assume that
monotonicity condition (6.1) holds. The martingale problem of theorem (3.2) has
at most one H™%"1-valued solution (and therefore a unique Ma-valued solution),
for every random starting point g satisfying E{up, @) < co.

Remark 6.1 The theorem remains true under condition (6.1) with £; = co, pro-
vided both series involved are convergent.

Proof: Let (Q, (F)i>0, F;), i=1,2, denote two complete filtered probability spaces,
each respectively supporting an May-valued continuous process p® and an
(H~972)/ _valued cylindrical Wiener process W* (independent of pf ), such that, for
each pair (W?, ), the law of the second coordinate solves the martingale problem
of theorem (3.2) while the first coordinate indicates the cylindrical Wiener process
in (H~972)f driving the basic martingale M* associated with y’ and exhibited in
theorem (5.1).

Any Hi-valued cylindrical Wiener process W is H?~% l-continuous almost
surely — in particular in the case of interest here j = —d—2 — the proof is exactly
along the lines of that of proposition (5.2). We can therefore restrict ourselves to
the case 1 = 2 = 0427 % Q™Y (Fl)in0 = (F2)eso = (Fi)iso, this last
the canonical Borel filtration on ng—zd—g) X Qg_d_l), with the shorthand notation
QY .= C([0,00) : (HY)).

Denote by {B™ : i > 1} C B(QS:Qd_s) x H~971) a sequence of countable
partitions of ngQd*S) x H=%"1 into Borel sets satisfying both the conditions:
lity— 00 SUp; diam (BP*) = 0 holds and {B™*! : 4 > 1} refines {B* : i > 1} for
every m > 1.

Given any two such solutions (W% u?), i=1,2, to equation (1.1) with re-
spective law P; on (Fy)i>0, define the maps Z% : Q; — Q;_zd_:s) x H=4"1 by
(Wi pt) == (W4 ud) and then define a sequence of approximate couplings
P™ e M( x Q) by

P™(C) =Y ER<P: [5063?1 (E")épn (52)] /Py o (EYL(B™).

2

With the notation Pyo(Z})~! = Pyo(Z2) ! = v, lemma (5.15) of Ethier and Kurtz
[14], which extends to abstract spaces the corresponding result of Yamada and
Watanabe [33], vields the weak convergence of probabilities P™ = P, € M(Q; x
), where the coupling measure P, is such that, for all 41, Ay € B(; x Qs), we
have

PV(Al X Ag) = /Epl [5_,41 |El = ZE]EPz [6A2 lEQ = x] l/(dl‘) .

In particular, P,(A; x 2) = P1(4;) and P, () x As) = P2(As) confirm that P,
is indeed a coupling measure.
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The above coupling also yields, for all By, By € B (Q 2 3))

Py(By x QY 5 By x Q) = y(By N Bo) x H 471,

so the coupling measure is such that a common Wiener process is driving this new
(coupled) process.

Denote by W, ji* and 2 the first (and third), second and fourth coordinates
of the canonical process on Q3 x s with law P,. Then clearly, for any bounded
measurable functions f, g : £; X Q2 — R we have:

EP[f(W, i), oW, )] =
/Epl [FWH )WY, up) = 2] B [g(W2, 12) (W2, 45) = 2] v(da).
It is immediate from this equation that both pairs (W, ') and (W, i2) solve the
>0

stochastic evolution equation {1.1). Moreover, for every R > 1, ¢ and ¢ € S,
we have (since P, (jij = #2) = 1 and with 7p =75 A 73)

Bl = Bo®) = [ [ LGS — 2, DA2)5)] s
0
[ o Vo) AL ) = o VO )] o).

As in the proof of theorem (5.1), superscript * here again indicates the adjoint to
the operator that sends ¢ to the mapping in brackets.
1t6’s formula for the semimartingale e~ /*(fi}, . — i2,,.,$)* reads

—kit/~1 ~ 2
e </‘[’t/\-rR - l’[’t/\TR7 ¢>

2 [ el = ) (AL L)) — (2, L)) s
0

i

+

tATR
/ ks S”fa Z, 7/'Ls v¢ /u.s dZ fU 2, a“s V¢( )H?(dz)‘|27d~2 ds
0
tATR )
= [ ke - )
0
tIATR ”
+ 2/ - S<:U’ —us’¢>'
0
[0 (2,1 ) V9(2) B (d2) = [o7 (2, 2 V(=) B2 (d2) | Wi (6)
which, after an application of condition (6.1), yields that the positive process
e | fifpry, — Binrp 2, is bounded above by a (positive) martingale. Hence, for

every t > 0, every £ > £; and every R > 1, there holds successively [|i,,, —
iZnrlls,e = 0 and then fi}f = fi7 P,-almost surely. O
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Consider (1.1) as a stochastic evolution equation over H~4~1. This means,
in particular, that a, b and o should now be defined over H~%~1 instead of May:
assume that the mappings ¢ : RIx H™% 1 — (RE@RY) ., b: RI¢x H 41 - R
and 0 : R x RE x H™41 — R4 @ RS are continuous and denote their respective
restrictions from H~%"* to My by aj,,_, b,,, and oy, .

We have the following positivity principle, which extends that in section 7 of
Pardoux [26] — see his pp. 152ff.

Corollary 6.1 Assume that Oatyr Olan, and T pay satisfy all the conditions of the-

orem (8.1). Provided distribution uniqueness holds for equation (1.1) over H=471,
the unique solution started in the positive cone Mo remains inside that cone for
all positive times.

7 Solutions with smooth values and
regularity of paths

Consider the following growth condition on operators L and R.

7.1

For some j € R, there exists constants 0 < k; < oo and 0 < ¢; < oo such that, for
every integer £ > £; and every probability p € Ms, we have

> @l + @) (20 ) (1, L(on) + 02, (o) ) < (14 1] 2,).

Infi<e

Proposition 7.1 Under condition (7.1) and the conditions of proposition (5.2),
every solution to the local martingale problem of theorem (3.2), started at a random
point g satisfying both E[|uo[[? < oo for that value of j in condition (7.1) and
E{pg,p2) < 00, belongs to M(C([0,00) : H'™¢)) for every ¢ > 0 and satisfies for
every T > 0 both sup,e(o 11 Ellpel 3 < 00 and P(sup;eio 7y |l1e]|? < 00) = 1.

Proof: The proofs of propositions (5.1) and (5.2) ensure that all processes of the
form {{u:, @) : t > 0} are continuous semimartingales with common localization
sequence for all choices of ¢ € S. With the notation 6, ,(t) = e *s(tAr)(1 4
l12tars 113 4), 166’s formula therefore holds for each of the continuous semimartin-
gales {6, ¢(t) : t > 0}: for all choices of 0 < s <t <T < oo, R>1and ¢ > 0, we
have

tATR

6j7e(t) - aj,ﬁ(s) = / 2e_kjv Z (2|n|1 + d)j</JJU» hn><uvaL(Mv)hn> dv

ATR 1”‘136

tATR )
o [ e ST lnls + P 2 Rl ha) do

NTR In|1<e
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tATR o 5
= [T e B v

ATR
) tATR
+ 2% @k +dy / e R () M ()
[n]1 <€ SATR

Condition (7.1) implies that 6;,(¢) is a continuous, positive supermartingale for
every ¢ large enough, and subsequently there holds

1+ EH:u’t/\TR”iE < eft(1+ E||HO||?,2) :
First let £ increase to infinity to get (via monotone convergence)

1+ sup Bllpiarg |7 < e (1+ Ellpol5);
t€[0,7]

then let R increase to infinity to obtain supeo 7 E|lpl|; < co.
Doob’s inequality reads, for every x > 0,

P( sup 6;,(t)>x) < xﬁlEej,é(Of
t€{0,7)

Since {6, : £ > 0} is an increasing sequence, it follows by monotonicity

P( sup lim #;,(t) =co) = P(lim sup 0;,(t) =o00) =0,
tef0,T] = £—00 4c[0,T]

provided the underlying probability space is complete.

The unique limit 6;(t) = e * ™R)(1 4 ||uyar,[12) is then also a positive
supermartingale. This implies P(supep 7 HMM—RHJZ < ) =1 for every R > 1
and therefore also P(sup,eo 7y ||pe|f < o0) = 1.

Finally, let € denote some arbitrary positive number and notice that, by
analogy with the proof of proposition (5.2) and using the same notation supg for
the supremum over all choices of s, € [0, 7] satisfying |t — s| < 8, for every ¢ there
holds:

sup ttinrn — Bsnrelli—e
S Z (2177"1 + d)j—é Sgp(<ut/\7R7 hn> - </’l’s/\’rR7 hn>)2
Infi<é

+4(2Z -+ d)_E S[llp | H//'t/\TRH? )
i

)

so the [| - ||;—c-continuity of u; follows from the weak continuity of 1; and the
finiteness of ||pl;- O
Remark 7.1 In view of proposition (5.1), the case j = —d — 1 does not require

the additional condition (7.1).
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8 Strong solutions with square
integrable densities

We next show that the well-posed local martingale problem of theorem (6.1)
may arise by way of an associated stochastic evolution equation, which has a
unique strong solution, under some additional conditions. This equation (8.1 be-
low) should be viewed as the forward Kolmogorov equation corresponding to the
backward Kolmogorov formulation provided by the local martingale problem of
theorems (3.2) and (6.1).

Given is a symmetric positive definite trace-class (or nuclear) linear oper-
ator Q = (Qr)i_, : (H®)f — (H¥)f — such an operator always possesses
a Hilbert-Schmidt square-root Q2 € Lo((H™)¥,(H¥)T). The trace of Q on
(H™)f is given explicitly by Zi’zzl > o2l —|—d)"“’||Qi/2 (hnee)| |2, < oo, writing
{eg: £=1,2,..., f} for the canonical basis in Rf. An (H*)7-valued Wiener pro-
cess W = (Wy, W, ..., W;) with covariance kernel @ is defined as a (strongly) con-
tinuous (HY)/-valued martingale started at 0 with quadratic variation < W >,=
(< Wi, Wp >t)£7£:1 given explicitly by < Wy, Wy > [¢,¢] = #( ,16/2 , ;/21&)1‘,.
For details of its elementary properties, consult Yor [34],Métivier and Pellaumail
[25], Krylov and Rozovskii [22].

We assume w > 0 here and for the rest of this section, to ensure that some
sense can be made of the diffusion term in equation (8.1), which in our case (equa-
tion 1.2) involves pointwise multiplication of its solution u; with the driving Wiener
process W;.

Let (2, F,(Fi)i>0,P) be a complete filtered probability space with a right-
continuous filtration and an (H¥)/-valued Wiener process W on it with covariance
kernel Q. Let V. ¢ H° C V* denote rigged separable Hilbert spaces, with the
respective norms ||| - [{|y > || - [lo = {[[ - [||v-

Consider the stochastic evolution equation

wo= ot | " Ay d + / "Bl dW(v), (8.1)

where A:V — V* and B : V — Lgo((H")!, H®) are assumed to be continuous,
and W denotes an (HY)/-valued Wiener process with nuclear covariance kernel
Q : (H*), — (Hv)/. Here, Lo((H™)!, H%) is the space of linear operators @ :
(H¥)! — H° such that ® 0 Q'/2 € Ly((H™)/, H®) holds.

A strong solution to equation (8.1) is a H°-valued process p defined on
[0,00) x €, strongly continuous in H® with respect to t, F; adapted, satisfying
for every T > 0 the inequality EfOT el dt < oo, and verifying (8.1) in the
sense of equality in V* for all ¢ € [0,00) on a set of total probability in €, i.e., for
every ¢ € V., we have almost surely

wld) = ol + | Auniglds + / B aW(s)) ).
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We need the following set of conditions.

8.1 Coercivity and Monotonicity Conditions
There exists K > 0 and @w > 0 such that, for all ¢, ¢1, 2 € V, we have

L IIA@)llve < K@ +]l¢lllv);
2. 24(0)[0] + [1BIORQY2IIL, ((srwyr moy + wllIT < K +[16113);

3. 2(A(¢1) — A(¢2))¢1 — d2] + |[(B(e1) — B(¢2))Q1/2||%2((Hw)fﬂ0)
< Kl|py — ¢alJ3.

Condition (8.1.1) is a growth condition, while conditions (8.1.2) and (8.1.3)
are respectively called coercivity and monotonicity for operator £(° in the liter-
ature on partial differential equations. Under all of the above conditions, Krylov
and Rozovskii [22], extending results of Pardoux [26], prove that equation (8.1)
possesses a (pathwise) unique H%valued strong solution pu, for every starting dis-
tribution satisfying E||uol|¢ < oco; and that, for each 7' > 0 and some constant
Lr > 0, there holds Esup,or ||w|2 + E [ [|ielll3 dt < LrE]|js0]3. Note also
that monotonicity condition (8.1.3) is used solely in the proof of uniqueness; it is
not required in the proof of existence of a strong solution.

We will apply this result with w = 1, V = WH2(R9) and V* = W—12(R%)
where W2(R%) = W12 is the Sobolev space with inner product

1 0u Bu
(u,v)12 = (u,v)o + ;(a_xi’ '5;?,;)0
and associated norm
llull1,2 = 4/ (u,w)1,2

Note that W12 O H!. Also Wh2 N My C H! (cf. Holley and Stroock [18] (A.17)).
Also note that if u € W2 and g is bounded and has bounded continuous deriva-
tives then the pointwise product gu also belongs to W2 and ||gull; 2 < K||u||12
for some constant K (cf. Brezis [6] Prop. IX.4).

We first need to specify the class of coefficients a, b and ¢ allowing for a
representation such as (8.1) for the unique solution to the local martingale problem
of theorems (3.2) and (6.1) — such a representation will be made explicit in the
remarks preceding theorem (8.1).

8.2 Coercivity Hypotheses for McKean-Vlasov
1. Assume that mappings & = (a;;)f,-; : RT x H™4 1 — (RY @ RY)4,
b= (b)&, : REx H™91 — R% and B = (Bie)iz1, . =1, : R X
H 41 & RIQRS are bounded and continuous; and that their restric-
tions to R% x W2, denoted respectively by a|_,,, b ,, and 5, ,.
together with their derivatives dj(ay, . , )ij; 0j(b|,1,); and 8;(8y, 5 e,
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are continuous in the norm || - ||; 2 and belong to C(R¢ x W12), for
every 4,7 = 1,2,...,d and £ = 1,2,... f, where (aj);.lzl denotes the
gradient with respect to the first (R%-valued) coordinate. This implies
that 5 = sup, ,(16(z, )| + max; & |0:6i (2, )]) < oo

2. Assume that r = (rkg)h:l :REx R — RS @ RY is a mapping of the
form re(21,22) = Dy The hm(21)hn(22) for some double sequences
{rfy* € R : m,n} satisfying both Zk =1 2omn The'] < o0 and

Z > @nfy+d)” (Z(Zlmh +d)1/21rkme"\)2 < 0.

ki=1 n

3. Assume the following weak ellipticity condition on a: for every z € R?
and p € H=41, the following lower bound holds

A== inf 67 6 > 18(z, )2 |Ir(z, )% .
il 07z )0 > 180, ) Plr (e, )1
4. Assume that ¢ = (¢;5)%;4 : REx R4 x H™41 — (RY @ R?), can be
written both as in theorem (5.1) for some o (when c is restricted to
My C H=971) and in the form

(21,22, 1) = Ad(ﬁ(zhu)f(%@)(ﬂ(zQ,M)T(zz,Z))TdZ-

Remark 8.1 The condition Zk =1 2 ITRE] < 00 in hypothesis (8.2.2)

serves two purposes. First, it ensures that T s a continuous mapping, by way of
the Charlier-Cramér bound — actually, since it also holds that

Zk o1 Zmn [rr|? < oo, we see that T is a continuous Hilbert-Schmidt kernel
over (HO)4([[ |r(z1,22)|* dz1dza < o0). It also implies that ||r(z,-)||3 is finite for
every z € R, a necessary condition for hypothesis (8.2.3) to hold.

Note that hypotheses (8.2.1) to (8.2.4) together imply all the hypotheses of
theorem (5.1): all matrices of the form (c(mi,xj,em))g\szl are positive definite for
every choice of N and z € (RN ; and a(z, 1) —c(z, 2, 1) is strictly positive definite
for each z € R% and 1 € My, because of the bound

07 (2,2, )0 /dyZ(ZZHﬂzkzumzy)><19! 1B )Pl (2, )1

f=1 k=11i=1

The smoothness conditions (8.2.1) on a and b allow us to define the adjoint L*(p) :
W12 — W—12 to operator L(u) appearing in theorem (3.2):

L@ =~V m) + 5V (6 (1) V) (8.2)

—Ea(qﬁbbm ZB ai; (-, 1)99) .

i
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We set the nonlinear drift operator to A(u) = L*(u)p.
Define Q/? € Lo((HY)/, (HY)) by QY2W (2) = [ (22, 2)W (23) dzo. Finally,
define the diffusion operator B : W12 — Lo((H')f, H®) by

d f
BwW: = Y5 0B, muWy) (8:3)
i=1 k=1
for every W = (W, Wa, ..., W;) € (H').
Note that in this case equation (8.1) takes the form (1.2).

Theorem 8.1 Assume that hypotheses (6.1) and (8.2.1) to (8.2.4) hold; that op-
erators A and B, defined respectively by expressions (8.2) and (8.3), are contin-
uous and that the process verifies both El|uo|l2 < oo and P(uo € My) = 1. Let
B:= 4d2f52. If A > BQ, then equation (8.1) possesses a strong solution, the low
of which solves the well-posed martingale problem on C([0,00) : Ma) of theorem
(6.1); and the positivity principle of coroliary (6.1) extends to equation (8.1).

Proof: One verifies at once the growth condition (8.1.1) as follows. For u € W12

AW [-1,2 = ‘I¢‘Sfup<1|(A(M)#,¢)0!
d
1,25 i=1

d
= s 1Sl Bisho — 5 Do) ol

leli,2<1
< Kllpll,2

i=1

for some constant K.
Hypothesis (8.2.2) implies that both operators Q'/2 and B(u)Q*/? are indeed
of Hilbert-Schmidt type. For the former we calculate

f
1 uaryromyy = 32 3 Cimh &)@ (el
f
= 3N @l ) b}
k=1 n m

> _@Inly+d) 7 @2lm]y + d)(r ")

m,n

S @hnls + ) (Y @hmhy + )

1 n m

AN

- “EM\

>
&
Il
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For the latter, we get, writing once again {e; : £ = 1,2,..., f} for the canonical
basis in RS,

HB(N)QUQH%Q( HY)f HO)
f

> @l +d) 7Y [B)QY A (hae)ll3
n =1 .
||Zzzrke i (Bis (- 1) phon I3

Z(2‘n|1 -+ d -1
1 i=1lk=1 m

f d
OICLEUED DI CICHAOENE

Il
Mx I

Y
i

<
k,£=11i=1
< 4P fB ||l Z S @nly +d)- Z<2|m\1+d>1/2|r;z"|)2a
kt=1 n

with the last inequality via the Charlier-Cramér bound.
We next verify the coercivity condition (8.1.2). For u € Wh?2

Al = (L (Wi, wo
= =D by + 5(Y Bilas g, )im) o
d
= (bl Bomdo — 5(3 " (0i e 1)), B

< Al 2+ bllullollplis2 + (A/2)[|ull

where b = sup, , |b(z, )| < co. Then

2A) ] + BRI, 11wy s 1oy + @|all2 5
< (—A+ B+ w)|[ul2 5 + 25\ lo] a2 + All|l 2
< [(A—BQ — )"0 + Al||ul 2

provided that 0 < w < A — BQ. This yields condition (8.1.2)

The above stated theorem of Krylov and Rozovskii [22] yields the existence
of a strong solution . Since its trajectories are continuous in H?, its law solves
the local martingale problem on C([0,00) : H®) for operator £(>) —It&’s formula
actually 1mphes that for every smooth 1 and every ¢ € S, the real valued process
V((p, @ fo ((s, @)o) ds is a local martingale.

Indeed for each w € WH2 operator B(p) defined above is densely defined on
(H®)/ and therefore possesses an adjoint B*(u) : S — (H')/ defined by B*(p)¢ =
—ufBT (-, w)V, in the sense of (W, B*(1)¢)o = (B(p)W, ¢)o.
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For each ¢ € S, the real-valued local martingale ( fot B(ps)dW(s))[¢] has
quadratic variation equal to

/ 1QV2B" ()l ds = [ (e @ s Flu(s)) ) ds.
0 0

Just as in proposition (5.2), the associated W~ 1?-valued local martingale M; =
fo (us) dW(s) is actually a square-integrable martingale here since hypothesis
(8.2.1) implies supp K < 0.

Since condition (8.1.2) with w = 1 and @ = 0 implies condition (7.1) with
j =0 and £; = oo we have for the unique solution P to the martingale problem of
theorem (6.1) and proposition (7.1), that the canonical process on C([0,00) : M3)
then takes its values in the space H 0 P-almost surely for each ¢ > 0. The one-
dimensional marginals of P must therefore necessarily coincide with those of the
law of the strong solution. O

Example 8.1 To complete this section we give a simple example on the real line.
We take Lo = a®A¢ and d = f = 1.

Consider a map 3 € C(H™2) and a sequence {r,} C R such that
S o020+ 1)32|r,| < 0o holds. Select the diagonal Hilbert-Schmidt kernel

r(z1, 22) Zrn hn(22) € C(RQ)

n>0

and note that Q is here indeed diagonal: Q(hy) = r2hy, for allm > 0. Define

o(a1,72,4) = B) Y_ (20 + 1) *rahn(21)hn(z2) € C(R® x H?)

n>0

and note that both the definitions of ¢ coincide:

C(Zl, 22, /”‘) = ﬂ(/'b)Q Z rihn(zl)hn(z’Q) .

n>0

If we make the additional assumption

©)? Zri < 2a%\/w

n>0

for all p € My, then all the hypotheses (8.2) follow. Hence, proposition (3.2),
theorem (3.1) and theorem (5.1) are satisfied. Hypothesis (6.1) is satisfied as well,
if we add a Lipschitz condition on B3: for all u,v there holds |B(1) — B(W)|? <
kj{lw — v||2 5. Therefore both theorems (6.1) and (8.1) hold in this case.
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