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Abstract: The centrally symmetric convex polytopes whose images under ortho-
gonal projection on to any pair of orthogonal complementary subspaces of E¢ have
numerically equal volumes are shown here to be certain cartesian products of
polygons and line segments. For d > 3, the general projection property in fact follows
from that for pairs of hyperplanes and lines. A conjecture is made about the problem
in the non-centrally symmetric case.

1. Introduction

Let P be a (d-dimensional) convex polytope in euclidean space [,
let L be a linear subspace of ¢, let @, denote orthogonal projection
onto L, and let V' = V; denote ordinary (dim L)-dimensional volume
in L (if L = {o}, then V' = 1). We say that P has the property (V P),
or is a (V P)-polytope, if for each pair L and M of orthogonal
complementary subspaces of E%, V, (&, P) = V,,(®,, P).

We have shown in [4] (see also [2]) that a unit regular d-cube has
the property (¥ P). In this paper, we shall investigate the more general
problem of determining which d-polytopes are (¥ P)-polytopes. This
problem is easily solved if d < 2; our main object here is to settle the
problem for centrally symmetric polytopes. We shall also propose a
solution to the problem in general.

An interesting feature of the centrally symmetric case for d> 3 is
that it reduces to solving the equation I7 P = D P(= 2 P) relating the
projection and difference bodies of a polytope P, which expresses the
property (V' P) for hyperplanes and lines alone.

2. The Planar Case

As a preliminary to the discussion of the general case, we first
describe the d-dimensional (¥ P)-polytopes for d < 2. An immediate
consequence of the definition is:
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Lemma 1. A (V P)-polytope P in B has d-dimensional volume
V(P)=1.

This holds because E¢ is the orthogonal complement of {0}. As a
consequence:

Theorem 1. The (V P)-polytopes in E' are the unit line segments.

Now let P be a (V P)-polygon in 2 Apart from having area 1 by
Lemma 1, the property (V' P) implies that P has equal widths in
perpendicular directions. An easy way of expressing this is in terms
of the difference body

DP=P—-P={x—ylx,yeP}.

Theorem 2. A polygon P in B has property (V P) if and only if P has
area 1, and D P has 4-fold rotational symmetry.

It suffices to remark that D P (which is centrally symmetric about
0) has twice the width of P in any direction.

3. The Higher Dimensional Case: the Main Theorem

From now on, we suppose that d> 3. It is of great help in the
discussion to introduce another auxiliary body associated with a
polytope P. This is the projection body I1 P of P, whose support
function A (I P, ) satisfies '

h(IIP,u) = Vi (Py P)

if u is a unit vector and M is the hyperplane orthogonal to . Thus /7 P
is centrally symmetric about the origin o. In fact, I7 P is actually a
zonotope, or vector sum of line segments; for more details, see [9] or
the survey article [6].

We can now state our main theorem. This is confined to centrally
symmetric polytopes, whose centres of symmetry we shall tacitly
assume to be o.

Theorem 3. Let P be a centrally symmetric d-polytope in B (d = 3).
Then the following conditions are equivalent.

a) P is a (V P)-polytope;
b) IP = DP(=2P)

) P is a cartesian (orthogonal) product of (V P)-polygons and unit
line segments.
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Since (b) is just that part of the definition of a (V' P)-polytope P
corresponding to the projection of P on to pairs of orthogonal lines
and hyperplanes (compare the definitions of /7 P and D P, and the
discussion above), we shall see that (b) follows trivially from (a). It is
interesting that the apparently weaker condition (b) is in fact equiva-
lent to (a), at least in the special case of centrally symmetric poly-
topes. We shall complete the proof of Theorem 3 in the next two
sections.

4. Necessity of the Condition

Here we shall show that condition (c) follows from condition (b).
The proof will follow from a result of WEIL [9], together with an
examination of particular projections.

The condition /7P = 2 P implies, by [9], that P is a cartesian
product of certain (centrally symmetric) polygons and line segments,
say

P=Px..xPxIx. .xI,

where P,, ..., P, are polygons and 1,,..., [, are line segments so that
2r + s = d. We choose an orthonormal basis {e,,...,e,} in [ so that

PcE=lin{e; ,e,3 (G=1,...,1),

Ikglin {e2r+k} (k: 19--'9S) d

(We thus suppose, as we may, that the P, and I, also have centre o).
We first look at the polygons P. For arbitrary ue E, (j=1,...,7),
we have
h(DP,u) = h(DP,u),

W) = (B0 [] 15(P) [T Vi)

where I7;p is the projection body of B in E. If 4’ is a unit vector in
E; orthogonal to u, we have

h(II; P,u) = h(D P, u’),
and so replacing # by ' in the above shows first

IR IRAGESS

i#j =1

and second
ILE=DE(=2F).
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On the other hand, if u=e,, ., (k=1,...,5), the condition
h(II P,u) = h(D P,u) implies

AUESIACH VR

Bearing mind that d > 3 (so that r + s > 2), easy algebraic manipula-
tions now show that
KB =1=V

forj=1,...,rand k= 1,...,s In view of Theorem 2, this establishes
the necessity of condition (c). '

5. Sufficiency of the Condition

We now show that condition (a) follows from condition (c). If P
satisfies the latter condition, then P and all its projections are zono-
topes, or Minkowski sums of line segments. Our first step is to
generalize a result of SHEPHARD [7] on zonotopes.

We recall a consequence of the Lifting Theorem of WALKUP and
WETSs [8], which we have used in a number of contexts (see, for
example, [5]).

Lemma 2. 4 Minkowski sum Q; + ... + Q, of polytopes admits a
dissection into direct sums of polytopes G, + ... + G, where G,is a face

of Q; for i=1,...,t

In the special case of zonotopes, this result can be somewhat
strengthened. The faces of a zonotope Q fall into face-classes, in
which the faces are translates of one another. Corresponding to the
face-classes of the zonotope Q, (i = 1,...,f) thecells G, + ... + G, of
a dissection of Q, + ... + Q, fall into cell-classes, according to the
face-classes of the G; so, we regard G, + ... + G,and G, + ... + G,
as being in the same cell-class if and only if G, is a translate of G;
(i=1,...,¢). We then have:

Lemma 3. Every dissection of a sum Q, + ... + Q, of zonotopes into
cells G, + ... + G, (G; a face of Q,i=1,...,1) contains exactly one
cell from each possible cell-class (of full-dimensional cells).

The result of SHEPHARD [7] is the particular case when each Q, is
itself a line segment. Lemma 3 follows directly from this special case,
for if we express each zonotope Q, (and hence each of its faces G;) as
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a sum of line segments, then the essential uniqueness of the resulting
subdissection implies the statement of the lemma.

We are now in a position to prove the sufficiency. The crucial
result which led to the special case of the cube is the following. If L
and M are two linear subspaces of E¢ of the same dimension, then the
number

(L, M) =V, (9, P)|Vy (P)

is obviously independent of the choice of full-dimensional polytope P
in M. We then have ([1]):

Lemma 4. If L, M are two subspaces of £? of the same dimension,
then (L, M)y = (L*, M™").

Now let P= P x...x Px I x...xI be as in the statement of
Theorem 2, and let L be a linear subspace of E¢. We can suppose that
L is neither {0} nor E“itself, since the (¥ P)-property clearly holds for
these subspaces. Let us write

Q=0 P, J=9.1,

so that the Q, and J, are (possibly degenerate) centrally symmetric
polygons and line segments, respectively, and hence zonotopes. Let

G=G +...+G +H + ...+ H,
be a full-dimensional cell in a dissection of
G, P=0Q0 +...+0,+J +...+J,.

We can suppose (and here we are really referring back to the proof
of Lemma 2 using [8]) that there are faces F, of P, and E; of I, with

Gj‘—” @LE: H, =9 E,

and F+ ...+ FE+ E + ... + E, = F(say) is a face of P of dimen-
sion dim L. We now define faces F,...,F, E', ..., E as follows: If
F = vertex (P), then F); = P, (vertex); if Fis an edge of P, then F; is
a perpendicular edge of P; if E; = vertex (I,), then E), = I, (vertex).
Now let
F=F+...+F+FE+...+ E,
Gi=0,.F, H=9, E

this determines an element
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G=G\+...+G,+H, +...+ H,

of a cell-class of a dissection of @, , P. Now, if M is a linear subspace
of £ parallel to F, then M* is that parallel to F’. Moreover, since
each P, has 4-fold symmetry and unit area, and each 7, has unit length,
we see that

voly (F) = vol ;. (F') .
In view of Lemma 4 and the preceding remarks, there at once follows
vol, (G) = vol ;. (G) .

In the course of this proof, we have constructed a one-to-one corre-
spondence between full-dimensional cell-classes, induced by G+ G,
and using Lemma 3 this correspondence and the equality above
completes the proof of the sufficiency, and hence of Theorem 3.

6. The General Case

We shall now slightly extend Theorem 3 in one direction, and
adduce some evidence that this extension describes the general state
of affairs.

Theorem 4. Let the d-polytope P be a cartesian product of (V P)-
polygons and unit line segments, of which at most one polygon is not
centrally symmetric. Then P is a (V P)-polytope.

We prove this as a consequence of (the method of) Theorem 3. Let
us denote, as before,

P=P+...+B+L+...+1;

we assume that P, (above) is not centrally symmetric. Again, as
before, if L is a linear subspace of E“, we write

Qj= (DL};‘: =PI .
Now, apart from the fact that
GMPR—PY)> V() =1,
1 (P, — P)is a (V P)-polygon. We now consider V; (Q), where
Q=01+...+0,+J+...+J.

We note that we change Q to — Q if we replace P, by — P, (and hence
Q, by — Qy), since the remaining P, and the J; are centrally symmetric.
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Now V7, (Q) can be expressed as a sum of three terms (actually mixed
volumes), which are, respectively, quadratic, linear or constant in Q,.
We look at these three terms in turn.

The first, quadratic, term arises from those cells of a dissection
of @ which come from faces of P containing a translate of P,. We
can consider varying the dissection, by replacing @, by
2Q¢ — uQ; (4, pu = 0); the case A = 1 = ucorresponds to the zonotope
case, discussed before, but the dissections can be made to vary conti-
nuously. So, all the terms contributing to the quadratic term can
be put into one to one correspondence with the terms of
V,.(Q" = @, . P) which are constant in 0y = @,, P,, and by the same
token as above, these volumes are numerically equal. The symmetri-
cal argument equates the constant term in V; (Q) with the quadratic
term in V. (Q").

There remains the linear term. Since the area of P, does not enter
into the earlier argument, we can now equate the terms linear in @,
in ¥, (Q) and V, . (Q’), where in O we replace Q, by (0, — Q,), and
similarly for Q’. But by this linearity, and the symmetry between O,
and — Q,, we finally equate the original linear terms, and hence show
that ¥, (Q) = V,.(Q’), which proves Theorem 4.

We now wish to propose:

Conjecture 1. The condition of Theorem 4 is necessary as well as
sufficient for a polytope P to be a (VP)-polytope.

As we have already remarked, a (V' P)-polytope P must satisfy
11 P = D P. The first step in proving Conjecture 1 would be to esta-
blish

Conjecture 2. If a polytope P satisfies IIP = DP, then P is a
cartesian product of polygons and line segments.

By considering certain special projections, the fact that no more
that one polygonal component in the cartesian product P can be
non-centrally symmetric if P is to be a (V P)-polytope would follow
from:

Conjecture 3. Let P, P, be non-centrally symmetric polygons
in [E% Then there is a rotation ¥ of > such that
V(P + ¥R+ V(P - ¥P).
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Rolf SCHNEIDER (private communication) has pointed out that this
conjecture can fail for pairs of non-centrally symmetric planar convex
sets.

So far, we have said nothing about arbitrary convex bodies. Theo-
rem 2 generalizes in the obvious way, to describe the (V P)-discs, as
we shall call the planar convex bodies which have property (¥ P). But
while cartesian products of centrally symmetric (¥ P)-discs and unit
line segments have property (V P), it is far from obvious that this
characterizes centrally symmetric convex bodies satisfying (¥ P).

A further generalization is possible. Suppose that K is a convex
body in [E% such that there exist numbers 4y,..., 4, with
V,.(@,. K) = 2,V (9, K) whenever L is an r-dimensional linear sub-
space. (Thus 4, 4,_, = 1 forr=0,...,d) If Kis a centrally symmetric
polytope, and if u?~* = 4,, then we see that /7(xz K) = D (x K), and by
Theorem 3 (the equivalence of conditions (a) and (b)), we see that u K
is a (V' P)-polytope; in other words, we get nothing essentially new.
But clearly any ball has this more general property, although it is
nowhere near a product of discs and line segments. This generaliza-
tion may well be very difficult to investigate, and we propose no
solution here.

References

[1] Artken, A.C.: Determinants and Matrices. Oliver and Boyd. 1956.

[2] CHAKERIAN, G. D, FILLIMAN, P.: The measures of the projections of a cube.
Studia Sci. Math. Hungarica (to appear).

[3] GrUnBAUM, B.: Convex Polytopes. London: Wiley Intersci. 1967.

[4] McMuLLeNn, P.: Volumes of projections of unit cubes. Bull. London Math.
Soc. 16, 278-—280 (1984).

[5] McMULLEN, P., SCENEIDER, R.: Valuations on convex bodies. In: Convexity
and its Applications (ed. P. M. GRUBER and J. M. WILLS). pp. 170-—247. Basel: Birk-
héduser. 1983.

[6] SCcHNEIDER, R., WEIL, W.: Zonoids and related topics. In: Convexity and its
Applications (ed. P. M. GRuUBER and J. M. WILLS). pp.296—317. Basel: Birkhduser.
1983.

[7] SuePHARD, G. C.: Combinatorial properties of associated zonotopes. Canad.
J. Math. 24, 302—321 (1974).

[8] WaLkuP, D. W., WETs, R. J.: Lifting projections of convex polyhedra. Pacific
J. Math. 28, 465—475 (1969).

{91 WeIL, W.: Uber die Projektionenkdrper konvexer Polytope. Arch. Math. 22,
664—672 (1972).

P. MCMULLEN

Department of Mathematics
University College

Gower Street

London, WCIE, 6 BT, England

Printed in Austria



