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We calculate the observable critical temperature dependence of the transport coefficients
entering the hydrodynamic form of the dynamic structure factor of “He below T,. Appli-
cation of our recently introduced nonlinear renormalization-group analysis yields quanti-
tative agreement with previous light scattering experiments in the hydrodynamic region.
This resolves a long-standing problem in the critical dynamics below the superfluid tran-

sition of “He.

I. Introduction

Progress has been achieved recently in the under-
standing of the asymptotic and nonasymptotic criti-
cal dynamics of the superfluid transition in *He [1-
15]. On the basis of a linearized treatment of the de-
partures from the asymptotic critical dynamics, im-
proved agreement was found between theory and
thermal conductivity and light scattering data above
T, [7-10]. Subsequently it was shown [13, 15] that
such departures can be properly accounted for only
by means of a fully nonlinear (rather than linear [1,
7] or quadratic [14]) renormalization-group analysis.
The effective ratio w(l) of the relaxation rates of the
order parameter and the entropy and the effective dy-
namic coupling f(I) were found to exhibit a nontrivial
dependence on the flow parameter [ in the experi-
mentally accessible regime which causes large, tem-
perature dependent departures from the asymptotic
universal [16-18, 12] ratios R, and R, entering ther-
mal conductivity and second-sound damping. This
led to the quantitative explanation of thermal con-
ductivity data [19-22] over several decades in re-

* Supported in part by the Fonds zur Férderung der wissenschaft-
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lative temperature and of second-sound damping
measurements [23, 24] at saturated vapor pressure
{13, 15]. More recently, also light scattering experi-
ments (at higher pressure) [25] in the hydrodynamic
region above and below T, were explained by means
of our nonlinear analysis [15].

In the present paper we extend the nonlinear treat-
ment to the complete second-sound part of the dy-
namic structure factor in the hydrodynamic region
below T,. On the basis of a oneloop calculation of
the corresponding transport coefficients we shall find
that the nonlinear analysis accounts well for the light
scattering data of Winterling, Holmes and Greytak
[26], of Tarvin, Vidal and Greytak [257, and of Vi-
nen and Hurd [27] and thus resolves a long-standing
problem of the critical dynamics in the hydrody-
namic region of the superfluid transition of “He [28].

I1. Nonasymptotic Critical Temperature Dependence
of the Dynamic Structure Factor

It is well known that the dynamic structure factor
S(k, ) near T, can be approximated by two separate
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contributions S;(k, w) and S,(k, w) due to first- and
second-sound [29]. In the hydrodynamic region be-
low T, S,(k, w) has the form [29]

D, w?k*+D c5k* .
(c2k?—w?)?+ D’ k"’ ()
D,=D.+D,, 2)

S, (k, w)=const.

where ¢, and D, are the velocity and damping of sec-
ond-sound, respectively.

Dynamic scaling theory predicted [30] the damping
D, to increase near T, as

Dy~(T,=T)""7, ©)

i good agreement with subsequent second-sound
damping measurements at low frequencies [31] but
in disagreement with light scattering experiments
[25-27]. The latter exhibited only a weak tempera-
ture dependence of the halfwidth

I,=iD,k? (4)

whose magnitude, in the hydrodynamic region, was
much higher than that obtained from mode-coupling
calculations [18]. Also the ratio D,/D, was measured
near T, [25-27] and was found to be of the order of
2, in contrast to the prediction D,/D, =036 of the
symmetric planar-spin model (model E) [18] quoted
by Tarvin et al. [25], by Vinen and Hurd [27], and
by Greytak [32].

Recently we showed that our nonlinear renormaliza-
tiongroup analysis accounts well for both the magni-
tude and temperature dependence of the halfwidth I',
[15]. So far, to our knowledge, no calculation is
available in the literature for the separate contri-
butions D, and D, near T;. In this Section we shall
present the result of a corresponding calculation in
lowest nontrivial order of the static and dynamic
couplings.

The entropy correlation function calculated within
model F [16], or, approximately, within model E
[16-18] should provide the appropriate description
for the dynamic structure factor (1). We have per-
formed a field-theoretic one-loop calculation to ob-
tain the nonasymptotic critical temperature depen-
dence of D, and D,.. The computational part is identi-
cal with that outlined recently [12] for the asymp-
totic scaling region. The analytic expressions for D,
and D, within model E read in one-loop order

h, =2
D,c:xalA(l){l—%ln—uzﬁﬁ)

TS ELIwO), f (l)]}, )

l —2z(l
Dc=xalz(l)w(l){l—z(lﬁfv(l))ln lﬁ,ﬁ)
+ O FLwl), f(D]+uw* U Lw(l), f (l)]}, (6)
with

K85 %0 12
3 ?

M= ((u Dw(l)f

where K;'=2%"17%2I(d)2), u*=¢/40, d=4—¢c. The
functions F,, F, and U, are given in the Appendix. In
(5)-(7) we have employed our previous notation [15];
thus the effective ratio of relaxation rates w(l) and the
effective dynamic coupling f(I) satisfy the flow equa-
tions

dw(l)

g, v, s ®
dafil
It 01, o

with nonuniversal initial conditions w(l), f(1) and
asymptotic fixed point values w* =w(0), f * =f(0). For
B, and B, we use the two-loop results of De Do-
minicis and Peliti [1] and of one of the present au-
thors [3]. For simplicity we neglect static corrections
to scaling.

The effective temperature variable (/) is given by

'

t(l)=r(1)exp | grdl (10)

T’
T—T,
T}u

t()=a =at,

a>0, (11)
where (. is determined by the static Z-factor renor-

malizing the bare temperature variable 7, [15].
Apart from static corrections to scaling we have

)=t p? 21~ 41, (12)

L dl
A=a‘1uzexpf(CI—C;")l—,, (13)
[4]
with v=(2—{*)"*. Since the constants 4 and p are
independent of whether T>T, or T<T, we employ
our previous choice [15]

a=1, p=g (14)
where £, appears in the correlation length
£o=Cpt7" (15)
above T,.

We choose the connection between the relative tem-
perature —t>0 below T, and the flow parameter
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I>0 in the usual way [33]

=2(l)
‘uz I2 =1 (16)

in which case the logarithms in (5) and (6) drop out.
Equations (12), (14), and (16) imply
I=(=2t, T<T, (17)

From (2), (5), (6), and (16) we obtain

D, =y5 " A0 oLw(l).f (D] (18)
with the function [13]
Ow, fl1=1+w+u*wU+f(F +wF). (19)

The remaining task is to identify the nonuniversal ini-
tial conditions w(1), f(1) and to perform an appropri-
ate comparison with light scattering experiments.

III. Comparison with Experiments

A. Determination of the Nonuniversal Initial
Conditions

As we are interested in a comparison with light scat-
tering experiments at higher pressures [25-27,32] we
use Ahlers’ thermal conductivity data at 22.3bar
above T, [20, 34, 35] in order to determine w(l) and
f(1). The procedure is that introduced previously
[13]. Thus we fit the effective ratio

eff _ ( K3

SN0 )M (“@) (20)

(with [=1*7?) to its experimental counterpart

At)
g0 S kY C, 07

RT*(1)= (21)
where A(f) and C,(t) are Ahlers’ experimental values
for the thermal conductivity [20, 34, 357 and specific
heat [36] at 22.3bar, in units of ergK~'s~'cm~!
and ergK~'cem~?, respectively. For g,=k, TS/RA
we find, from measurements [36] of the entropy
S=488J/molK at 22.3bar, g,=145-10"*s"" for
T=T,=189K. For ¢, we take ¢, =&t7%3,
0 =141-10"%cm [37].
Representative values for R®(t) are shown in Fig. 1.
As previously at saturated vapor pressure, an excel-
lent fit was possible for d —d* = —0.04 where d*~3 is
a two-loop estimate for the borderline dimension be-
low which dynamic scaling breaks down (the fit qual-
ity is independent of the precise value of d*). As seen

R ;ff

e p=223BAR
AHLERS

02 B S 1 L 1

-1 -6 -5 -h -3 -2

logyg (1)

Fig. 1. Experimental values (heavy dots) for R¥® according to (21)
at the pressure of 22.3 bar extracted from Ahlers’ measurements
[20, 34, 35]. Only representative values are shown. The curves are
two-parameter fits of RS, (20), at different fixed deviations d ~d*
of the model dimension d from the two-loop estimate for the bor-
derline dimension d* where dynamic scaling breaks down. The full
curve corresponds to the initial conditions w(ly)=0.70, f(l,)=0.57
at 1,=10"7 (t,=I"=10"%). The present analysis suggests |3
—d*|<0.1 (provided that the presently available data represent the
true critical behavior)

from the dashed and dotted curves in Fig. 1, the pre-
sently available data appear to indicate |d*
—3]<50(0.1). [We recall that this conclusion is, of
course, based on the interpretation that Ahlers’ data
[20, 34, 35] represent the true critical behavior of the
thermal conductivity of *He, and that model E is
sufficiently accurate, see the reservations made in
[15].] The fit corresponding to the full curve in
Fig. 1 yields the initial conditions, for example at !
=10"2%, w(10-?)=0.70, f(10~?)=0.57, as noted re-
cently [157, or

w(1)=081, f(1)=0.01. (22)

The corresponding w(l) and f(I) are shown in Figs. 2a
and b which are similar to the full curves in Figs. 7a
and b of the previous case [15] at saturated vapor
pressure. Again the minimum of RS (Fig. 1) near t
=10""* (I=107%7) is the result of a competition be-
tween an increasing w(l) and a decreasing f(l) as | in-
creases.

B. Comparison of D, with Experiment

As is well known [16] the slow approach of the spe-
cific heat to its finite value at 7, induces effects that
are not contained in model E. They can be included
with reasonable accuracy, however, by replacing y,
by the experimental constant-pressure specific heat
per unit volume C, divided by kp [16]. From (5), (7),
(16), and (17) we then obtain in d=3 dimensions

_ [ 8 kglo(—20) 2R yir2
Du(=1)= (271(; (i;(()—t)w(l)f(l))
LD ELIw(), (O]} (23)
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“W( 1)
P =22.3 BAR
1.0 d-d*=-0.04
0.5
ol L | ! 11 |
-5 = 3. 2 = 0
a logy, (1)
F(l)
P =22.3BAR
d-d* =-0.04

0.5

oLk I | ] | -
b -5 -4 -3 2 . -1 0
logy (1)

Fig. 2a, b. Effective ratio of relaxation rates w(l) and effective dy-
namic coupling f(I) versus flow parameter [ from (2.13)-(2.17), (A3)
—(A6) of [15], with initial conditions adjusted such that RE, (20),
fits R$®, (21), at 22.3 bar. The corresponding fit is shown in Fig. 1
(full curve, d —d*= —0.04). The parameters w(l) and f(I) identify a
particular trajectory in the flow diagram of Fig. 1b of [15] corre-
sponding to “He at 22.3 bar
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Fig. 3. Experimental data for the two separate contributions I

=3D, k* and I, =1 D, k? to the hydrodynamic linewidth at a n1es-
sure of 23.1 bars k=1.79-10° cm~*!, taken from Fig. 10 of [25].
Full curves from (23) and (31)-(34), w1th w(l) and f(I) according to
Fig. 2, I=(~21)*/3. The arrow indicates where k&, =1

where C, is the experimental specific heat at 22.3 bar
below T, [36].

Equation (23) is our final result for D, . The direct
comparison with light scattering experiment (at
23.1 bar) [25] is shown in Fig. 3 (lower curve). Excel-
lent agreement is found in the hydrodynamic region
up to k&, ~0.5. The temperature regime shown in
Fig. 3 corresponds to 1072110~ " where f()) de-
creases significantly whereas w(l) increases slowly, ac-
cording to Fig. 2.

C. Comparison of D, with Experiment

Our procedure will be to first determine the effective
ratio

Resz :_’L

2¢,&,
within model E and then to include the specific heat
effect in D, via experimental values ¢5*® for the second-
sound velocity [13,15]. In (24) &, is the transverse

correlation length [38]. Within model E the second-
sound velocity is given by [17]

=75 eV 2, (25)
7p=1 —2u*+0(u*2), (26)

(24)

where Y is the spontaneous value of the order param-
eter. Using (7), (18), (24), and (25) we obtain

£ QuryEd=2 12

eff _ (=" ATSL o l l

i <(ul)"é% w(l) f(l)) Dw(D),f ] 27)

where ®[w,f] is given by (19) and &; is defined by
=TSR, (28)

Inserting p,=¢q! and 1=(—21)" according to (14)
and (17) yields in d =3 dimensions*

_ —2/3\1/2

(éLfo(
&
20k (1 —2u%)\ 12
(W) oLw(l).f (] (29)

with =& _(—1)~?"* where [37]
£ =357.10"% cm. (30)

For ¢,/¢, we take 0.33 [18]. In Fig. 4 RY" is shown
for 22.3 bar according to the fit of R§" to the thermal

‘conductivity data above T,. The temperature depen-

dence of R for 10~ ° < || <10~ % is weaker than that
in case of Reff since RET~(wf)~12(1+w) is less sen-
sitive to the variation of w than R ~(wf)~ /% in this
regime. The strong increase of both R%f and R for
t2 1073 is due to the decreasing f for [z 1072

For the purpose of a comparison with experiment we
employ the experimental values ¢ for the second-
sound velocity [34]. This yields the damping

D,=2c5*¢ Ry (31)

* An alternative way of treating the static part of the prefactor in
(27) is to set p?l*= —2t()=8(ul)® w*y*K;', hence pl=¢(r!
which corresponds to Siggia’s treatment [17]. This yields RS in
the previous form [13]. Both types of treatment will be com-
pared in more detail elsewhere. The slight difference between
the full curves of Fig. 8 in [15] and in Fig. 5 below is due to
these different treatments
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Fig. 4. Effective theoretical amplitude ratio R, (29), entering sec-
ond-sound damping at 22.3 bar corresponding to the fits of R in
Fig. 1
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Fig. 5. Halfwidth for the dynamic structure factor measured by
Tarvin etal. [25]. The dashed curve represents the result of [18],
the solid curve represents (32), with RS from (29) corresponding to
the full curve in Fig. 4. The arrow indicates where k& =1. The
present theory is applicable only to the hydrodynamic region
kér<1. For T>T, see Fig.8 of [15]

and the halfwidth
L=c3%E RSk (32)

with RS given by (29).

A comparison of D, with low-frequency measure-
ments was already presented recently [13]. Here we
turn to the light scattering data [25—27] which
could not be explained by asymptotic theories [17,
18] (Fig. 5, dashed curve). Also a recent preliminary
attempt [10, 11] to include background effects could
not account for the light scattering experiments in the
hydrodynamic region below T, (see Fig. 7 of [10]).
In Figs. 5 and 6a-c our expression for I3, (32), (29), is
compared with three independent light scattering ex-
periments [25-27] at slightly different pressures. Our
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Fig. 6a-c. Light scattering data for the halfwidth I, of the hydro-
dynamic  second-sound  spectrum: (a): at 254bar, k
=1.45-10° cm™~! [26], (b): at 23.1 bar, k=1.79-10% cm™* [25], (c):
at 22.8 bar, k=1.88-10° cm~! [27]. Full curves from (32) with RY*
from (29) corresponding to the full curve in Fig. 4. The arrows in-
dicate where k&, =1. The full curve in (b) is also show in Fig. 5

theory agrees well with these data both in magnitude
and in temperature dependence. The latter is weak
because the strong decrease of f(/) in the regime
10725151071 essentially compensates the tempera-
ture dependence of ¢5® &, which should otherwise
lead to the predicted (T, — T)~ /2 behavior [30] in the
hydrodynamic region (apart from deviations due to
the specific heat). A similar effect shows up above T,

[15].

D. Comparison of D, with Experiment

Within model E (rather than model F) it is not
unique how to properly include the specific heat effects
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Fig. 7. Ratio of the coefficients I} and I coniributing to the hy-
drodynamic linewidth of the dynamic structure factor. Circles from
Fig. 12 of Vinen and Hurd [27], full curve from (34) and (23)

in the expression (6) for D, directly. Therefore we de-
termine D, via (2),

D,=D,-D (33)

K

where we use (31) and (23) for D, and D,, respec-
tively. The resulting

L[=1D,K (34)

is compared with experiment [25] in Fig. 3 (upper
curve). The agreement is reasonable (within the ex-
pected accuracy of model E). A further comparison of
D, with experiment [27] is shown in Fig. 7 where the
ratio I;/I;=D,/D, is plotted. The agreement is satis-
factory.

IV. Summary

We have calculated the critical temperature depen-
dence of hydrodynamic transport coefficients of “He
below T, within model E and have applied our re-
cently introduced nonlinear renormalization-group
analysis in order to perform a quantitative compari-
son with light scattering experiments. The nonuniver-
sal parameters have been determined independently
from Ahlers’ thermal conductivity data at 22.3 bar
above T, [20, 34, 35]. Satisfactory agreement with the
light scattering data (at similar pressures) below T,
was found for ké, 1. Thus, together with the recent
explanation of thermal conductivity and low-fre-
quency second-sound damping measurements, agree-
ment between theory and experiment in the hydro-
dynamic region above and below T, is established
with reasonable accuracy.

In all cases the explanation of the experiments fol-
lows naturally from the [-dependence [I~|t|*?] of the
effective parameters w(l) and f(I). In particular:

(i) The approximate verification of the scaling pre-
diction for D,, (3), by Tyson [31] in the regime
—t<107? is consistent with the weak temperature
dependence of R in this regime [13]; this is due to
the fact that RS~ (wf)~Y2(1+w) is not very sen-
sitive to a variation of w in this regime (I<10~%), and
f(l) is weakly I-dependent for /<10~2 at saturated
vapor pressure.

(ii) The hydrodynamic region probed by light scat-
tering experiments at larger k [25-27] corresponds to
the regime 1072 <1510~ where w(l) is slowly rising
and f () is strongly decreasing. This decrease of f(J)
implies the increase of RS ~f~1/% as | increases and
therefore essentially compensates the temperature de-
pendence of c¢,&, in the measured halfwidth I,
=c, &, RETk% A corresponding statement holds
above T;.

The present theory is limited to the hydrodynamic
region because of the approximation kér<1 em-
ployed in calculating the entropy correlation func-
tion. This is the reason why our expression for I, cor-
responding to the full curve in Fig. 5 would diverge if
it were formally extrapolated to k&, > 1. An analytic
treatment including the critical region has been per-
formed previously [39] and is presently being com-
pared with experiment [28].

Finally we again point to the main sources of possi-
ble inaccuracies of our results:

(1) We have used the flow equations of model E
which are known only in the two-loop approxima-
tion.

(2) We have employed model F rather than model
F for which the complete two-loop results arc as yet
unknown. This model provides one additional fit pa-
rameter [ 14].

(3) Ahlers’ data at 223 bar that were available to
us [20, 34, 35] may not represent the true critical be-
havior of the *He thermal conductivity (see the note
below, see also [40]), therefore our identification of
nonuniversal parameters via these data may be modi-
fied in a future more refined analysis. For the regime
1210~2 which is relevant for the light scattering ex-
periments studied in this paper this modification may
be negligible.

(4) We have neglected static corrections to scaling.
(5) The static part of the prefactor in (27) is not ac-
curately known.

After the present work was completed we received a
preprint by Ahlers, Hohenberg and Kornblit where
the authors extend our previous nonlinear analysis of
model E [13, 15] to model F (as far as its flow equa-
tions are known [1,16]. They apply this analysis
both to previous as well as to new thermal conduc-
tivity data at saturated vapor pressure. The new
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data differ appreciably from the previous ones for
t<10~2 and suggest the stability of the scaling fixed
point in d=3 dimensions (provided that the new
data represent the true “He critical thermal conduc-
tivity). The authors confirm the decrease of f(I) for
1>10-2 towards a “weak-coupling regime”, which
was originally found earlier in [13, 15], see in partic-
ular Figs. 1, 2, 3, 7 of [15].

One of us (V.D.) would like to thank C. De Dominicis for useful
discussions.

Appendix
The function F [w,f] in (5) reads
E[w.f1=5+5CGWw.f)+5HWw.f) (A1)

where

(1)
Gw,f)=a, [b(l) In

A+w)
—p n__li] (A2)
4(14+w)

and

Hw,f)=(x-2" {(w+x)a, In[b*?/p]
+1n[2(1+w)/wl} (A3)
with

x:1+8iu’ (Ad)
a,=0Bw*+6xw+x?)" 12 (A5)
a,=w*+6xw—8w+x?)"12 (A6)
P V=3w+x+arl, (A7)
bP=3w+x+a;’. (A8)

The term 1/8 in (Al) corrects our previous ex-
pressions for F (w) in (13) of [12] and for ¢[w,f] in
(11) of [13] where a corresponding term should be
added.

The functions U[w,f] and F,[w,f] in (6) are given
by

Ulw,f1=242(x—2)" " {B3w—x—2wx)a,
In[6P/bPT+In [2(1 +w)/wl}, (A9)

Gw, /1]

EwS1=3HDw S 14 g0,

In the one-loop calculation the term f/8u 1n x, (A4),
arises from

go Wz _ 2 2
TOr0 & =K' fO > /pl) (A11)
_f0
~8u()’ (A12)

In the comparison with experiment in Sect. III we
have used in (A 11)

(A13)
(A14)

:uzcv(;l’ I=(=2¢t),
VP=clrogs (1 +0W)],

[see (14), (17), (25)] and have employed experimental
values for ¢, and y,. Thus we have evaluated x ac-
cording to

2 7172 éo (cexp)Z

=IO 207

(A15)
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Fig. 8. Halfwidth of the light scattering spectrum as measured by
Winterling, Miller and Greytak for k=1.45.105cm~! and P
=1.94 bar. Our theory yields the solid curve
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Fig. 9. Halfwidth of the light scattering spectrum as measured by
Vinen and Hurd [27] for k=1.88-10° cm~! and P=22.8 bar. Our
theory yields the solid curve



