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Summary. This work is concerned with the existence and uniqueness of a class of
semimartingale reflecting Brownian motions which live in the non-negative
orthant of R%. Loosely speaking, such a process has a ssmimartingale decomposi-
tion such that in the interior of the orthant the process behaves like a Brownian
motion with a constant drift and covariance matrix, and at each of the (d — 1)-
dimensional faces that form the boundary of the orthant, the bounded variation
part of the process increases in a given direction (constant for any particular face)
so as to confine the process to the orthant. For historical reasons, this “pushing” at
the boundary is called instantaneous reflection. In 1988, Reiman and Williams
proved that a necessary condition for the existence of such a semimartingale
reflecting Brownian motion (SRBM) is that the reflection matrix formed by the
directions of reflection be completely-%. In this work we prove that condition is
sufficient for the existence of an SRBM and that the SRBM is unique in law. It
follows from the uniqueness that an SRBM defines a strong Markov process. Our
results have potential application to the study of diffusions arising as approxima-
tions to multi-class queueing networks.
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1 Introduction

This work is concerned with the existence and uniqueness of a class of semimartin-
gale reflecting Brownian motions which live in the non-negative orthant of R?. For
a precise description of these processes, let S = {x e R:x; 2 0,i=1,...,d}, 0 be

*Research supported in part by NSF Grants DMS 8657483, 8722351 and 9023335, and a grant
from AT&T Bell Labs. In addition, R.J. Williams was supported in part during the period of this
research by an Alfred P. Sloan Research Fellowship



284 L.M. Taylor and R.J. Williams

a vector in R%, I be a d xd non-degenerate covariance matrix (symmetric and
positive definite), and R be a dxd matrix. A triple (2, #, { #,}) will be called
a filtered space if Q is a set, # is a o-field of subsets of Q, and {J’ y={F,t20}is
an increasing family of sub-o-fields of #, ie., a filtration. If, in addition, P is
a probability measure on (£, &), then (Q, #, {5** +1» P)1is called a filtered probabil-
ity space.

Definition 1.1 For x € S, a semimartingale reflecting Brownian motion (abbreviated

as SRBM) associated with the data (S, 0, I', R) that starts from x is a continuous,

{#,}-adapted, d-dimensional process Z defined on some filtered probability space
F,{#,}, P,) such that under P,,

(1.1) Z(t)=X(t) + RY(t)eS forallt=0,

where

(1) X is a d-dimensional Brownian motion with drift vector 6 and covariance
matrix I" such that { X (¢) — 6t, #,,t = 0} is a martingale and X(0) = x P,-as.,

(i) Y is an {&,}-adapted, d-dimensional process such that P,-a.s. for each
ie{l,...,d}, the i component Y; of Y satisfies

(a) Yi(0) =0,

(b) Y;is continuous and non-decreasing,

(c) Y; can increase only when Z is on the face F;= {xeS:x; =0}, ie
fto Lip,(Z(s)dY(s)y=0forall t = 0.
An SRBM associated with the data (S, 8, I', R) is a continuous, { %, }-adapted,
d-dimensional process Z together with a family of probability measures { P,, x € S}
defined on some filtered space (Q, #, { #,}) such that for each x € S, under P,, (1.1)
and (i)—(ii) above hold; that is, on (Q, # {,/' }, P,), Z is an SRBM associated with
(S,0,T", R) that starts from x.

Remarks. 1. Here we have made a slight modification to the definition given in
[23] in that Y need only be P,-a.s. continuous here. This does not affect the
applicability of the results in [23]. Our reason for allowing this flexibility is that we
may be dealing with uncompleted probability spaces and to require all paths of
Y to be continuous seems unnecessarily restrictive. Note that for a fixed x, one
could always complete the filtered probability space (Q,#,{#,},P,) and then
meodify X, Y on a P,-null set to make them continuous everywhere. See Remark 2
below for another alternative.

2. The notion of an SRBM with a family of probability measures (one for each
possible starting point) is formulated because we want this to generate a strong
Markov process. A priori, it may seem unnecessarily restrictive to require the
family of probability measures to all be defined on the same filtered space and to
use the same Z for each x. However, whenever there is an SRBM starting from x for
each x €8, then there is an SRBM where X, Y and Z are defined on the same
filtered space, are continuous everywhere, and are defined independently of the
{P,,xe8}. This can be achieved by considering the measures induced on the
(Z, Y)-path space by SRBM’s starting from x, where x is allowed to run over all
points in S (¢f. Theorem 1.3). The definition of an SRBM with a particular starting
point, as opposed to a family of starting points, is made largely to facilitate as sharp
a statement as possible of the uniqueness result.

3. In the language of stochastic differential equations, the triple (X, Y, Z) (or just
Z) can be thought of as a “weak” solution of the stochastic equation (1.1) and
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conditions (i)-(ii), in the sense that one is free to choose the filtered probability
space and processes (X, Y, Z) that realize these properties.

4. For brevity, in the sequel we say that X is a (6, I')-Brownian motion if X is an
R*%valued Brownian motion with drift vector 0 and covariance matrix I', and Z is
sometimes called an SRBM when the accompanying measures { P, x € S} are clear
from the context.

Heuristically, the behavior of an SRBM may be described as follows. Under
P., Z behaves like a Brownian motion in the interior of the orthant and it is
confined to the orthant by instantaneous “reflection” (or “pushing”) at the bound-
ary, where the direction of reflection on the i face F; is given by the i™ column of
the reflection matrix R.

In [23], Reiman and Williams showed that a mecessary condition for the
existence of an SRBM is that the matrix R be completely-%, as defined
below.

Definition 1.2 A principal submatrix of the d xd matrix R is any square matrix
obtained from R by deleting all rows and columns of R with indices in some
(possibly empty) subset of {1, . .., d}. The matrix R is completely-¢ if and only if
for each principal submatrix R of R there is ¥ = 0 such that RX > 0.

Remarks. 1. Matrices that are completely-& are known in the operations research
literature as strictly semimonotone or completely-2 matrices (see [4]).

2. The completely-& property is invariant under transpose, i.e., R is completely-&
if and only if its transpose R’ is completely-& (see [23, Lemma 3, p. 91]).

Some sufficient (but not necessary and sufficient) conditions for existence of an
SRBM have been given previously by Harrison and Reiman [13] and more
recently by Dupuis and Ishii [8]. These are based on showing the existence of
a Lipschitz map from continuous paths in R? (starting in S) to continuous paths in
S, such that when applied to the paths of a Brownian motion X, the map yields an
SRBM Z that is adapted to X. However, the conditions on R required in [8, 13] are
stronger than the completely-% condition. Recently, Mandelbaum and Van der
Heyden [21] and Bernard and El Kharroubi [2] have shown that R being
completely-& is sufficient for the existence of a path-to-path mapping that when
applied to any continuous path X starting in S yields continuous paths ¥ and
Z satisfying (1.1) and (a)—{(c) above. However, due to an inherent non-unigueness of
this mapping [2, 20], these authors were unable to establish that ¥ and Z are
adapted to X. Consequently, when X is regarded as a Brownian motion, one
cannot deduce from their results the important property that { X (¢t) — 0z, t = 0} is
a martingale with respect to a filtration to which Y is also adapted. The resuits
described above were all aimed at proving existence and uniqueness of a “strong”
solution of the stochastic equation (1.1) and conditions (i)-(ii). In this paper, we
focus on obtaining a “weak” solution.

Define C = {(z, y):[0,0) >SS,z and y are continuous functions}, .# =
o{(z () 0<s< o, (z,y)eCl, M =0{(z,y)(5): 0=<s5=Z1, (z,y)€C}, for all
t 2 0. Our main result is the following.

Theorem 1.3 Assume that R is completely-&. Fix x € S. There exists an SRBM
associated with (S, 0, ', R} that starts from x. Let Z with probability measure
P, defined on some filtered space be such an SRBM and let Y denote its “pushing”
process as described in Definition 1.1(ii). Let Q, denote the probability measure
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induced on (C, M) by (Z, Y.
(1.2) 0.(4)=P.((Z,Y)eA) forall Ac 4 .

Then Q, is unique and hence the law of any SRBM, together with its associated
pushing process, for the data (S, 8, I', R) and starting point x is unique.

The canonical process z(*) together with the family of probability measures
{Q., x € S} defines an SRBM on (C, 4, {..}), where for the semimartingale de-
composition (1.1) one can take Y(+) = y(*) and X(*) = z(*) — Ry(*). The family
{Q., x € S} is Feller continuous and together with the canonical process z(-) defines
a strong Markov process.

Terminology. The family of probability measures {Q,, x € S} is Feller continuous if
for each x € S and sequence {x,} = S that converges to x we have {Q,} converges
weakly to Q,.

Remark. Note that when the measures {Q,, x € S} are restricted to the canonical
z(+) path space: {z:[0,00) > S, z is continuous} with the restriction of the o-field .,
we have that z(*) together with these restricted measures is a Feller continuous
strong Markov process there.

Combining the above theorem with the results of Reiman and Williams [23] we
have the following.

Corollary 1.4 There exists an SRBM with data (S,6,I,R) if and only if R is
completely-& . In this case, the SRBM is unique in law and defines a Feller continuous
strong Markov process.

As a guide to the reader, we now summarize the organization of this paper. Our
proof of Theorem 1.3 is by induction on the dimension d. In Sect. 2, after some
notations and terminology are defined, we develop a preliminary result and prove
Theorem 1.3 for the case d = 1. Assuming that Theorem 1.3 holds on R¥ for all
k<d—1and some d = 2, and that R is a completely-¥ matrix, in Sect. 3 we
construct semimartingale reflecting Brownian motions in K-troughs of the form
{xeR%x; 20 for all ieK} where K< {1,...,d} and |K| <d — 1. Here the
directions of reflection are given by the columns of R that are indexed by K. For
each starting point in such a trough, the law of the semimartingale reflecting
Brownian motion together with its pushing process is shown to be unique. The
results of this section not only provide a key building block for the construction of
an SRBM in the orthant, but are also essential to the proof of uniqueness given in
Sect. 6. Now observe that there are d “trough” processes with |K| =d — 1, such
that the i*® process has freedom in the i coordinate direction for 1 £ i < d. In Sect.
4 we “patch” together the measures on (C,.#) associated with these trough
processes and their pushing processes to obtain an SRBM in the orthant with
absorption at the origin. In Sect. 5, an SRBM in the orthant is obtained as a weak
limit of an approximating family of processes {Z° 6 € S\{0}} as 6 tends to the
origin (0) through a particular sequence, where Z° behaves like an SRBM with
absorption at the origin until the first time the latter hits the origin, at which time
Z? instantaneously jumps to the point § and continues from there as if it had
started there. The proof that Z° and its associated pushing process Y° converge
weakly as a pair to an SRBM and its associated pushing process uses results of
Kurtz and Protter [18]. In Sect. 6, uniqueness in law of an SRBM for each starting
point in the orthant is proved. Our proof uses an argument similar to that of Bass
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and Pardoux [1, Sect. 5] or Kwon and Williams [19, Sect. 3], in conjunction with
some crucial estimates that are particular to this problem (see Sect. 6.2). Essential
to the proof are a Girsanov transformation to remove the drift (see Sect. 6.1), the
scaling property of Lemma 6.5, the compactness of the operator Q established in
Lemma 6.6, and the ergodic property established in Lemma 6.7. Both Lemmas 6.6
and 6.7 depend on the particular estimates in Sect. 6.2. Since the pushing process
(Y) associated with an SRBM Z can be almost surely recovered as a functional of
Z (see Lemma 2.1), uniqueness in law for the SRBM implies uniqueness in law for
the pair (Z, ¥). The strong Markov property follows from the uniqueness in law
and the Feller continuity is also established.

SRBM’s of the type constructed by Harrison and Reiman [13] arise naturally
as diffusion approximations to single-class open queueing networks, under condi-
tions of heavy traffic [22]. It has been hypothesized [12, 14, 15] that SRBM’s with
more general reflection matrices than those in [13] arise as approximations to
multi-class open queueing networks. A general heavy traffic limit theorem justifying
this has not been proved to date, in part because of the previous lack of a suffi-
ciently general existence and uniqueness theorem for SRBM’s. The results of this
paper on existence and uniqueness provide a solid mathematical foundation for
SRBM’s and potentially could be used in a proof of heavy traffic limit theorems for
multi-class open queueing networks, and for the further analysis of SRBM’s. In
fact, Dai and Kurtz [7] have recently used our results in establishing a character-
ization of the stationary distributions for SRBM’s in terms of a basic adjoint
relationship. This relationship is the starting point for a numerical algorithm
proposed by Dai and Harrison [6] for the computation of stationary distributions
of SRBM’s. For a summary of other recent results on reflecting Brownian motions
and their connections with multi-class queueing networks, see [15, 16].

2 Preliminaries and the induction hypothesis
2.1 Notations and terminology

The following notations and terminology are used throughout this paper. The set
of natural numbers {1, 2, . . .} is denoted by N. The set of real numbers is denoted
by R and for d = 1, R? denotes d-dimensional Euclidean space. We endow R, IR?
with their Borel o-fields. The set of non-negative real numbers will be denoted by
R, and the positive orthant in R? will be denoted by R% = {x e R?:x; = 0 for
i=1,...,d}. The Euclidean distance between two points x, y € R? will be de-
noted by d(x, y). Similarly, d(x, A} will denote the Euclidean distance between
apoint x and a set 4 in IRY, and d(4, B) will denote the Fuclidean distance between
two sets 4 and B in IR?. The open ball in IR with center x and radius > 0 will be
denoted by B(x,r). A vector veIR? will be treated as a column vector with
components v;fori = 1,...,d. We write v > 0 (= 0) if and only if each component
of v is positive (non-negative). The Euclidean length of v will be denoted by [v|.
Throughout this paper we let J = {1,...,d} and for any set K < J, we let |K|
denote the cardinality (size) of K and vg denote the vector whose components are
those of v with indices in K. We let vjx denote the vector obtained from v by deleting
the components with indices in K. If K = {i}, we abuse notation by writing v; and
vy; instead of vy and o), respectively. We use similar notation for any d-dimen-
sional process. If H is a d x d matrix, then Hg denotes the matrix whose elements
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come from those in H with row and column indices in K, and Hx denotes the
matrix obtained by deleting the rows and columns with indices in K. If K = {i}, we
write H; and H in place of Hy and Hg, respectively. We let H' denote the
transpose of H and write H > 0(= 0) if and only if each entry of H is positive
(non-negative). We let I, denote the d x d identity matrix. For eachie {1, ...,d},
we let R; denote the i'® diagonal element of R and n; denote the inward unit
normal to the i face F; of S. Let S° denote the interior of S and F; denote
the relative interior of F;. As a convention we will assume that stochastic pro-
cesses evaluated at time ¢ = oo are at some isolated cemetery point. The (i, j)
component of the mutual variation process associated with a multi-dimensional
continuous semimartingale X will be denoted by { X;, X;>. For a one-dimensional
continuous semimartingale X, its quadratic variation process will be denoted

by [X1].

2.2 Preliminary lemma

The following lemma will be used several times throughout this work.

Lemma 2.1 Suppose Z defined on a filtered probability space (2, F, { F,}, P,) is an
SRBM associated with (S, 6, I', R) that starts from x € S, and X, Y have the proper-
ties described in Definition 1.1. Then P,-a.s.,

1) [ 1as(@(s)ds =0,
0
2.2) X(0) = ZO) + [ 10(Z)dZ() forallt 20,
0
2.3) Yitt) = Ri' [ Lpo (Z())d(n- 2)(5) for all £ 20.
0

Remark. The integrals in (2.2)—(2.3) can be defined as right continuous, P,-a.s.
continuous adapted processes on (Q, #, { #,}, P,) (cf. [26, p. 97]), or as continuous
adapted processes on the completion of (2, #, { Z#,}, P,).

Proof. To prove (2.1), it suffices to show that for each i, P,-a.s.,
f 1{0} (ni'Z(S))dS =0 ,
0

where n; denotes the inward unit normal to F;. Now, n;*Z is a continuous
one-dimensional semimartingale and so by [24, VL.1], »n;*Z has a local time
{L};t 2 0,y e R} thatis P,-a.s. continuous in ¢ and right continuous with finite left
limits in y, and such that P,-a.s. for all ¢ = 0,

t
f Loy (i~ Z(s))d[ni* Z]s = f LY ly=pydy =0.
0 R

Since [n;* Z1, = [n;* X1, = I'ys where I'; > 0, (2.1) follows.
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It follows from (2.1) and the fact that { X (r) — ¢, t = 0} is a Brownian motion
with P,-a.s. continuous paths that P,-a.s. for all ¢ = 0,

X(t) = X(0) + f 10(Z(5))dX (5)

= ZO0) + [ 1.(Z()dZ().

where the last equality follows from the fact that P.-a.s., Y can increase only when
Z is on JS.

It follows from [23] that P,-a.s., Y; only charges the set {s 2 0:Z(s)e F}, ie.,
P-as. foralitz=0,

() = Of Lp; (Z(5))dY(s) -

Since X and the ¥;, j = i, as integrators do not charge the set {s = 0: Z(s) € F; }, we
can replace dY; by R;;1d(n;- Z) in the above to obtain (2.3). I

2.3 Induction hypothesis
Theorem 2.2 Theorem 1.3 holds for d = 1.

Proof. Supposed = 1,0 R and I" € R, \{0}. Then R = «, « € R, is completely-&
if and only if « > 0. Assuming this, fix x € R, and let X be a continuous one-
dimensional process defined on a probability space (2, &, P,), such that X is
a one-dimensional Brownian motion with drift 6, variance parameter I', and
X(0) = x Pras. Let #, = a{X(s),0 S s < t}. Then {X(¢) — 0t, #,,t 20} is a P,-
martingale. Define

+
(2.4 Yt)y=0o"! (— min X(S)) forallt =0,
0=ssst
and
Z=X+oY,

where w* =wv 0. Then Z is an SRBM on (Q, #,{#,}, P,) associated with
(R, 6, I', R) that starts from Xx.

The fact that pathwise uniqueness is known to hold when d =1 (cf. [9]) for
Eg. (1.1) with the attendant properties (i)—(ii) of Definition 1.1, ensures that for any
SRBM Z associated with (IR, 6, I', &) that starts from x, its ¥ process must be the
functional of its Brownian motion X exhibited in formula (2.4). This implies that
the law of the pair (Z, Y) is uniquely determined. Hence, the measure @, as defined
in Theorem 1.3 is unique.

For Z, Y as defined in the first paragraph of this proof, {Z(t) — a¥(z) — 6%,
t 2 0} is a (0, I')-Brownian motion P,-martingale relative to the filtration gener-
ated by (Z, Y), and so it follows that {z(¢) — ay(t) — 6t, t = 0} is a (continuous)
(0, I')-Brownian motion Q,-martingale with respect to the {.#,}-filtration. The
desired properties of the canonical process y(*) under @, are inherited from those
of Y under P,. The Feller continuity of the measures {Q,, x € R, } and the strong
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Markov property of z(+) with these measures follow from the corresponding
properties for Brownian motion and the fact that ¥ is a continuous additive
functional of X. O

We now proceed to prove Theorem 1.3 by induction. By Theorem 2.2, Theorem
1.3 is true for d = 1. So we now fix d = 2 and make the following induction
hypothesis.

Induction hypothesis. Theorem 1.3 holds for all dimensions less than or equal to
d— 1

We henceforth take 6, I', and R to be as in the hypotheses of Theorem 1.3. In
particular, R is assumed to be completely-&.

3 SRBM in a trough

In this section we prove existence and uniqueness in law of SRBM’’s in state spaces
that we call K-troughs, K < J, K =+ J. These results for [K| = d — 1 are used for the
proof of existence, and the results for all K:|K| £ d — 1 are used for the proof of
uniqueness, of an SRBM in S.

3.1 Definition of an SRBM in a trough

Definition 3.1 Let K< J with size k=|K|e{l,...,d—1}. Let S¥=
{xeR*%x; 20 for all ieK} and let R* be the d x k matrix obtained from R by
deleting those columns of R with indices in J\K. Order the elements of K in
increasing order and let i: {1, . . ., k} - K be such that i; = i(j) is the j* element of
K. For x e SK, a semimartingale reflecting Brownian motion (SRBM) associated with
(S%, 0, I, R*) that starts from x is a continuous, {#,}-adapted, d-dimensional
process Z defined on some filtered probability space (Q, #, {#,}, P,) such that
under P,,

3.1) Z(t) = X(t) + R Y(t)eS¥ forall t >0,

where
(i) X is a d-dimensional Brownian motion with drift vector 8 and covariance
matrix I' such that {X(t) — 0, #,, t =2 0} is a martingale and X (0) = x P,-as.,
(i) Y is an {#,}-adapted, R%-valued process such that P,-as. for each
je{l, ..., k}, the j® component Y; of Y satisfies

(a) Y;(0) =0,

{(b) ¥; is continuous and non- decreasmg,

© Y can increase only when Z is on the j™ face F} of SK: FY = {xeS*:
xi; = 0}, 1e, [ 1o\ pr (Z(s))dYy(s) = O for all ¢ = 0.

An SRBM associated with (S, 8, I', R¥) is a continuous, {#,}-adapted, d-dimen-
sional process Z together with a family of probability measures {P,, x € S¥}
defined on some filtered space (2, #, {%,}) such that for each xeS¥ on
(2, F,{F,}, P,), Z is an SRBM associated with (S¥, 6, I', R¥) that starts from x.
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For the remainder of this section, let k, K,SX be as in Definition 3.1. Let
C* = {(z, y):[0,00) = S* x R¥, z and y are continuous functions}, .#* = ¢{(z, y)(s):
0<s<ow, (zy)eC*}, and AF=0c{(zy)(5): 0<s=Zt(zy)eC*} for all
t=0.

3.2 Existence of an SRBM in a trough

The following proposition can be proved using standard martingale arguments for
characterizing Brownian motions; accordingly its proof is omitted.

Proposition 3.2 Suppose a continuous process X, together with a family of probability
measures { P;, % € RY}, is defined on some filtered space ( Q, #,{%,}) such that for
each % € R, under Px, X is a k-dimensional Brownian motion with covariance matrix
I'x and drift vector 8§ = 6k, such that {X () — —0t, F,,t = 0} is a martingale and
X(0) =% P.as.

Let A = (I'j)iex, j¢x- Then there is an invertible (d — k) x (d — k) matrix H such
that HH' = Igx — A'T'¢ YA. Let a continuous process B, together with_a family of
probability measures {Pg, % e R*™*}, be defined on a measurable space (G, %) which
is distinct from (Q, %), such that for each %e R*™* under P;, B is a (d — k)-
dimensional Brownian motion with covariance matrix 1,-, and zero drift, such that
B(0) = % P;-a. s,

Lot Q=0xO0 F=%x%, and F,=%,x%, for all t=0, where
F,=0{B(s):0 < 5 < t}. Define a d-dimensional process X on (Q, F) by

XK(ta(aA)’ C?))) = X(ta Q)) 5
X(t, (&, ®)) = (A’ TgH(X(t,d) — 0t) + HB(t, ®)) + Ot ,

forallt =z 0and (&, &) e Q x Q. For each x e S, define P, = P x P, where % = x
and

(3.2) F=H '(xx—ATg'R).

Then under P, the continuous process X is a d-dimensional Brownian motion with
covariance matrix I and drift vector 0, such that { X (t) — 0t, #,, t 0} is a martin-
gale and X(0) = x P.-a.s.

Theorem 3.3 There exists an SRBM associated with (S, 6, I, R¥).

Proof Let S = R, C = {(4 9):[0, 0) = S x8§, 2 and y are continuous functions},

M=0{(4P)6)0Ss< 0, P)eCland A, =0 {2 P)(s):0<sZ 1,5 )eC}
for each t = 0. Let 0, I'y, Rx be defined from 6, I', R in the manner described in
Sect. 2.1. By the induction hypothesis, Theorem 1.3 holds for dimension k and so
there exists a unique family of probability measures {Px, % €8} defined on
(C, 4, { 4#,}) such that the canonical process Z(*) together with these probability
measures defines an SRBM associated with (S, g, Ik, Rg), where the pushing
process and Brownian motion in the SRBM decomposition of Z(*) can be taken to
be given by 9(+) and X () = 2(*) — RKy( ), respectively.

By applying Proposition 3.2 with Q = C we see that we can extend X to X so
that if we define Y(¢, (&, @)) = P(t, d), where & = (2, ), and Z = X + R¥Y, then
Z together with { P,, x € S¥} defined on (Q, #, { Z, }) is an SRBM associated with
(S, 0, I, R%). [
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Remark. For the construction of an SRBM in S¥, we really only need that Ry is
completely-~. However, there is no loss of generality in assuming that R¥ such that
R¥ is completely-& is derived from an R that is completely-&. For if R¥ is such
that RE is completely-#, one can always add d —k columns of the vector
(1,1,...,1) to R¥ to obtain an R that is completely-&.

3.3 Uniqueness of an SRBM in a trough

Theorem 3.4 Fix x € S* and let Z defined on (Q, #, { #,}, P,) be an SRBM asso-
ciated with (S*, 0, I', R¥) that starts from x. Let Y be the k-dimensional pushing
process associated with Z, as in Definition 3.1. Then the law Q. induced on (CX, .#%)
by (Z, Y) under P, is unique, i.e., the joint law of an SRBM and its attendant pushing
process for the data (S¥, 0, I', R*) and starting point x is unique.

Proof. We first prove the result for the case where |K| = d — 1. Indeed, for this we
may and do assume that K = {1, . ~1}.LetS=R¢ 1, 0=0,, =TI,and
R= Rjg. Now Zjy = X + RY on (Q JAZ,), Py is an SRBM associated with
&, 6, T, R) that starts from % = xjs. By the induction hypothesis, Theorem 1.3
holds for dimension d — 1, and so the law of (Z),, Y) under P, is unique. To
characterize (Z, Y) under P, we need to know the joint law of (Z;, Y, X,) under P,.
If we could show for 4 and H as in Proposition 3.2 with K = J \{d} that under
P., B={X,(t) — 0,t — AT~ (X4(t) — 0t),t 2 0} is independent of Z,;, then
since B is a driftless Brownian motion w1th variance parameter HH’ under P, and
Yis P,-a.s. a functional of Z , (see Lemma 2.1), it would follow that the joint law of
(Zy4, Y, X ) under P, is unique. However, we do not see how to show the desired
independence because although we can show B is independent of X ,, this is not
sufficient because we do not know that X, generates the same o-field as Z,.
Instead, we observe that since Y is P,-a.s. a functional of Z,,, it suffices to show that
Z under P, is unique in law. For this we approximate Z by processes Z™ in which
the Brownian motion part and the Y-bounded variation part of Z7 are supported
on disjoint stochastic intervals, as follows. Let v* denote the i column of R for
i=1,...,d, and let {K,,,, m = 1} be a sequence of compact sets in S such that
K, < S (the interior of S), K, € Ky 1, Jm K = S°, and 1/m < d(K,,, 0S) < 2/m.
For each m, define a sequence of stopping tlmes as follows

Og = 0 s
1o = 1inf{t 2 o1 Z4(t) € a8,

= lnf{l = Tp—1+ Z|d(t) € Km} s
= inf{t = 0,: Z,(t) €8S},

and let -
me Z|a(‘) d~1
3.3) Zm() = X + Z (Xa(* A1) — Xa(r Aay)) + Z viY () |

By considering the probability measure induced on (CX, .#*) by (Z, Y) if necessary,
we may assume that P, has regular conditional probability distributions relative to
the filtration { %, }.
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We will show by induction on »n that the law of Z™(* A ¢,) under P, is unique.
Clearly this is true for n = 0, since g, = 0 and P.(Z™(0) = x) = 1. For the induction
step, we suppose that the claim is true for some n = 0 and we shall then prove that
it is true for n+ 1. As an intermediate step, we first verify that the law of
(Z™(* A1,), T,) under P, is unique. Note that since 7, is determined by Z,(* A g,),
the joint law of (Z™(* A 6,), 6,) under P, is unique. Now, P,-a.s. ¥ does not increase
on [o,, ,), and P,-a.s. on {7, < oo}, by the martingale Brownian motion property
of X, X(*+ g,) — X(o,) under P.(*|%,, ) is a (6, I')-Brownian motion starting
from the origin. It follows from the deﬁnmon of Z" and t, that the law of
(Z™(* A1), T,) under P, is unique.

Now we turn to proving that the law of Z™(+ A g, 1) under P, is unique. Using
the martingale Brownian motion property of X|; and functional representations
for X|; — X|d(0) and Y (cf. Lemma 2.1), we see that Pe-as. on {t, < oo}, Z4(* + 7,)
under P,(*|#,,) has the law of an SRBM associated with (S, §, I, R) that starts
from Z(t,), Wthh is unique and Feller continuous in the starting point, by the
induction assumption that Theorem 1.3 holds in dimensions less than 4. Since on
{tn < o0}, Y(* + 1,) — Y(z,) and 7,,; — 1, can be expressed P,-a.s. as functionals
of Zj4(+ + t,), it follows using conditioning and the already established fact that the
law of (Z™(* A t,), 7,) under P, is unique, that the law of Z™(- A 6,, ;) under P, is
unique. This completes the induction step. Since ¢, — o0 as n — o0, it follows that
the law of Z™ under P, is unique.

It now remains to show that for each T e R, sup,co,r1 | Z™(t) — Z(t)| = 0 in
L? = L*(Q, #, P,) as m — 0. By the definition of Z™,

tAGn+1

nz0 tAty

sup [Z™(t) = Z(t)| £ sup

te[0,T] tef0,T]

The sum of stochastic integrals in the right member above defines a P-a.s.
continuous L?-martingale and so by Doob’s inequality and the L2-isometry for
stochastic integrals we have

2
(3.4) Iim E[( sup |z'"(:)—2(t))> ]g lim 4I',, EP{ IS Aponen s)ds:l

m— o te[0,T} m=> o0 nz0

= 4FddEPx|: f lag(Zld(S))dS] =0

where the last equality follows from the fact that P,-a.s., Z|, spends zero Lebesgue
time on the boundary of 88 (see Lemma 2.1).

By minor modification of the above proof, one can show that if z is any
stopping time adapted to the filtration generated by the continuous d-dimensional
process Z and (Z(* A1), Y(* A1), X(+ A7))satisfy (3.1) and (i)—(ii) of Definition 3.1
with t A7 in place of t and “stopped Brownian motion” in place of “Brownian
motion” there, then (Z(* A1), Y(* A 7)) is unique in law. We shall refer to this by
saying that a stopped SRBM and its associated ¥ process form a pair that is unique
in law. -

We now turn to the case where 1 <|K|<d— 1. Note that since
Zx = Xg + Rg Y under P, is an SRBM in IRX, by Lemma 2.1, Y is P,-a.s. a func-
tional of Zy, and hence it suffices to show that Z is unique in law. For a proof by
contradiction, suppose that there are k,K,x, such that 1<k<d—1,
K| =k, xeS¥, and there are different SRBM’s Z' defined on (Q', %',
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{Z1}, PY),i = 1,2, associated with (S¥, 0, I', R¥) and starting from x. For i = 1,2
and each positive integer n, let t,=inf{t>0:{Z} — x| =n} Let

= {z:[0, o0) > S¥, z is continuous}, F§ = o{z(s):0 < s <t} for each 1 =0,
and 7, = Inf{t 2 0:|zg(t) — x| 2 n,z€ QK} Since Z? is not equlvalent in law to
Z?, there must be n = 1 and 4 € ¥ such that

(3.5) PYZ (- Atl)e A) + PXH(Z2(-A12)e A) .

Let ¢ = | x|, and define a € R{ such that ax =0 and a; = ¢ + 2n for all je J\K.
Note that for i = 1,2, P-as., Zi(* A1) + aeS. From (3 5), we have

(3.6) PYZ'(-At})y+ae A +a)+ PHZ (*At2)+acA+a),

where 4 + a={z(*)+ a:ze A}. NowletL < {1,2,...,d}suchthat |L|=d - 1
and K < L. Then for i = 1, 2, under P}, Z'(- At.) + a is an SRBM associated with
(S%, 0, I', RY) starting from x + a and stopped at ti. It follows from the first part of
the proof of this theorem that the law of Z'(- A1}) + a under P! is equal to that of
Z%(* A1) + a under PZ. But this contradicts (3.6) and so the result is proved.

The same comments that applied regarding uniqueness in law for stopped
SRBM’s when |K|=d — 1 also apply when K| <d — 1. O

Corollary 3.5 Let Q. be as described in Theorem 3.4. Then
(3.7 0.(A) = (Pyux P )(Z, Y)e A) for all Ae ¥,

where PxK, P, x> Z» Y are as defined in the proofs of Theorem 3.3 and Proposition 3.2.
Furthermore, 'the family {Q,, x € S*} is Feller continuous and the canonical process

z(*) on (C¥, J%K) together with this family has the strong Markov property.

Proof. Equation (3.7) follows immediately from the uniqueness proved in Theorem
3.4 and the construction contained in the proofs of Theorem 3.3 and Proposition
3.2. The Feller continuity of {Q,, x € S¥} follows from this, the Feller continuity of
{P;, £ e R}, the Feller continuity that can be assumed to hold for { P;, ¥ e R4},
and the explicit form of Z.

For the proof of the strong Markov property, fix x € S* and note that the
canonical process z(+) on CX has an SRBM decomposition with respect to the
filtration {.#} under Q,, where the pushing process is given by the canonical
process p(- ). Let t be a stopping time relative to the filtration generated by z(*) and
let {Q2(-), w e C*} be a regular conditional probability distribution (r.c.p.d.) for
Q.(*|.4%). It follows from the SRBM decomposition of z(*) and the martingale
property of the Brownian motion in this decomposition, that Q,-as. on
{t < o0}, z(t + *) under Q7 is an SRBM starting from z(z), and so by the unique-
ness established in Theorem 3.4, it has the law of the canonical process z(*) under
Q.- The strong Markov property follows from this and the Feller continuity
established above. U]

4 SRBM in an orthant with absorption at the origin

4.1 Definition of an SRBM with absorption at the origin

Definition 4.1 For x €8, a semimartingale reflecting Brownian motion (SRBM)
associated with (S, 8, I, R) that starts from x and is absorbed at the origin, is
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a continuous, {#,}-adapted, d-dimensional process Z defined on some filtered
probability space (2, #,{%,}, P;) such that for ©=inf{t 20:Z(t)=0},
under P,

X))+ RY(t)eS forall t £,
0 forall t=1,

4.1 Z{t) = {

where

(i) X is an { &, }-adapted, d-dimensional, P,-a.s. continuous process such that
B={X(tA1)— 0(t A1), #,, t = 0} is a martingale with mutual variation process:
{Bi,Bj>; = [jj{tat)forallt =20, and X(0) = x P,-ass.,

(i) Y is an {#,}-adapted, d-dimensional process such that P.-a.s. for each
ie{l,...,d}, the i component Y; of Y satisfies

@ Y(0)=0,

(b) Y; is continuous and non-decreasing,

(c) Y; can increase only when Z is on the i™ face F; of S, ie,
S o 1o\ r(Z(s))dY,(s) = 0 for all t = O,

(d) ¥;(t) = Y;(x) for all £ = ~.
An SRBM associated with (S, 6, I', R) and with absorption at the origin is a con-
tinuous, { #,}-adapted, d-dimensional process Z together with a family of prob-
ability measures { P, x € S} defined on some filtered space (2, #, { #,}) such that
for each x € S, on (2, #, { #,}, P,), Z is an SRBM associated with (S, 6, I', R) that
starts from x and is absorbed at the origin.

4.2 Existence of an SRBM with absorption at the origin

In this subsection, we construct an SRBM for the data (S, 8, I, R) with absorption
at the origin. We achieve this by patching together measures on (C, .#) induced by
SRBM'’s (and their attendant pushing processes) for various troughs.

For each ied, et f={xeR%x; 20 for all jelJ\{i}},
€ =C"8 4 =", F’ = {xeS‘ x; = 0} for all jeJ, R denote the matrix
obtained by deleting the i"* column from R. Let {Q, x € S’} denote the family of
probability measures on (C', .#*) defined in Corollary 3.5 with K = J\ {i} there.
Let (7, ') denote the canonical pair of processes on the space (C, #"). Let Y*
denote the d-dimensional process whose ' component is identically zero and
whose other components are given by those of y': Y} = yiforj<iand Y} =y},
for j > i. Define Z' = z* and T" = inf{t 2 0:Zi() = 0}. For x €S, consider the
probability measure P induced on (C, .#) by (Z, Y, T") and Q. via

Pi(A) = QL((Z(- A TY, Yi(- A THYeAd) forallAe 4 .

It follows from the Feller continuity of the {Q%,xeS'} that the mapping
x — Pi(A), x €8, is Borel measurable for each A4 € 4.
For x € S fixed, define

r1 = max{j:d(x, F;) = max d(x, F;)} .
ieJ
Let (z, y) denote the pair of canonical processes on (C, .#). On this space, define
Pl=P1 1,=0 and 7, = inf{t 2 0:z,,(t) = 0}. On #,,, (z, y) under P} has the
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law of our desired SRBM and its associated Y-process, up until the time 7,. At 7, ,
we need to switch to a new trough to determine the law of our desired processes
beyond that time. Indeed, we shall define a sequence {(r,, t,, P%)}% such that S
is the trough that z(-) is moving in between the stopping times 7,_, and t, and
P’ describes the law of our desired SRBM together with its associated Y-process
up until the time t,, where t, is the time of switching from the #™® to the (n + 1)*
trough. For the precise definition of these quantities, suppose {(r;, 7;, P%)}7=, have
been defined for some n = 1, such that properties (i)—(ii) below hold.

(@) x" = {z(t A1) — Ry(t AT,) — O(t ATy), My o, t = 0} is a continuous martin-
gale under P} and has mutual variation process: {x}, x}), = I';(t A1,), t = 0, and
consequently x" is a (0, I')-Brownian motion starting from x and stopped at t,.

(i) Pi-as. fori=1,...,d, (0) =0, y; is non-decreasing, and y; can increase
only when z is on F;.

We paraphrase this by saying that under P%, z(* A t,) is an SRBM associated with
(S, 0, I', R), starting from x and stopped at the time 7.

NOW, Iyt 1, Tas1, PETL are defined as follows. Let
n+1ls ‘nt+1 x

4.2) o1 = L, <o max{jid(z(‘fn)z F;) = max d(z(7,), Fi)} s
ieJ
and
inf{t = t,:z,,, t)eF. ., | on {1, <0
(43) Toeyl = { { = ( ) } {T D }
0 on {t,= 0} .

Since x — ﬁ;(A) is Borel measurable for each A € .#, it follows from [ 26, Theorem
6.1.2] that on (C, .#) there exists a unique probability measure P2*1 such that
P1*' = Pion .4, and on {1, < oo} there is an r.c.p.d. P25 of P2*1(+|.4.,) such
that for PZ*'-ae. (z, y) € {1, < 0},

@44 PLiNEC+ 1), 50 + ) — @) e 4) = Plyj(4) forall de.s,

where 7, = 1,(z, V), 'yt 1 = Fat1(2, ¥), and (Z, J) denotes a generic element of C, to be
distinguished from the particular element (z, y). It follows from the construction of
P! and the properties of the {Q%:we S, ieJ} that (i)-(ii) above hold with
P»*1 and 1,4, in place of P? and 1, respectively.

For later reference we record the following which is a consequence of the results
of Bernard and El Kharroubi [2, Lemma 17. Since under P2, z(* A 7,) is an SRBM
stopped at 1,, there is a constant ¢ > 1 that depends only on R, d, T > 0, such that
for each n, P-a.s. for any interval [t,,¢,] in [0, T,

4.5) Osc(z", [t1,t,]) < ¢ Osc(x", [t4, 15])
and OSC(y", [tla t2:|) _S. c OSC(X", [tls tZ:I) s

where z" = z(* A1), V" = y(* A1,), and for a continuous function f defined on
(0, 71,

(4.6) Osc(f, [t1, 121) = sup{|f(t) —fO)l:t Ss St =1}

We wish to extend the consistent sequence { P2};2, to a probability measure
Q5 on (C, .#) such that Q3 = P% on .#,, for all n. Intuitively, this amounts to
showing that an SRBM in the orthant defined up to the time 1, for each n, can be
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extended continuously to an SRBM defined on the time interval [0, 1] ~ [0, o)
where t = lim, 7,,. The problem is that we do not know a priori that such an SRBM
has a well defined limit as ¢ 77 on {t < o0}. To deal with this, we first extend the
space of paths on which our measures P are defined, and define an extension of the
P} as n— oo there. It will turn out that we can project this limit probability
measure back down onto the space of continuous paths in S xS, so that it gives
a probability measure Q3 as described above.

For the description of the extended space, let 4 be a point isolated from S x S.
Let SxS)* =(SxS)u {4}, F{ = F;u {4}, F§ = {4}. Define Q4 = {(z, y): [0, o)
— (S x S)4 such that (z, y) is right continuous on [0, co) with finite left limits on
0,0) and (z, y)(t) = 4 for all t =2 {(z) where { =inf{t =2 0:(z, y)(t) = 4}}. Let
M = 6{(z, y)(5):0 £ 5 < 0, (2, y) € 24}. Define the probability measure P4 on
(Q4, #*)so that P24 = P on C and P24(Q4\C) = 0. On (Q4, .#*), define t4 = 0
and define (14, r2) for n = 1 inductively such that

e VR max{j:d(z(rﬁ_l), F;) = max d(z(vy_ 1), Fi)} 5
ied
4 inf{t > 77 ,:z(t)e Ffa} on {7;_; <},
T =
" 0 on {ti_; = o0}.

Note that if 74 = { for some n > 1, then 7, ; = 7 for all j = 0. Also note that for
(2 y)€ C,14(z, y) = ri(z, y) and 1,(z, y) = (2 y).

By an extension of the Ionescu—Tulcea theorem (cf. Sharpe [25, Theorem 62.5,
p. 290]), there is a probability measure P2 on (Q4, .#%) such that P2 = P™4 on
M s for all n. Now, we prove that P# can be used to induce a probability measure
on (C,.#) that agrees with P; on. #, for each n Define
™ =1lim,,, 74, A = {td < t* < oo for all n}. By construction,

4.7 P2(z is continuous on [0, t4)) =1 .

We want to prove that

4.8) P4 (A, lim z(¢) = O) = P3(4).
1112
For this it suffices to show that
(4.9) P4 (A, lim |z(2)| > o> =0.
t11ed

Observe that

{A, Iim |z(t)| > 0}
(4.10) o

= U [{A, lim [z(z)[ > I/M}U{A, lim |z(t)| < 1/m, lim |2(2)| 2 2/MH ~

melN 11l 114 t117d

Fix m € N and consider { 4, lim ;;.+ |z(¢t)| > 1/m} (the other type of set in (4.10) can
be considered in a similar manner and we leave its treatment to the reader).
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Note that on {r7 <}, F,s, denotes a face whose distance from z(t3)e F,s is
maximal, and so d(F,a,, ( )) > 1/(dm) when |z(t#)| > 1/m. Hence, on
{zGd) > 1m, 18, < C} | z( ,,H) -zt = 1/(dm) By construction, on
{td < {}, under PZ(|./4%), the process z((* + T4) ATa+y) is a stopped SRBM
associated with (8, 8, I', R} that starts from z(r,‘,‘). Thus, by the same results of
Bernard and FEl Kharroubi [2] as used to obtain (4.5), a.s. under
PZ(- |4 ) the oscillation of z((+ + 74) A T4+ 1) on any finite subinterval of [0, 17, is
bounded by a constant times the oscillation of a (6, I')-Brownian motion on that
time interval, where the constant depends only on R, d. It follows that there is
se(0,1) and 6 > 0 such that PZ-as. on {t3 < (},

PHOsc(z((* + t)ATi 1), [0, s1) 2 Lfdm| M) <1 -6,
and hence
Pi(tgsy — i > Slﬂfﬂ)gé >0.

Putting the above together, we obtain P2-as.,

(4.11) Y Pl <G lz@il > Um,tilsy — i > sl )
n=1

@

20 Y, Lt <zt > ym) -
n=1

Hence, up to a PZ-null set, we have

{A, lim |z(z)] > 1/m} C{ > Lot < izt > ymy = OO}
n=1

11l

- { S Pad < €, 12(ed) > Uy ches — o > sl = oo}.

n=1

Thus, by an extension of the Borel-Cantelli lemma {11, Corollary 2.3], we have up
to a P2-null set,

{A, lim |z(t)| > 1/m} c {12 < ztd) > Um, thyy — 14 > si0} .
el

But {t2,; — 12> sio} < {t?=lim,., 1) = +x}. Since A does not meet the
last set, it follows that P2(A, lim, 4y 4 |2(£)] > 1/m) =

Now, by (4.7)~(4.8) and by con51der1ng the other p0551b111t1es 74 = 74 for some
n, and 14 = o0, we conclude that PZ-as., z(-) is continuous on [0, t#) and
lim, 44,4 z(t) = 0 on {t? < w}. Moreover, by usmg the definition of P and the
oscillation estimate (4.5) we can show that PZ-as., y(-) is a continuous, non-
decreasing R¥-valued process on [0, t4) and lim, ;. y(t) < 00 on {t* < 0}. Thus,
on defining

2) = {z(t) for t < 74

for t = 14,
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and

5) = {y(t) for t < 14

lim, 1.0 p(¢) for ¢ = 74,

we have that PZ((Z,§) is continuous on [0, c0))=1 and X(t)=
Z(t At?) — RJ(t A1) — O(t At*) defines a Pf-as. continuous {.#7, .s}-adapted
martingale with mutual variation process: {(X;, X;), = I';;(t At?). For each x €8,
define Q3 on (C, .4) by

Q3(B) = P2A((2,7)eB) forall Be./# .
Then, we have the following.

Theorem 4.2 The collection {Q3, x € S} is a family of probability measures on (C, M)
such that for each x € S, Q5 = Pl on M., for each n, and Q3(z(t) = 0, y(t) = y(z) for
allt 2 ) = 1 wheret = inf{tr 2 0: z(¢) = 0}. Furthermore, the canonical process z(*)
together with the probability measures {Q 3, x € S} defines an SRBM with absorption
at the origin on (C, M, {M,}) and the attendant pushing process can be taken to be
the canonical process y(*).

4.3 Unigueness of an SRBM with absorption at the origin

Theorem 4.3 Fix x € S. Let Z defined on (2, F, { #,}, P;) be an SRBM associated
with (S, 0, ', R} that starts from x and is absorbed at the origin. Let Y be the
associated pushing process. Then the law P induced on (C, #) by the pair (Z, Y)
under P, is unique, i.e., the law of an SRBM and its attendant pushing process for the
data (S, 0, I', R) and starting point x with absorption at the origin is unique.

Proof. Let {t,}, {r,} be defined on C as in Sect. 4.2 and let t be defined as in
Theorem 4.2. Since the canonical processes z and y are continuous and P;-a.s.,
(z(1), y(t)) = (2(7), y(r)) = (0, y(1)) for all ¢ = 7, it suffices to show that Py is unique
on .#,, for each n. In the following we shall use (z, y) and (Z, ) to denote generic
elements of C.

Clearly Py, is unique on ... For an induction proof, suppose that P is unique
on M., for some n 2 0. Let { P} :(z, y) € C} be an r.c.pd. of P3(-| .4, ) For each
(z,y)e {‘C,, < 0}, define P%, on (C'n+ 1@, ggra+1z9)) by

ﬁg,y(A) = Pg,y((i((. + Tn)/\rn+1)a .}7((' + Tn)/\rn%-l) - f(T"))EA)

for all A e . #™+1®  where 1, = 1,(z, y) and 7,4+, = Tn+1(Z, §). It follows from the
properties of an SRBM with absorption at the origin and the uniqueness for
stopped SRBM’s established in the proof of Theorem 3.4, that for each i e J and
Pi-ae (z,y)e {1, < 00, sy = t} Pt = Pz(m, where the latter is defined in Sect.
4.2. Combining this w1th the uniqueness of P, on .4, , it follows that P} is unique
on ., ,,. This completes the induction step. [

Remark. By combining Theorems 4.2 and 4.3, we see that the unique law
P defined in Theorem 4.3 is equal to QJ defined in Sect. 4.2.
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4.4 Tightness and the strong Markov property

Theorem 4.4 Let K denote a compact subset of S. Then the family {Q3,xe K} of
probability measures on (C, ) is tight.

Proof. Since z(-)is an SRBM with absorption at the origin under each Q,,, w €S,
it follows from Bernard and El Kharroubi [2, Lemma 1] that the oscillation
estimates (4.5)—(4.6) hold Q,-a.s. for each w € S, with z, y, x = z — Ry, in place of
Z", y", x", respectively, where the constant ¢ depends only on R, d, T. By combining
this with the tightness for Brownian motions starting from points lying in a com-
pact subset of IR, the desired tightness follows. [J

Lemma 4.5 For each bounded continuous function h:SxS >R and t = 0,

x = Ex[h((z, y) (£))]

is a Borel measurable function on S, where E, denotes expectation under Q5.

Proof. For {z,}, 1, and P}, as defined in Sect. 4.2,
E.[h((z, y) ()] = Ex[h((z »)(t rD)]

= lim E*[h{(z, ) (t AT )T,

where E" denotes expectation under P! By the construction in Sect. 4.2, the
expectation E%[h({(z, y)(¢ A 1,))] is Borel measurable in x. O

In the following, C,(S) denotes the set of real-valued, bounded continuous
functions defined on S.

Corollary 4.6 Let f € C,(S), T be an {4, }-stopping time, and t = 0. Then

(4.13) Eflircoy fE(T+ ) Mr] = Lgcwy Exny [f(2())],

where E,. denotes expectation under Q. Thus, z(*) together with {Q, x € S} defines
a strong Markov process.

Proof. Now, Q2-as. on {T < oo}, z(- + T) under an r.c.p.d. of Q5(:|.#7) is an
SRBM starting from z(7) with absorption at the origin. The uniqueness in law
established in Theorem 4.3 together with the measurability established in Lemma
4.5 then yield the desired conclusion. O

4.5 A scaling property

Theorem 4.7 Suppose 6 = 0. Then for each r > 0 and x €8,
(4.14) 0UA) = Qmr Yz, y)(r*)e A) for each Ae M .

Proof. Tt follows readily from Theorem 4.2, the definition (4.1) of an SRBM with
absorption at the origin, the scaling properties of Brownian motion with zero drift,
and the identity: 7(z) = r?z(r~(z(r**)), that under Q,.,r 'z(r**) is an SRBM
starting from x with absorption at the origin and with attendant pushing process
r~1y(r2-). Then by the uniqueness established in Theorem 4.3, r~(z(r? ), y(r**))
under Qp, has the law of (z(+), y(+)) under Q;. O
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5 SRBM in an orthant-Existence

5.1 An approximating family

The measures {Qy, xS} will now be used to define an approximation to
an SRBM associated with (8,60, ', R). For this, let D denote the space of
functions (z, y):[0, o) — S x S that are right continuous on [0, o) and have finite left
limits on (0, o). We endow D with the Skorokhod topology (cf. [10, Sect. 3.5]).
The Borel o-field .#P associated with the space D is the same as the o-field
generated by the coordinate maps, ie., #° = c{(z, y)(s):0 < s < 00, (z, y) € D}.
The restriction of .#” to C is 4, and so for each xS, Q5 may be thought
of as a probability measure on (D,.#"), concentrated on C. Let
MP =0{(z,y)(5):0<s=1,(z,y)e D] for each t =2 0.

Since R is completely-&, there is 4 > 0 in R? such that RA > 0. For e € (0, 1), let
0 = ¢RA. For each x € S an g-approximate process will be defined that starts from
x and behaves like an SRBM with absorption at the origin prior to the hitting time
of the origin, but rather than being absorbed at the origin, the process instan-
taneously jumps to J, and then continues from there as if it had started there. The
probability measure induced on (D, .#™) by this process and its attendant pushing
process will be denoted by Q2. A more precise description follows.

For each k € N, let (C*, .#*) be a distinct copy of (C, ﬂ) and let (Z*, Y*) be the
canonical pair of processes there: (Z¥, Y")(t (z v = (2, y )(t) for all t = 0 and
(z y)eCk Let Q = nw C9=1],_, A% and let P}=T]" lek where
x*=x when k=1 and x* = § for k = 2. On (Q g) define the pair of processes
(Z?, Y?) as follows. For each ¢ > 0 and o = ((z%, y!), (z2, y2), . . ) € Q, define

Zt, (2L y') for 0st<1d,

(5.1) Zo(t, w) = :Z"(t — 101, (25 V) for: i St<td k=2,
:A for: <,

(5.2) Yo(t) = kil I < Y5t — - Aol + ki“l lpp<ned,

where 78 = 0 and for k = 1,

¥e) = inf(t 2 tf_ 2 Z5c — 131, (25 ¥) =0} on {1}_, <0},
o on {tj_; =},

7%, = lim 7,

k—
af(Z*, ) = inf{t 2 0: Z*(z, (2 y*)) = 0},

and 4 is a point not in S that is regarded as an isolated point of S U {4}. Note that
on {Tk 1 < 0}, (e} — 15— 1) (@) = af(Z", ¥*).

We first observe that P2(t%, < o0) = 0. This follows from a Borel-Cantelli
argument and the fact that {r,f —13_1,k = 2} is a sequence of independent ident-
ically distributed random variables that are Pg-a.s. non-zero. Thus, Pi-a.s., (Z°, Y?)
has paths in D.
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By Theorem 4.2, for each k > 1, Z* on (C, 4%, {4*}, Q3x) has the following
semimartingale decomposition:

Zk(t, (Zk, yk)) — {xk + Xk(ts (zkr yk)) + RYk(ta (Zka yk)) € S fOI‘ t _S_ 0-2

0 for t z¢¢,
where B* = {X*(t na)) — O(t Aal), ME, t = 0} is a Qr-a.s. continuous martingale
starting from the origin with mutual variation process: { B¥, B¥>, = I';(t A o}) for
all t =0, and for each je J, Q%-as., Y? is a continuous, non-decreasing process
such that Y¥0)=0 and Y% can increasc only when Z%=0. Setting
X% = 7% — RY?, from the construction and the observation that Pi-a.s.,

Z 1{Tﬁ§t} Zk—l(ti — Tz—la(zk_la yk_l)) =0 3
k=1
we see that Pl-as.,
(5.3) X)=x+ Y L <y Xt —ti-1)rop) forallez0.
k=1

Let%, = a{(Z% Y?)(s): 0 < s < ¢} foreach ¢t = 0. Using the above it can be verified
that {X°(t) — 60t, %,,t = 0} as a P2-a.s. continuous martingale starting from x such
that { X?, X%), = I';t for all t 2 0. It follows that X % is a (#, I')-Brownian motion.
Let Y°(t) = Y°(t) — Zi%1 1 < 164 Then Y2 and Y? are {%,}-adapted processes
such that Pl-as. ¥%(0) = Y°(0) = 0 and for each jeJ, ¥ is continuous, non-
decreasing and can only increase when Z = 0.

The pair of processes (Z°, Y?), along with the probability measure P on (2, %),
induce a probability measure Q% on (D, .#P) via Q%(4) = P2((Z°, Y?) € A) for all
A e #”. We denote by (Z, Y) the canonical mapping (Z, Y)(z, (z, y)) = (z, y){t) on
(D, 4P), and let {1, k = 1} be defined by

T, =inf{t > 0:Z(t —) =0},
g =inf{t >7_:Z(t—)=0}, fork=2.

Then Q%-as., 7, is the time of the k' jump of Z. Since the process Z* with measures
{03, x € S} has the strong Markov property for each k = 1, it follows by construc-
tion that Z with the measures {QJ, x € S} has the strong Markov property. This
plays an essential role in the following.

5.2 Weak convergence to an SRBM in an orthant
Theorem 5.1 Let {¢,} =, be a sequence in (0, 1) that converges to zero as n — oo. For
each n, let 8, = &, RA. Then for each x €S, the family {Q%, n = 1} is tight.

Proof. Note that it is equivalent to show that the sequence of pairs of processes

with attendant probability measures: {(Z’*, Y°*); P2")} forms a tight sequence.
By the completely-& property of R’ (inherited from that of R), there is v > 0 in

R such that # = R'v > 0. Accordingly, for any 0 < ¢; <t, < o0,

(54 7 (Y(t) — Y°(t1)) = v R(Y°(t:) — Y°(t1))

=v'(Z%(t2) — Z°(t1)) — V(X°(t2) — X°(11)) .
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Now, since X°* is a (6, I')-Brownian motion starting from x under each
P2, {(X°, P2")} forms a trivially tight sequence. It follows from this, (5.4), and the
fact that Y°" is non-decreasing P{™a.s., that it suffices to show that {(Z%; P2")}
forms a tight sequence, or equivalently that {(Z; Q2)} is tight.

To verify the tightness conditions of [10, Chap. 3, Theorem 7.2(a), Proposition
8.3], since the jumps of Z° are all from the origin to 6, and |5,| — 0 as n — oo, and
Z together with the Q2" has the strong Markov property, it suffices to prove (a) and
(b) below. For each g > 0, let ¢(p) = inf{t = 0:|Z(t) — Z(0)| = B}.

{a) For each x€ 8,y >0 and ¢ > 0, there is M > 0:

(5.5) sup Q3 ( sup |Z(s)| = M) <7y.

O0=s=t

(b) For each y > 0 and f > O there is ¢t > O:

(5.6) lim sup Q3 (z(f) S 1) <.

n—w xeS

The compact containment condition (5.5) follows from the facts that Z under
Q3 has no jumps outside of {w € S:|w| < §8,}, Z has the strong Markov property
under {Q%,xeS}, for x+0,Q0% agrees with QF on .#°., where
o = inf{s > 0:Z(s —) = 0}, and by the proof of Theorem 4.4, the {Q3} satisfy
a compact containment condition of the form of (5.5) with Q3 in place of Q% that is
uniform for x in a compact set.

To prove (5.6), fix f > 0. Without loss of generality, we may assume |5, < 38/8.
Then wusing the strong Markov property again, for o(34/8) =
inf{t = 0:|Z(t)| = 38/8} we have

sup Q3 (z(f) < 1) < sup Q% (6(3B/B) = 1, 0%, ), (2(B/4) < 1))

< sup Q¥ (t(B4) <1)

|x| =38
=%

(5.7) = sup Q;(v(B4) <1).

[xf =38
—F

By the tightness of the measures {Qy, x € S} established in the proof of Theorem
4.4, it follows that the above can be made arbitrarily small by choosing ¢ sufficiently
small. Hence (5.6) holds. [ ’

Theorem 5.2 Let x € S and Q, be a weak limit point of the sequence {Q %} defined in
Theorem 5.1. Then the following hold.

(i) 0.(C)= L

(i) Under the restriction of Q, to (C, .#), the canonical process z(*) is an SRBM
associated with (S, 0, I', R) that starts from x, with attendant pushing process given by
the canonical process y(*).

Proof. Recall that (Z, Y)(*,(z, ¥)) = (z, y)(*). It follows from the weak convergence
and the properties previously established for X° = Z% — RY? under P?, that under
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0., X =Z — RY is an almost surely continuous (4, I')-Brownian motion that
starts from x, and {X(¢) — 0t, #P,t = 0} is a martingale. From the fact that Z%"
only has jumps from the origin of size |,] under P2, it follows that Z has almost
surely continuous paths under Q.. It also follows from the weak convergence and
the corresponding properties for Y~ under P2~ that Q,-a.s., Y(0) = 0 and Y is non-
decreasing. The almost sure continuity of the paths of Y under Q, then follows from
that for X and Z, in combination with (5.4) with the §’s removed. To see the
remaining property of ¥ under Q,, namely (ii}(c) of Definition 1.1, note that since
all components of Z are non-negative and Y is almost surely non-decreasing, it is
enough to show that

[Z(s):d¥(s)=0 Q,—as.
0

But it follows from Theorem 2.2 of Kurtz and Protter [ 18] that the above integral
process under Q, is a weak limit point of the sequence

(5.8) {( [ Z0(s =)+ dY*n(s). P,‘Z“)} .
0

(The condition (C2.2(i)) in [18] can be verified using (5.4) and stopping X** and Y*"
at times at which Z%" gets a certain distance from the origin, and using the compact
containment condition (5.5) to show that these stopping times have a uniform
lower bound with high probability.) Now all of the integral processes in (5.8) are
zero almost surely, since P2»-a.s. Y only increases at times t when Z%(t) = 0 or
when Z?» jumps to §,, in which case Z%(t —)=0. [

Corollary 5.3 Henceforth let {Q,,x €S} denote the restriction to (C, .4) of the
family of measures defined in Theorem 5.2. The canonical process z(*) on
(C, A, { M,}) together with these measures {Q., x € S} defines an SRBM associated
with (S, 8, I', R), and the other canonical process y(*) gives the associated pushing
process.

5.3 Tightness

Theorem 5.4 For each x €8, let P, denote a probability measure induced on
(C, #) by an SRBM and its associated pushing process for the data (S, 0, I, R) and
starting point x. Fix xo € S and suppose {x, } w1 is a sequence in S such that x, — X
as n — 0. Then the sequence { P, n=1,2, ...} of probability measures on (C, M)
is tight, and any weak limit point of this sequence together with the canonical
processes z(*) on (C, M, { M,}) defines an SRBM associated with (S, 6, I', R) that
starts from x, and the attendant pushing process is given by the other canonical
process y(*).

Proof. The tightness can be proved in a similar manner to Theorem 4.4, using the
oscillation estimate for an SRBM (cf. (4.5)) given in Bernard and El Kharroubi [2],
and the tightness for (), I')-Brownian motions with starting points lying in a com-
pact set. The identification of any weak limit of the { P,,} as the law of an SRBM
and an associated pushing process, can be justified in a similar manner to the last
part of the proof of Theorem 5.2. [
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6 SRBM in an orthant — Uniqueness

In this section we will prove the uniqueness part of Theorem 1.3. Unless stated
otherwise, throughout this section (z, y) will denote the canonical pair of processes
on (C, .4).

6.1 A Girsanov transformation

We first show that it suffices to consider the case where 0 = 0.

Lemma 6.1 Fix x € Sand 0 € R% Let P be a probability measure induced on (C, 4 )
by an SRBM and its associated pushing process for the data (S, 0, I', R) and starting
point x. The measure P is unique if and only if it is unique for 6 = 0.

Proof. Let (Z, Y)(z,y) = (z,y) for all (z, y) e C. Now under P!, X =Z — RY is
a (0, I'-Brownian motion and {X(t) — 6t, .#,, t = 0} is a continuous martingale.
Hence by a Girsanov transformation, there is a unique probability measure P on
(C, #) such that

0

6.1) % = exp (— (X () — X(0) + —;— |0!2> on #,forallt =0,

and under P?, X is a (0, I')-Brownian motion {.#, }-martingale starting from x,
and the properties of ¥ under P? are retained under P?. It follows that Z on
(C, A, { M.}, P2)is an SRBM starting from x with pushing process Y, for the data
(S,0, T, R). If the joint law of such an SRBM and its pushing process is unique, it
follows that P? is unique and hence by inversion of the Girsanov transformation
and the fact that X = Z — RY, P¢is unique. This proves the “if ” part of the lemma,
the only if part follows in a similar manner. O

Remark. We observe that by Lemma 2.1, the pushing process Y is almost surely
a functional of its associated SRBM Z. Combining this with Lemma 6.1 above, we
see that to prove the uniqueness in Theorem 1.3 it suffices to prove for each xe S
that the law of an SRBM associated with the data (S, 0, I', R) and starting point x is
unique.

6.2 Some crucial estimates

Throughout this subsection we assume that # = 0. Recall from Sect. 4 that the
probability measures {Qy, x € S} defined on (C, .#) are the laws of SRBM’s and
their associated pushing processes for the data (S, 0, I, R) with absorption at the
origin.

Lemma 6.2 Fix xo € S\{0}. For each r 2 0, define {, = inf{t = 0:|z(t) — xo| = 1}
and J,={xe8:d(x,08) >r/8d}. There are constants k >0,y€(0,3] and
B € (0, 3), such that for each r satisfying 0 < r < y and x € S satisfying |x — xo| < pr,
we have

(6.2) 0:(C)es) zx.

Remark. The constants x, y and B in the above may depend on x,, but not on r.
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Proof. Let F,=S. Consider sets K, < {0,1,...,d} such that 0K, and
1 <Kol <d+ 1. Then for x,e€S\{0}, there is a unique set K, such that
X0 € ((Nieko F)\(Jjexs Fy), where K = {0, 1, . . ., d}\Ko. We prove by induction
on |Ko| that the result of the lemma holds for all Xo € (ﬂleKOF N (jeks Fy). First
consider |Kq| = 1. Then xoeS\(U =1 F;)=S8°. For y=3%d(xo, 6S)/\2 and
0<r<y,0B(xe,7) = .#, and for all x satisfying |x — xo|<r, z(*) under Q5 be-
haves like a (6, I')-Brownian motion up to the time {,, and so it follows that
05(¢, < ) =1 and Q;(z({,) € #,) = 1. The desired result then holds with any
Be(0,%) and k = 1.

Now, for the induction step, assume that the result holds for all K, satisfying
|Ko| < kfor some ke {l,...,d— 1}. Then consider a K, satisfying |Kq| =k + 1.
Let K= KO\{O} Fix xO € (mleKoF )\(U]EKO (OlEKF \(UJEKCF )a where

= J\K. For F = | );.x-F;, we have d(xo, F) $0 Lett= inf{t = 0:z(t) e F}.
Then by the proof of Theorem 3.4 and Corollary 3.5, we have for x € S that z{* A 1)
under Q3 is equivalent in law to Z(* A £) under P,, where £ = inf{t 2 0:Z(t) e F}
and Z and P, denote the process and associated probability measure, respectively,
constructed in the proof of Theorem 3.3 for the trough data (S¥, 6, I', R¥). Let
y =4 d(xo, F)A% and & = y/(4c + 4), where the constant ¢ > 0 will be determined
later. First note that Zg = Xx + R¢Y under P, is an SRBM associated with
(R, 0, Iy, Rg), and so by the oscillation estimates of Bernard and El Kharroubi
[2, Lemma 1], there is a constant ¢; > 1 that does not depend on x such that P.-a.s.

(6.3) | Y(D] £ ¢y max |Xg(s) — Xx(0)] .

0<s=1

Recall the construction of Z and P,, and the definitions of B, H, A, from Theorem
3.3 and Proposition 3.2. By the independence of B from (X, Y), and the fact that
both B(+) — B(0) and Xx(+)— X(0) are Brownian motions starting from the
origin, it follows that for each § € (0, §) there exists t; € (0, 1) such that for all x € S
we have

6.4) Px< max |B(s) — B()| < ¢/2, max |Xg(s) — Xx(0)| < 8/2C1> =21-6.
0515 0=s=1g

Let a, denote the operator norm of A'T'g ! as a linear operator from R* into R*™*
and similarly let a, and a; denote the operator norms of the matrices H and R¥
respectively. Then,

| Zx(t) — Zk(0)] = a,| Xk(t) — Xk(0)| + a2|]§(t) — B(0)] + a1 Y(1)] -

Hence, if each of the magnitudes in the right member above is less than or equal to
¢/2 and Z(0) = x where |x — x| < ¢/2, then for ¢ = (a; + a, + a3) we have

1Z (t) — xoix| £ 1 Zk(t) — x| + |xx — Xox|

Z5
2

IIA
&
N o

<8 <y/4.
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It follows from (6.4), (6.3), and the facts that Y'is P,-a.s. non-decreasing, ¢; > 1, and
t5 € (0, 1), that for x € S satisfying |x — x4| < &/2 we have

(6.5) Px( max |Zyg — Xox| < y/4> =1-96.

0§s§t§
Now, since Rk is completely-&, there is veR* such that v>0,{v|=1 and
Rgv > 0. Thus, v+ Zx = v* X + v Rg Y where P,-a.s., v Rg Y = 0 and so
(66) U'ZKgU'XK.

Note that under P,, v-(Xx — xx) is a one-dimensional Brownian motion that
almost surely starts from the origin. Hence, for fixed J € (0, ) and the associated
ts € (0, 1), there exists « € (0, y/4) not depending on x such that

6.7) Px< max (v (Xg(s) —xg)j =) = 26.
055§t5

Note that v > 0 and xg — xox = x¢ = 0, since x, € ﬂleKF By combining this with
(6.6) and (6.7), we obtain

(6.8) Px< max (v*(Zx(s) — xox)) = oc) =26 forall xeS.

Osss1;

Since |v] = 1, v+ (Zx(s) — xox) < | Zx(s) — xox|. By combining this with (6.5) and
(6.8), we obtain for all x € S satisfying |x — x| £ &/2,

(6.9) Px( max |Zg(s) — xox| = ®, max IZ|K(S) - xO|K| < V/4) =4,

0Ss<t4 0Ss<tg
Now let
Y= {xe8:|xg — xox| = ¢ and |xx — xoix| < /4
or |xg — xek| <aand [xx — Xok| = y/4} ,
and

Y‘* = {XES:|XK - x0K| = o and |X|K — x0|K| § 'y/4} .

Let oy=inf{t>0:Z(t)eY}. Then from (6.9), for all xeS satisfying
|x — xo| £ % Ao we have

PAZ(e)eY*)= 4.

Now, for each ue Y*, d(u, F) = 3y/2 and there is Ly < {0,1,...,d} such that
OeLy, |Logl £k and ue (ﬂ,eL0 FO\N(Ujers F;). By the 1nductlon hypothesis and
the fact that z(+ A1) under Q3 is equivalent in law to Z(- A %) under P, for each
x €8, it follows that there exists x(u) > 0, y(u) € (0, y/4), and B(u) € (0, 3), such that
for all x € S satisfying [x — u| < B(u)y (),

P (Z({(u)e L) 2 k) >0,

where C( = inf{t 2 0:|Z(t) — u| = y(u)}. Since Y* is compact, finitely many of
the balls B, = {xeS:[x —u| < ﬁ(u)y(u)} uwe Y* cover Y*. Let B, ,B,,,...,B,

n
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be such a covering, and with each point xe Y* associate a point
u(x) € {ug, Uy, . . ., u,} such that x € B,,. Define a stopping time ¢ for Z as
follows:

. Jor if Z(e)¢ Y* or op= +0
¢= oy + Lu(Z(op))e Z(* + o)) if Z(epeY* and oy < +00 .

Thus if Z first hits Y'* on exiting Y, then ¢ is the first time after that time that Z
exits the ball B, with center u = u(Z(sy)). Let U= ). (F,uyn9B,) and
K* = miny ¢; <, k(4;). Then by the strong Markov property of Z under P, (which
follows from Corollary 3.5), we conclude that for all xe S:{x — xo| £ $Aa,

P(Z(6)e U) z P(Z(0y) € Y™, Py p (Z(L(uy)) € Z1up))
2 o0x* >0,

where uy = u(Z(ay)). Observe that if y* = min, <;<,7(%;), then d(U, 6S) > y*/8d.
Also, for 0 <t £ 6,

|Z(t) — xo| < sup (|u — xol) + y/4 S a+ y/4 + 7/4 < 3y/4.
ueY
For r > 0, B(xq, 1) = {x€S:|x — x| <r}. Since £, " 3B(x,,y) has positive sur-
face measure as a subset of dB(x,,7), and Z under P, behaves in S° like a d-
dimensional Brownian motion, there exists &' > 0 such that

inf P(Z((,)e F,)2 8 >0,

xelU
where fv =inf{t = 0:|Z(t) — xo| = y}. Then for all x € 8:|x — xo| < 5 A0, by the
strong Markov property of Z under P,,

PAZ(,) e F,) 2 PUAZ(©6) € U, Py (Z(()) € 7))
(6.10) > ok*d > 0.

Setting k = dx*§' and f = G A0t = g(;%T)A%,for all x e S:1x — xo| £ By, we have

(6.11) P(Zl)eF)zKk>0.

The transition from (6.11) to that with r € (0, 7] in place of y is achieved by scaling
as follows. By the uniqueness in law of the SRBM Z under P, it follows in a similar
manner to that in Theorem 4.7 that for each A >0, xeS¥, the process
A7YZ(A**) = xo) + xo under P4, is equivalent in law to Z(-) under Py, ;.. By
combining this with (6.11) and the facts that d(0B(x,, y), F) = 7 and that x, only
has non-zero components in the directions indexed by K¢, we conclude that for
each 0 <r <7y and xeS:|x — xo| = fr, we have

P(Z()es) =K.

By the equivalence of Z(- A £) under P to z(* A7) under Q3, (6.2) follows, and our
induction argument is complete. [J
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Lemma 6.3 Let A= {xeS:|x|=1}. Fix xoeA and for each r=0, let
{, =inf{t = 0:)z(t) — xo| = r}. There are constants x >0,y € (0,%], B€(0,}) such
that for each r satisfying 0 <r < vy and x € S satisfying |x — xq| < fr, we have

(6.12) 0:zl)ed) zx,

whenever A, = S 0B(xq,r) such that |A,| = 4|S N 6B(xq, 7). Here |*| denotes
surface measure on 0B(xq, ). The constants x,y, and f can be chosen to be
independent of r.

Proof. For x4 € A, by Lemma 6.2, there exists x; > 0,7 (0,37, 8 € (0, %) such that
forall 0 <r < yand xeS:{x — xo| £ fir/2,

Q;(Z(Cr/Z) Efr/z) 2Ky .

Let K= {ieJ:xo ¢ F;} and K = J\K°. By the proof of Lemma 6.2, we may
assume that d(x,, F;) = 2y for all i e K°. Let o € (0, 353) such that for all 7 € (0, y),

(6.13) [{x € SN dB(xo,):d(x, dS) < ar}| £4|Sn B(xo, 1) .

Note that for fixed r, such an « exists because the left member above tends to zero
as o |0. By Euclidean scaling, « can be chosen independent of r e (0, 7). Let
U, = {x € B(xq,r) nS:d(x, §S) > or}. Then, for 0 < r <y,

(6.14) U, = {(r(x — x0)/7) + x0:x€ U, },

0B(xo,1/2) " Iy = U,, and 0B(xq, 7/2) N £, is at least distance r/32d from 0U,.
Suppose that A, = S " dB(xo,r) is such that |4,] = 3|S n 6B (xo, r)|. Then using
(6.13) we obtain

10U, 0 A, 2 £ 1S N 9B(xo, )| Z ¢|dU, |,

where ¢ > 0is independent of by scaling. Now, from a fixed point in U, harmonic
measure on 60U, is bounded below by a constant times a power of the surface
measure on 0U, [5, Corollary 3]. It follows from this, together with Harnack’s
inequality, Brownian scaling and the scaling properties of U, and .4, ,, that there is
a constant x, > 0, independent of A, and r such that for all 0 <r <y and
o, =inf{tr=20:z(t) ¢ U,},

inf Q:(z(c)e 4,) Z ;5 .
xe 0B(x0.r/2) " Fri2

Combining the above with the strong Markov property for z under Q%, we
conclude that for all 0 <r <y and x € S:|x — xo}| £ Br/2,

Qi(z(é’r) € Ar) g Q;(Z(Crlz) € Jr/2a QS(Cr/Z) (Z(Cr) € Ar))
2 KK >0,

where x = x; x, does not depend on A4, or r. Relabelling /2 as B yields the desired
result. [

Lemma 6.4 For eachr > 0, let 7, = inf{t = 0:|z(t)| = r}. There is a finite constant
C such that for each v > 0, any x € S satisfying | x| < r, and P, a probability measure
induced on (C, #) by an SRBM and its attendant pushing process for the data
(S, 0, I, R) and starting point x, we have

(6.15) Ex[t,] < Cr*.
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Proof. For each i e J, let v' denote the i™ column of the reflection matrix R. Since
R’ is completely-&, there is v € R? such that v > 0 and v-v' > 0 for all i e J. Let
g(o) = o?/2 for all xe R, and define f(x) = g(v-x) for all xeS. Note that
v Vf(x) = ' v)g(v-x)=0forall xe 8, ieJ. Fix x €S and let P, be as described
in the statement of the lemma. By applying 1t6’s formula to the SRBM z under
P, and letting b = z — Ry we obtain P.-a.s. for all t = 0,

t

fe®) =£E0) + [ Vf(z(s)-db(s)

0

(6.16) ‘ + 3 [V E6)dyls) + [ Lf(z(s)ds,
i=10 0
where
1 & 0?
T2, 2 5xi5xj )

Now, b is a continuous zero drift Brownian motion {.#, }-martingale under P,, and
so the stochastic integral with respect to b above defines an almost surely continu-
ous local {.#,}-martingale under P,. By the assumptions on y under P, and f, the
term in (6.16) involving the sum over ie{l,...,d} defines an almost surely
continuous non-decreasing { .#, }-adapted process under P,. Thus, the continuous
process

{f(Z(t)) —f(z(0) — [ Lfz(s) ds, %ntzo}
0

is a P,-local submartingale. Fora = v x, let o, = inf{s = 0:v-z(s) = a}. Since fand
its derivatives are bounded on the compact set {u € S:v-u < a}, when the above
local submartingale is stopped at ¢, it yields a P,~-submartingale, and so

[N

EP<[gv-z(tnoy))] — glv-x) = 5 EP> [ Mfau v’I"vg”(v-z(s))ds} .

0

Since 0 £ g(v-u) < a?/2 for ue S satisfying 0 < v-u £ g, and g” = 1, this yields
1
a?/2 z 3 v TovEP*[tno,] .

Since v > 0 and I is strictly positive definite, we have v’ I'v > 0. Letting t T oo in the
above, we obtain

2

a
EP<[g.] < = cq?
[“]_U’FU ’

where ¢ = (v'Tv) 1. Then, for fixed r > 0 and x € S:|x| < r, we have
EPx[Tr] é EPX[O-Ivlr] é C|U|21"2 -

Thus, (6.15) holds with C = (v ITv)"*{v|>. O
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6.3 An ergodic property

Let A = {x € S:|x| = 1}. For each x € A, define the sub-probability measure Q(x, )
on the Borel o-field #(A) of A by

6.17) 0(x, 4) = 0:(z(1,)/2€ 4,75, < 1) forall Ac B(A),
where 7, = inf{t 2 0:z(¢)| = r} for r 2 0. We now prove several properties of Q.

Lemma 6.5 For x € S\ {0} and r = |x]|,

03(2(12,)/2r € A, T2 < o) = Q (%,A> for all Ae B(A).

Proof. This scaling property is an immediate consequence of Theorem 4.7. [

Let C(A) denote the space of (bounded) continuous real-valued functions
defined on A endowed with the sup norm topology. For each f € C(A), define

@Nx) = [ Q(x,dy)f(y) forallxed.
A
Lemma 6.6 For each f € C(A), Q f € C(A). Moreover, Q is a compact operator on
C(A).

Proof. This lemma is proved in the same manner as Theorem 3.2 of Kwon and
Williams [19], except that Lemma 6.3, f5, {, of this paper take the place of Lemma
33, 4,1, in[19]. O

We now prove the main result of this subsection.

Lemma 6.7 Suppose G and H are continuous real-valued functions on A such that
H = 0and H # 0. Let {v,} be a sequence of probability measures on (A, B(A)). Then

J(Q"G)(x)va(dx)

{(6.18) —-C(G,H) asn— o,

S (Q"H)(x)v,(dx)

where C(G, H) is a finite constant depending only on Q, G, H, and not on the
sequence {v,}.

Proof. This can be proved in an analogous manner to that in Kwon and Williams
[19, Theorem 3.3] and Bass and Pardoux [1, Theorem 5.4]. All that needs to be
verified for our particular situation here is that Q satisfies the hypotheses of the
Krein—Rutman theorem [17, Theorem 6.3].

By Lemma 6.6, @: C(A) — C(A)is compact. It is therefore enough to prove that
Q is strongly positive on the cone K ={fe C(A4):;f=0 on A}. For this, let
feK,f#0. Then there is x € A\38S, g€ (0, i) and ¢ > 0 such that f(x) > ¢ when-
ever xe AN B(X,&). By Lemma 62, for each xy,eA there are constants
K(x0) > 0,7(x0)€(0,4], and P(xo)€(0,4) such that for all xeA:
[x — Xo| = B(x0)7(xo), we have

Q;(Z(Cy(xo)) € fy(xu)) 2 K(xo) s
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where () = inf{t 2 0:]2(t) — xo|l Z y(X0)}] and Sy, = {ueS:d(u, 0S)

> y(xo)/8d }. Since A is compact, there is a finite subcollection of the open balls
{B(xo, B(x0)y(x0)): xo € A} that covers A. Let {B,,,i=1,...,n} be such a collec-
tion where the center of B,, is at u;. To each x € 4, associate u(x) € {uy, ..., u,}
such that x € B,(,. Then, for all x € 4,

0:(z(C y(u(x))) € jv(u(x))) ZK,
where x = min{x;, i = 1,...,n}. Let U = | )i~ { (Fyuy N 0B,,). Then U is a posit-

ive distance from dS and U < {ueS:|u| < %}, and so since under Q3, z behaves
like a Brownian motion in S° until it reaches 38, there is § > 0 such that

inf Q5(z(r2) e B(2%, 26), 7, < Tp) = 0 .

xelU

Using the strong Markov property of z under Q5, we then obtain for all x € 4,
Q;(Z(TZ)/Z € B()Ea 8)5 Ty < TO) g k6 >0.
Hence, for each x € 4,

(Qf)(x) 2 cQ5(2(t2)/2 € B(X, ¢), T2 < To)
Zcko >0,

This completes the verification that @ is strongly posifive and then the desired
result follows as in Bass and Pardoux [1, Theorem 54]. [J

6.4 Uniqueness

Observe that in order to prove the uniqueness statement in Theorem 1.3, since we
have existence of an SRBM for (8, 8, I', R) starting from each x €8, it suffices to
prove uniqueness of a family of probability measures {P,, x € S}, where for each
x € S, P, is a probability measure induced on (C, .#) by an SRBM and its attendant
pushing process for the data (8§, 6, I', R) and starting point x. Now recall from the
Remark in Sect. 6.1 that it suffices to consider § = 0 and fo prove that z together
with {P,, x €S} is unique. Further, by a Markov sclection theorem, we may
assume that z together with the { P, x € S} has the strong Markov property. (This
can be proved in a similar manner to that in Theorems 12.2.4, 12.2.3 of [26]. The
key is to verify the analogous hypotheses of the supporting Lemmas 12.2.1 and
12.2.2 in [26]. This can be done using the tightness for the laws of SRBM’s proved
in Theorem 5.4 and the time homogeneity of our problem.) Assuming this strong
Markov property, we see that it suffices to show uniqueness of the family of
resolvents {R;, 4 > 0} defined on C(S), the space of bounded continuous real-
valued functions on S, where

Ry f)(x) = E“’*[ f e f(z(t))ds] for all xS, feCyS)A>0.
8]
Now for each r = 0, let 7, = inf{t = 0:|z(¢)| = r}, S, = {x € S:|x| < r} and

(R )x) = EP"I: }re_’“f(z(t))dt} forall xe8,, feCyS,),A>0.
[¢]
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By Lemma 6.4, the following is also well defined and finite for all f € C,(S,) and
xes,,

(R5/)(x) = E[ }'f(zm)dt} .

Lemma 6.8 The family {R;, 2 > 0} is unique on C,(S) if and only if for each r > 2,
(R% f)O) is unique for each f € C,(S,) that vanishes in a neighborhood of the origin.

Proof. The “only if” part is clear. For the “if” part, note that 7, » o0 as r{ o0, and
so by dominated convergence, it suffices to prove the uniqueness of (R f)(x) for all
x€8,, feCyS,),4>0and r > 2. By Lemma 64, for x €8, and f € C,(S,),

(RO £ 1 fI.Cr?

where || f |, = sup,es, | f(u)]. It then follows from the proof of Theorem V.5.10 of
[3] that to show uniqueness of the family {R%, 1 > 0} defined on functions in
Cy(8,), it suffices to show uniqueness of (R f)(x) for all x €S, and f € C,(S,).

Now, by the strong Markov property of z under {P,, x € S}, and the fact that
the law of (z(* A 1), ¥(* A To)) under P, is equal to Q3, for f € C,(S,) and x € S, we
have

f)x) EP ff(Z(t))dt}

0

T ATO

= E9% f S z(t))dtil + 035(1t9 < ’L',.)EPO[ ff(z(t) dt:|

_ E[ Trfmf(z(mdt} " E[E[ 1 (Z(mdt} o T’}
0

(6.19) _ EQ:[ e f(z(t))dt] + 0210 < 1,)(RH)0) .

Thus the value of (R}, f)(x) is determined by Q3 and (R} f)(0). Only the latter needs
to be shown to be unique. Let {¢,} be a sequence of functions in C,(S,) such that
for each n, ¢, = 0 in some neighborhood of the origin, and 0 < ¢, T 1,0 0n S, as
n— co. Then

(R5/)(0) = lim Ro(f¢) (0)

by dominated convergence, using Lemma 6.4 and (2.1). Thus it suffices to prove the

uniqueness of (R} f)(0) for all f € C,(S,) that vanish in a neighborhood of the
origin. []

The proof of the following is modeled on that of Bass and Pardoux [ 1, Theorem
5.51

Theorem 6.9 For each r > 2 and f € Cy(S,) that vanishes in a neighborhood of the
origin, (R} £)(0) is unique.
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Proof. Let r > 2,f € Cy(S,), and suppose that f vanishes in {x e S:|x| <26} for
some 8 € (0, 1). Then for any 0 < & < 4, by the strong Markov property of z under

{P,, xS},
(R5£)(0) = E[EP[ f f(Z(t))dtﬂ

= EP"[Esz)\: t'fA rOf(z(t))dt:H

(6.20) EPO[EP“”[IO <1, EP"[ / f(z(z))dtﬂ]
0
= EPO[EPz(m[ rrfm fz(t) )dtﬂ

+ EP [Pz(r)(‘CO < Tr):] (ROf) )
In the last line above, P, can be replaced by Q7w Observe that

EP[Qr . (t, < 19)] =1 — EP°[Qy(1g < 7,)] > 0, by continuity of paths, the
strong Markov property, and since Py(7, < o0) = 1 by Lemma 6.4. Therefore, (6.20)

yields
E[EQ[ rrfiof(z(t))dt}}

EP[Q E(T ) (Tr < 70)]

We now let g(x) = E2 [ forw f(z(t))dt] for x S\{O} and define G(x) = g(x) for
all xe A. For ¢, = inf{t 2 0:|z(t) — z(0)| = y} where y (0, 6/2), we have

(6.21) (Ro/)0) =

(622) 9 = E2g(do,)] for xeS:2 < xS

by the strong Markov property of z under Q5 and since f = 0 on {u € S:{u| < 26}.
Setting h{x) = Q5 (z, < 10) for x € S\ {0}, we have

(6.23) h(x) = B [0S0 < )] = E[hizlo,)] for xeS:0 S || S
Define H(x) = h(ox) for x e A.

To show that G and H are continuous on {x € S:|x| = 1}, it suffices to show
that g and & are continuous on {x € S:|x| = §}. This continuity can be shown in
a similar manner to that in the proof of Theorem 3.2 of [19], using Lemma 6.3, the
representations (6.22) and (6.23), and the boundedness of g, h. Observe that
h(x) % 0 on {x € S:|x| = ¢}, otherwise the denominator in (6.21) would be zero.
Hence, H £0 on A.
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Now, by the strong Markov property of z under Q; and Lemma 6.5, for x € S
satisfying |x| = 27"6 and 1€ A, we have

Q:(z(r5)/0 € di; T5 < 7o)

= f 0:(2(z512)/(6/2) € du; 15, < TO)Q;;@(Z(TJ)/5 €di; 15 < 19)

it

f 0:(2(t52)/(6/2) € du; 152 < 16)Q(u, dA)

f Q(rﬁ?: dul)Q(ula duZ) Q(un: d/l)

Q"(—"—,cu),
]

where Q is the sub-probability measure defined on (A, #(A)) in (6.17). Then for
x € 8 satisfying |x| = 27"§, we have

g(x) = EQf?l:EQ?ua) [ T f(z(t))dt} 5 < ro]
0

= E% [9(z(15)); T5 < To]
= E®[G(z(c5)/0); t5 < T0]

= [ G(NQ2z(zs)/6 € dA; 15 < 7o)
-3
- G)(lxl)'

h(x) = (Q"H) (i) .

x|

Similarly,

We now let v, be the distribution of z(z,)/e under Py, when ¢ = 27"4. Since
T, < 00 Py-a.s., v, is a probability mesure on A, and by (6.21) and the above,

S Q"G (A, (dA)
(6.24) (R5/)(0) =4 :
S(Q"H)(A)v,(dA)

It then follows by Lemma 6.7 that the limit as n — co of the right member of (6.24)
equals a finite constant that depends only on Q, g, h and not on {v, }. Consequently,
(R% f)(0) equals a constant not depending on Py, since P, entered only through {v,}
because Q, h, and g depend only on {Q, x € S} and f. We conclude that (R} £)(0) is
unique. [
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The uniqueness part of Theorem 1.3 has now been proved. In particular, for
each x € S, the probability measure Q, defined in Sect. 5 is the law of the SRBM
and its attendant pushing process for the data (S, 8, I', R) and starting point x. The
Feller continuity and strong Markov property of z together with {Q,, x € S}
follows by standard arguments (cf. [26, Corollary 4.6]) using the uniqueness in law
and the tightness of these laws proved in Theorem 5.4. When combined with
Corollary 5.3, we see that this yields Theorem 1.3 in dimension d. This completes
the induction step and so Theorem 1.3 holds for all 4 = 1.
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