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Abstract  

A common pract ice  in spatial analysis is  to represen t  the 
population of a spatial unit, such as a county or  census t rac t ,  by 
a single point, and to use this point when measur ing the distance 
between the population and other places such as se rv ice  centers .  
In theoret ical  spatial sys tems,  distance measurements  obtained 
under this pract ice  may differ from true distances by as much as 
eight percent ,  and the difference may be g rea te r  for real  spatial 
sys tems.  The presence  and magnitude of these measurement  
e r r o r s  have important  implicat ions for spatial analysis,  and par -  
t icular ly  for evaluating al ternat ive faci l i ty  location plans. 

I. Introduction 

This paper invest igates a simplifying Operational definition made in many 
locational analyses.  These analyses frequently requi re  the measurement  of the 
distance between members  of a dispersed population and some point, such as a 
se rv ice  center .  The analysis may be great ly  simplified if  the region to be ana- 
lyzed contains many smal l  spatial units and if the population of each unit is  
known. The analyst may then aggregate the individual member s  of the popula- 
tion residing within each unit, and t rea t  these individuals as though they al l  were  
located at a single point. This permi ts  the est imation of D, the t rue average  
distance between the unit's population and the service center, by E, the distance 

between the unit's aggregation point and the service center. 

The use of Eto estimate Dis common in loeational analysis. As the first 

section of this paper demonstrates, however, E contains errors from three 

sources. Some of these errors, which we call Source A errors, are simply in- 

herent in the measurement of the distance to a serviee center from an aggrega- 

tion point instead of from the dispersed population. Other errors arise when a 

service center occurs at an aggregation point or, when several centers are 
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i nvo lved ,  i f  t he  e s t i m a t e  c a u s e s  d i s t a n c e s  f r o m  p a r t  of the  popu la t ion  to b e  
m e a s u r e d  to the  w r o n g  s e r v i c e  c e n t e r .  We ca l l  t h e s e  Source  B and  Source  C 
e r r o r s  r e s p e c t i v e l y .  

Al though  o t h e r  r e s e a r c h e r s  have  acknowledged  the  e x i s t e n c e  of such  e r -  
r o r s  (2, 7), to o u r  knowledge  no one h a s  a t t e m p t e d  to e x a m i n e  the  t h r e e  s o u r c e s  
s e p a r a t e l y ,  o r  to m e a s u r e  t h e i r  s i z e .  A c c o r d i n g l y ,  we d o c u m e n t  the  e x i s t e n c e  
and  s ign  of t h e s e  e r r o r s  in  the  nex t  s ec t i on  of t h i s  p a p e r ;  then  we c o m p u t e  t h e i r  
s i z e  in  t h r e e  t h e o r e t i c a l  s p a t i a l  s y s t e m s .  In the  f ina l  s e c t i o n ,  we d i s c u s s  the  
i m p l i c a t i o n s  of t h e s e  e r r o r s  fo r  l o e a t i o n a l  a n a l y s i s ,  w i th  s p e c i a l  a t t e n t i o n  g iven  
to f ac i l i t y  loca t ion  p l ann ing .  

II.  S o u r c e s  of E r r o r  in  E s t i m a t i n g  A v e r a g e  D i s t a n c e  

Source  A 

Source  A e r r o r s  a r e  i n h e r e n t  in  the  u s e  of E ,  the  d i s t a n c e  b e t w e e n  an  ag -  
g r e g a t i o n  po in t  and  a s e r v i c e  c e n t e r ,  to  e s t i m a t e  D ,  the  t r u e  a v e r a g e  d i s t a n c e  
b e t w e e n  a popu la t i on  and  a s e r v i c e  c e n t e r .  To d e m o n s t r a t e  the  e x i s t e n c e  of 
Source  A e r r o r s ,  we r e f e r  to F i g u r e  1. A s s u m e  t h a t  the  s p a t i a l  un i t  in  the  f ig -  
u r e  c o n t a i n s  a u n i f o r m l y  d i s t r i b u t e d  popu la t ion  P ,  wh ich  f o r  p u r p o s e s  of a n a l y -  
s i s  h a s  b e e n  a g g r e g a t e d  to po in t  q ,  t he  m e a n  c e n t e r  of the  popu la t ion  (6). F u r -  
t h e r  a s s u m e  t h a t  a s e r v i c e  c e n t e r  i s  loca ted  a t  k. F o r  c o n v e n i e n c e ,  l e t  k l ie  a t  
t he  o r i g i n  of an  x - y  c o o r d i n a t e  s y s t e m ,  wi th  the  x - a x i s  p a s s i n g  t h r o u g h  q.  In 
t h i s  c a s e ,  E i s  s i m p l y  x~, the  x - c o o r d i n a t e  of t h e  a g g r e g a t i o n  po in t .  Now c o n -  
s i d e r  an  in f in i t e ly  t h in  s h c e  of popu la t ion  d P  d r a w n  p e r p e n d i c u l a r  to the  x - a x i s .  

x 

y dP --. ~ i  

J 

FIGURE I. EXISTENCE OF SOURCE A ERROR. 
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The d i s t a n c e  f r o m  the  s e r v i c e  c e n t e r ,  a t  k, to the  po in t  w h e r e  the  s l i c e  i n t e r -  
s e c t s  the  x - a x i s  i s  s i m p l y  x s ,  t he  x - c o o r d i n a t e  of the  s l i c e .  The d i s t a n c e  r s ,  
b e t w e e n  k and  any  p o r t i o n  of the  s l i c e  no t  on t he  x - a x i s ,  i s  g r e a t e r  than  x s ,  o r  

(1) r s > x  s . 

I n t e g r a t i n g  bo th  s i d e s  of t h i s  i n e q u a l i t y  o v e r  P and  t hen  d iv id ing  by P y i e ld s  

(2) ~ r d P >  ~ x d P .  

The l e f t - h a n d  s ide  of t h l s  i n e q u a l i t y  i s  the  a v e r a g e  d i s t a n c e  f r o m  the  popula t ion  
P to the  s e r v i c e  center ,  a t  k,  o r  D .  The r i g h t - h a n d  s ide  i s  the  m e a n  va lue  of 
the  x - c o o r d i n a t e s  of P ,  o r  E ,  s i nce  q i s  the  m e a n  c e n t e r  of P .  Thus ,  i f  t he  
m e a n  c e n t e r  i s  u sed  as  the  a g g r e g a t i o n  poin t ,  E wi l l  u n d e r e s t i m a t e  D,  If s o m e  
o t h e r  a g g r e g a t i o n  po in t  i s  u s e d  such  as  q ' ,  E wi l l  u n d e r e s t i m a t e  D by an  even  
g r e a t e r  a m o u n t  i f  the  s e r v i c e  c e n t e r  i s  l oca t ed  to the  r i g h t  (F igu re  1). On the  
o t h e r  hand ,  E m e a s u r e d  f r o m  q '  m a y  u n d e r e s t i m a t e ,  equa l ,  o r  o v e r e s t i m a t e  
D f o r  s e r v i c e  c e n t e r s  l oca t ed  to the  lef t .  In g e n e r a l ,  E wi l l  no t  equa l  D fo r  
m o s t  s e r v i c e  c e n t e r  l o c a t i o n s ;  t h e r e f o r e ,  Source  A e r r o r s  o c c u r  i f  E i s  u sed  as  
an  e s t i m a t e  of D. The  m e a n  c e n t e r  i s  an  a t t r a c t i v e  cho ice  fo r  an  a g g r e g a t i o n  
po in t  b e c a u s e  t hen  E wi l l  n e v e r  o v e r e s t i m a t e  D and  the  Source  A e r r o r s  wi l l  
a lways  be  n e g a t i v e .  

Source B 

Errors from Source B are much simpler to examine, in part because they 

are special cases of Source A errors, We consider Source B errors separately 

because they do not occur in all analyses where the more general Source A er- 

rors occur. Source B errors occur if a region has been divided into many 

small spatial units, and if service centers are assumed to occur at the aggrega- 

tion points of some of these units. When a service center occurs at the aggre- 

gation poin t  of one of t h e s e  u n i t s ,  t hen  E ,  the  d i s t a n c e  f r o m  the  a g g r e g a t i o n  
po in t  to the  s e r v i c e  c e n t e r ,  i s  z e r o .  H o w e v e r ,  i f  t he  popu la t ion  iS d i s p e r s e d  
t h r o u g h o u t  the  un i t ,  t hen  D ,  m u s t  be g r e a t e r  t han  z e r o  fo r  the  uni t ;  t h e r e f o r e ,  
E wi l l  a lways  u n d e r e s t i m a t e  D ,  r e g a r d l e s s  of the  loca t ion  of the  a g g r e g a t i o n  
poin t .  

Source C 

Source  C e r r o r s ,  l ike  Source  B e r r o r s ,  do not  o c c u r  in  a l l  l o c a t i o n a l  a n a l -  
y s e s .  R a t h e r ,  t hey  o c c u r  when  E i s  u sed  to e s t i m a t e  D*,  the  a v e r a g e  d i s t a n c e  
be tween  the  popu la t ion  in  a s p a t i a l  un i t  and  i t s  n e a r e s t ,  o r  m o s t  p r e f e r r e d ,  o r  
o t h e r  " b e s t "  c e n t e r .  When E i s  u s e d  to e s t i m a t e  D_.*, s o m e  i n d i v i d u a l s  wi l l  be  
a l l o c a t e d  to the  w r o n g  c e n t e r  c a u s i n g  an  e r r o r  in  E.  We ca l l  such  e r r o r s  
Source  C e r r o r s  and e x a m i n e  t h e m  wi th  he lp  of F i g u r e  2.  D and  E can  be  

m 

m e a s u r e d  f r o m  the  popu la t ion  in  the  a r e a  to two s e r v i c e  c e n t e r s ,  l oca t ed  a t  m 
and n .  Since the  so l id  v e r t i c a l  l ine  in  the  f i g u r e  i s  e q u i d i s t a n t  f r o m  t h e s e  two 
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FIGURE 2. EXISTENCE OF SOURCE C ERROR. 

c e n t e r s ,  D m e a s u r e d  to m i s  equa l  to D*. E ,  t he  e s t i m a t e  of bo th  D and  D*,  i s  
s i m p l y  the  d i s t a n c e  f r o m  q to m .  Moving  the  c e n t e r  a t  n to  n ' ,  h o w e v e r ,  m a k e s  
the  v e r t i c a l  d a s h e d  l ine  e q u i d i s t a n t  f r o m  the  two s e r v i c e  c e n t e r s .  I nd iv idua l s  
to t he  r i g h t  of t h i s  l ine  a r e  n e a r e r  to n '  t han  to m ,  and  D_* wi l l  d e c r e a s e .  E ,  
m e a s u r e d  f r o m  q to m ,  wi l l  r e m a i n  c o n s t a n t ,  h o w e v e r ,  b e c a u s e  i t  i s  an  e s t i -  
m a t e  of the  d i s t a n c e  f r o m  a l l  i n d i v i d u a l s  in  the  a r e a  to the  c e n t e r  a t  m .  Th i s  
m i s - a l l o c a t i o n  of i nd i v i dua l s  b e t w e e n  n e i g h b o r i n g  c e n t e r s  c a u s e s  wha t  we 
ca l l  Source  C e r r o r s ,  Source  C e r r o r s  a r e  a l w a y s  p o s i t i v e ,  r e g a r d l e s s  of the  
s ign  of any  Source  A e r r o r s  wh ich  a l so  m a y  be  p r e s e n t  in  E_. 

III. M e a s u r e m e n t  of E r r o r s  in  E 

F r o m  the  p r e c e d i n g  s e c t i o n ,  i t  fo l lows  t h a t  D = E + (Source  A e r r o r )  + 
(Source  B e r r o r ) ,  and  t h a t  D* = E + (Source  A e r r o r )  + (Source  B e r r o r )  + 
(Source  C e r r o r ) .  Because--Sour-ce A ~- O, Source  B < O, and S o u r c e  C > O,  
the  t h r e e  e r r o r s  m a y  e i t h e r  c a n c e l  o r  r e i n f o r c e  e a c h  o t h e r .  In t h i s  s e c t i o n ,  we 
m e a s u r e  the  t o t a l  e r r o r  in  E as  an  e s t i m a t e  of D* fo r  s e r v i c e  c e n t e r s  in  t h r e e  
t h e o r e t i c a l  s p a t i a l  s y s t e m s  c o m p o s e d  of h e x a g o n a l ,  s q u a r e ,  and  t r i a n g u l a r  
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spatial  units. We descr ibe  the method of measurement  in detail  for  the hexag- 
onal units, genera l ize  it  for  use with squares and t r iangles ,  and then present  
and analyze the measurement  resu l t s .  

We assume a population distributed uniformly over  a plane, with popula- 
tion density d. We then lay a grid of regular  hexagons over  the plane and aggre -  
gate the population of each hexagon to its mean center .  If the radius R of a 
hexagon is defined as the distance f rom the mean center  to a ver tex ,  then each 

hexagon contains 3(3)l /2R2d/2 individuals. This aggregation procedure con- 
ver ts  the uniform population of the plane into equal sized concentrat ions,  lo-  
cated on a regular  hexagonal latt ice of points. 

Next ,  we locate se rv ice  centers  at regular ly  spaced points on the latt ice 
in accordance with a LDsehian system (5). Any regular  spacing of centers  on 
the latt ice will  give each center  a regular ,  hexagonal, proximal  se rv ice  a rea  
containing K latt ice or aggregation points, where K var ies  with the spacing be-  
tween centers .  To compute E ,  the est imated average distance between the 
center  and the population of the se rv ice  a rea ,  we use the equation 

K 
(3) E = 1 Z s. 

- -  K i = l  I 

where s i is the distance to the se rv ice  center  f rom the ith lattice point in the 
se rv ice  area .  

To compute D* for the same se rv ice  area ,  we divide the a rea  into 2n t r i -  
angular segments (Figure 3), where n is the number of sides of the se rv ice  a rea ,  
a rea ,  or  6 for a hexagon. Because the 2n t r iangles  are  identical ,  D* for the 
se rv ice  area  will  equal D* for any one of the 2n t r iangles .  Letting A = T/n,  D* 
is computed as the total distance t raveled within a t r iangle ,  divided by the 
population of the triangle, or 

( 4 )  D *  = 

A RK 1/2 cos (A) sec (a) 

f f r 2 dr  da 

a=O r=O 

(1/2) R2K cos (A) sin (A) d 

Integrating over  r gives A 

(5) D* _ 2R3K3/2 e~ [ 

-- - 3R2K cos (A) sin (A) a= Oj  

Integrating over a and combining terms gives 

sec3(a) da. 
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I' R K �89 cos(A) 

I 

~r = R K ~ cos(A) sec(a) 

A = ~/6 A = ~T/4 A = I'/3 

FIGURE 3. MEASUREMENT OF D* 

RK 1/2 cos 2 (A) 
(6) D* = 

- -  3 sin (A) 

For hexagons, A = T~/6, and 

(7) D* = . 6080RK I /2  �9 

sec (A) tan (A) ] + log e [sec (A) tan (A) ]1 

Given equations (3) and (6) and the definition of the radius R of a polygon, 
the calculation of E and D* for grids of squares and tr iangles is s traightfor-  
ward. These systems have different possible regular  spacings of centers and, 
hence, different values of K, but equation (3) may sti l l  be used to compute E.  
For squares ,  A = ~/4 in equation (6) and 

(8) D_* = .5411RK I/2 . 

For triangles, A = ~/3 and 

(9) D* = .4601RKI/2. 

Tables I, 2, and 3 contain the results of our measurements on the hexag- 
onal, square, and triangular systems respectively. Column 1 of each table 
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TABLE 1 

ERRORS IN E FOR THE HEXAGONAL LATTICE SYSTEM 

K E D* To ta l  70 70 7o 

(11 

u 

(in (in E r r o r  To ta l  Source  Source  
u n i t s  un i t s  (_E_-_D*) E r r o r  B A + C 
of R) of R) Error Error 
..... (2) (3) . . . . .  (4) (5) (6) (7) 

1 0 .000  0 .608  - 0 . 6 0 8  - 1 0 0 . 0 0  - 1 0 0 . 0 0  0 .00  
3 1 .155  1 .053 0 .102  9 .65  - 1 9 . 2 5  28 .90  
4 1 .299  1 .216  0 .083  6 .83  - 1 2 . 5 0  19 .33  
7 1.485 1.609 -0.124 -7.71 -5.40 -2.31 
9 1.821 1.824 -0.003 -0.14 -3.70 3.56 

12 2 .193  2 .106  0 .087  4 . 1 4  - 2 . 4 1  6 .55  
13 2 . 1 8 4  2 .192  - 0 . 0 0 8  - 0 . 3 7  - 2 . 1 3  1 .76  
16 2 .462  2 .432  0 .030  1 .27  - 1 . 5 6  2 .78  
19 2 .588  2 .650  - 0 . 0 6 2  - 2 . 3 4  - 1 . 2 1  - 1 . 1 3  
21 2 .778  2 .786  - 0 . 0 0 8  - 0 . 2 9  - 1 . 0 4  0 :75  

25 3 .067  3 .040  0 . 0 2 7  0 .89  - 0 . 8 0  1 .69  
27 3 .225  3 .159  0 .065  2 . 0 7  - 0 . 7 1  2 . 7 8  
28 3 .229  3 . 2 1 7  0 .012  0 .38  - 0 . 6 7  1 .05  
31 3 . 3 6 0  3 .385  - 0 . 0 2 5  - 0 . 7 3  - 0 . 5 8  - 0 . 1 5  
36 3 .660  3 .648  0 .012  0 .33  - 0 . 4 6  0 .79  

37 3 .658  3 .698  - 0 . 0 4 0  - 1 . 0 9  - 0 . 4 4  - 0 . 6 4  
39 3 .791  3 . 7 9 7  - 0 . 0 0 6  - 0 . 1 6  - 0 . 4 1  0 .25  
43 3 . 9 8 5  3 . 9 8 7  : 0 . 0 0 2  - 0 . 0 5  - 0 . 3 5  0 .30  
48 4 . 2 6 4  4 .212  0 :052  1 .23  - 0 . 3 0  1 .53 
49 4 .262  4 . 2 5 6  0 .006  0 .13  - 0 . 2 9  0 .42  

C o l u m n s  5 - 7 a r e  e x p r e s s e d  as  a p e r c e n t a g e  of Co lumn 3. 

l i s t s  the  p o s s i b l e  v a l u e s  of K f o r  s y s t e m s  t h r o u g h  50 .1  C o l u m n s  2 and 3 g ive  
E and  D* r e s p e c t i v e l y ,  f o r  e a c h  va lue  of K. The  d i f f e r e n c e  b e t w e e n  D* and  E__, 

l In  the  s y s t e m  b a s e d  on s q u a r e  u n i t s ,  two d i f f e r e n t  c o n f i g u r a t i o n s  of c e n -  
t e r s  have  K v a l u e s  of 25.  T h e s e  two c a s e s  a p p e a r  s e p a r a t e l y  in  T a b l e  2.  In the  
t r i a n g u l a r  s y s t e m ,  two d i f f e r e n t  c o n f i g u r a t i o n s  a r e  p o s s i b l e  f o r  K v a l u e s  of 49;  
t h e s e  two c a s e s  a p p e a r  s e p a r a t e l y  in  Tab le  3. 

Spa t ia l  i r r e g u l a r i t i e s  in  the  t r i a n g u l a r  l a t t i c e  of a g g r e g a t i o n  po in t s  o c c a -  
s i ona l l y  p e r m i t  r e g u l a r  s e r v i c e  a r e a s  of equal  s i z e  to con ta in  d i f f e r e n t  r m m b e r s  
of l a t t i c e  po in t s .  F o r  e x a m p l e ,  when  K = 9, e a c h  s e r v i c e  a r e a  equa l s  the  a r e a  
of n ine  s m a l l  t r i a n g u l a r  u n i t s ,  bu t  e a c h  s e r v i c e  a r e a  con t a in s  e i t h e r  7 - 1 / 2  o r  
9 - 1 / 2  l a t t i ce  po in t s .  To com pu t e  E f o r  t h e s e  c a s e s ,  we h a v e  a v e r a g e d  the  E 
v a l u e s .  T h e s e  i r r e g u l a r i t i e s  do not  a f fec t  D*. 

8O 



K E 
(in 

un i t s  
of R) 

(1) (2) 

T A B L E  2 

ERRORS IN E FOR THE SQUARE L ATTICE SYSTEM 

D* Total % % % % % 
(in Error Source Source Source Source 

units (E_-D*) Error B A + C A Error C Error 
of R) E r r o r  E r r o r  ( E s t . )  ( E s t . )  

(3) (4) (5) (6) (7) (8) (9) 

1 0 ,000  0 .541  - 0 . 5 4 1  - 1 0 0 . 0 0  - 1 0 0 , 0 0  0 .00  0 . 0 0 "  0 . 0 0 "  
2 0 .707  0 .765  - 0 . 0 5 8  - 7 . 5 9  - 3 5 . 3 6  27 .76  - 5 . 5 3  33 .30  
4 1 .207  1 ,082  0 .125  11 .55  - 1 2 . 5 0  24 .05  - 4 . 7 5  28 .80  
5 1 .131  1 ,210  - 0 . 0 7 9  - 6 . 4 9  - 8 . 9 4  2 . 4 5  - 4 . 2 0  6 .66  
8 1 .561 1 .530  0 .030  1 .98  - 4 . 4 2  6 .40  - 3 . 0 6  9 . 4 7  

9 1 .517  1 ,623  - 0 . 1 0 6  - 6 . 5 2  - 3 . 7 0  - 2 . 8 1  - 2 . 8 1 "  0 . 0 0 "  
10 1 .682 1 .711  - 0 . 0 2 9  - 1 . 7 0  - 3 . 1 6  1 .46  - 2 . 6 0  4 . 0 6  
13 1 .921  1 .951  - 0 . 0 3 0  - 1 . 5 4  - 2 . 1 3  0 .59  - 2 . 1 2  2 . 7 1  
16 2.248 2.164 0.083 3.85 -1.56 5.41 -1.79 7.20 
17 2.213 2.231 -0.018 -0.81 -1.42 0.62 -1.70 2.32 

18 2 .326  2 . 2 9 6  0 ,030  1 . 3 1  - 1 . 3 1  2 .62  - 1 . 6 2  4 . 2 4  
19 2 . 3 1 3  2 .358  - 0 . 0 4 6  - 1 . 9 4  - 1 . 2 1  - 0 . 7 3  - 1 . 5 5  0 . 8 1  
25 2 , 6 5 1  2 .705  - 0 . 0 5 5  - 2 . 0 2  - 0 . 8 0  - 1 . 2 2  - 1 . 2 2 .  0 . 0 0 "  
25A 2 , 6 9 0  2 . 7 0 5  - 0 . 0 1 6  - 0 . 5 8  - 0 . 8 0  0 .22  - 1 . 2 2  1 .44  
26 2 . 7 4 5  2 . 7 5 9  - 0 . 0 1 4  - 0 . 5 0  - 0 . 7 5  0 . 2 5  - 1 . 1 8  1 .43  

27 2 . 8 2 1  2 .812  0 .009  0 .32  -0~71  1 .04  - 1 . 1 4  2 . 1 8  
32 3 . 0 8 7  3 . 0 6 1  0 .026  0 .86  - 0 . 5 5  1 ,41  - 0 . 9 8  2 . 3 9  
34 3 .146  3 ,155  - 0 . 0 0 9  - 0 . 2 9  - 0 . 5 0  0 . 2 1  ~0 .93  1 .14  
36 3 . 3 0 7  3 ,246  0 .060  1 .85  - 0 . 4 6  2 .32  - 0 . 8 8  3 . 2 0  
37 3 . 2 8 4  3 . 2 9 1  - 0 . 0 0 7  - 0 . 2 1  - 0 . 4 4  0 . 2 4  - 0 . 8 6  1 .10  

40 3 .420  3 ,422  - 0 , 0 0 2  - 0 . 0 7  - 0 . 4 0  0 . 3 3  - 0 . 8 0  1 .13 
41 3.455 3.465 -0.010 -0.28 -0.38 0. i0 -0.78 0,88 
45 3 , 6 1 6  3 . 6 3 0  - 0 , 0 1 3  - 0 . 3 7  - 0 . 3 3  - 0 , 0 3  - 0 . 7 2  0 . 6 9  
46 3 .661  3 . 6 7 0  - 0 . 0 0 9  - 0 . 2 5  - 0 . 3 2  0 . 0 7  - 0 . 7 1  0 .78  
49 3 .751  3 .788  - 0 , 0 3 6  - 0 . 9 6  - 0 . 2 9  - 0 . 6 7  - 0 . 6 7 *  0 . 0 0 "  

50 3 .818  3 ,826  - 0 . 0 0 8  - 0 . 2 2  - 0 . 2 8  0 .07  - 0 . 6 5  0 .72  

C o l u m n s  5 - 9 a r e  e x p r e s s e d  as  a p e r c e n t a g e  of C o l u m n  3. 
K = 25A,  See Foo tno te  1. 
*Ac tua l ,  not  e s t i m a t e d ,  e r r o r .  

in  c o l u m n  4, i s  the  t o t a l  e r r o r  in  E ,  o r  the  s u m  of t he  t h r e e  s o u r c e s  of e r r o r .  
T h i s  i s  e x p r e s s e d  a s  a p e r c e n t a g e  of D* in  c o l u m n  5. 

F o r  each  g r id  type ,  the  p e r c e n t  t o t a l  e r r o r  in  c o l u m n  5 i s  l a r g e  fo r  s m a l l  

81 



K 

(i) 

T A B L E  3 

ERRORS IN E FOR THE TRIANGULAR LATTICE SYSTEM 

E 
(in 

un i t s  
of R) 
(2) 

D* Total % % % % % 
(in Error Total Source Source Source Source 

traits (E_-D)* Error B A+C A Error C Error 
of R) Error Error (Est.) (Est;) 
(3) (4) (5) (6) (7) (8) (9) 

1 0 . 0 0 0  0 .460  -0.460 -i00.00 -I00,00 0.00 0.00" 0.00" 
3 0 . 7 8 9  0 .797  -0.008 -1.05 -19.25 1 8 . 2 2  -6.45 24.67 
4 0 . 7 5 0  0 .920  -0.170 -18.49 -12.50 -5.99 -5.99" 0.00" 
7 1 . 1 7 1  1 .217 -0.046 -3.81 -5.40 1.59 -3.86 5.46 
9 1 . 4 1 1  1 . 3 8 0  0.031 2.21 -3.70 5.91 -3.20 9.11 

12 1 .625  
13 1 .642 
16 1 .776  
19 1 .985 
21 2 . 0 9 7  

1 .594  0 . 0 3 1  1 .94  - 2 . 4 0  4 . 3 4  - 2 . 5 4  6 . 8 8  
1 .659  - 0 . 0 1 7  - 1 . 0 5  - 2 . 1 3  1 .09  - 2 . 3 8  3 . 4 7  
1 .840  - 0 . 0 6 6  - 3 . 5 7  - 1 . 5 6  - 2 . 0 1  - 2 . 0 1 "  0 . 0 0 "  
2.005 -0.020 -I.00 -1.20 0.21 -1.73 1.94 
2.109 -0.012 -0.55 -1.04 0.49 -1.58 2,07 

25 2 . 2 5 1  2 . 3 0 0  
27 2 .416  2 . 3 9 1  
28 2 . 4 1 9  2 . 4 3 4  
31 2 .556  2 . 5 6 1  
36 2 . 7 7 4  2 .760  

37 2 .788 2 .798  
39 2 . 8 6 1  2 .873  
43 3 .013  3 . 0 1 7  
48 3 .209  3 . 1 8 7  
49 3 .187  3 .220  

- 0 . 0 5 1  - 2 . 1 6  - 0 . 8 0  - 1 . 3 6  - 1 . 3 6 "  0 . 0 0 "  
0 .025  1 .07  - 0 . 7 1  1 .78  - 1 . 2 7  3 . 0 5  

- 0 . 0 1 5  - 0 . 6 3  - 0 , 6 8  0 .05  - 1 . 2 3  1 .28  
~0. 006 - 0 . 2 3  - 0 . 5 8  0 .35  - 1 . 1 2  1 .47  

0 .014  0 .51  - 0 . 4 6  0 .97  - 0 . 9 8  1 .95  

- 0 .  010 - 0 . 3 9  - 0 . 4 4  0 .06  - 0 . 9 5  1 .01  
- 0 . 0 1 2  - 0 . 4 1  - 0 . 4 1  0 .00  - 0 . 9 1  0 .91  
- 0 . 0 0 3  - 0 , 1 1  - 0 . 3 5  0 .24  - 0 . 8 3  1 .08  

0 .021  0 .67  - 0 . 3 0  0 .97  - 0 . 7 5  1.72 
- 0 .  033 - 1 . 0 3  - 0 . 2 9  - 0 . 7 3  - 0 . 7 3 *  0 . 0 0 "  

49A 3. 215 3. 220 - 0 . 0 0 6  - 0 . 1 7  - 0 . 2 9  0 .12  - 0 . 7 4  0 .86  

C o l u m n s  5 - 9 a r e  e x p r e s s e d  as  a p e r c e n t a g e  of Co lumn  3. 
K = 49A, See Foo tno t e  1. 
*Ac tua l ,  no t  e s t i m a t e d ,  e r r o r .  

v a l u e s  of K, and  d e c l i n e s  in  m a g n i t u d e a s  K i n c r e a s e s .  T h i s  d e c r e a s e  in  p e r -  
c en t  t o t a l  e r r o r  i s  i n d e p e n d e n t  of t he  n u m b e r  of i n d i v i d u a l s  in  t he  s e r v i c e  a r e a ,  
b e c a u s e  equa t ions  (3) and  (6) a r e  h m c t i o n s  only  of K, the  n u m b e r  of s p a t i a l  
un i t s  in  the  s e r v i c e  a r e a .  T h u s ,  a s  one would expec t ,  t he  u se  of m a n y  s m a l l  
s p a t i a l  un i t s  wi th in  a s e r v i c e  a r e a  t ends  to r e d u c e  the  r e l a t i v e  s i z e  of thee 
e r r o r  in  E.  

It  i s  p o s s i b l e  to s e p a r a t e  the  p e r c e n t  to t a l  e r r o r  in to  i t s  c o m p o n e n t  p a r t s .  
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Source B errors are the easiest to isolate because they are the,entire error in 

E when K = i, and are constant for other values of K. As one would expect, the 
relative importance of Source B errors decreases as K, the number of spatial 

units in the service area, increases (column 6). Source B errors are negative 
and they mask some of the effects of Source A and C errors. 

Because we have aggregated the population of each small spatial unit to 
its mean center, all Source A errors inthe three systems are negative. Thus 

where the combined errors from Sources A and C in column 7 are positive , the 
Source C errors, which are always positive, must predominate. We expect the 

percent combined error in column 7 to be dominated by Source C errors for K 
values with a high proportion of aggregation points on the service area boundar- 

ies. K values of 3, 4, 12, 27, and 48 in the hexagonal system are good illustra- 

tions of this (Figure 4a), as are K values of 2, 4, 8, and 16 in the square sys- 

tem, and 3, 9, and 12 in the triangular system. The combined error for these 

cases in column 7 is both large and positive; the Source C errors alone must be 

even larger. Where the proportion of aggregation points on or near service 

area boundaries is low, as for K values of 7 and 19 in the hexagonal system 

(Figure 4b), Source C errors should be small and Source A errors should and 
do predominate. 

FIGURE 4A. HEXAGONAL CONFIGURATIONS WITH HIGHSOURCE C ERRORS. 
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FIGURE 4B. HEXAGONAL CONFIGURATIONS WITH LOW SOURCE C ERRORS. 

In the  s q u a r e  s y s t e m ,  K v a l u e s  of 1, 9, 25 and 49 have  no Source  C e r -  
r o r s  a t  a l l  b e c a u s e  t he  s e r v i c e  a r e a  b o u n d a r i e s  co inc ide  wi th  the  b o u n d a r i e s  of 
the  s m a l l  s q u a r e  u n i t s .  T h i s  enab l ed  us  to m a k e  a d e t a i l e d  a n a l y s i s  of Source  
A e r r o r s  f o r  the  s e r v i c e  a r e a  c o n f i g u r a t i o n s  of t h e s e  fou r  K v a l u e s .  Our  a n a l y -  
s i s  i n d i c a t e d  t h a t  the  Source  A e r r o r  in  t o t a l  d i s t a n c e  t r a v e l e d ,  e A,  i s  l i n e a r l y  
r e l a t e d  to the  s q u a r e  r o o t  of K a c c o r d i n g  to the  e q u a t i o n  

(10) e A = ( .4144 - .4128 K 1/2)  R 3 d .  

Al though  we c a n n o t  p r o v e  t h a t  t h i s  equa t ion  ho lds  fo r  o t h e r  v a l u e s  of K, the  
equa t ion  does  o f f e r  a m e t h o d  of s e p a r a t i n g  the  c o m b i n e d  Source  A and  Source  C 
e r r o r s  in  c o l u m n  7 of T a b l e  2. To ob ta in  the  Source  A e r r o r  f o r  e a c h  va lue  of 
K, we d iv ided  e A by the  s e r v i c e  a r e a  popu la t ion  and  e x p r e s s e d  the  r e s u l t  a s  a 
p e r c e n t a g e  of D* (Co lumn 8). Co lumn 9 i s  the  d i f f e r e n c e  be tween  c o l u m n s  7 
and  8, and  i s  the  e s t i m a t e d  Source  C e r r o r .  

A s i m i l a r  equa t ion  to (10) can  be  d e r i v e d  f o r  the  t r i a n g u l a r  s y s t e m ,  u s i n g  
K v a l u e s  of 19 4,  16, 259 and  49 w h e r e  no Source  C e r r o r s  o c c u r .  T h i s  e q u a -  
t ion ,  

(11) e A = (.2306 - .2488 K I /2)  R 2 d , 
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was  u s e d  to e s t i m a t e  Source  A e r r o r s  (co lumn 8) and  S o u r c e  C e r r o r s  (co lumn 
9) f o r  the  t r i a n g u l a r  s y s t e m .  

I t  i s  no t  p o s s i b l e  to  deve lop  a s i m i l a r  r e l a t i o n s h i p  fo r  the  h e x a g o n a l  s y s -  
t e m  b e c a u s e  s e r v i c e  a r e a  b o u n d a r i e s  co inc ide  wi th  the  s m a l l  h e x a g o n s  only  
w h e n  K = 1. The  e s t i m a t e s  f r o m  equa t i ons  (10) and  (11) a r e  c o n s i s t e n t  wi th  ou r  
e a r l i e r  c o n c l u s i o n s  abou t  Source  C e r r o r s ;  K v a l u e s  w i th  a h igh  p r o p o r t i o n  of  
a g g r e g a t i o n  po in t s  on s e r v i c e  a r e a  b o u n d a r i e s  have  h igh  e s t i m a t e d  Source  C 
e r r o r s ,  in  bo th  t he  s q u a r e  and  t r i a n g u l a r  s y s t e m s ,  the  e s t i m a t e d  Source  C 
e r r o r s  t end  to be  l a r g e r  t h a n  e i t h e r  the  Source  A o r  Source  B e r r o r s .  

IV.  I m p l i c a t i o n s  of E r r o r  in  E 

From the preceding section, it is clear that the total error in E as an esti- 
mate of D_* is poorly behaved; it may equal _+ 2% of D* in relatively large 
service areas, and+ 8% in small service areas, where the size of a service 
area is measured by the number of units which it contains. It seems reason- 

able to expect errors larger than those in Tables i, 2 and 3 for the irregular 

spatial units found in real spatial systems. Moreover, in the analysis of actual 
spatial systems, the location of a spatial unit's mean population center is usual- 

ly unknowni this would also increase the size and variation of the errors in E. 
Leaving aside the presumed errors in E for real spatial systems, even er- 

rors as small as those in the theoretical systems can have considerable effect 

on some kinds of loeational analyses. Average distance from a population 

to its nearest service center, or D_*, is a common measure of the quality of 

a p lan  of f ac i l i t y  l o c a t i o n s  (1); t h e r e  i s  a s u b s t a n t i a l  l o c a t i o n - a l l o c a t i o n  l i t e r a -  
t u r e  devo ted  to g e n e r a t i n g  and  c o m p a r i n g  loca t ion  p a t t e r n s  to f ind  t h o s e  p a t -  
t e r n s  which  m i n i m i z e  D_.* (4). A c c u r a t e  c o m p a r i s o n s  of l o c a t i o n a l  p a t t e r n s  a r e  
v e r y  i m p o r t a n t  in  t h i s  l i t e r a t u r e ,  bu t  the  u s e  of E i n s t e a d  of D* i n t r o d u c e s  e r -  
r o r s  in to  t he  c o m p a r i s o n s .  F o r  any  g iven  r e g i o n ,  m a n y  p a t t e r n s  of s e r v i c e  
c e n t e r s  m a y  h a v e  D* v a l u e s  wi th in  a few p e r c e n t  of the  m i n i m u m  v a l u e  (3). 
If we e s t i m a t e  D_* by E,  we can  a l s o  f ind  a p a t t e r n  of c e n t e r s  wi th  a m i n i m u m  
v a l u e  of E and  m a n y  p a t t e r n s  wi th  E v a l u e s  wi th in  a few p e r c e n t  of t h i s  m i n i -  
m u m .  B e c a u s e  of t h e  e r r o r s  in  E ,  i f  we fol low the  c o m m o n  p r a c t i c e  of the  
l i t e r a t u r e  and only  m e a s u r e  E ,  we c a n n o t  s ay  wi th  c e r t a i n t y  wh ich  p a t t e r n  ha s  
the  m i n i m u m  D*. In t h i s  s i t u a t i o n ,  we m i g h t  do w e l l  to a s s u m e  t h a t  a l l  p a t t e r n s  

m 

wi th  low E v a l u e s  a r e  e s s e n t i a l l y  equa l ,  and  u s e  s o m e  m e a s u r e  o t h e r  than  E 
to d i s t i n g u i s h  a m o n g  t h e m .  

Our  d i s c u s s i o n  h a s  f ocus ed  on t he  i m p l i c a t i o n s  of e r r o r s  in  E fo r  f ac i l i t y  
l oca t i on  p l a n n i n g  and  l o c a t i o n - a l l o c a t i o n  m o d e l i n g  b e c a u s e  t he  aecu--rate e s t i m a -  
t ion  of D_* i s  c r u c i a l  in  t h e s e  f i e l d s .  In add i t ion ,  the  u s e  of E to e s t i m a t e  D,  
w i thou t  S o u r c e  C e r r o r s ,  i s  i m p o r t a n t  in  s p a t i a l  i n t e r a c t i o n  and  a n a l y s i s  of t he  
i n f l uence  of s p a t i a l  s t r u c t u r e  on p r o c e s s e s  which  o p e r a t e  wi th in  i t .  The  r e s u l t s  
p r e s e n t e d  h e r e  s u g g e s t  t h a t  when  E i s  m e a s u r e d  f r o m  the  popu la t ion  in  t he  t o w n -  
s h i p s  of a t y p i c a l  M i d w e s t e r n  coun ty  to the  county  s e a t  (K = 16 o r  K = 25),  E 
could  u n d e r e s t i m a t e  D by t h r e e  to f ive  p e r c e n t ,  even  i f  the  m e a n  c e n t e r s  of the  
t o w n s h i p  popu la t i ons  w e r e  known.  We b e l i e v e  t h a t  t h i s  e r r o r  i s  l a r g e  enough to 
p o t e n t i a l l y  a f f e c t  the  m e t h o d o l o g i c a l  and  s u b s t a n t i v e  i n t e r p r e t a t i o n s  of t he  
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resu l t s  of r e s e a r c h  on such spat ia l  sys t ems .  The e r r o r s  in E may also affect 
r e s e a r c h  on other  spat ia l  sys t ems .  We hope that these e r r o r s  will  rece ive  
g r ea t e r  attention in the near  future.  
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APPENDIX 

Derivat ion of equations (4) through (9). 

1. 

A RK1/2eosA sec(a) 

Total  d is tance for  one = d / / r 2 d r  da 

J ) segment  (Figure  6) 
a=O r=O 

2. Segment 
population 

= (RK 1/2 cosA) (RK 1/2 eosA'tanA) (1/2) (d) 

= (RK 1/2 cosA) (RK 1/2 sinA) (1/2) (d) 

3. Average  dis tance  = Total  d is tance 
for  one segment ,  Population 
D* 
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D *  = 

d 

A RK1/2 cosA sec(a) 

f f r 2 dr da 
a=O r=O 

(RK I/2 cosA) (RK I/2 sinA) (1/2) (d) 

A RK I/2 cosA sec(a) 

2f f r2drda 
a=O r=O 

R2K eosA sinA 

(Equation 4) 

4. 

A 

overIntegratingr, 2R3 (K1/2) 3 cos3A f 

D* = a=O 

3R 2 K c o s A  s inA 

sec 3 (a) da 
(Equation 5) 

5. Integrating 
over  a, 

2RK 1/2 D~ = eos2A 

3 sinA 
[ 1/2 {sec(a)tan(a) + loge(Sec(a ) + tan(a)}]  

6. Evaluating at a=O and a=A; sec(O) = 0, tan(O) = 1 

7. 

D* = RK1/2cos2A 
3 s i n i  

8. 

D *  = RK1/2cos2A 
3 sinA 

[ seeA tanA + lOge(seeA + tanA)-secO tanO-log e 

(secO + tanO) ] 

[ (secA tanA) + log e (secA + tanA)] (Equation 6) 

For  hexagons; A = ~/6,  sinA=l/2,  cosA § 31/2/2,  tanA = 1/(3) 1/2, 

secA = 2/(3) 1/2 

D* = RK1/2(3/4)[  2 1 

3(i/2) L 31/  7/2 

For  squares; A = ~ / 4 ,  sinA = 1 
21/2 

(Equation 7) 

, cosA = 1 , tanA = 1, seeA = 21/2 
21/2 

A 

a=G 

87 



9. 

3/(21/2) (Equation 8) 

For equalateral triangles; A = ~/3, sinA = 1/2(31/2), cosA=l/2,  tanA= 

31/2, seeA =2 

D* = RK1/2(1/4). [ (2) 

3(31/2/2) 

1 (31/2 ) + log e (2 + 31 /2 ) J=  .460058RI~ 1/2 

(Equation 9) 
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