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Univariate Multiquadric Approximation:
Quasi-Interpolation to Scattered Data

R. K. Beatson and M. J. D. Powell

Abstract. The univariate multiquadric function with center x;eR has the form
{ofx) = [(x — x)* + ¢*]"2, xe R} where ¢ is a positive constant. We consider
three approximations, namely, &£, f, %pf, and % f, to a function {f(x),
Xo < x < xy} from the space that is spanned by the multiquadrics {¢;:j =0,
1,..., N} and by linear polynomials, the centers {x;:j =0, 1,..., N} being given
distinct points of the interval [x,, xy]. The coefficients of £, f and ¥ f depend
just on the function values {f(x):j=0,1,..., N}. while % f also depends on
the extreme derivatives f'(x,) and f'(xy). These approximations are defined by
quasi-interpolation formulas that are shown to give good accuracy even if the
distribution of the centers in [x,, xy] is very irregular. When f is smooth and
¢ = O(h), where h is the maximum distance between adjacent centers, we find that
the error of each quasi-interpolant is @(h?|log h|) away from the ends of the range
Xo < x < xy. Near the ends of the range, however, the accuracy of £, f and % f
is only O(h), because the polynomial terms of these approximations are zero and
a constant, respectively. Thus, some of the known accuracy properties of quasi-
interpolation when there is an infinite regular grid of centers {x; = jh: je &},
given by Buhmann (1988), are preserved in the case of a finite range x, < x < xy,
and there is no need for the centers {x;:j =0, 1,..., N} to be equally spaced.

1. Introduction
A multiquadric approximating function of d variables has the form

N
(1.1) sx)= Y. Alllx —x;1% +c*]"%,  xeRY,
j=0
where {4;:j=0,1,...,N} and {x;:j=0,1,..., N} are real coefficients and fixed
points in R? respectively, where the vector norm is Euclidean, and where ¢ is a
positive constant. Thus {s(x), x € R%} is infinitely differentiable. The use of such
functions was proposed by Hardy (1971), and they perform well in many calcula-
tions including the numerical experiments that are reported by Franke (1982). An
important property is that, for any choice of distinct points {x;:j =0, 1,..., N},
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the (N + 1) x (N + 1) matrix that has the elements
(1'2) Al_)= [“xi_xj”2 +Cz:ll/23 i’j=07 15--'5N’

is nonsingular (Micchelli, 1986). Thus the interpolation equations {s(x;) = f;,
i=0,1,..., N} define the coefficients {4;:j =0, 1,..., N} uniquely for any given
right-hand sides {f;:i =0, 1,..., N}. Further, interpolation on an infinite regular
square grid in R? reproduces all polynomials of degree d (Buhmann, 1990), so we
can achieve O(h**') accuracy when interpolating smooth functions, h being the
grid size. There is no uniform bound on the norm of the interpolation operator,
however, when the centers {x 52J=0,1,..., N} are in general position.

In the univariate case (d = 1), the ability to reproduce linear polynomials does
not require the centers {x;} to be equally spaced when there are infinitely many
of them, {x;:je Z} say, that extend to both ends of the real line (Powell, 1990).
Further, letting the centers be in strictly ascending order and letting ¢; denote the
function {@x) = [(x — x;)> + ¢*]'?, xeR}, that paper defines the normalized
second divided difference

D+ 1(x) — (PJ(x) _ (Pj(x) - (Pj~1(x)

(1.3) Yix) = , x€eR,
! 2Axjpy — xy) 2x; — x;-1)
for every integer j, and then proves that the quasi-interpolation scheme
(1.4) s)= Y, flx)yfx),  xeR,
jeZ&

gives the identity {s(x) = f(x), xeR} whenever f is a linear polynomial. We are
going to draw some conclusions from this result in the usual case when the
approximating function {s(x), x e R} is derived from a finite number of function
values, {f(x):i=0,1,..., N} say.

Three quasi-interpolation schemes that define an approximation s are con-
sidered, and for each one we establish bounds on the error
(L.5) If —slle= max |f(x)—s(x)l

XoS X< XN

We believe that these error bounds are the first that have been published for
univariate multiquadric approximation in the case when the number of centers is
finite, and our method of analysis imposes no conditions on the positions of the
centers, éxcept that we assume the strict ordering

(1.6) Xo <Xy <Xy <00 < Xy

The case when there are equally spaced centers {x; = jh:je &} throughout the
real line — o0 < x < oo has been studied by Buhmann (1988), and he provides a
bound on the error | f — 5|, of the approximation (1.4) that is similar to our
results. We extend the notation (1.6) by letting {x;:j= —1, —2,...} and {x;
j= N+ 1,N + 2, ...} be any prescribed, infinite, strictly monotonic sequences that
diverge to — oo and + oo, respectively. We retain the definition (1.3) for all je £,
and we recall from Powell (1990) that these functions can be expressed in the form

P B{0)
7 Vi) =z L‘. [(x — 6 + 22

xeR,
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where {B{0),0cR} is the piecewise linear hat function that has the knots
{x;_1, xj, Xj+1} and the normalization B(x; = 1.
Section 2 considers the approximation ¥ f = s that is defined by the formula

(1.8)
-1 N ©
s =Y o)+ X fOex)+ Y foPAx),  xo < x < xy.
j=0

j=-w J=N+1
We find that this approximating function is independent of the particular choice
of the extra centers {x;:j < 0 or j > N}, and that it is in the (N + 2)-dimensional
linear space 4 that is spanned by the multiquadric functions {¢;:j =0,1,..., N}
and constants. Further, we derive a bound on the error (1.5) that is expressed in
terms of the modulus of continuity of f. All our error bounds depend on the
maximum spacing between adjacent data points, which is denoted by the symbol
(1.9) h= max (x; — x;_ ).

1<j<N

Thus we avoid the details of the positions of the interior data points.

Section 3 addresses the question of confining s to the (N + 1)-dimensional space
</ that is spanned by the multiquadrics {¢;:j = 0, 1,..., N}. Specifically, we form
%, [ by replacing the constant term that occurs in the approximation (1.8) by
the constant times the function

(L10)  {[(x — %o + 1V 4 [(x — xy)? + 12 (xy = Xo), X0 <X < Xy,

because the value of this function is quite close to one for all x in the interval
[x¢, xy] provided that ¢ is small. We note the resultant change to the error
{f(¥) — 5(x), xo < x < xy}, the variable x occurring explicitly in order to demon-
strate that the change is smaller when x is well inside the range [x,, xy].

When f is differentiable, we let %, f be the approximation

—1 N
(L1 s = Y [fxo) + (x; = %)/ xo)W0) + ¥ fOx)
j=0

j==w

0

+ Z LfGew) + (x T xy)f l(xN)]'l,j(x)’ Xp £ X < Xy,
j=N+1

which is usually more accurate than expression (1.8). Indeed, it follows from the
polynomial reproduction properties of formula (1.4) that we now have {s(x) = f(x),
x € R} whenever f is a linear polynomial. This scheme is the subject of Section 4.
Again we find that the actual positions of the centers {x;:j <0 or j > N} are
irrelevant, but now s is in the (N + 3)-dimensional linear space % that includes
&/ and all linear polynomials. Assuming that the derivative {f'(x), X, < x < xy}
is Lipschitz continuous, we bound the error (1.5) by an expression that is
proportional to the Lipschitz constant.

The given error bounds are explicit. We find, for instance, that |f — % f| .
is at most (1 + ¢/hw(f, h), where {w(f, d), 6 > 0} is the modulus of continuity of
/. Further, examples are presented that show that the bounds are optimal or nearly
optimal. A referee has pointed out that the uniform convergence of % f to f as
h — 0 can also be deduced from the fact that equations (1.7) and (1.8) allow % f
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to be expressed as a convolution of a linear interpolating spline with a positive
kernel. We employed yet another technique initially which makes explicit use of the
asymptotic properties of the functions {i;}. The theory that is presented in this
paper, however, includes exact analytic evaluations of several integrals. Thus it
gives tighter error bounds than the other two techniques.

The conclusions of Sections 2-4 are compared in Section 5. We note that the
differences between the approximations {(Z,fNx), xo < x < xy}, {(Laf)x),
Xo < X < Xy}, and {(Z f)(x), xo < x < xy} are greatest when x is near to an end
of the interval [x,, xy]. Further, when f is smooth and ¢ is bounded above by a
constant multiple of A, we find that typically the errors | Z,f — fl,
1 %sf — flw, and | % f — fl . are of magnitudes O(h), O(h), and O(h*|log h|),
respectively, but the differences |(£,, f)x) — (Z f)x)| and |(Lg FUX) — (L f)X)]
are only @(h?) when x is well inside [x,, x5]. Such bounds do not hold, however,
if ¢ is independent of h. Therefore, in order to obtain good accuracy from the
quasi-interpolation schemes when h is small, it is necessary to ensure that c is not
much larger than h. We can also reach this conclusion by studying the decay of
Y {(x) to zero as |x — x;| becomes large, using expression (1.3) or (1.7). On the other
hand, some recent work of Buhmann and Dyn (1991) shows that it may be
advantageous to keep ¢ fixed as h — 0 when the approximation s is defined by
interpolation.

2. Approximation from the Space %

It is straightforward to deduce from (1.7) that the functions {y;: je &} are positive
and a partition of unity, which means that the equation
2.1) Y yx)=1, xeR,

je&
is obtained. Therefore, the infinite sums of the definition (1.8) are absolutely
convergent for every x. We write this definition in the form

N-1
22  (Zaf)x) = f(xo)Bolx) + Z JEWx) + fxn)Bu(x),  xeR,

where f, and By are the functions Y ;.o ¥; and ) ;. y ¥;, respectively, the notation
B being employed because of its affinity to the name of the linear space 4. Further,
remembering that the numerator of the integrand of expression (1.7) is a normal-
ized hat function, we have the identity

*0 1 1 |7 e = 0)/0xy — xo)
TR I TS R T
[ — xp)? + 2172 — [(x = xo)? + ¢2]12

+ , xeR,
2(xq — xo)

(23) Bo(x) = 3c? j

N

and a similar argument provides the equation
[(x — xn)* + 1Y% = [(x — xy_1)* + 212

20xy — Xy_1)

24) Byx)=1%— , xeR
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It follows that %5 f is in the space & as claimed. Further, the relations (1.3) and
(2.2)(2.4) imply that the approximation % f is the same as f when f is a constant
function, which is a restatement of condition (2.1).

Next we seek bounds on the error function f — % f when {f(x), xo < x < xy}
is continuous. Using the form (1.8) of %z f and condition (2.1), we deduce the
equation

-1 N
23) ()~ (ZaN)= X [fx)— [l ix) + Y LX) — ) (x)

j=—« j=0
+ Y L) S, xe<x<xy.
j=N+1

In order to bound the differences in f that occur in the square brackets, we let
{w(f, 8), 6 > 0} be the modulus of continuity of f. Therefore, if x is in the interval
[xx, X + 1], the definition (1.9) implies the inequalities

26 /@~ fxJ<o(f,h) and  [f()— [l < off, ).

Further, the conditions
2.7) [f(x) = fEe)l < (U + |x — x5 /Wl fh), j=0,1,...,N,

are also satisfied. -
Let {0(6), 0 R} be the linear spline with the knots {x;:je Z} that takes the
values

Jx) = flxo),  j<0,
2.8 olx) =4f(x)— flx), O0<j<N,
Jx)—flxy), j=N.
Then (2.5) and (1.7) give the identity

® a(6)
(29) f(X) - (‘g.@f)(x) = %CZ J\_ w [(X _ 0)2 + 62]3/2 :

It follows from conditions (2.6)(2.8) that we have the inequality

Lo [© (L x = Ol/Ref, )
(2.10) /() — (Za S| < de L [ — 67 + "

= (1 + ¢/hw(f, h), Xo < X < Xy,

do

which is the main result of this section. We state it as a theorem.

Theorem 1. Let 5[ be defined by the quasi-interpolation formula (2.2), where
Bo, {¥;:j=1,2,...,N —1}, and Py are the functions (2.3), (1.3), and (2.4), re-
spectively. Then the maximum value of the error function {f(x)— (L f)x),
Xo < X < xy} satisfies the bound

211) If = Zafllw <+ c/Bolf, h),

where h is the maximum spacing between adjacent data points.
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The factor (1 + ¢/h) that multiplies w(f, h) in the statement of the theorem
cannot be replaced by a smaller number whose only dependence on the data points
{x;:j=0,1,..., N} is the value of h. We prove this assertion by considering the
following example.

Let # be any number from the open interval (0, k), and let {f(x), xeR} be a
linear spline whose knots are all the integer multiples of 7 and the points
{x(kh+mn):k=0,1,2,...}. Further, we let the values of f at its knots be the
numbers
(2.12) fxkh) = ko, } k=0,1,2,...,

S(x(kh + 1)) = (k + Do, ’
where w is a positive constant, this notation being deliberate because we have
w = w(f, h). We consider the error | f(x) — (£ f)(x)| at x = 0 when the data points
{x;:j=0,1,..., N} are all the elements of the set {+(kh + n): k=0, 1,2,...} that
are in the interval [—Mh — 5, Mh + 5] for some large integer M. In this case,
we have N = 2M + 1 and f(x) = 0. Further, expression (2.8) becomes the equation

—(M + Do, j=<0,
(2.13) o(x;) = < —[1 + (Ix;| — n)/hlw, 0<j<N,
—(M + Do, j=N.

Therefore the identity (2.9) gives the bound

Mh
[1+ (0] — y)/hle
2.14 0) — (La /)0)| > 42
( ) |f( ) ( .@f)( )l 2 J‘_Mh (92+C2)3/2
We let  and M tend to zero and infinity, respectively, for fixed h. Thus in the
limit the first line of inequality (2.10) when x = 0 is satisfied as an equation, which
implies the required optimality of condition (2.11).

de.

3. Approximation from the Space &/

Equations (2.2)-(2.4) show that the approximation %4 f is a linear combination
of the multiquadric functions {¢;:j=0,1,...,N} plus the constant term
4 f(xo) + f(xx)], but now we require an approximation that has no constant term.
Therefore, recalling from Section 1 that the expression (1.10) can be a good
substitute for one, we define our approximation from ./ by the quasi-interpolation
formula

B (Zu )0 = (Zaf)x) + 3 (x0) + fxx)]

{[(x — Xo)? + c2]M2 4 [(x — xy)? + 2] ~ 1}
X —

N-1
= flxodag(x) + 2 fOx)x) + flxnan(x),  xeR,
i=1
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where o, and oy are the functions

@1(x) ~ @o(x)  @o(x) + on(X)

(62 TR reR
() = — o) — Pn—1(x) | @olx) + @plx)
! 20xy — Xy-1) 2xy — o)

Because expression (1.10) is bounded below by one, the strict positivity of 8, and
By is inherited by oy and ay, but formula (3.1) does not reproduce nonzero constant
functions.

Equation (3.1) implies the difference

(33) (Lo o) — (Za o) =L HO0 s 2 (x — xy)

2(xy — Xo)
+ [y — X)* + 212 — (xy — %)},
Xg <X < Xy
The term in braces has the value

CZ CZ

(x — x0) + [(x — xo)” + 17 (g — %) + [y — 7 + 272

(34)

which for x in [x,, xy] is bounded below and above by the numbers
1c? 2c?

- and n »
min(x — X, Xy — X) + ¢ min{x — xg, Xy — X) + ¢

(3.5

respectively. Thus we deduce the relation
3.6)

(L 1) — (o /)] < AL xo) + £ (o)

(xy — xo)[min(x — xg, xy — x) + ¢}’

xOSxSxN:»

the right-hand side being at most four times the left-hand side. We see that, if ¢
is small, then the difference [(Z,, f)(x) — (L5 f)x)| is relatively large when x is
near the ends of the interval [x,, xy]. Further, because the maximum value of
expression (3.6) occurs at x = xg, it follows from Theorem 1 and the triangle
inequality that we have the following resulit.

Theorem 2. The maximum error of the quasi-interpolant %, f on the interval
Xg < X < Xy Satisfies the bound

(3.7) N~ Ll <

Mj_i(z@ + (1 + c/hy(f, h).

XN
We complete this section by proving that, for any values of the two numbers

| /(xo) + f(xy)| and o({f, h), there exists a function {f(x), x, < x < xy} such that
the lefi-hand side of inequality (3.7) is at least one-quarter of the right-hand side.
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Specifically, we let f satisfy the condition
(3.8) If — Zaflle =31+ c/h)lf, h),

which is shown to be possible in the last paragraph of Section 2, and then we add
a constant to f, if necessary, to achieve the given value of | f(xo) + f(xy)|, which
preserves inequality (3.8). Further, we construct f by altering f by tpe constant
term that reverses the sign of f(xy) + f(xy), so the expressions f — ¥ f and w(f, h)
are equal to f — ¥z f and w(f, h), respectively, but the difference &, f — % f is
minus the difference %, f — %z f.

If the condition

(3.9 (1 + c/ha(f, h) = ¢ f(xo) + f(xw)| (xy — Xo)
holds, we let £ be a point of [xq, xy] that satisfies the equation
(3.10) 1) — (L)) =S — Lz

and we consider the elementary bound

Gl N = Zufllo 2 L) — (Zaf/NE)] + [(La fNE) — (Lar NI

The option of replacing f by f allows us to assume that the two terms in square
brackets do not have opposite signs. Therefore it follows from expressions (3.11),
(3.10), and (3.8) that we have the relation

(3.12) If = L fllw = K1 + c/B)x(f, ),

and then condition (3.9) implies that || f — &£, f | is at least one-fourth of the
right-hand side of inequality (3.7) as required.
Alternatively, when condition (3.9) fails, we employ the bound
B13) IS = L fllo 2 ILf (%) — (Za fNx0)] — [(Zer SHX0) — (L f)x)]I
2 |(Loy NNxo) — (L [Nxo)l»
where, as before, the last line is obtained by replacing f by f if necessary. Because

the term (3.4) is bounded below by ¢ when x = x,, we deduce from expressions
(3.3) and (3.13) that the inequality

(3.14) If = Lo flleo 2 el f(x0) + f(xm)| (Xx — o)

holds. Therefore the required result follows from the failure of condition (3.9).

4. Approximation from the Space ¥

We assume throughout this section that {f(x), xo < x < xy} has a Lipschitz
continuous first derivative, we recall from Section 1 that % f is the approximation
(1.11), and we seek bounds on the error f — % f. The definition (1.8) of Zp f
allows us to express % f in the form

(4.1) (Ze )x) = (La S)X) + [ (Xo)yo(x) + [ (xw)yn(x),  x€R,
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where y, and yy are independent of f. Specifically, in view of (1.7), we see that y,
is the function

0 Xo 0 —
(4.2) Po(x) = j}im(x,- — X fx) = 3¢? J_ =0y _T_Ocz]a/z

= x—x0) — H(x — x0? + 21, xeR,
and a similar argument gives the identity
(4.3) a0 = Hley — %) + 2J12 —(xy —x),  xeR.

Hence, as claimed in Section 1, % f is in the space ¥ and is independent of the
positions of the additional centers {x;:j < 0 or j > N}. Further, we can deduce
directly from (1.3), (2.2)42.4), and (4.1}(4.3) that % f = f when f is any linear
polynomial. We omit this task, however, because it has been noted already that,
due to the equivalence of formulas (1.4) and (1.11) when f e I1,, this property is
a consequence of a theorem of Powell (1990). Because it implies the relation
{Dyea x;¥(x) = x, xR} in addition to condition (2.1), we have the equation

44) f)= 2 L0+ (x;— 0 ) x), X0 <x<xy,

jeZ

which is important to the error bounds that are going to be derived.
Indeed, this equation and the definition (1.11) of %, f provide the identity

4.5)

-1
JO) = (N =Y Lf)+ (x; = x)f'(x) = flxo) — (x; ~ Xo)[(x0)]¥x)

j==w

F Y L6+ (5 — %)) — £ ) — () — ) i) 1040

j=N+1

N
+ 2 L0+ (= D)) = fO)WAx), %o < x < xp.

j=0

In order to bound the terms in square brackets, we require the derivative { f'(x),
Xo < x < x5} to be Lipschitz continuous, and we use the notation

4.6) Q = esssup | f"(%)|

XgSX=XN

for the Lipschitz constant. For every x in the interval [x,, xy], this assumption
yields the inequalities

@) 10+ =000 — f) <x—x)Q, j=0,1,...N,
(4.8) | f(x) + (x; = %) (x) — fx0) — (x; — x0) f"(xo)|

< 3Hx — x0)*Q + |x; — X f1(x) — f'(%0)|

< (x — xp)[3x — xg) + (x0 — 91Q, i<o,
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and

(4.9) | £ (%) + (xj = %) f'(x) = flxn) — (x; — x3) f'(xn)]
< (v = 0)Exy — ) + (05— x0)1Q, j= N
Instead of expression (2.8), we now let the numbers {a(x): j € Z} be the right-hand

sides of inequalities (4.7)+4.9) for the values of j that are displayed. Therefore (4.5)
implies the bound

(4.10) [f) = (Ze N < 3 olxfx), X0 < x < Xy
j=—=x
It follows from the identity (1.7) that the right-hand side of this bound has the value

2 [* __2iox)B{0) i f ® a(6)
cfmm—W+ﬂmw‘z.mm—W+ﬂmm

(4.11)

i

where {a(6), 8 € R} is the linear spline with the knots {x;: j€ Z} that interpolates
the numbers {o(x;): j € Z} that have been defined already. We see that the functions
{a(9), 0 < xo} and {a(0), 6 = xy} are straight lines, but {a(0), x, < 0 < xy} is a
piecewise linear interpolant to the quadratic function {3(x — 6)’Q, xo < 6 < xy}.
Therefore, the usual bound for the error of linear interpolation gives the condition

(4.12) o{f) < 3x — O + 0, xq <6 < xy.
Hence expressions (4.10) and (4.11) imply the inequality
* (x — xo)[Hx + Xo) — 0]
(4.13) |ﬂﬂ—@@ﬁ@ﬂsﬁ%{£m e
+ 120 JxN Hx — 6)* + §h*
w [ = 07 + PP

1.2 ® (XN - x)[g - %(x + xN)]
+”9L [ — OF + T

do

do.

Analytic integration shows that the three terms on the right-hand side have the
values

XX Hx — xoPx — 6) T
4.14 1:20) o
9 * [[(x — 60?7 + 1V Pllx — 6y + P17
oh-1( 0= X) G —shx—0) T
(4-15) %CZQ[’% sinh 1< . ) + Cz[(x . 9)2 + 02] 1/2:L09
and

¥

X — Xy 3(x — xp)*(x — 0) To

1.2
4.16) 3C Q[Hx Zop + 2 Mix — 02 + 2]

XN
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respectively. Thus we find the relation
@17) 1f(x) = (L NI < 3Qx — x){[(x — x0)* + *]2 — (x — xo)}
+ 3Q0cy — [y — %) + 212 — (xy — %)}

+ %czg[sinh- 1<x—_—x°> + sinh™ l(x” - x)]
C C

112 X — Xg Xy — X
4 + A
ek Q[[(x —xof? + 1 [y — x)* + cﬁ‘ﬂ]

Xp £ X < Xy

Now the expressions in the first, second, and fourth lines of the right-hand side
are at most 3c2Q, 1c2Q, and $h%Q, respectively, while the third line contains a
concave function of x whose maximum value occurs at x = 3(x, + xy). Therefore,
we have the bound

(4.18) If — Zofll, < %c29[1 +2 sinh‘1<xN; x°>] + ih20.
C

It is more usual, however, to employ logarithms instead of inverse hyperbolic
functions, so we invoke the elementary inequality {sinh ™! ¢ < log(2t + 1), z > 0}.
Thus expression (4.18) implies the following theorem.

Theorem 3. If f has a Lipschitz continuous first derivative, then the maximum error
of the quasi-interpolant % f on the interval x, < x < xy satisfies the bound

(4.19) If = %Sl < %clg[1 +2 1og<1 + M)] +1h2Q,
C
where Q) is defined by (4.6).

In the limiting case when ¢ = 0 this theorem gives the usual bound on the error
of piecewise linear interpolation, but, when ¢ is not much less than h, the 3h2Q
term is unimportant. Therefore, it is worthwhile to test the slackness in inequality
(4.19) without giving careful attention to the value of h. It is appropriate to let f
be the quadratic function {f(x) = 4Qx?, x, < x < xy}, because in this case the
inequalities (4.7)}-4.9) are all satisfied as equations even if the modulus signs are
replaced by the factor —1 on each of the left-hand sides. Thus condition (4.10)
also holds as an equation. Deleting the h? term from the relation (4.12), however,
provides the lower bound {a(6) > 3Q(x — 0), x, < 0 < xy}. Therefore we set & to
zero in expressions (4.13) and (4.17) and we reverse these inequalities. Thus, because
each of the functions of x in the first three lines of the right-hand side of expression
(4.17) is concave, we find the bound

(4.20) [f(0) = (Lo )X = 2Q:xy — xo}{[(xn — Xo)* + *]? — (xy — Xo)}

.11 XN T Xq
+ 1c2Q sinh 1(————), Xo < X < Xy.
¢
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We can delete the first term on the right-hand side because it is nonnegative. It
follows from the elementary relation {sinh ™' ¢ > log(2¢), t > 0} that we have the
inequality

421) |f(x) ~ (ZLe X)) = %,czn[log 2+ log("” : x)] Xo < X < Xy,

when f is the function {3Qx? x, < x < xy}. It follows that Theorem 3 usually
provides a good indication of the magnitude of |/ — % f|,. Further, because
condition (4.21) is valid for every x in the interval [x,, xy], we can deduce that
in many cases the ratio of the maximum to the minimum value of the error function
{1 (%) — (L /)X)|, xo < x < xy} is at most two, due to the dominance of the
sinh ™! terms of expressions (4.18) and (4.20) when & < ¢ < (xy — X,).

5. Discussion

Theorems 1, 2, and 3 all suggest that the given quasi-interpolation schemes fail to
provide good accuracy as k& — 0 unless ¢ — 0 too. This suggestion is confirmed in
the last paragraph of Section 4. Therefore in this section we assume that ¢ satisfies
the bound

(5.1) ¢ < Dh,
where D is a positive constant. Thus our theorems provide the inequalities
(5.2) If = Zafle <1+ Dalf,h),
| f(Xo) + f(xn)| Dh

(53) 1f = L flloo <= T+ (L + Do f, ),

XN — Xo
and
(54) If = Lo fll < [% +4D? + 4D? log<1 + %)}th.

It is usual to replace w(f, k) by h| f'|, when f is smooth, and in this case we
expect % f to be a substantially more accurate approximation to {f(x), xo < x <
xy} than £, f or ¥4f. Indeed, inequalities (5.2)«5.4) provide the O(h), O(h),
and O(h%|log h|) error bounds that are mentioned in Section 1.

The example at the end of Section 4 shows that the O(h?|log h{) term of
expression (5.4) cannot be removed if our only condition on f is that it has a
Lipschitz continuous first derivative. Inequality (4.21) also demonstrates that the
dependence of the relation (5.4) on xy — X, is unavoidable too, and that the error
of the approximation %, f ~ f becomes unbounded if x5 — x, tends to infinity
for any fixed value of c. When there is a constant upper bound on | f'}| ,, however,
in addition to the Lipschitz condition (4.6), then inequality (5.4) can be strength-
ened to a form that has no xy — x, term. For example, Theorem 6 of Buhmann
(1988) establishes that, if the function {f(x), xeR} has finite first and second
derivatives and if there are an infinite number of equally spaced centers {x; =
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jh: je Z}, then the error || f —s||, of the quasi-interpolation scheme (1.4) is
O(h? + c*|log h|). A method of proof is to bound the square bracket terms of
equation (4.5) by the least numbers that can be derived from the values of || /||,
and Q.

Inequality (4.21), when f is a quadratic function, suggests that in general
expression {5.4) provides a useful bound on | f(x) — (¥ f)x)| for every x in
[xg, xx). On the other hand, the following remarks show that the bounds (5.2)
and (5.3) on | f(x) — (L& )x)| and | f(x) — (&L f)x)|, respectively, are pessimistic
when f is smooth and x is well inside the interval [x,, xy]. Equations (4.1)}-(4.3)
imply the relation

(5.5) 1(ZaNx) — (L ) < [ro¥) + I3} IS N

3c?
= [(x T ) 4 [ —xo) + AT
1,2
+ 2 ]Hf’ll
(on — %) + [(ey — 22 + 272 | 1
D2| 17|, 2
~ min(x — x,, Xy — X) + Dh’

Xo S x < Xy,

where the last line depends on condition (5.1) and the upper bound (3.5) on
expression (3.4). Therefore, if x satisfies x; + A < x < xy — A, where A is a positive
number, then |[(ZLgf)x) — (% f)x)| is at most a constant multiple of A~*Ah2
Further, inequality (3.6) shows that (%, f)(x) — (%% f)(x)| also enjoys this prop-
erty. Thus we deduce the conditions

(5.6)
S0~ (I < DS A7+ 1 = Zi
1969 = 19001 < | 11 4 LELLON by — s gy,
N A0

when xe[xy + A, xy — A]l. Remembering the h?|logh| term that occurs in
fx) — (L f)(x), it follows wusually that the errors f(x) — (L f/)x),
f(x) — (Zaf)x), and f(x) — (%% f)(x) are approximately equal when x is well
inside the interval x, < x < xy.

The authors are continuing to study multiquadric radial basis function approx-
imations that have a finite number of centers, giving particular attention to
interpolation on the regular grid {x; =jh:j=0,1,..., N} when d = 1 (Beatson
and Powell, 1991). Interpolation tends to be more accurate than quasi-interpola-
tion because its error vanishes at the centers {x,} instead of often having a constant
sign. Further, if x is any fixed interior point of [x,, xy] and if & tends to zero,
then in the case of a regular grid one can bound the interpolation error at x by a
multiple of A% (Powell, 1991), which is better than the @(h?|log h|) results that we
have derived. On the other hand, the effort of calculating the coefficients of
quasi-interpolants is less than the work of solving the linear systems of equations
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that occur in interpolation and, more importantly, the accuracy properties of the
given quasi-interpolation shcemes are valid when the spacings {x; — x;_,:j =1,
2,..., N} between adjacent data points are highly irregular.
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