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Adaptive topology optimization of elastoplastic structures 
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A b s t r a c t  Material topology optimization is applied to deter- 
mine the basic layout of a structure. The nonlinear structural 
response, e.g. buckling or plasticity, must be considered in order 
to generate a reliable design by structural optimization. In the 
present paper adaptive material topology optimization is extended 
to elastoplastieity. The objective of the design problem is to max- 
imize the structural ductility which is defined by the integral of 
the strain energy over a given range of a prescribed displacement. 
The mass in the design space is prescribed. The design variables 
are the densities of the finite elements. The optimization problem 
is solved by a gradient based OC algorithm. An elastoplastic von 
Mises material with linear, isotropic work-hardening/softening for 
small strains is used. A geometrically adaptive optimization pro- 
cedure is applied in order to avoid artificial stress singularities and 
to increase the numerical efficiency of the optimization process. 
The geometric parametrization of the design model is adapted 
during the optimization process. Elastoplastic structural analy- 
sis is outlined. An efficient algorithm is introduced to determine 
the gradient of the ductility with respect to the densities of the 
finite elements. The overall optimization procedure is presented 
and verified with design problems for plane stress conditions. 

1 I n t r o d u c t i o n  

During the last years numerous methods for topology op- 
timization of discrete and continuous structures have been 
introduced and applied to a broad range of design prob- 
lems. An overview can be found in the proceedings edited by 
Bendsee and Mota Soares (1991), the review paper by Roz- 
vany et al. (1995) and the book by Bendsee (1995). The lay- 
out problem is transferred into a material distribution prob- 
lem. The body of a structure is defined, whether or not there 
is material at a point x in the design space f2, 

X : X(x) = I 0 --* no material 
1 --* material  X E Leo(f2), x E ~3(y2).(1) 

The indicator function X(x) is equal to "0" if there is no ma- 
terial or equal to "1" if there is material in point x. Only 
one homogeneous, isotropic material in the design space is 
assumed. In a discretized formulation the search for the op- 
t imum material  distribution in the design space corresponds 
to a combinatorial problem which is very costly to solve. The 
arbitrarily discontinuous description of material distribution 
leads to a highly nonconvex variational problem which can be 
overcome by introducing porous materials (Kohn and Strang 
1986). The integer problem is transferred into a continuous 
problem. The discrete valued parameter function X becomes 
a continuous distribution of a new parameter ~ : 0 < ~ < 1 
which means the density of the porous material. In a phys- 
ically orientated approach the macroscopic material proper- 
ties are derived from the microscopic structure of the porous 

material by homogenization. The optimization variables de- 
scribe the geometry of the microstructure. In the SIMP ap- 
proach (Solid Isotropic Microstrncture with Penalty for in- 
termediate densities) the optimization variables are macro- 
scopic material properties such as density or Young's modu- 
lus (Rozvany and Zhou 1990; Rozvany et aI. 1992; Mlejnek 
1993; Maute and Ramm 1995a). 

The material distribution ~ is piecewise approximated 
by ~i in order to solve numerically the relaxed optimization 
problem. This discretization is usually identical to the finite 
element discretization, which is used for structural analysis 
and sensitivity analysis. The design space is more or less 
distinctly divided into voids and structural elements depend- 
ing on which relaxation method is applied. A broad range 
of design problems were solved following this approach, e.g. 
maximizing the structural stiffness for given mass, minimiz- 
ing the weight with displacement constraints and natural  fre- 
quency tuning. The numerical efficiency and the quality of 
the optimization results were improved applying geometri- 
cally adaptive techniques (Maute and Ramm 1995a, 1996) 
and including boundary variation techniques, i.e. shape op- 
timization (Olhoff et al. 1991; Papalambros and Chirehdast 
1993; Maute and Ramm 1995b). So far, mainly a geometri- 
cally and materially linear structural response is assumed. In 
order to generate a reliable design by structural optimization 
the nonlinear structural response, e.g. buckling or plasticity, 
must be considered. 

Material topology optimization including geometrical 
nonlinearities is addressed by Neves et al. (1995) and by 
Manta (1998). The critical buckling load is maximized. The 
stability problem is reduced to a linearized eigenvalue prob- 
lem. Truss design for nonlinear material  is reported by Taylor 
and Ldg6 (1993) and Taylor (1993). The load factor is max- 
imized limiting the maximum energy in the truss structure. 
The nonlinear behaviour of the material  is directly consid- 
ered in the formulation of the optimization problem. Mate- 
rial topology optimization including material  nonlinearities 
is considered by Yuge and Kikuchi (1995). The structural 
stiffness of frame structures, i.e. the external work done by 
the applied forces, is optimized. The algorithm is based on 
linear Timoshenko beam theory and an elastoplastic material 
model with linear work-hardening. A monotonous increase of 
the strains is assumed. Softening and unloading are not con- 
sidered. Mayer et al. (1996) optimize the topology of shell 
structures under dynamic load conditions based on an elasto- 
plastic material model with isotropic strain hardening. The 
structural response is determined by a dynamic analysis, the 
sensitivities are approximated for quasi static conditions. In 
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the present paper an extended approach is presented in order 
to optimize the conceptual design for elastoplastic structural 
response. The yon Mises material model with linear isotropic 
work-hardening/softening for small strains and plane stress 
conditions is applied. The derivation of a consistent sensitiv- 
ity analysis is discussed in detail. The techniques and the ad- 
vantages of a geometrically adaptive procedure are outlined. 
The implementation of the method in an overall numerical 
optimization procedure is presented. The proposed method 
is verified with numerical examples. 

2 Optimization problem 

In the present study the objective of the design problem is to 
maximize the ductility of the structure for a given range of 
prescribed displacements ft. The ductility is defined by the 
integral of the strain energy over the range ft. The mass rh 
in the design space ~ is prescribed, 

f :  - I / a  T dedO, (2) minimize 

f2~ 
with 

h = f p d ~ -  ~ = 0, (3) 

~2 
where ~ are the total strains according to the prescribed dis- 
placement ft. Additionally the mechanical equilibrium condi- 
tions must be satisfied, which are given e.g. by the principle 
of virtual work in its weak form 

f 5eTo-$'2-)~ f 6nTt dF O, (4) 
d J 

r 
where a denotes the stresses, ~ the strains and u the displace- 
ments; A is the load factor and { are the prescribed traction 
forces on the surface F. In this study body forces are ne- 
glected without loss of generality. The material distribution 
in the design space a9 is described by the density of the finite 
elements which are design variables, 

Pi ~i = - - ,  (5) 
P0 

where P0 denotes the density of the homogeneous material. 
According to the SIMP approach the relation between mate- 
rial properties and the density are defined as follows: 

D = bl(Pi)Do, U h = b2(Pi)E h , Cry = b3(Pi)r (6) 

where D denotes the elastic material tensor, E h the plas- 
tic hardening modulus, and Cry the yield stress. The index 
"0" marks the properties of the homogeneous material. The 
functions bl, b2, b 3 must be chosen such that the optimized 
design space is clearly subdivided into void and bulk mate- 
rial. Since in linear elasticity a fl-powered material approach 
leads to definite results for maximum stiffness problems, bl, 
b2, b a are chosen analogously in the present study, 

bj= \~00/ ' j = 1 ' 2 ' 3 '  (7) 

The topology optimization based on an elastoplastic ma- 
terial model is a path-dependent problem. Instead of an en- 
gineering material approach a physically oriented approach 
is imaginable as well. In the case of an elastic material be- 
haviour the material properties can be determined by a ho- 
mogenization method a priori. In the case of elastoplastic 

material behaviour this is not possible, since the problem is 
path-dependent. It would be excessively costly to determine 
the material properties by homogenization during the non- 
linear structural and sensitivity analysis (Suquet 1987; Yuge 
and Kikuchi 1995). Therefore, Mayer et al. (1996) derive only 
the elastic material properties by homogenization of a unit 
cell with a square hole and approximate the plastic proper- 
ties, i.e. hardening modulus and yield stress, as functions of 
the density. This approach is similar to the one presented 
above. 

The Kuhn-Tucker conditions define the optimum material 
distribution of the discretized optimization problem. Equa- 
tions (2) and (3) yield 0// 

Op i a T de d~  + ~/D i = O, (8) 

oka  - = o ,  (9)  

where ~ is the Lagrangian multiplier and f2 i the volume of 
the related finite element. In (8) a and e are assumed to be 
statically and kinematically admissible; i.e. the mechanical 
equilibrium conditions are satisfied. 

The iterative algorithm to determine the optimum ma- 
terial distribution is split up into four parts: (i) calculate 
path-dependent structural response by a displacement con- 
trolled Newton-Raphson algorithm for a given design Pi, (ii) 
determine the path-dependent sensitivities of the structural 
response with respect to the design variables Pi, (iii) gener- 
ate a new design by an optimality criteria method, and (iv) 
adapt the finite element mesh due to the material distribution 
obtained. 

3 Non l inea r  ma te r i a l  b e h a v i o u r  

The material nonlinear behaviour is described by the von 
Mises yield criterion. The yield function ~P(S,x) includes 
the deviatoric stresses S and the yield stress with isotropic 
hardening/softening as a function of the internal harden- 
ing/softening variable t~, 

r = I S ] -  ~ with S = P a ,  (10) 

~ = ~ y + E h ~  with ~ -  , (11) 

P is the projection matrix and 7 the plastic multiplier. As- 
suming small strains, the strain increments can be partitioned 
into an elastic and a plastic part. Furthermore an associative 
flow rule is adopted, 

d e =  ds e l+  de pl with de e l = D  -1do- ,  (12) 

I c9~ 0~  S (13) d~ p l =  d 7 ~ with =~-~.  

In (13) the gradient 0 ~ / 0 a  is evaluated at the end of 
the time step for a fully implicit Euler backward algorithm. 
The stresses S must satisfy the yield function ~(S, ~). For the 
Newton-Raphson method the elastoplastic compliance tensor 
must be derived by a consistent linearization by a consistent 
linearization considering the plane stress conditions (Ramm 
and Matzenmiller 1988), 

02~ E h 
H = D - 1  + dr -j, - 1 - 2 / a E h d v '  
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and 

H_IO~O~TIt_1 \ 
do- = H-1 __ _ _  _&~" 0r ~ ] 

2 ~h . o~TT~-I O~ ] 
d e = D  epde.  (14) 

4 Sens i t iv i ty  analysis  

The sensitivity of the integral of the strain energy over the 
range ~ is required in order to solve the optimization problem 
by a gradient based optimality criteria method, 

O f  0 / / o . T d ~ d f 2  = 
OPi OPi 

1-2 i 

0 f / / d o . T d e d S 7  (15) 
OPi a " 

If the shape is not varied, the variation of the principle of 
virtual work in incremental form with respect to the design 
variable Pi yields 

5r dY2 - l 6ud/" = 0. (16) 

f2r F 
The derivative of (14) 

ado- O (D ep de) 0D ep Ode (17) 
Op~ - Opi - op~ de + D ep0p i , 

and the variation of the principle of virtual work (16) lead to 

J'//(d~T~+OdeTDeP~dedf2 
[ [ O[(dAt) T] 
J J ~Pi dud/" .  (18) 

In (18) the variation of the strains is identified by gr = de 
and the variation of the displacements by 5u = du, respec- 
tively. The load factor A corresponds to the prescribed dis- 
placements fi and strains ~. If the load t does not depend on 
the design, the sensitivity of the ductility yields with (16), 
(17) and (18) 

Of 
Opi 

S / / d s T ~ d . d ~ 7 _ 2 / / / ' d A ^ T  ~-p/t dudr .  (19) 

It should be taken into account that there is a difference 
between the sensitivities based on a displacement-controlled 
algorithm and those based on a load-controlled algorithm. In 
the case of a load-controlled algorithm the derivative of the 
incremental load factor dA is equal to zero. Displacement- 
controlled algorithms are more suitable for elastoplastic prob- 
lems. In this case the sensitivity of the load factor OdA/OPi 
is determined such that the sensitivity of the displacement 
fij, which is controlled during the path following procedure, 
is equal to zero, 
Odfij 

- o. (20) 

The evaluation of Od@/Opi may be very costly in the case 
of topology optimization due to the large number of design 

variables. If tTdu = tj~tj is constant, i.e. only the displace- 

ment controlled point is subject to the load [j, 0 dA/Op i can 
be reduced to 

OdA f d~ T ~ d~ d~2/t T du.  (21) 
Opi - . ,  

Equation (21) introduced into (19) yields the sensitivity of 
the ductility 

Of_ / f f deT~d~d~2. (22) 
Opi 

The sensitivity of the consistent elastoplastic tangent 
moduli ODeP/OPi can be split up with respect to the elastic 
material tensor D, the plastic hardening modulus E h and the 
yield stress O'y into three parts 

- -  __ 0DeP (~ 0DeP 0DeP(D~) d- 0DeP(Eh) d- (23) 

OPi OPi OPi OPi 
The derivatives of D, E h, ~y with respect to Pi are 

0D /31 ~1 - I r~ /31 D,  (24) 

OE h _/32 ~ = /3__2 Eh (25) 
OPi Po Po ' 

O~y /33 ~3-1 /33 o- 
- p o  p i  - -  p o  

(26) 

Subsequently it is assumed that the derivatives of the con- 
sistent elastoplastic material tensor D ep due to the change 
of the stress state caused by a design change in the actual 
increment can be neglected,. 
0D ep 0o. 

- 0 .  ( 2 7 )  
Oo. Opi 

Thus, the derivatives of the normal on the yield surface and 
the derivative of the plastic multiplier vanish, 0(0o) 
Op i ~ =0,  Op i = 0 .  (28) 

This assumption is permissible for the present material 
model with linear work-hardening and is verified by numerical 
examples. In general, the derivative in (27) is not negligible. 
The sensitivities of the structural response, i.e. u, o., e, must 
be determined iteratively (Lee and Arora 1995). 

The first part of the gradient of the elastoplastic tangent 
modulus D ep is given by 

0DeP(D--------------~) 0H---1 w ( 0 H - 1  0~5 o~)TH_ 1 
- )- 

OPi Pi 

w -1 0r 0r ~T 0 H - 1  

(H_I 0 TH_I 
pi \ 0o. ] '  

with 

2 h 0~T -10~'~-1 
w = -gE2d + - -~-H - ~ )  , 

and 

0w(D) -w  2 { 0 ~  T 0H -1  6 9 ~  

(29) 

(30) 
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The variation of (14) with respect to the design variable 
Pi leads to 

0H-1 - -H -10 -HH -1 = H-1D-1  0DD-1H-1  . (31) 
Opi Opi Opi 

Substituting (24) into (31) 
0H-1 1 

_ fl H - 1 D - 1 H  -1 = fll ff1-1 (32) 
Opi Pi P-T ' 

the first part of the sensitivity of D ep is equal to 

0DeP(D) fll {ITI-1 _ (iTi-1 0c-5 0@ T -1~ - a ) -  

( H _  1 0~  O~ T ~ _1"~ 
0r / 0 ~ 0 - - g  H )+  

w 2 ~ H ~ H - 1 8 o ' ~  ,] j , (33) 

0DeP(D) fll 0DeP(D) 
O p ~ -  Pi Opi (34) 
Analogously the second part of the gradient of the elasto- 

plastic tangent moduli D ep is derived, 

ODeP(E h) w2 O~ O~ T -1 20Eh d 
~ p / -  (H-I0-~0-'~ H ) 3 ~p/ - 

2 f12 Eh w2 (H-1  0~50~TH-1 ~ 
3 ; i  (1 - 2 / 3 E h  dT) 2 0~r ~ ] , (35) 

ODeP(Eh) f12 ODeP(Eh) 
- (36) 

Opi Pi OPi 
The elastoplastic tangent modulus for the yon Mises yield 

function does not depend on the yield stress, 
0DeP(o'y) 

Op i - O. (37) 

However, the derivative of the ductility with respect to 
the yield stress does obviously not vanish. This part of the 
sensitivity results from the nonsmooth material behaviour at 
the yield surface. The integral along the prescribed strains in 
(15) needs to be split up into integrals along the elastic and 
along the plastic deformations. The variation of the limits of 
integration yields the sensitivity of the ductility with respect 
to the yield stress. The influence of the yield stress on the 
ductility is illustrated by the following 1D example (Fig. la), 
which is extended to the general case. 

The ductility of a truss of length L = 1.0 and cross-section 
A = 1.0 can be derived explicitly. The load is monotonously 
increased. The ductility in the elastic range (g < OylE) is 

ftruss = - ~ E ~  2 , (38) 

in the plastic range (g > O-ylE) 

1 (,_ .,)] 
Aruss = - [2 -E-  + [ ET E ] + O'y --~ , (39) 

where E denotes Young's modulus and E T is the hardening 
modulus. The derivatives of the ductility with respect to E 
and E T are consistent to (34) and (26) in (22). The variation 
of the limit of the integral in the plastic range, i.e. the yield 
stress, leads to 

(40  

a. 

b. 

A = I . 0  mm~l ~ P  
I 

I I 
L=I.0 

Load-deflection diagram 
/ \ 

y ~ i n c r e a s ~  (~)~ kinke 

Fig. I. 1D example --  influence of nonsmooth stress-strain rela- 
tion on sensitivity of ductility 

This approach can be easily extended to multilinear ma- 
terial models. The sensitivities which result from each kink in 
the stress-strain relation must be added to the total sensitiv- 
ities (Fig. lb). Considering increasing and decreasing loads 
the sensitivity of ductility with respect to the nonsmooth 
stress-strain relation is extended to 
Of(~ 

ii'  (I - 
s?~ ~+~ 

i S O~'T [I-- (DeP)-ID] d, dg2 (41) 

where I is the identity matrix; 5" denotes the stress field when 
yielding begins and ~r the stress when relieving begins, respec- 
tively; ~ marks the range of plastic deformations and ~ the 
range of relieving, respectively. The derivation of ~" requires 
a complete sensitivity analysis, i.e. OcrlOpi must be explic- 
itly determined. For the sake of simplicity, only increasing 
loads are considered subsequently. The sensitivity of ~" with 
respect to ~y results from a variation of (i0), 

05" -1  ~ 0fly 
- - = o r  t r - - ,  (42) 
Opi Y Opi 
and with (26) 

of(,ry) ~.T (I - D-1D ep) de dl2. (43) 

With (34), (36) and (43) the derivative of the ductility 
with respect to the density Pi yields 
Of 1 Of 
Op~ -- Pi OPi ' (44) 
with 
0/  
Opi 

-f f /deT[ 3lOf3ep(D)+~Opl 2 oflep(Eh)+]~ de df2- 
t 2 i ~  

/ i f l 3 ~ ' T  ( I - - D - I D  ep) dsdf2. (45) 
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Mayer et al. (1996) applied a considerably simplified ap- 
proach. Instead of the sensitivities of the consistent material 
tensor, only the sensitivities of the elastic tangent in the elas- 
tic range and the elastoplastic tangent in the plastic range are 
determined. The sensitivities of the energy due to a variation 
of the yield stress are neglected. 

5 Implementat ion of s t ructural  and sensitivity anal- 
ysis 

The numerical procedure to determine the structural re- 
sponse, the ductility and the sensitivities of the ductility is 
shown in Fig. 2. 

J w[ elastic predictor d~ m) 

] check v. Mises yield criterion ~ ~ - - - ~  

_1 w~ qb_< Tol dp > Tol 

I returning mapping 

II R II > Tol 

." [ equilibrium iteration 

evaluation of the unbalanced forces R 

11 R II Tol 

storage of the incremental data p 
dn (m), do(m), de (m), dy(m), (0(I)/00") (m) 

m < n incremental SA] 

optimization ] 

Fig. 2. Numerical implementation of elastoplastic structural anal- 
ysis and sensitivity analysis 

The incremental procedure is based on the Newton- 
Raphson-method. The stress increments A~r(m) and strain 
increments Ae(m) are determined by a fully implicit Euler 
backward algorithm. The index "(m)" marks the load incre- 
ment and "n" is the total number of increments. The increase 
of the ductility A f ( m )  is evaluated for each load increment 
by 

n 
:=- E A:(ml 

m~l 

with 

A f ( m )  = 1 A ~ ( m ) A o ' ( m )  + A e ( m ) A o ' ( m - l )  . (46) 

Thus, the ductility is determined with a mean material tensor 
DeP(m) (Fig. 3). 

o 

o! m) . . . . . . . . . .  

I l ~ e p ( m y f ~  
Ao(m) 0 _ / .  j fiep (m) 

s ~(m) 
E 

I 
Ae (m) 

Fig. 3. Tangential and mean material tensor 

I 

[ 14 .14  [ 

[ ] .............................................. 1 .98  

Material data: 
Young's modulus: 
Plastic hard. modulus: 
Yield stress: 
Poisson ratio: 
Volume: 

E = 180000 kN/m 2 
E h = 0.1 kN/m 2 
try = 36.0 kN/m 2 
v =0.0 
V = 28.0 m 3 

[kN] 

20 

15 

10 

5 

0 

e l a s t i c / ~ / /  

smooth / . ~ / /  
---- jagged 

plastic 

101.7 % 
100.0 % 

115.0 % 
100.0 % 

0 1 2 3 4 

Fig. 4. Smooth and jagged tension bar 

5 [mm] 
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Fig. 5. Adaptation of design model 

Since the material tensor can be determined only at the 
end of each load increment, A f(m) is written in terms of 
Dep(m), 

= "~_ZX**(m)rDeP(.OZX,(m) + A f(m) A~(m)z~o-(m-1), 

with 
A~*(m) = (DeP) - l (m) Art(m).  (47) 

Equations (46) and (47) are equivalent with respect to 
the ductility, but not with respect to the derivative of the 
ductility. According to (44) and (45) the derivatives must 
be determined analogously to (47). The derivative of the 
ductility consists of two parts, 

0]_  011 012 (4s) 
Opi 8pi Opi �9 

The first part  corresponds to the first integral of (45), 

0/1 X~ O/1 (m) (49) 
Op i - ~ Opi ' ra=l 
with 

0]1 (m) = 1Ao.(m)D.(m)As(m ) + Ao'(m)As*(m), (50) 
Opi 2 

m--1  

Ae*(m)---- E D*(k)Ae(k) '  (51) 

k--1 
D*(m) _-- 

_ o~)eP(Eh)] ](m) 

The second part considers the influence of the variation of 
the yield stress. Again, only increasing loads are considered, 
but the algorithm can be easily extended to the decreasing 
loads, 

_ n , T  

Op i 
m ~ ]  

100 

Ductility [%] Load [%] 

0 10 20 30 40 50 

load increments 

100 

Sensitivity of  Ductility w.r.t. 5~ [%] 

0 10 20 30 40 50 

load increments 

1 sensitivity (finite difference) 
2 sensitivity (analytical) 
3 sensitivity w.r.t. 5E (analytical) 
4 sensitivity w.r.t. 5E h (analytical) 
5 sensitivity w.r.t. 6Oy (analytical) 

Fig. 6. Verification of the proposed algorithm to determine the 
sensitivity of the ductility 

* is equal to At the beginning of the incremental analysis O'y 

zero. If yielding begins, i.e. the plastic multiplier 7(m) turns 
* is set to from zero to a positive value, O'y 

= ( i -  O-1OeP) (54) 
A crucial point is that  the yield stress ~r~ and the range 

of plastic deformations ~ cannot exactly be determined in 
this projection method. However, the resulting error can be 
neglected in general. This was verified by several numerical 
examples. 

The evaluation of this procedure requires the storage of 
o-(m), o-(m-1), ~(m), ~('~-1), (aC, lao.)(m),(a~lao-)(m-1), 
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prescribed displacements UA--0.25m 

given mass: 25% 
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20 

Material data: 
Young's modulus E = 180000 kN/m 2 
Plastic hard. modulus E h = 0.1 kN/m 2 
Yield stress Gy = 360 kN/m 2 
Poisson Ratio v = 0.0 

Multipliers 1~1 =3.0, ~2 =3.0, 1~3=2.0 

Optimization result (plastic) 

Optimization result (elastic) 

100 

75 

50 

25 

0 

/ plastic 

elastic 

122% 

100% 

0 0,05 0,10 0,15 

Load-deflection-diagram 

Fig. 7. Example 1 - -  clamped beam 

0,20 0,25 

7(m), 7 (m-1) ,  and o'} for each Gaussian point. 

6 O p t i m a l i t y  c r i t e r i a  m e t h o d  

Optimality criteria methods are efficient and robust in partic- 
ular for optimization problems with a large number of design 
variables and with only few constraints when the set of active 
constraints and the related Lagrange multipliers can directly 
be determined. Substituting (45) into (8) the Kuhn-Tucker 
condition equals 

1 o f  
pl Opi + ~ i  = o, (55) 
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and the following simple but efficient update scheme is de- 
rived: 

pi(k+l)=pi(k) ( 1 0 f )  (k)# 
, m i  ' (56)  

where (k) denotes the current i teration in the optimization 
process and m i is the mass in the design patch i. The ex- 
ponent / l  is introduced to control the convergence of the op- 
timization process. If # is too large oscillations may occur, 
if # is too small the rate of convergence is low. Usually # 
is chosen in the range between 0.5 and 0.8. The Lagrange 
multiplier 7? is determined from (9) such that  the equality 
constraint for the mass is satisfied. 

7 A d a p t i v e  t o p o l o g y  o p t i m i z a t i o n  

The main shortcomings of conventional material  topology op- 
timization are the large number of optimization variables and 
nonsmooth, indefinite results. Moreover in elastoplasticity, 
jagged boundaries cause stress singularities which introduce 
artificial yielding. Truss- and bar-like structural elements 
are often generated by topology optimization. The struc- 
tural response of a truss with jagged boundaries is compared 
to one with smooth boundaries (Fig. 4). Both trusses are of 
the same length, volume and loading conditions. The load- 
deflection curves are determined for a prescribed tip displace- 
ment ~A=5 ram. If a linear elastic material  behaviour is as- 
sumed the difference between the jagged truss and the smooth 
one is only 1.7 percent. However, in the case of elastoplastic 
material b ehaviour the jagged boundaries introduce artificial 
yielding. Without  hardening the load of the jagged truss is 
about 15 percent less compared with the load of the smooth 
truss. 

These problems can be overcome adapting the design 
model to the current material distribution during the opti- 
mization process (Maute and Ramm 1995a). The fundamen- 
tal idea of the proposed algorithm is to generate isolines of 
the material distribution. These isolines can be used to define 
the outer contours of the new design model. The adaptive 
optimization process can be split up into three steps. 

1. Solving the optimization problem for a given parametriza- 
tion by material topology optimization. 

2. Storing the optimization results on a background mesh 
and determining the parametrization in the subsequent 
design model. 

3. Updating the design model, defining the new set of opti- 
mization variables and generating a new analysis model. 

The topology optimization problem is solved for a given 
parametrization of the design space, i.e. the finite element 
mesh. After the material distribution is mapped onto the 
background mesh in the parameter space it can be option- 
ally filtered, i.e. the material  distribution can be lumped or 
smoothed. The isolines for one or more density levels are de- 
termined. For this the elemental material  data  of the finite 
elements are transferred to nodal data. The points of one iso- 
line are determined on the boundaries of the finite elements 
by linear interpolation of the nodal density values. By con- 
necting these points by polygons the isolines are obtained. 
In order to obtain smooth boundaries the polygons are ap- 
proximated by splines. The approximation tolerance, i.e. the 
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Fig. 8. Example 1 - -  adaptation of design model 

area between the splines and the polygons can be prescribed. 
The approximation error can be reduced by increasing the 
number of splines. Since an adaptive approximation proce- 
dure is used, the segmentation by splines can be optimized. 
Domains with density values below a certain threshold value 
are considered as voids and are therefore neglected in the fol- 
lowing optimization step. Finally, the generated structural 
layout is parametrized and the optimization variables are de- 
fined depending on the kind optimization applied next. For 
further details the reader is referred to the paper by Maute 
and Ramm (1995a). 

This procedure is illustrated with a simple example in 
Fig. 5. In the parameter space a quadratic design space is 
given. The background mesh contains 900 square patches. 
The current material distribution is shown. The isolines for 
a density ratio of 10 percent are determined and the design 
models for shape and topology optimization are generated. 

With  this so-called adaptive topology optimization it is 
possible to reduce the number of optimization variables and, 
at the same time, to increase the quality of the optimization 
result. 

8 N u m e r i c a l  e x a m p l e s  

8.1 Verification of sensitivities 

First, the proposed algorithm determining the sensitivity of 
the ductility is verified by an example. The structural situ- 
ation and the material  properties are given in Fig. 6. The 
optimization variable is the density of the overall structure. 
In the upper diagram the load and the structural ductility 
over the range of the prescribed displacement are presented. 
The dark area in the structure represents the yielding zone. 
The lower diagram shows that  the analytieM sensitivity de- 

termined by the proposed algorithm and the numerical sen- 
sitivity determined by a finite difference scheme are exactly 
the same. The remaining curves represent the different parts 
of the overall sensitivity. 

8.2 Examples 

The proposed algorithm is verified by three examples for 
plane stress conditions. The objective of all design prob- 
lems is to maximize the structural  ductility for a range of 
prescribed displacements 4A- The degrees of freedom of the 
loaded nodes are coupled. The materiM data  are given in 
the related figures. Due to the symmetry of the problems 
only on half of the structures are analysed. At the begin- 
ning of the optimization process the entire design space is 
equally filled with porous material. The optimum material 
distribution for a coarse mesh is roughly determined apply- 
ing the OC method according to (56). Based on this mate- 
rial distribution an adapted design model with a finer mesh 
is generated neglecting void domains. The optimized layout 
is determined assuming an elastic structural  behaviour in or- 
der to show the differences between the optima based on an 
elastic and an elastoplastic material behaviour. In the elas- 
tic case the optimal topology is obtained based on a linear 
material model. Subsequently the ductility of the optimized 
structure is determined for elastoplastic material behaviour. 
The following figures show the structural  situation, the op- 
t imal topologies based on an elastic material behaviour and 
on an elastoplastic material  behaviour, respectively, and the 
related load-deflection diagrams. 

8.2.1 Example 1. The structural situation of the first exam- 
ple is shown in Fig. 7. The beam is clamped on both sides 
and subjected to a vertical load in the centre of the upper 
edge. The optimized material  distributions for the different 
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Fig. 9. Example 2 - -  pier 

discretizations of the design model during the adaptive opti- 
mization procedure are given in Fig. 8. The final result based 
on an elastoplastic material model is shown. The elastoplas- 
tic optimum differs considerably from the optimized topology 
based on an elastic material  model. In the elastoplastic case 
the available supports are equally used, which in turn causes 
a different internal layout. The ductility of the elastoplastic 
optimum is about 22 percent larger in comparison to the elas- 
tic one. The stiffness of the elastoplastic optimum is slightly 
smaller in the elastic range, but yielding begins at a higher 
load level. 

8.2.2 Example 2. In the second example it is clearly illus- 
trated that  structures optimized with respect to an elasto- 
plastic material behaviour equally use available supports. 
The structural  situation and the material data are given in 
Fig. 9. The vertical loads are distributed over a length of 4 
m, the length of each support is 2 m. In this example the 
adaptive procedure is repeated three times until the layout 
converges. The elastic optimum is a straight pier. In the 
elastoplastic optimum the loads are carried by all three sup- 
ports, which reduces the stress concentration at the supports. 
The objective of the elastoplastic optimum is about 18 per- 
cent higher than the elastic one. Again, the stiffness of the 
elastoplastic opt imum is slightly smaller in the elastic range, 
but yielding begins at a higher load level in comparison to 
the elastic optimum. 

Optimization result (plastic) 

l m m 
Optimization result (elastic) 

8.2.3 Example 3. In the first two examples the layouts of the 
elastic and elastoplastic optima are quite different. In this 
example it is shown that  even small changes of the layout 
may cause a large difference of the elastoplastic structural 
response. A bow-type beam structure is bounded by two sin- 
gle supports (Fig. 10). The optimized topologies based on 
an elastic and elastoplastic material  models are similar, since 
all supports must be used to satisfy the globM equilibrium. 
However, the ductility of the elastoplastic optimum is about 
110 percent larger in comparison to the ductility of the elastic 
optimum. The length of the used support dx differs consid- 
erably. The length dx is two times bigger considering an 
elastoplastic material  behaviour in comparison to the elastic 
c a s e .  

9 D i sc us s ion  

A procedure optimizing the ductil i ty for given mass by adap- 
tive material topology optimization was presented and veri- 
fied by numerical examples for plane stress conditions. The 
results show that  is important  to consider the material non- 
linear structural response in the optimization process. The 
quality of layouts obtained by structural  optimization assum- 
ing an elastic structural response is of limited value in the 
case of nonlinear elastoplastic material  behaviour. The pro- 
posed algorithm proved to be efficient and robust for other 
design problems as well. Jagged boundaries which may lead 
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to stress singularities and incorrect optimization results are 
avoided by an adaptive procedure. The adaptive procedure 
also reduces the numerical effort and provides a direct link 
to the shape optimization. The integration of topology and 
shape optimization in elastoplastic design will be investigated 
in further studies. 
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