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ABSTRACT.  Let S be a band in 72 bordered by two parallel lines that are of equal distance to the origin.
Given a positive definite 2 sequence of matrices {c;}jcs, we prove that there is 4] positive definite matrix
function f in the Wiener algebra on the bitorus such that the Fourier coefficients f (k) equal ¢y fork € S. A
parameterization is obtained for the set of all positive extensions f of {c;} jes. We also prove that among all
matrix functions with these properties, there exists a distinguished one that maximizes the entropy. A formula

is given for this distinguished matrix function. The results are interpreted in the context of spectral estimation
of ARMA processes.

1. Introduction

The extension problem for positive definite functions concerns the problem of finding a positive
definite matrix valued function with certain prescribed Fourier coefficients. In this paper we shall
mainly be concerned with Wiener algebra functions of two variables, i.e., functions defined on the
bitorus with an absolutely summable Fourier expansion. The classical positive extension problem
for functions of one variable goes back to the works of Carathéodory, Toeplitz, Fejér, and Riesz
in the beginning of this century (see [15] for a full account). Attempts to generalize some of the
one-variable results to the case of two or more variables have often lead to negative conclusions.
Perhaps one of the most well-known results in this respect is the impossibility of a straightforward
generalization of the Riesz—Fejér lemma to functions of two or more variables, which was exposed
independently by Calderon and Pepinsky {4] and by Rudin [23]. In both papers it is shown that there
exist positive trigonometric polynomials of two variables which are not sums of squared absolute
values of polynomials. As acorollary it was shown by duality that the classical trigonometric moment
problem does not extend trivially to the two-variable case. We will state a precise result later in the
introduction. '

One of the main applications of the positive extension problem concerns spectral estimation
of stationary processes based on measured correlation coefficients, and the related linear prediction
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theory. It is in the linear prediction theory literature and the signal processing literature that many
positive results for the multivariate positive extension problem may be found (see, e.g., [5] or [18]
and the references therein). One of the main breakthroughs in this area was obtained in the work
of Helson and Lowdenslager [14], who extended several one-variable linear prediction results to the
multivariate case after recognizing that the appropriate definition of “past” is a halfspace in Z¢ (the
definition will follow below). Here and elsewhere in the paper we denote by Z the set of integers, and
letZ4 = {(z1, -, 24) : 2 ; € Z}. One of the important features of a halfspace in 77 is that there
exist d — 1 linearly independent vectors along which (after slightly shifting) the halfspace extends
to infinity in both directions. Thus, loosely speaking, only in one direction Z¢ is cut in half by the
halfspace. It is in this spirit that we generalize some of the positive extension results to two (or more)
variables. Namely, our index sets of prescribed Fourier coefficients is chosen to be a doubly infinite
band in Z¢, which also has d — 1 linearly independent vectors along which the domain extends to
infinity in both directions. We shall now state some of our main results in detail.

Let S be a non-empty subset in Z4, andlet C = {c i}jes be an ¢! sequence of n x n matrices,
i.e., the sequence satisfies

2 lejl <o,

jes

where || - || is the operator norm (= the largest singular value for matrices). We associate with C a
matrix valued function f¢ defined on the d-torus T4, where T = {¢/’ : t € R}, via

fetn..ot= Y cijexpliGiti+--+ jata)}
F=(1se Ja)ES

which will be written in self-explanatory shorthand notation

fC(t) - chei(j.t) .

jes

Note that we represent functions on T¢ as periodic functions on R¢, which will be more convenient
for our purposes. The positive extension problem on S can now be stated as follows:
(PEP): Find, if possible, an n x n matrix function g on R¢ with the following properties:

(i) g admits a representation

g(t) —_ Z gjei(j,f)’ t € Rd ,
jezd

where Y ez 11| < 00; in other words, g is in the Wiener algebra Wy™™";
(i) gj=cjforeveryj€S;
(i) g is positive definite, i.e., g(t) is positive definite for every t € R¢.

A matrix function g with Properties (i) through (iii) is called a positive extension of fc.

For certain sets § necessary conditions for the existence of positive extensions can be given in
terms of Toeplitz operators. Assume that Sissuchthat S = A - A ={x—y: x,y € A} for some
A € Z4. Let L2A(T?)N*! be the Hilbert space of N-component column vectors with components
in the Lebesgue space L? (T?) of square integrable functions on T¢ with respect to the normalized
Lebesgue measure. A function f € L2(T4)"*! can be identified with its Fourier series

FQL ... )= Z Fietit)

jezd
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where Zjezd ||fj||2 < 00. Denote by L2(A)"*! the subspace of all such f € L2(T‘1)‘"x1 that

A

fj = 0forj ¢ A. We define the Toeplitz operator Ty, s, associated with the sequence C, or
equivalently the function fc, by:

Ta,fch = Pa (fch), he L2A)Y™!, (1.1)

where P, is the orthogonal projection onto L2(A)**!. Clearly, Th, f. is a bounded operator on
L2(A)**1, The hypothesis S = A — A guarantees that T, fc = Ta.g for any existing positive
extension g of fc. Consequently, a necessary condition for the existence of a positive extension is
that Tx, z. is positive definite (notation: Ty 7. > 0),i.e.,

(Ta.sch, B) > €(h,h), ke L2 Ay,

where € > 0 is independent of h. As alluded to before, this necessary condition is not always
sufficient as was shown in [4] and [23]. Therefore, we introduce the following definition. Let
S € Z% be such that S = A — A for some non-empty set A C Z¢. We say that S has the positive
extension property with respect to A if for every £! sequence C = {c j}jes of n x n matrices with
the property that the Toeplitz operator T s defined on L2(A)**! by (1.1) is positive definite, the
matrix function fc(t) = Y ;5 ¢; €'/%) admits a positive extension. Note that if S has the extension
property with respect to A, it also has the extension property with respect to the sets —A and m + A,
where m € Z¢. Furthermore, if § = A j—Ajforj=1,2,where Ay C Ay, thenitis easy to see that
if § has the positive extension property with respect to A1, it also has the positive extension property
with respect to A (indeed, one has only to observe that Ta,, f. is a compression of Ta,, ¢, and
therefore Ta,, r. > O implies Ta;, r. > 0). Therefore, the sets A which are minimal (by inclusion)
subject to S = A — A are of particular interest. Note that in our main result below (Theorem 1) the
set St is indeed minimal in this sense.

With the above terminology we may now reformulate the classical trigonometric moment result
in the following form: The sets {—p, ..., p} € Z have the positive extension property with respect
to {0, ..., p}. On the other hand, the negative results in {4, 23] may be stated as that for d > 2 and
N > 3 the set

{61 s ezt || <N, j=1,....4

does not have the positive extension property with respect to
{(sl,...,sd) €z!:0<s; <N, j= 1,...,d} :

One of our main results establishes the positive extension property for infinite bands in Z?
bordered by two parallel lines that are of equal distance to the origin. For S C Z4 let W™ be the
subspace of W;™" consisting of all n x n matrix functions f of the form

FO=) c;el t=(,...,t) eR?.
jes

We denote by A* the conjugate transpose of a matrix A. For a matrix valued function f(z), we let
f* be the matrix function defined by f*(¢) = (f(¢))*. The shorthand f*~1 is used for (f*)~1.

Theorem 1.
Let
Spv = [(k,@) €Z?: k—rel < v] ,

where r is a real and v is a positive number. Then S, has the positive extension property with
respect to

Sty={k ez 0<k—re<vork—re=0and k2o0} .



24 M. Bakonyi, L. Rodman, [.M. Spitkovsky, and H.J. Woerdeman

In fact, if C is a sequence for which T+ . Is positive definite, then a positive extension of fc may
be found as follows: Let x(t) = (xi;(1))} ;, € ;:’fv" and y(t) = (yi; ()} =, € Wﬁ;;v be defined
by '

(xis)izs = (TS,rJ,'u.fc)—l (€))s (vii)izy = (T—s:;u,fc)_1 )

where e denotes the j™* column of the identity matrix, and let D(x) = Pyo,0))(x) and D(y) =
Pi0,0(¥). Then
go(®) = x(y ' D)x()™! = y&)* ' D)y (@)™

is a positive extension of fc.

Let A C Z4 be a halfspace, i.e., i) 0 & A, (ii) forad-tuple m # 0, m € Z4, we have that
me Aifandonlyif —m ¢ A and (iii)m € Aand p € Aimplym+ p € A. Note that A isa
halfspace if and only if —A is. For a positive definite g € W} ™", we say that g allows a A-spectral
Sactorization if we may write

g=U+grA)" Da(® I +84) . (1.2)

where ga, (I +ga)~! — I belong to W} ™", and D (g) € C**". When this factorization exists, it is
unique (see, e.g., (proof of) Lemma I1.3.2 in [27]). In the scalar case one may use the results of {7]
to show that this factorization exists for all positive definite functions. In the matrix valued case we
shall show that for the halfspaces A we consider, any positive definite function in W; ™" admits a
A-spectral factorization. Consequently, in our cases Da (g) is well defined for every positive definite
g.

If f € W5 " admits positive extensions, then in the set of all positive extensions of f there is
a salient extension characterized by the following theorem. For Hermitian matrices A and B we let
A > B denote the Loewner ordering, i.e., A > B denotes that A — B is positive semidefinite.

Theorem 2.
Suppose that f € Wg " is such that Tgs. ( is positive definite, and let

A={(k,£)eZ2: k—r£>00rk—r2=0andk>0} .
Then there is a unique positive extension go of f with the property that

Dy (go) = Da(g)

for every positive extension g of f. Moreover, gy is given by Theorem 1, and is the unique positive

extension of f with the property that g5 e g,x.,n'

Theorem 2 remains valid when one replaces A by —A. Note that D (go) = D(x)~1 and
D_x(go) = D(y)~!. The extension gq is sometimes referred to as the central extension of f. For
a positive function g we define its entropy as

1 2w 2n
5(g)=WL L togldetg (t1, ..., t5)}dt1 ... dt; . 1.3)

Note that £(g) = log det D4 (g) and log det is strictly concave on the set of positive definite matrices.
As aresult, we obtain the following corollary of Theorem 2.

Corollary 1.
In the notation of Theorem 2, gq is the unique positive extension of f that maximizes the
entropy among all positive extensions of f.
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Our final main result in the introduction gives a parameterization of the set of all positive
extensions of f.

Theorem 3. .
Let fc, x, y, D(x), and D(y) be as in Theorem 1. Put u(t) = x(t)D(x)"2 and v(t) =
y(t)D(y)_%. Then each positive extension of fc(t) in Wy ™" is given by

w+ve) ' (I-g'g)w+ve)™",

where g(t) is an arbitrary Wiener n x n matrix function with support in the set {(k,£) € Z? :
k —r€ > v} and such that

sup flg(@®ll < 1.

teR?

This correspondence is one-one.

Similar results may be obtained by replacing S,*" L, with
[&ez?: 0<k-re<vork—re=0and k <0} .

Since the modifications for this choice are obvious, we shall not provide separate statements and
proofs for this variation.

Our paper is organized as follows. In Section 2 we prove the main results in the case that the
slope r of the band is irrational. In Section 3 the main results are established in the case that r is
rational. The proofs for the irrational and the rational case are completely different. In the first case
we employ a new variation of recent results on almost periodic functions obtained in [22], while
in the second case we reduce the problem to an operator valued one-variable case. In Section 4
we discuss some extensions of the obtained results to other sets S, in particular, to periodic matrix
functions of more than two variables. In Section 5 we present a version of the extension problem for
positive measures. Finally, in Section 6 we interpret some of the results in the context of spectral
estimation of ARMA processes.

The scalar valued versions of Theorems 1, 2, and 3 have been announced in [2).

2. Proofs of the Main Theorems: The Irrational Case

Our reasoning in this case uses extension results for almost periodic functions and related
properties of operators on Besikovitch spaces, discussed earlier in [22]. Let us begin with the
necessary background.

Let (A P) be the algebra of complex-valued almost periodic functions on the real line, i.e., the
closed subalgebra of L(R) generated by the functions ¢’*, A € R. Recallthatforany f(¢) € (AP)
the Fourier series is defined by the formal sum

> heM, @.1)
A

where

1 (7,
= lim — —iM f(1)dt
fi=fim o [ e fod, 1eR,
and the sum in (2.1) is taken over the set o (f) = {A € R : fy s 0}, called the Fourier spectrum
of f(t). The Fourier spectrum of every f € (AP) is at most a countable set. The coefficient f
in (2.1) is called the mean of f(t) € (AP), and is denoted M{f}. The Wiener algebra (APW) is
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defined as the set of all f € (A P) such that the Fourier series of f(¢) converges absolutely. For the
general theory of almost periodic functions we refer the reader to the books {6, 16, 17].

Denote by (APW)™*" the set (algebra if m = n) of m x n matrices with entries in (APW).
For A C R, we denote by (APW) " the set of all f € (APW)™*" such that o (f;;) < A for each
matrix component f;; of f.

Introduce a scalar product on (A P) by the formula

(o) =M{fg"}, fge(AP). 22

The completion of (AP) with respect to this scalar product is called the Besikovitch space and is
denoted (B). Thus, (B) is a Hilbert space.
For a nonempty set A € R, define the projection

HA Z f}‘eikt = Z fAeiAt ,

rea(f) reo (/)NA

where f € (APW). The projection I15 extends by continuity to the orthogonal projection (also
denoted IT,) on (B). We denote by (B), the range of I1,, or, equivalently, the completion of
(APW)  with respect to the scalar product (2.2). The vector-valued Besikovitch space (B)"*! con-
sists of X 1 columns with components in {B), with the standard Hilbert space structure. Similarly,
(BY}* 1 is the Hilbert space of 7 x 1 columns with components in (B),.

For any additive subgroup £ € R and f € (APW)Y"", the generalized Toeplitz operator

T(fanz: (BYL— (BYREL

is defined by
g Ta(fg), ge B

In the case & = R, we use a shorthanded notation T(f), in place of T(f)anxz-

A Hilbert space operator T : H—#H is called positive definite if there exists an € > 0 such
that (Tf, f) > €|l f*> forall f € H.

The positive extension theory for almost periodic functions consists of three main theorems
below.

Theorem 4.
Let ¥ C R be an additive subgroup, and let . > 0. For a given function f € (APW)[ ")} ,1ns
the following statements are equivalent:

(i) f has a positive extension in (APW)L", i.e., there exists h € (APW)L*" such that
hy = fauforallh € [—u, u]N Z and there is an € > 0 such that h(x) > el forallx € R;

(ii) the generalized Toeplitz operator

T(o,uns : (B)Elo)f;]nz_‘)(B)?o)f,i]n);

is positive definite.
(iii) the generalized Toeplitz operator

T(-p.0nx : (B)?_).(,i'O]nz_)(B)n_xli,o]nz

is positive definite.

(iv)  f has a positive extension in (APW)"*",
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When one (and thus all) of (i) through (iv) is satisfied, then
hot) = x* ' OMx ) =y OMOY '@, reR 23)

is a positive extension of f in (APW)Y". Here, x = (i)} j=1 € (APW)E’OT:]nZ and y =

i)} j=1 € (APW)Z) oy, are given via

-1 -1
(xij)iey = @WDpanz)” ()5 _ Gin)iey = TPwonz) ™ (e5) » 24
where e denotes the j' k column of the n x n identity matrix.
Let £'(2 I) be an additive subgroup of R. Every positive extension % in (APW)"X" of f

(e (AP W)’{’_X"L" uinz) admits right and left spectral factorizations

h(t) *()Di(Whi(1), t€R, (2.5)
h(t) = hL@)D2(h)h-(t), teR,

it

where b} € (APW)Go (5o hE € (APWYS o5y M{ky} = M{h_} = I and Dy(h), D(h)
are posmve definite constant matrices. For h = hg formula (2.3) implies that x and y are invertible
in (APW)3", and that M{x} and M({y} are positive definite matrices. In fact, it turns out that in
addition

e (APWGL s YT € APWYE G5 (2.6)
so that spectral factorizations of hg can be obtained from (2.3) by setting by = M W~ h. =
M{y}y‘l. Then, of course,

Dy (ho) = M{x}™', Dz (ho) = M{y}™".

The extension kg has the following additional properties:

Theorem 5.

Let 1 and T be as in Theorem 4. Let f € (AP W)E’_x"’ wng be such that one (and thus all)
of conditions (i) through (iv) in Theorem 4 is satisfied. Define ho by (2.3). Then hg is the unique
positive extension in (APW)Y"" of f with the property that

o (hg') S l-m,ml. @7
Moreover, if h is a positive extension in (APW)YV" of f, then

Dy (ho) =2 D1(h), D (ho) = Da(h) (2.8)

with each equality holding if and only if h = ho.

The third main result in this section concerns a description of all positive extensions in
(APW)Y" using the parameter set

(CAPW E’:';o)m: {g € (APW)'(l:.Zo)nz : sul[!) gl < 1} .
te

Theorem 6.
Let f, x, and y be as in Theorem 4, and let

u=xM{x}?, v= yM{y}‘é .
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nxn

Then each positive extension in (APW)3"" of f is of the form

T(@) = u+vg) ' (I-g*g)(u+ve)™?,

where g € (C APW)?;,Zo)nE' Moreover, the correspondence between (CAPW)?;:Zo)nE and the

set of positive extensions in (APWYL" of f is one-to-one.

Theorems 4 through 6 were obtained in [22, Sections 3 and 8] under the additional condition
that 1 € . The reasoning in [22] was based on the band method (see [8]), and the only statement
the proof of which actually used this condition was the following auxiliary result in ([22, Lemma
8.3]).

Lemma 1.
Let f € (APW){‘:‘; uns be such that T(fouins > 0. Then there exist unique x,y €
(APW)S" such that

(1) ex)<O0,ulNZE, o) C[—u,01NZ;
(2) o(fx=1) € ((—00,0)U(n,0))NE,
a(fy—1I) € ({(—o0,—p)U(0,00))NI.

Moreover, x and y are invertible in (APW)y " and
(3) o HC[0,000NE, o(y7!) C (~00, 01N T;
(4) M{x}>0, M{y}>0.

We will show that Lemma 1 holds even when 1 ¢ X. To this end, recall that the following
variation of Lemma 1 (with 4 € X)) is also valid (see [22, Section 10]).

Lemma 2.
Let f € (APW)?—)-(:, NS be such that T(f)o,yns > 0, and assume that . € T. Then there
exist unique x, y € (APW)Y" such that

(5) ox}CSO.WNE, o(y)C (—u, 0Nk
(6) o(fx—1I) S ((—o0,0)U[p,00))NE,

o(fy—I S ((—00,—u]U(0,00)) NI,
Moreover; these x and y are invertible in (APW)Y" and

(7) o(x~1)C0,00)0 T, o(y~1) S (—00,01N T;
(8 Mix}>0, M{y}=>0.

In fact, x and y are given by the formula

(i) = (Hownz) ™ ()5 01y = (TN onz) ™ (e5) - (2.9)

We also need the fact that, under the hypotheses of Lemma 2, x and y are continuous functions

of f in the norm || f{jw:
1w =150 -
JjeR
This is not obvious from (2.9), but follows from alternative formulas for x, y. Namely, the positivity
of T(f)10,,)ns implies (see statement (A) in [22, Section 10]) that the matrix function

f® e_iwln ]

e, 0

G@t) = [
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admits a canonical A PW -factorization G = AJ A*, where J = [ Ig _01" ], and A = [ : 4 ] is

invertible in (APW)%& ;‘3)”, with inverse [ b1 ], say. In terms of this factorization,

x = (va§ +5858) (550~ agqo) " .y = (p*o§ +r*B3) (oot — Bog) ™"

wherP ap = M{a}, Bo = M{B}, etc. (It may be observed that $(¢) = y(—t) plays the role of x(z)
for £(¢) = f(~t).) Since the mapping G > A is continuous in (A P W)?"*2" norm [26, Theorem
2], the induced mappings f — x and f > y are continuous in (A PW)"*” norm as well.

Proof of Lemma 1 (i ¢ £). It is well known that either ¥ = tZ for a certain ¢ > O or T is
dense in R. In the first case, every f € (APW)" xn s in fact lies in (APW)"X” nx Where
wo = Lu/T]T. Since po € T, Lemma 2 allows constructlon of x, y satisfying (1) (3) (4) and (in
place of (2))

o(fx—1) S ((—00,0)U(no,00)NX, o(fy—1I)< ((—00, —po) U (0,00)) N X

Since (g, ) N T = (1, 00) N L, (=00, —pp) N X = (—o00, —p) N X, (2) is also satisfied.

Let now X be dense in R. Choose u’ € X N (0, u). From the positivity of T(f)o,uinz it
follows that T( f)o, .1z is also positive, with the same lower bound: T(f)o,,jng = €. According
to Lemma 8.1 in [22], the latter inequality implies that T(f)[o, ./} > €l. Since € does not depend on
', and the latter can be chosen arbitrarily close to ., it follows from here that T(f)0,) > €I. The
latter condition allows us to apply Lemma 2, with ¥ replaced by R.

This leads to the existence of x, y € (AP W)™"*" such that

o(x) S0, 1), 0(») S (=4,0), o(x™1) £ [0,00), o (y~") € (=00, 0],
o(fx—1) S (00,0 U[u, ), a(fy—1I) S (—o0, —u]U (0, 00), and M{x}, M{y} > 0.

These x, y are given by the formula
(i) = (TProw) ™ (1) Gig)iey = (T ) ™ (&) - (2.10)

Since e; € (B)gainz and T(No.w (B ins = T()io.uinz, the latter formula for x coincides

with (2.9). A similar reasoning works for y. It remains only to show that o(xth), o (yEh C =,
because then '

o(fx—1) S ((=00,0)U[p,00))NE = ((—00,0) U (p,00)) N T

and
o(fy—1) S (o0, —u]U (0, 00)) N T = ((—00, ~pu) U (0, 00)) N X .

To this end, observe that for every positive operator A and a constant ¢ > ||Al],

=i
=-Y'(1--4
Cj=0 c

Applying this observation to the positive operators T( f )0, 1), T(f)(—u,01 in (2.10), we conclude that
o(x),0(y) C =

Finally, inclusions o(x~1),0(y1) € T canbe proved by using the same idea as in the proof
of Lemma 8.3 in [22]. Namely, consider a family f® = ol + (1 —a)f,0 <a < 1. All operators

T(f ("‘))[0, w) are positive, so that for each function f @ (e (APW)?f,:l, uJns) We can construct x@),

y@) the same way as x, y were constructed for f. According to the remark after Lemma 2, x@® and
y@ are continuous functions of « € [0, 1] together with £, which are invertible in (AP W)**".



30 M. Bakonyi, L. Rodman, I.M. Spitkovsky, and H.J. Woerdeman

Since x(D(= I) and y(= I) are invertible in (APW)%L", Theorem 7.2 in [22] implies that
xO(=x) and y@(= y) are also invertible in (APW)%L". O

It follows from a general (i.e., independent of the relation between u and X)) statement of
Lemma 1 and the band method (as developed in [9, 10, 11], and in [8, Chapter XXXIV]) that
Theorems 4 through 6 also hold in this general setting; see in [22, Section 8].

To prove the results stated in the Introduction, in case of irrational r we now set & =Z +rZ.
Consider the map

S: WP (APW)L"

defined by o
(SE) =TcjdtTt teR, (2.11)
where o
f (tl, t2) — Z cjet(]|!1+12tz), (tls t2) e R2 .
J=(i1.j2)eZ?

In other words,

SHEG = f, —ro).

Since r is irrational, we clearly have

U, 2), (k1 k2) € Sry, j1 —rja =k —rka = (J1, j2) = (k1, k2) .

Therefore, S is an isometric isomorphism between the Banach algebras W, " and (APW)". The
same formula (2.11) also defines Hilbert space isometric isomorphisms (which we also denote by
the same letter S)

S: LS =B S L2 (SH) > B g - 2.12)

Application of the isomorphism & is also known as the Besikovitch trick, see [3].

Proof of Theorem 1. Due to the isomorphism (2.12), the operators Tgi . (acting on

L2( )"Xl) and T(S f)o,vjnx (acting on (B)[o u]m:) are positive only simultaneously. From here
and Theorcm 4 it follows that the positivity of Ts+ f implies the existence of positive extensions

h € (APW)%" of the function S f. In other words, there exist functions # € (APW)%*" such that
hy, = (S forall A € [-v,v] N T and k(x) > €I for all x € R. Then, of course, g = S 1h
(e W"rxu” ) deliver positive extensions of the original function f. In particular, the extension go

equals S~ 1hg, where hg is given by (2.3), (2.4). O
Lemma 3.

Let r be irrational and

=[(k,e)ez2: k-re>o}.

Then any positive definite g € W3 " has a A-spectral factorization and a (— A)-spectral factoriza-
tion.

Proof. Let g € W) " be positive definite. Then & := Sg allows factorizations (2.5). To find the
A-and (- A)—spectral factorizations of g, put gao = S~ Yh,), Da(g) = D1(h), g_p =S~ L(n_)y,
D_x(g) = Da(h). O

Proof of Theorem 2. Since r is irrational, the set A consists of the pairs (k,I) € Z? such that
k —rl > 0. Hence, for every positive extension g(€ W3 ") of f, (1.2) yields the right spectral
factorization (2.5) of & = Sg, with D1(h) = Da(g). According to Theorem 5, D1(k) < D1(ho),
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where hg is given by (2.3), (2.4). Hence, Dp(g) < Da(go) for go = S hy. On top of that, ho
is a unique positive extension of S f having the property o (h~1) C [—v, v], so that gg is a unique

positive extension of f in W, ™" with the property g5 Le S ]

Proof of Theorem 3. According to Theorem 6, all positive extensions of S f in (AP W)L " are
of the form
U+ve ' (1-6*G)U+Vve)!,

where U = xM{x}~12, v = yM{y}~1/2 with x, y given by (2.4), G € (APW) o g and

,00
sup;cg HHG(t)}| < 1. Moreover, this correspondence between the set of positive extensions and the

open unit ball of (AP W)?lfgo)nz is one-to-one.
It remains to use a (also one-to-one) correspondence (2.11) between (APW)3" and WJ™",
andsetu =S~ U, v=8"1v,g=5"1G. O

3. Proofs of the Main Theorems: The Rational Case

In this section we assume that r is rational. We prove Theorems 1, 2 and 3 in this case by
making use of the band method (see [9, 10, 11] and the books [8, 27]). For this, let S,*: , and A be
as in the statements of Theorems 1 and 2. Further, let M = W;*", and introduce the direct sum
decomposition

“ M= M+ M+ Mg+ M+ My, G.1)
with

0 0 o\*

Mi = X>\(;ﬁ,“u’ M, = ;;ft'({(o,on’ Mg =C"" M3 = (Mz) s My = (Mp)*,
where the involution * is given by F*(t) = (F(¢))*. The unit ¢ in the algebra M is the function that
is constant equal to 1. Note that decomposition (3.1) defines a band structure on M, as defined in [8,
Chapter XXXIV.1]. Let C be a sequence for which Tg+ . is positive definite. In order to apply the
band method we need to show that the equations

Py(fcx)=e, P3(fcy)=e (3.2)

have solutions x € Mj := Mg +Myandy € M3 := Mg + My such that Pyx > 0, Pgy > 0,
xle My =M + .Mg + Mg, and y~l e M_ 1= My + Mg + My. Here, P;, P3, and Py
denote the projections onto M3, M3, and M, along their respective complements as suggested
by (3.1). It is not hard to see that the functions x and y defined in Theorem 1 satisfy Equation (3.2),
and are in fact the unique elements to do so. What is less obvious is that these elements x and y have
the desired properties. We shall prove this for x in the next proposition, which makes use of the one
variable operator valued results in [9]. The proof for y is similar.

Write r = £, where p, g are relatively prime integers, and ¢ > 0. (If r = 0, we take p = 0,
g = 1.) Let N = |gv], the largest integer that does not exceed gv. Let also

A:[(k,@)eZZ:Oqu-pesN}. (3.3)

‘We start with a lemma.

Lemma 4.
Let fc € Wg". Then Tsp, 1o 1s positive definite if and only if T . is positive definite.

Proof. Since Tgt, o = Pst T} 4 Pst,, the if part follows immediately.
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For the only if part, let us first remark that since p and g are assumed to have no common
divisor, we have that

LY [(k,l)eZz:qk—pl=0}={m(p,q):meZ} . 34)

This implies

o0 xQ
LY () = [ Z Cme P i ma02 Z lem)? < oo} . (3.5)

m=-—00 m==—00

Consider the subspaces
Vi = [e—imptle—imqtzh chel? (S;’:v)nXI} , m=0,1,---.

In view of the definition of S,*: , we have Vi, C© Vi, if my < my. Moreover, using (3.5) we easily
see that the union Uy, Vi, is dense in L2(A)**1, For g = e~MPie=imatpy with h € L2(S;H )",
m > 0, we have that

(T[&,fcg’ g) — (e~émpt;e—:‘mqt2fch, e—impq e—imqt2h>
= (feh,h) =(Tgy, roh h) 2 ellhll3 = eligl}

where € is independent of g. By the earlier mentioned density, it follows that (Tt 1.8 g) = €llg| I%,
for every g € L2(A)**L. D

We will also need the following result for operator valued functions. Let H be a Hilbert space.
Denote by Wy (T) the operator Wiener algebra on the unit circle T, that is, the set of all operator
valued functions F on T of the form

+00
FQ) =Y MF(j), reT,

with F (j) € L(H) (the algebra of all bounded linear operators on H) and ) j llﬁ‘( NI < oco. Also,
let P be a projection acting on Wy (T) according to the formula

+o0
(PFYX) =) NMF(),
0
and denote P Wy (T) = W;(T).

Lemma 5.
Let F € Wy, (T) and F (1) is a positive definite operator on H for each ) € T Then there
exist a positive definite operator D(F) € L(H) and F. invertible in W;Z(T) so that F(0) = I and

F(A) = Fx(M)*D(F)FL () . (3.6)

This representation is unique.

Lemma S was obtained in [27, Lemma II1.3.1], as a variation of the result in [13] for operator
functions close to the identity and their scalar multiples. It is important for our purposes that,
according to [13] and [27], F+ and D(F) in (3.6) are given by the formulas

D(F) = G_(00)G+(0), F+() =G+(0)7'G+(), (3.7
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where

G )7t I —PMQ) +PIMWPMMN)] —---, A <1, (3.8)
BG-()' = I-QMO)+QUE@MONMM]—---, [Al=1, 39

M) = B~1F(A) — I, B is an arbitrary positive constant greater than max;et || F (A)]| Loy @ =
I —7P,and
G*Gy=F. (3.10)

In the case of finite dimensional H, factorization (3.10) was established in [12], and its special
form (3.6) for positive definite matrices in [25].

Proposition 1.
Let C be a sequence for which TS;‘V, fe is positive definite. Then the unique solution x € M3
of Equation (3.2) has the properties that (i) Psx > O and (ii) x is invertible in M.

Proof. Let :
Ij={(k,£)eZ2: qk—pl:j], j=0,%1,....

Consider the following alternative decomposition of M:
M= M+ M)+ Mg+ M3+ My, (3.11)
with
v 40 N nxXn x>, nxn 440 ~0\* = \*
My =My, My =@ Wy, Ma= Wi My = (Mz) y My = (Ml) :
Note that decomposition (3.11) also defines a band structure on M. In this context it is natural

to consider the Toeplitz operator T3 fo ! L2(AY"™! - L2(AY"*1, which by Lemma 4 is positive
definite. Note that (in the self explanatory notation)

N
L2 (A)” 1=h€=DOL2 Iy (3.12)

With respect to decomposition (3.12) the Toeplitz operator T fe has the following matrix form:

Mg Mg, - Mgy
T _ My Mg o My,
A-fC - : : ° A . ’
Mp, Mgy, - My,

where N
f® =) cje h=0%1,..., %N,
Jjely

and M, denotes the multiplication operator
My, L2 (1) > L2 (Inyn)™ s O<hi,hi+h < N.
1
th(g) = fhgy g E L2 (Ihl)nx .

To put our problem in the context of Section IIL3 in [27] or Section IL.1 in [9], we use the unitary
operator
®: Ly (1N > Ly (Io)™!
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defined by

@)@ = €D £yt =1y, ) € RE,
where kD, £ are fixed integers such that gk D — p£® = 1. Then ®* : Ly (Iy,)"* = La(Ip,—p)"*'.
Introduce ¥ = diag(d>h)§'=0. By Theorem II.1.2 and its proof in [9], the operator polynomial
X(A) =Xo+ XiA+...+ XyAN, 1 € C, where

Xo I
. X 0

WTy W =1 . (3.13)
XN 0

has the properties that Xo > 0 and X (A) is invertible for all |A] < 1. Consequently, X (1) is invertible
for all |A| < 1 + € for some positive €, and the inverse has an expansion X(A)~! = ZZ‘_’__O YAk,
Al <1+4e€.

To make the connection with the solution x that we are seeking, first of all observe that by
using the inequality (TA, felbs u) > €{u, u), where ¢ > 0 is independent of u, for vectors u of the

form
Uy
uzei(k(‘)t|+l(l)t2)
u=| . s ujeC gk —pe = j,

Uy ei(k<”>;l+z(N)r2)

that the matrix function
fo®) -+ f-n()
F(t) = : :
IN@ - o)
is positive definite for all ¢ € R2, It follows (one can use induction and Schur complements to verify)
that F(t)~! is a matrix function whose entries are in the Wiener algebra W5 *". Write
foo®) -+ fon(®
Foy©'=| 5
fnvo@® - fan(®
Here fi; € WZ:” Clearly, foo(t) is positive definite for all # € R?. Using (3.4), we may identify

Foo with an # x n matrix valued function on the unit circle T, According to Lemma S, it can therefore
be factorized in the form

foo(t) = (I + fh®)" D (I + fH®) (3.14)
where D € C"*" is positive definite and fo‘g(t) and (J + fO}L)(t))‘l — I lie in ;’f", where IJ =
0

In N A. Note now that X (1) = Z,’LO Ok My, A%, Because of the special form of the coefficients of
X we get that X (A1 is of the form

[e ¢}
X7 =)" ek My,ak, (3.15)

k=0
where y; € Ik"". Put now X(¢) = ZIIc\;O Jro(?). Note that (3.13) implies that P;(fc¥) =
1, and moreover, (3.15) yields that ¥()™! = Y22, w() € 7\6'}0. Let now x(t) = (I +
f&')(t))*‘l (foo(t) + ...+ fno(t)). Itis now easy to check that x has the desired properties. O
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Proposition 2.
Letr € Qand

=[(k,e)e22: k—re>0ork—rf=0 andk>0} .

Then every positive definite g € W;‘X" has a A- and a (—A)-spectral factorization.

Proof. Letg € W}™" be positive definite, and let I; be as in the proof of Proposition 1. Con-
sider the multiplication operator M, on L%(Z%)"™*!, With respect to the decomposition L2(Z?)"*1 =
©nezL?(I5)"! the operator My has the form My = (M 41k, jez where g® (1) = Yjen & e’<f >
and g;, for j € Z2, are the Fourier coefficients of g. Consider now

S =) Mawdk, reT, (3.16)
keZ

with @ defined as in the proof of Proposition 1. This is an operator valued function acting on
H = L2(Ip)"*! and positive definite simultaneously with M, ¢ According to Lemma 5, S(A) admits
a factorization

S(A) = SLA)D(S)S+ (V) , (3.17)

where S4 and D(S) are found via (3.7), (3.8), and (3.9) with F replaced by S Induction shows
that each term in the right-hand side of (3.8) and (3.9) has the form ) i My; ®/)J with ¢ ; having
nonzero Fourier coefficients only in ;. Hence, G;l (defined in (3.9) with F replaced by §) inherit
the same structure. Due to (3.16), and (3.10), this is also true for G (= SG ) andGy (=G 1S)
In particular, G_ (00)*! and G+(0)j:1 have the form My,. From here and (3.7) it follows that

D(S) = My, and S1 (M) =T+ 3,5 My; ®i)J. Setting A = e’(k(l)’1+’(l)’2), we obtain from (3.17):

.
g=> e® =1+ q| wo|1+> 4

kel jz1 jz1
Now from the positive definiteness of D(S) = M, we conclude that

qo(t) = ) _ fne! IO

meZ

also is positive definite for all 1 € R?. Letting A = ¢! (P1+9%2) we see that Go(A) = Y mez EmA™ is
positive definite for all A € T. Applying Lemma 5 again (this time, in its finite dimensional version)
we may write

Goy = (I +33 )" D(qo) (I +35 ) ,

where D(qo) € C"*" is positive definite and q(‘)" ), I+ cjg’ (A))~! = I have Fourier expansions of
the form ), ¢ ;AJ. Plugging back ¢! (P"1+4%2) in place of A, we see that

q0() = (I +qF )" D (g0) (I + g5 (1))
with ¢f, (I +g¢)~! — I lying in W;’Of" for I = IpN A. Letnow ga = (I + ¢+ Y51 4))

and Dy (g) = D(go). This gives the A-spectral factorization. For —A a similar reasoning applies.

Proof of Theorems 1, 2, and 3 (the case of rational r). This is a direct application
of Theorems XXXIV.1.1, XXXIV.1.2, XXXIV.1.3 (Theorem 1), XXXIV4.2 (Theorem 2), and
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XXX1V.2.1 (Theorem 3) in [8]. That the notions of positive definiteness here and in [8, Chap-
ter XXXIV.1], are the same, follow from the existence of factorization (1.2) for positive functions
as shown in Proposition 2. For the unital C*-algebra R from [8, Chapter XXXIV.1], we choose
(L (T9))"*" With this choice it is easy to see that Axioms (A) in [8, Chapter XXXIV.2], and (C1)
and (C2) in [8], Chapter XXXIV.4, are satisfied. O

4. Some Variations and Generalizations

Along with the set S;,,,, one may also consider
s, = {(k, ez k—rll < v} . 4.1)

We have the following variation of Theorems 1, 2, and 3.

Theorem 7.
The set S2 , defined by (4.1) has the positive extension property, with respect to

si0={®Dez%0<k—ri<vork-ri=0and kz0}.
If Tgso , is positive definite, then all positive extensions of f in W5 ™" are given by

(+vg) (I —g*g) (u+vg)™", 4.2)

where g(t) is an arbitrary Wiener n X n matrix function with support in the set {(k,£) € 72 .
k —rt > v} and such that
sup lg@®Of <1,

teR?

u(t) = x(t) Pyo,0) (x) ™2, v(t) = y(t) Pyo,0) () "V/2, and x, y are defined by

-1 -1
i) = (T o) (@) Ouimi = (Tgo ) (o) -

This correspondence is one-to-one.
The extension gq [corresponding to g = 0in (4.2)] is a unique positive extension of f with the

property g4 Le W;fo". Moreover, g is a unique positive extension of f maximizing D (g), where
rv

A=’(k,£)eZ2: k—re>0o0rk—rt=0 andk>0] .

For the case of irrational r and r € I, or for the case of rational r and noninteger gv, the sets
S?_v and S;,, coincide. Hence, in these cases Theorem 7 does not contain any additional information
when compared with Theorems 1, 2, and 3. For the case of irrational r and v € % the proof of
Theorem 7 is based on the “point excluding variations” of Theorems 4 through 6 (see Section 10
in [22]). For the case of rational r and integer gv, one can use the same proofs as in Section 3 but
with N substituted by ¥ — 1,

Theorems 1, 2, and 3 can be generalized to certain sets of Z¢ (with d > 2) for which the
Besikovitch trick can be used to reduce the problem to the corresponding positive extension problem
for almost periodic matrix functions of one variable.
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Theorem 8.

Letr = (r1, ..., rq) be ad-tuple of real numbers which are linearly independent over the field
of rational numbers. Then for every positive number v, the sets

s={i=Gninez U<y},
and
s ={i=G ez’ 1Nl <v)

have the positive extension property, with respect to

a={i=Gu..ipez’: 0= <v)

for S, and analogously for 5°.

The formula for all positive extensions [analogous to (4.2)] is valid under the hypotheses of
Theorem 8, as well as the description of the positive extension gp with maximal D (go) analogous
to the description of go in Theorem 7.

The proof is analogous to that of Theorems 1, 2, and 3 for the irrational case, by using the
isometric isomorphism

ann_*(APW)nxn ,

where A =r(Z 4 rZ + - - - + rygZis defined by

SHO = ciexpliriii+-+rajdt), j=Gt-nerja)

jezd
for
ft, ... ta) = Zcjexp{(jity + - - + Jata)) € W™ .

Finally, consider the multidimensional generalization of the rational case:
Theorem 9.

Letr = (r1, ..., rq) be anonzero d-tuple of rational numbers. Then for every positive number
v, the sets

s={i=Gu ez’ 10 v},

and

U={i=Gu.inez: 1.0 <v)

have the positive extension property with respect to
{i=Gu...ipezi: 0<tjry <v or 0=1jir) and jy 2 0}

for S, and analogously for U.

Again, the description of all positive extensions, and the characterizations of the positive
extension that maximizes Dp (g) are valid in the context of Theorem 9.

The proof is analogous to that of the rational case of Theorems 1, 2, and 3 (see Section 3):
Denote r; = %, where p; and g; > O are relatively prime integers (put p; = 0, ¢; = 1 whenr; = 0).

Denote Q = lem(qy, ..., gq), and T = gcd(%f—l, e %) > 0. Letnow N = | £v], and

I,={(k1,.. ka) e Z?: Zk,,,f’—’-"—g—j},j=o,i1,....
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Now proceed as in Section 3.
Thus, in the d-dimensional case we have proved the positive extension property of the sets

[j=Gineztwnisv), {i=Gu ez igni<v), @3

provided that the dimension of the vector space spanned by ry,---,rg (Where r = (r1,---,rg))
over the field of rationals is either 1.or d. In the intermediate cases, when this dimension is strictly
between 1 and 4, it is an open question whether the sets (4.3) have the positive extension property.

5. Another Version of the Positive Extension Property

In this section we present a variation of the positive extension property. Here, we allow the
sequence C to be just bounded; on the other hand, the positive extensions are sought in the set of
measures. Only scalar functions will be considered in this section.

Let us give the precise definitions. For a positive Borel measure 1 on T¢, we define the
moments of u by

k
ck(p) = /Td A xddue), x=(,...,x) €T,

wherek = (ki ka, ..., kq) € Z%. The set {cx (1) }rez is clearly bounded; itis also positive (definite)
in the sense that

Y Ce-t(Whihe 2 0 5.1
k.tekK

for every finite set {ht}lrex of complex numbers. The verification of (6.1) is immediate: for a
continuous function
h(t) = thei(k’”, teRY,
kek

the left-hand side of (6.1) coincides with [ h(x)R(x)du(x), where x = (eff11, .. etkald),

We can now formulate the positive extension problem for measures. Let be given aset § C Z4
and a sequence C = {c;}es of complex numbers such that sup |c ;| < oo (£*° sequence).

Jjes

(PEPM): Find, if possible, a positive Borel measure p on T? such that ¢ ;= c¢;j(u) for all
jes.

If S = A — A for some A € Z¢, then a necessary condition that (PEPM) admits a solution p
is that {c;}jes is positive on §, i.e.,

> Ckthihy = 0 52
k.teKk

for every finite set K C A and every set of complex numbers {A }xcx . If this necessary condition
is also sufficient for existence of a solution i of (PEPM), then we say that S has positive measure
extension property with respect to A.

For example, Z4 has (PEPM). This is a consequence of Bochner’s Theorem and the fact that
T is the character group of Z¢. Sasviri proved [24] that vertical bands {(k,1) € Z2 : k| < v)
have the positive moment extension property. Our main theorem in this section is the following
generalization of Sasvéri’s result. It should be noted that there is a simple trick to go from the case
when r = 0 to the case when r € Q (see, e.g., Lemma 1.2.6 in {18]).
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Theorem 10.

(a) The sets
S,y = [(k,z) €Z?: k—rf| < v] ,
and
Uny = {0 €22 ke —rel <},
where r is a real number, and v is a positive number, have the positive measure extension
property, with respect to
I(k,e)eZZ: O<k—rt<vork—rt=0 and k_>_0} :
and
{(k,E)eZZ: O<k—rb<vork—rt=0 and kzo} ,
respectively.
(b) The sets
{i=Gu ez hn < v}

and
{i=Gu.pezsigni<v},
wherer = (ry, ..., ja) is a d-tuple of real numbers that are either all rational or linearly
independent over the rationals, have the positive measure extension property, with respect
to the sets
{1=Gu.jpez?:0<Gir) svor0=jr) and ji z 0
and
[j=0i.inezis0<(ir) <vor 0= and ji2 0},
respectively.
Lemma 6.

Let F € Wg " be such that F(t) is positive definite for every t € R2. Then there exist
G, Ge W;’rji" such that
F=GG"=G*G.
Proof. This lemma is easily proved using the factorization (1.2). Indeed, since F is positive, by
Propositions 3 and 2 we may factorize F as (I + H)D(I + H)*, where H and (I + H yl—1 belong
to W™ and D € C**". In fact, since F € Wg™", we get that H = F(I + H*'p-' 1 ¢

nxXn nxXn
- I
Grp=MNA = "V -

Proof of Theorem 10. We prove only part (a) for S,,,. All other parts of the theorem can be
proved similarly. Let a bounded positive sequence C = {c;}jes,, be given. Define a functional ¢¢
on Ws, , by

pcth)y =Y c;hj, (5.3)
jesr,u

where o
ht)= Y hje" e Ws,, .
JE€Sry
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Clearly, ¢c (h) is a linear functional on W, ,, and

lpc(m)| < sup |e;| Y |n;] -
jezd

jezd

Let h € Ws, , be such that h(r) > Oforall7 € R? and the support {j € Sy, : hj # 0} of h is finite.
By Lemma 6 (or since we are in the scalar case, we can also use [7]), 2 admits the factorization

h=GG*,

where G € Wy . Writing G(1) = 3, gje'ti!), we have

b= D c;j Y. gkBk—j= Y. Ck—t8kdt -

jetd  kk—jeSH, k,eeSt,

Thus, ¢c(h) > 0 by the positivity of C. Since the set of functions with finite support is dense in
W (in the norm || - [yy), using (5.3) we obtain by continuity that ¢c (k) > O for every h € Ws,,
such that ~(t) > O for all t. Ws,, is an operator system in the unital C*-algebra C (T%) of all
continuous functions on T¢ (see, e.g., [20] for definition and properties of operator systems.) By
Krein’s Theorem (see [21, p. 156] or [20, p. 23]), ¢¢ can be extended to a (necessarily bounded)
positive functional $c on C(T?). By the Riesz Representation Theorem,

$e(h) = de hdu, heC (TZ) , (5.4)

where y is a positive Borel measure on T2. The measure u satisfies the requirements of the theorem.

O

Our final remark connects with Toeplitz operators. Let S = A — A, and let a sequence
C = {cj}jes be given such that b jes lcj| < oo. Then the Toeplitz operator defined by Ty h =

Pa(fch), h e L%(A) is positive semidefinite if and only if C is positive in the sense of (5.2).
Indeed, let & € L2(A) have only finitely many non-zero Fourier coefficients:

h(t) =y hee' U,
keK
where K C A is a finite set. Then

(chh, h) = (fch,h) = <Z Cjei(j") thei(k’t), Z hpei(p")> = chﬁphk s

JE€S keK pek

where the sum is over all triples k € A, p € A, and j € S such that —p + j + k = 0, which proves
our claim.

6. Application to Spectral Estimation for ARMA Processes

The identification problem for wide sense stationary autoregressive moving averages (ARMA)
stochastic processes is a classical signal processing problem. In this section we consider (wide sense)
stationary processes X,, , depending on two discrete variables defined on a fixed probability space
(2, A, P). We shall assume that the random variables X,  are centered, i.e., their mean E (X )
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equals zero. Recall that the space L2(2, A, P) of square integrable random variables endowed with
the inner product

(X,Y):=E(Y*X)

is a Hilbert space. A sequence X = (Xm,n)(n,nyez2 18 called a stationary process on 72 if for
m,n, k, £ € Z we have that

E (X, Xie) = E (X,’;,+p'n+qu+,,,e+q) — Ry (m—k,n—2¢), forall pgeZ.

Itis known that the function Ry, termed the covariance function of X, defines a positive semi-definite
function on 7% ie.,
k
ai&jRX (r; —rj,8 — s]-) > 0 ,
1

i,j=

forallk € N, a1,...,00 € C,r1,...,7k,51,...,5 € Z. The theorem of Herglotz, Bochner,
and Weil on positive definite functions states that for such a function Ry there is a non-negative
measure py defined for Borel sets on the torus {(«, v) : u, v € [0, 2]} such that

Rx(r,s) = / e I gy (u, vy,

for all integers r and s. The measure wuy is referred to as the spectral distribution measure of the
process X. The spectral density fx (u, v) of the process X is the density of the absolutely continuous
part of wy, i.e., the absolutely continuous part of @y equals

dudv
Sfx(u, U)W .

The classical signal processing question of estimation concerns finding one possible spectral
distribution measure of processes X, or the determination of all such measures, based on observations
of the covariance function Rx(r, s) of X over a limited region ((r, s) € S, say). When processes
with the prescribed observations indeed exist, one may in addition ask for the one(s) with the worst
possible prediction error. Helson and Lowdenslager [14] have shown that, with the definition of
the past being a halfspace A, this prediction error is given by the entropy £(fx) of fx. When this
prediction error is > 0 (or, equivalently, [ log fx > —oc; a so called non-deterministic process) and
ux is absolutely continuous, the stationary process may be represented as a moving average. For
this, represent fx (nonnegative and summable on the bitorus) with respect to the halfspace A as a
square

2

@) =lboo+ D bmae ™ hoo #£0, Y bmal’ <00,

(m,n)eA

the existence of which is guaranteed since f log fx > —oo (see [14, Theorem 3]). Then X, 40,
where (pp, qo) is the successor (when it exists) of (0, 0) in the ordering induced by A, may be written
as .

Xpo.qb = b0,0S0,0 + Z bm,n";:m,n ,
(m,n)eA

where &, » are orthogonal stochastic processes. If, in addition, we may write

2
eA/2

e = |

’
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where H(u, v) = 3 0, e Hyp 0@ ™) with 3™ || Hy o || < 00, then we have that

Xoo— Y HmnXmn ="k, 6.1)

(m.n)eA

which means that the process is autoregressive. The set {(m,n) € A : Hp , # 0} is sometimes
called the support of the autoregressive process X. We refer to Reference [1] as a general reference
on ARMA processes and related issues.

The results stated in the introduction may now be interpreted as follows.

Theorem 11.
Let
Sy = {(k,e) €Z?: k—rt| < u} ,

where r is a real and v is a positive number, and
St = [(k,E)eZZ: O<k—rf<vork—rt=0 and kzO] .

Given are complex numbers R(s, 1), (s,t) € Sy,. There exist wide sense stationary processes X
such that its covariance function Ry satisfies

Rx(s,t) = R(s,1), (s,0) € Sy, (6.2)

if and only if {R(s,t) : (5,1) € S;,} is a positive sequence on S;‘,’ .- In case the slope r is rational,
and {R(s,t) : (s,t) € Sy} is absolutely summable and strictly positive on S;f' , (Le, Ts;f,,, fr > 0),
then X may be chosen to be an ARMA process with support in S;_F » \ {(0,0)}). The autoregressive
representation (6.1) of an ARMA process with this support is unique and may be found by taking x(t)
as in Theorem 1 (with the sequence C replaced by R), and letting

Hu,v)y=1—-xu, v)D(x)”1 ,

and A = — log D(x). The processes with these autoregressive representations are also the processes
with the maximal prediction error among all processes satisfying {(6.2).

Analogous interpretations can be given to the results stated in Section 4.
Let us remark that in [19] the domain

Sun={n,my:n=-Nm>-Mo —N+1<n<N-lorn=N,m=<M}

is considered. In that paper reflection coefficients are developed as well as a 2-D Levinson algorithm.
It should be noted that this domain is also conducive to using the band method; however, it is an
open problem on how to obtain the appropriate analog of Proposition 1.
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