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Summary 

The stresses in an orthotropic elastic semi-infinite strip subject to plane strain are 
investigated. Symmetrical distributions of surface tractions are prescribed on the sides 
of the strip, while along the end the boundary conditions are arbitrary. By using an integral 
transform method the problem is reduced to a singular integral equation. The dependence 
of the stress singularity and the stress-intensity ~aetors on the orthotropie properties 
of the strip is investigated. Stress distributions over the strip end are evaluated numerically. 

1. Introduction 

Problems involving isotropic elastic semi-infinite strips have received con- 

siderable attention in the literature. Specifically, in [1]--[4] the behavior of 

the stresses at  the strip corners have been analyzed. On the other hand it appears 

that little consideration has been given to the case of an orthotropic half-strip, 

a problem of importance in composite material applications. In  this paper we 

consider the elastic behavior of such a strip, with surface tractions prescribed 
along the sides and arbitrary conditions on the end. Particular attention is 

given to the case of a fixed end, for which stress singularities occur a~ the corners. 

2. Formulation 

Consider the orthotropic elastic semi-infinite strip shown in :Fig. 1. Let the 
sides x 2 = ~ h  be subject to arbitrary symmetr~ca~ distributions of stresses 
given by 

(T12(Xl, h) = PI(Xl), o'12(Xl, --h) ~--- --PI(Xl) , 
(1) 

~22(x~, h) = P2(x~), ,~2~(z~, - -h)  = P~(xl) .  

4* 
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h 

, , X 2 

l~ig. 1. Coordinate system 

On the end xl = 0 any one of the following pairs of conditions may be specified: 

Ul(0 , X2) = 0 ,  U2(0 , X2) = 0  (2) 

z~(0, x~) =P(z~),  z~(0, x~) =Q(x~) (3) 

u~(o, x~) = o, ~x~(o, ~) =Q(~)  (4) 

u2(0, x2) = 0 ,  a11(0, x2) =P(x2) (5) 

where P(x2) and Q(x2) are symmetrical and antisymmetrical functions of x2, 
respectively. 

Assuming a state of plane strain, the stress-displacement relations are 

~2/~ 1 ~U 2 ~,~ = A~ ~ + A~ ~--~ 

~u~ au~ 
0"22 --  A12 ~ + A~2 --Ox~ (6) 

and the corresponding displacement equations of equilibrium become [5] 

A11 ~2ul ~2u 1 c~2u~ 
-~- A66 - -  .~- (AI~ -I- A66 ) - -  

~x2 ~ ~xl ~x~ 
= 0  

(A12 -~- A ~ 6 ) -  
O2u 1 

dgx 1 ~x 2 

c~2~ 2 ~2~ 2 
+ Aoo ~ + ~.~ ~ = 0. 

(7) 
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Here Ai~ denote the stiffness coefficients for the orthotropic material. Results 
for the corresponding problem of plane stress can be obtained from the present 
formulation b y  a simple rearrangement of the elastic constants [6]. 

In order to solve the differential Eq. (7) we introduce the Fourier transforms 

o o  

El(t , X2) = f Ul(Xl, X2) sin txl dxl 
o 

o o  

~2(t, xe) = f u2(xl, x2) cos tx 1 d x  1 

0 

(8) 

in which case ~l(t, x2) and ~2(t, x2) are governed by  the ordinary differential 
equations 

d2~1 d~ 2 
L~ ~ A66 ~ -- t(A12 + A66) ~ --  tUAn ~ = --tAnul(0, x2) 

22 dx2---- ~ + t(A12 + A66) ~ -- t~A66~ (9) 

= (A12 -~ A66) dUl(0 , x2) d"/e~ 
dx~ + A66 ~ (0, x2). 

The solution to the system of equations (9) for boundary conditions (4) 
can easily be obtained, because in this case the functions on the right-hand 
sides of Eqs. (9) are known. Similarly for the boundary conditions (5) the solution 
is readily found if the Fourier sine transform is applied to u2 and the cosine 
transform is applied to Ul. Attention is focused here on the more complicated 
situations which arise when boundary conditions (2) or (3) are prescribed. 

We introduce the functions 

---- = U(p) cos px2 dp 
/0 ,  I~l > o 

= = ~(p) sin px2 dp 
~(x~) / ~  Ix~l > o 

in which case Eqs. (9) can be written as 

(10) 

oo 

L1 = - - tAn  f U(p) cos px2 dp 
0 

o o  

.Le = - - f  [A12pU(p) -- q(P)] sin pxu dp. 
0 

(11) 
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I t  can be verified tha t  a part icular  solution to (11) m a y  be expressed as 

1 
UlP = ~pt {[(20r • vl) p2 • 0r ] tV • (pl/A66 • 11A22 ) t~oq} cos px 2 d~o 

0 
(12) 

~ = ~ [(~,lp ~ - o~t~) p ~  - (p~/A~ + o+~VA~o) ~] sin px~ ~ 

o 

where 

Dp t = pa + 2oq 2p2t~ • c% 4t 4, 
A12 

A11A~u - -  2A12A66 - -  A~2 A n  
0 / 1 2  = ~ 0 /2  4 = - - .  

2A~A66 As,. 

(13) 

The form of the complementa ry  solution to (11) depends upon  the values of the 

coefficients in the characteristic equat ion 

u 4 - -  2 g i ~ z  ~ + 0 / ~  = O.  

I f  D ~ ~1 ~ - -  r162 ~ > 0 the roots of (14) are real (say •  (i = 1, 2)) and the 

complementa ry  solution is 

-~1 ~ = OlBl(t) cosh ultx2 "4- O~B2(t) cosh u2tx2 

~2 ~ = Bl(t) sinh ultx2 d- B2(t) sinh g2tx2 

(15) 

where 

A66 - -  A29u+ 2 
~i : (AI~ + A6+) ~i '  ul = 0/+ ~- c~5, z~ : o~4 - -  c~ ( i =  1, 2) 

(16) 

0/, = V ( 0 / , '  + = 

I n  this case the material  will be classified as type  I [7]. 
I f  o~14 < 0/2 a the roots  of (14) are complex and the complementa ry  solution 

is given b y  

~ o = [e2Bl(t) - -  elBa(t)] Xa(x~, t) + [elBl(t) + euB2(t)] X2(xz, t) 

~2 ~ - Bl(t) X3(x2, t) § B2(t) X+(x2, t) 

(17) 
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in which 
XI(x2, t) = cosh (~4x~t) cos (Xsx~t) 

X~(x~, t) = sinh (a4x2t) sin (X~x2t) 

Xa(x2, t) ---- cosh (or sin (~sx2t) (18) 

X4(x~, t) ---- sinh (~4x2t) cos (~sx2t) 

ei = ~ ( A ~  § A ~ )  

Materials of this type will be classified as type II.  
For [~12] > ~2~ with ~12 < 0 the roots of Eq. (14) are pure imaginary. Since 

this case generally does not occur in practice [7] we shall not  consider it  here. 
Application of (8) to the boundary conditions (1) for x~ = •  yields 

d~__~ _ t~( t ,  h) = Px(t) 
dx~ (19) 

d ~  
d-~2 -~- ~lt~l(t, h) ~--- ?)172;1(0, h) -~- P2(t) 

where 
co  oo 

, f  if  Pl(t) ---- ~ Pl(x,) sin txl dx~, P=(t) = ~ P2(xl) cos txl dx~. (20) 

0 0 

Next  substituting the complete solution gi = g~P + gi ~ into (19), and using 
the inversion formulas 

U(p) = --~ U(xe) cos px2 dx~, q(p) ---- ~ q(x~) sin px2 dx2 (21) 

0 0 

together with the integral evaluations [8] 

P sin p(h - -  y) dp -~ 2~3t 2 v~(y, t) 

0 

P~ sin p ( h  - y)  d p  = -ff [v l (y ,  t) - -  v~(y, t) ~2/o~1 

o (22) 

cos p(h - -  y) dp ---- 4~ ,t------- a [v~(y, t)/~4 + v2(y, t ) l~]  

0 

oo 

pg. cos p(h - -  y) dp = ~ [vl(y, t)/o~4 - -  v2(y, t)/~s] 

0 
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where 
vl(y, l) -= e -"'(h-v)t cosh [or -- y) t] 

v2(y, t) = e -"~(h-u)* sinh [as(h --  y) t] 

~ 3  : 2oqo~5 

(23) 

we obtain the following equation for the determination of B~(t) and B2(t) 

in which 

aij(t) Bj(t) = I~(l) (i = 1, 2) (24) 
j = l , 2  

/sj  sinh (uith) } 

ali(t) = [r~.jXa(h, t) --  (-- 1)i r~+iXa(h, t) 

= ls2+i cosh (zith) I 
a2j(t) [riX~(h, t) + (--1)Jra_~X2(h, t)~" 

(25) 

In  (25) and hereafter the upper and lower expressions within braces {} relate 
to material types I and II ,  respectively; furthermore 

8j = (~jg]" - -  1 ,  6'2+i = g i  -~- Vl(~J 

r 3 : o%e 2 ~ -  ~ 5 e l  - -  1, r4  = or - -  ~ 8 2  

I~(t) -- llV(t) + Iiq(t) -~- Pi(t) (i : 1, 2) 

h 

- -h  

h 

i2v(t) = _ 2o~32-~ f U'(y) v2(y, t) dy, U'(y) -- OU'/Oy 
- - h  

h 

i f  Ilq(t) = 2 ~ 2  q(y) [mlvl(y, t) --  m2v2(y, t)] dy 
- - h  

h 

I2q(t) = - - - -  q(y) [vl(y, t) --  mav2(y, t)] dy 
2A~2 

- -h  

)`1 A~u - -  A 1 1 A ~  )`2 A66 A12 - -  
- -  A2~A66 = ~ ),1 )`3 = , , 1 6  6 

)̀ ~ A~ + 1 / ~  )̀ 1 
ml : 2-~4' ms : 2 ( x s A 6 6  ' m 3  20% 

(26) 
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Solving Eqs. (24) for B~(t), substituting the results into (17), and then taking 
the inverse transforms of (12) and (17) yields expressions for the displacement 
components ui(x~, x2). Using these expressions, together with the integration 
formulas 

co h 

pV cos p x  2 dp = z d x~ - -  y 

0 --h 
(27) 

oo h 

f ~  cos px2 do~ = ----~l f q(y) -- y 
0 --h  

we arrive at  the following equations for strain and stress needed in the sub- 
sequent analysis: 

and 

Ou2(O, x2) 
h h 

= 2~ J x2 - -  y dy  + ~ x2 - -  y 
--h --h 

- -  d y  

+ ~ J A ,  [w,(x2, t) 11(0 + w2(x2, t) 12(0] dt 

0 

(28) 

where 

611(07 X2) - -  

h h (v'(y) [" q(y) 
d x 2 - -  y ~ d x ~ - -  y 

- -h  --h 

dy  

oo 

-]- [wa(x2, t) I i ( t  ) -]- wa(x2, t) Is(t)] 7g 
0 

dt 

(29) 

).3A60 A~6 + ~ 21A66 21 
71 - -  ~x4A22 72 cr , 73 2o~4A11 74 2 

W2i_l(Z2, t) = I C 2 i - l " l x f ( x 2 '  t )  - -  C2/_1,2X6(z2, t) [ 

w2~_l(t) X2(x~, l) J 
.-~ 1 C 2 i , 2 X T ( t )  X6(x2, t)  - -  C 2 i , l i s ( t )  Xs(x2, t ) /  

w 2 i ( x 2 ' t )  [w2/()(1) t Xl(X,t2 ) +  W2i()(2) t X2(x, t2  ) ! 

At [[(~1 ~ sinh (2o~4th) + ~2 ~ sin (2Y~ath)]/2J 

(i = 1, 2) (30) 
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in which 

Xi+4(x2, t) ---- cosh (x#x2)/cosh (u#h),  Xi+6(t) = tanh (~r 

(i) wsi_l( t  ) ---/2i_l,21_1X1(h, I) -~- ]2i_l,2jX2(h, t) 

w~{)(t) = / 2 ~ , ~ j _ , X 3 ( h ,  t) + /~ ,v i~(h ,  t) 

Cll = 84~1, C12 ---- 83~2, 

C31 = s4~, C32 = s3~4, 

f l l  = ~5r l  - -  0Qr2, 

/21 = ~4r3 - -  55r4, 

C21 - -  82~1 ~ (~]22 : 81~2 

C41 : S2~3, C42 = 81~ 4 

31 : ~2/11 - -  ~2r2 - -  ~1rl ,  

f41 m ~2/21 + ~2r3 ~ -  Elf4,  

~1 ~ = - - f i r  4 - - r 2 r 3 ,  

( i , ] =  1, 2) (31) 

/12 = --0~4rl - -  ~5r2,  /13 ~--- - - / 1 2 ,  /14 = / 1 1  

/= = - . , r ,  - - X ~ r 3 ,  h3  = I 2 2 ,  /2 ,  = -- /21 

/32 = ~2112 + ~1~2 - -  ~2rl,  A3 = - - A ~ ,  /3 ,  = / ~ 1  

I42 = ~21~2 + ~1,~ - ~ 2 ~ ,  I,~ = A s ,  A ,  = - h ,  

~2 o = rlr a - -  rsra, us = A12/A11. 

3. Solution for Fixed-End Condition 

We now consider the case in which the end of the strip is fully constrained, 
as defined by  (2). According to (10) and (26) 

U(x2) ---- U(p) = IlV(t)  = I2V(t) = O. (32) 

Using the second of boundary conditions (2) and expression (28) it can then 
be shown that the unknown function q(y) satisfies the integral equation 

where 

RI(xs )  = - - - -  

h 

- -h  

- -  + Ml(X2, y)] q(y) dy  = Rl(x2) 

oo 

Ml(x2,  y) = f MI*(X2, y, t) dt 
0 

4A22 ; 1 
72 ~t  [wl(x2' t) Pl( t )  + w2(x2, t) Ps(t)] dt 

0 

(33) 

(34)  
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and  

M,*(=~, y, t) = / ~'[~'(=~' t), ,,(=~, t)] / (35) 
(29~[w1(~ ,  t), ~ ( = , ,  t)]/7~ ] 

~1[zn(x2, t), z.+l(x2, t)] = z.(x2, t) e -"'(h-y)t + z.+i(x2, t) e - ' ( h -~ ) t  (36) 

~('~II[Wn(X2, t), Wn+l(~2, t)] 

= 1 e_a,(a_y)t{[mlwn(x2, t) - -  Wn+l(X~. t)] cos [as(h - -  y) t] (37) 
At 

- -  [m2wn(x2, t) - -  maWn+l(X2, t)] sin [~5(h --  y) t]} (here n ~-- 1) 

and  also 

1 
zi(x2, t) = "~t {[lil - -  li~Xs(t)] X~(x2, t) - -  [lia - -  li4XT(t)] Xs(x2,  t)} 

(i, ] = 1, 2) (38) 

I~,9_i_ x = [ml + ( - -1)  ~ ms] Cli/7z,  1~,2i ----- - -[1 + .  ( - -1)  i m3] C2i/7 2 . 

The  kerne l  MI(X2,  y) in (33) is not  bounded  as y --> h and  x2 --> :[:h. The  singular  
points  can be  ext rac ted,  following the procedure  given in [9], b y  expressing 
Ml(x~,  y) in the fo rm 

Ml(x2 ,  y) = Ml~ y) + Mf(x2,  y) (39) 

where  M](x2, y) is bounded  in [ - -h ,  h], while MI~ y) can be ob ta ined  b y  
using the a sympto t i c  values  of Ml*(xe, y, t) as t --> cr in the fo rm 

where  

1 [y (~1 
Ml~176  Y) = --s-~ - -  h - -  2(h xz) 

dl + 
y - h --  2(h + z~) 

d2 d~ 
+ + (40) 

y - -  (2h - -  x~) y - -  (2h + x~) 

d3 d3 i ]  
+ y - -  h - -  (h - -  x~)/), + y - -  h - -  (h + x2)/ 

85 = 8184 --8383, ~ = ~1/~2 

/ 1 1  - -  112 /21 - -  l ~  113 - -  114 124 - -  1~3 
dl'-~- ~ ,  d 2 =  - -  - - ,  d 3 =  

(41) 

Express ion  (40) is val id in the case of mate r ia l  t ype  I ;  s imilar  resul ts  can be 
obta ined  for  mate r ia l  t y p e  I I .  The integral  Eq. (33) can now be wr i t t en  as 

h f[i 
x2 - -  y 

--h 
- -  + Ml~176 y ) ]  q(y) dy  = Rl*(x~) (42) 
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where R~*(xz)  is bounded  in [ - -h ,  h] (the case of loads P~(x~), P~(x~) concent ra ted  
along x~ = 0 is not  considered here). 

According to [10], q(y) m a y  be expressed in the fo rm 

q*(y)  
q(y) - -  (43) 

( h ~ - - y ~ )  ~ 

where 0 < R e  (or < 1, and  q*(y)  satisfies the  Hhlder  condit ion near  and  a t  =J=h. 
N e x t  we consider the  sect ionally holomorphic  funct ion 

According to [10] we have  

�9 {h + ~[h + (--1)  ~ z~]} = 

h 

1 / q(y) d y .  
CP(z) = ~ j y - -  z 

--h 

cot z~  [ q * ( - - h )  

q~(x2) = (2h) ~ L(x2 ~- h): 

where 

q*(h) 

(2h)" 2:[h + ( - -1)  ~ x~=]: sin u s  

as x~ --+ (--1)  ~-1 h 

] + 
(x~ - -  h) ~ e - ~ " J  

+ ~i~ 

(i ~-- 1, 2) 

as x~ -+ + h  

(44) 

(45) 

ci l~e cr < t~e or (46) tr176 < (z +- h)=--------;' 

in which c~ (j = 1, 2, 3) are real constants .  Subst i tu t ing expressions (40) and  
(45) into (42), and  taking into account  the  fac t  t ha t  q(y) is an odd funct ion of 
y ( q ( - - y )  =- - - q ( y ) )  leads to the following characterist ic  equat ions for  determining 

the power  of the s ingular i ty  cr 

"tYbere 

r = r5(~)~4 - -  r6(~)x5 § (rs(~)~4 § r7(~ cos 2~ tan-Z 

(48) 

-}- (rs(i)X5 --r7(/)~4) sin 2~ t an  -~ ~ (here i = 1) 

and 

r5 (~) = r9 ~) - -  -12+~i), r6(i} = :  r l0  ~/) + -11+(i), rT(i) : rl oci) _ r~) , 

~'9 (i) = mi i2 i -1 . ,  - -  i2i.2, r~io ) -= - - m J 2 ~ - , . 2  -+" 1~i,1 

.(i} = m212i_1. ' __ / 3 f 2 i , 2 ,  ~ 2  ) = --TYb212~-i,2 -~- m3/2i,1. 911 

(49) 
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B y  applying L 'Hbpi ta l ' s  rule it can be shown tha t  in the special case of 
material  isotropy both of Eqs. (47) reduce to 

(3 --  4v) cos a~x q- 2(a~ --  1) 2 --  8v 2 q- 12v --  5 = 0 (50) 

where v denotes Poisson's ratio. This equation is identical to tha t  derived by  
Gupta  [3] for an isotropic semi-infinite strip. 

Of particular interest  is the stress component  an(0, x2). Using (29) and chang- 
ing the order of integration gives 

h 
•  ,. 

($11(0' Z2) = U J [Y -- x= 
--h 

where 

and 

-~- M2(x2, y)] q(y) dy q- R2(x2) (51) 

R ~ ( x ~ )  - -  

oa 

M~(x~, y) = f Me*(x2, y, t) dt 
0 

2 A l l / 1  
~ [Wa(Xz, t) Pl(t) -~ w,(x2, t) P~(t)] dt 

0 

Mu*(x2, y, t) = t t~21[z3(xe' t), Z4(X2, t)] / .  

[~ ,~%~[ ,~ (x~ ,  t); w~(.~, t) ! 

(52) 

(53) 

Here 12z and ~gH are given respectively by  Eqs. (36) and (37) with n : 3; zl 
(i : 3, 4) are given by  (38) ; and furthermore 

/1,2j--1 = [ml --  (--1) i ms] Cajo~4/2, l~.2j = --[1 q- (--1) i m]] C4j0r 

( i : 3 , 4 ;  ] :  1,2) .  
(54) 

Following a procedure similar to tha t  applied earlier to the integral Eq. (33), 
it  can be shown from (51) tha t  the dominant  (unbounded) port ion of (rn(0, x,) 
can be expressed as 

in which 

q*(hj I 1 1 ] 
adl(0, X2) = (2h) ~' sin aza: (h --  x2) - - - - - ~  "q- (h q- x.2) - - - - - - - ~  ~(a) (55) 

-a L a / ~b(~x) = 1'4 cos :rex q- d4~ .4- d~ -, d ~  

(~'4 cos  ~ x  - ~2 ~ ~b~(~x)/(2~l ~ J 
where 

d4 - la2 --  la____2, d~ : __l [!aa -- la4 
85~2 85 [ ~2 

and where q~2(~x) is given by  (48) when i = 2. 

(56) 

/41 ~1-- /43], de -- 143-s5~1- 144 (57) 



62 V.V. Lobod~ and T. R. Taucher~: 

Finally,  we define s t ress- intensi ty factors  T1 and T~ as 

T~ ----- l im (2h) ~ (h - -  x2) ~ O"11(0 , Z2) 
X2---->h 

(5s) 
~�89 ~-- lira (2h)" (h - -  x2) ~ a12(0, x2) 

xz--->h 

and let T 3 represent  the rat io  T 3 -~ --T~/T~. I n  this case it is found tha t  

q*(h) ~b(a) sin ~ 
T~ =- - -  , T2 = q*(h), T~ -~ ~ (59) 

sin ~cr ~b(a) 

4. So lut ion  for Prescribed-Stress  End  Condit ion 

For  the case of b o u n d a r y  conditions (3) in which stresses are prescr ibed 
over  the end xl ~-- 0, Eq. (10) gives q(x2) -= Q(xe). F r o m  the first  of conditions 
(3) and  expression (29) we obtain,  for  mater ia l  type  I ,  the following equat ion 
governing U'(x2) ~ dU/dx2 

in which 

h 

- - h  

-~ M3(x~, y)] U'(y) dy = Ra(x~) 

oo 

M3(x2, y) = f [z~(x2, t) e -~'~(~-ylt + z6(x2, t) e -'~(~-~)t] dt 
0 

co 

- ~)(p) cos p ~  dp 
AllY3 11)'3 J 

0 

Ys J A r  {w3(t, x2) [Pi(t) + I1O(t)] + w4(t, x2) [P2(t) + IzQ(t)]} dt. 

0 

(60) 

(61) 

Here zi (i = 5, 6) are given by Eq. (38), und 

l~,2j_ 1 = [m~ ~- (--1) i ms] C~/4y3, l~.2i = (--1) ~ m6C4i/4y3 

( i= -  5, 6; ?'--~ 1, 2) 

m6 = 2~2/a3. 

(62) 

T h e  s t ruc ture  of the kernel  M3(x2, y) is the same as t ha t  of Ml(x2, y). An  analysis  
similar  to t h a t  presented  earlier leads to the characteris t ic  equat ion  

([51 - -  /5~)  )~ . . . .  /53 ~- /54 1G1 - -  [6~ - -  ( [63 - -  /64)  ~t== + -~- = 0 (63) 85 COS 
gg2 ~1 
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for determination of the singularity power ~x 1. In  arriving at  (63) we have taken 
U'(y) = U*(y) / (h  2 - -  y2),~ where U*(y) is bounded in I - -h ,  hi. Eq. (63) is identical 
to the characteristic equation derived in [7] for the case of an edge crack. Based 
upon numerical calculations covering a wide range of orthotropic elastic constants, 
it can be concluded that  Eq. (63) has no roots in the interval [0, 1]. Hence, in 
the case of the prescribed-stress boundary conditions (3) stress singularities 
do not occur at  the corners of the strip. We shall not devote further attention 
to thi;  case, but  instead will examine numerical results for the fixed-end case. 

5. N u m e r i c a l  Resu l t s  and D i s e u s s i o n  

The functions M~*(x2, y, t) (k = 1, 2) have t -~ singularities at t --> 0. However 
since q(y) is an odd function we can remove the singularities if, instead of Eq. (33) 
and (51), we write the equivalent expressions 

where 

--h 

= RI(X2) (33 ' )  

h 

a11(o,x~)=1f[yr'x2 
--h 

%- T2(x2, y)] q(y) dy  -+- R2(x2) 

1 

Tk(Xe, y) = f ([z2~-l(x2, t) - -  z2*k_l(X2, t)] e - ' (h-y)t  
O 

+ t) - t)] at + f y, t) at 
1 

n 1 2 
q- Z Z {12k-~n@[Y - - h  -Jr- (--1)" 2x2] i 

i=1 ~ n = l  

~- (/2k, l g l  ~ - -  12k_l,392 i) [y - -  h -k (--1) n x~]i 

- -  12k,3[y - -  h + (--1)" x~/2]i}/(2s6) (k = 1, 2) 

in which 

(51') 

(64) 

Zi*(X2, t) : [ l i l  c o s h  (~ltx2) - -  li3 cosh (~2tx2)]/(ts6) 

s6 = h(SlS4Zl - -  s2S3~2). 

( i =  1 ,2 ,3 ,4 )  
(65) 

Eq. (64) applies in the case of material type I ;  a similar expression can be ob- 
tained for material type I I .  For a solution to the integral Eq. (33') we use a 
numerical method based upon the Gauss-Jacobi integration formula [9]. Eq. (33') 
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mus t  be  solved subject  to the  following equil ibrium condit ion 

h 

f q(y) dy --= 0. (66) 
- - h  

The corresponding sys tem of algebraic equat ions is 

~ Aj [z l---~ + hW~(hz,, hvj)] G(hvj) = Rl(X,~ ) ~ AjG(hrl) = O (67) 
i=1 m - -  T i  . /=2  

where zm (m = 1, 2, . . . ,  n - -  1) and  z~. (] = 1, 2 . . . . .  n) are the zeros of Jacob i  
polynomials  (1--a.l--a) P~(-" ' - " )  (v), Here  Pn-1  (z) and  respect ively.  

a(h~j) = (1 - -  ~i2) ~ q(h~i) (68) 

and  the coefficients A i are found to be 

21-2%P2(n + 1 - -  0~) 

Aj = n! P(n + 1 - -  2a) ( t  - -  v12) [P~'(-~'-~)(~i)]"" 
(69) 

Similarly, Eq. (51') leads to the following app rox ima te  formula  for an(0, x~) 

1 ~ [  ya +hT2(hzm, h~:j)]G(hvj)+R2(hzm). (70) ~1,(0, hz,~) = -- 
j= l  v1-  Zm 

I n  order to i l lustrate the effects of the  o r tho t ropy  upon  the behavior  of 
the f ixed-end strip, numerical  results have  been calculated for  var ious combi-  
nat ions  of the stiffness rat ios bl = An/A~, b~. = A~2/A6~ and  b3 = Al~/A66. 
Fig. 2 and  3 show tha t  var ia t ions  of the s ingulari ty power  0c (solid lines) and  
the stress- intensi ty fac tor  rat io  T 3 (dashed lines) associated with  var ia t ions  
in b~ and ba, for  the cases of bl = 10 and b~ = 28, respectively.  The  circles and  
squares  on these lines indicate,  respect ively,  the  l imit  points  defining materiMs 
types  I and II. F r o m  these figures it  is evident  t ha t  mater ia l  o r t ho t ropy  can 
have  a significant influence upon  bo th  the power  of the stress s ingular i ty  and  
the s t ress- intensi ty factors.  I t  is seen, for  example ,  t ha t  an  increase in bl = An~A66 
for  fixed values of b2 and  b3 results in a subs tant ia l  decrease in c~ and  Ta. I t  is 
noted also t ha t  as the  mater ia l  behav ior  approaches  i so t ropy  (bl = b2 = 2 + b3), 
the present  results agree ful ly with those given in [3]. 

Figs. 4 and  5 show the var ia t ions  of the stresses act ing on the fixed end of 
a strip of half-width h - -  i caused b y  a pair  of concent ra ted  longitudinal  forces 
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(PI(~cl) = P l ~  - -  ill) with  P 2 ( x l )  = 0) and  t ransverse  forces ( P 1 ( x J  = 0 

and  P 2 ( x j  = P2~ - -  f l J ) ,  respect ively .  The  solid lines cor respond to a typ ica l  

b o r o n - e p o x y  composi te  ma te r i a l  (bl = 26.9, b2 = 3.6, b3 = 3.35, ~ = 0.248), 

while the  dashed  lines re la te  to a nea r ly  isotropie  ma te r i a l  (bl = 4.33, b2 = 4.35, 

ba = 2.33, ~ = 0.315). I n  accordance  wi th  St.  Venan t ' s  pr inciple ,  the  d is t r ibu-  

t ion of s tress  in  the  case of a pa i r  of long i tud ina l  forces (Fig. 4) ac t ing  a t  

a large d i s tance  (ill ~ 10) f rom the  f ixed end are  in reasonab ly  good agreement  

wi th  the  corresponding resul ts  for a s t r ip  loaded  wi th  a s t a t i ca l ly -equ iva len t  

un i fo rmly -d i s t r ibu ted  force a t  x I = co [3]. 
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