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Abstract: Players that participate in a cooperative game with transferable utilities are assumed to be 
part of a permission structure being a hierarchical organization in which there are players that need 
permission from other players before they can cooperate. Thus a permission structure limits the 
possibilities of coalition formation. 

Various assumptions can be made about how a permission structure affects the cooperation 
possibilities. In this paper we consider the disjunctive approach in which it is assumed that each player 
needs permission from at least one of his predecessors before he can act. We provide an axiomatic 
characterization of the disjunctive permission value being the Shapley value of a modified game in 
which we take account of the limited cooperation possibilities. 

1 Introduction 

A situation in which a finite set of players N can generate certain payoffs by 
cooperation can be described by a cooperative game with transferable utilities (or 
simple a TU-game), being a pair (N, v) where v: 2 N ~ R is a characteristic function 
such that v(~5) = 0. Since in this paper we take the player set N to be fixed we 
represent a TU-game by its characteristic function. We denote the collection of all 
TU-games on N by fiN. 

In a TU-game the players only differ with respect to their contributions to the 
payoffs that coalitions can obtain by cooperation. Besides that the players are 
assumed to be socially identical in the sense that every player can cooperate with 
every other player. Models have been developed in which there are social asym- 
metries between players in a TU-game. In, e.g., Aumann and Dr6ze (1974), Owen 
(1977), and Winter (1989), it is assumed that the players are part of a coalition 
structure which is a partition of the players into disjoint sets. These sets can be 
seen as social groups such that for a particular player it is easier to cooperate with 
players in his own group than to cooperate with players in other groups. 

1 I would like to thank Peter Borm, Rob Gilles and Anne van den Nouweland for their useful remarks 
on a previous draft of this paper. 

2 Financial support from the Netherlands Organization for Scientific Research (NWO), grant 
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Another example of models in which the players are socially different can be 
found in, e.g., Myerson (1977), Kalai, Postlewaite, and Roberts (1978), Owen 
(1986), Borm, Owen, and Tijs (1992), and van den Nouweland (1993). In these 
models an undirected graph describes limited communication possibilities be- 
tween the players. The edges of such a graph represent binary communication 
links. Whether players can cooperate or not then depends on their position in the 
communication graph. 

This paper is based on the models as developed in Gilles, Owen, and van den 
Brink (1992), van den Brink and Gilles (1996), and Gilles and Owen (1994). For  
a survey of these models we refer to van den Brink (1994). A related model can be 
found in Faigle and Kern (1993). In these models it is assumed that players that 
participate in a TU-game are part of a hierarchical organization in which there 
are players that need permission from other players before they are allowed to 
cooperate within a coalition. Thus the possibilities of coalition formation are 
determined by the positions of the players in this so-called permission structure. 
Various assumptions can be made about how a permission structure affects the 
cooperation possibilities in a TU-game. In this paper we take the disjunctive 
approach as considered in Gilles and Owen (1994). In this approach it is assumed 
that a player needs permission from at least one of his predecessors before he is 
allowed to cooperate with other players. 

An allocation rule for games with a permission structure is a function that 
assigns to every game with a permission structure a distribution of the payoffs 
that can be obtained by cooperation. The main result of this paper is an axiomatic 
characterization of a particular allocation rule that is based on the disjunctive 
approach, namely the disjunctive permission value. The crucial axiom in this 
axiomatization is fairness which states that deleting a permission relation be- 
tween two players has the same effect on the payoffs of both players. This axiom is 
closely related to fairness as stated in Myerson (1977) for games with limited 
communication possibilities. For  these games fairness means that deleting a com- 
munication relation between two players has the same effect on both their 
payoffs. 

In Gilles, Owen, and van den Brink (1992) an alternative approach to games 
with a permission structure is considered, namely the conjunctive approach. In 
this approach it is assumed that each player needs permission from all his 
predecessors in the permission structure before he is allowed to cooperate. In van 
den Brink and Gilles (1996) an axiomatization of the conjunctive permission value 
is given. This is an allocation rule that is based on this conjunctive approach. This 
value does not satisfy fairness. 

In Section 2 we briefly discuss the disjunctive and conjunctive approach to 
games with a permission structure. Given a game with a permission structure 
corresponding modified games are derived in which we take account of the 
limited possibilities of coalition formation based on the disjunctive and conjunc- 
tive approaches. The disjunctive and conjunctive permission values are then 
defined as the Shapley values (Shapley (1953)) of the corresponding modified 
games. 
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In Section 3 we first show an important difference between the disjunctive and 
conjunctive approaches. In the disjunctive approach deleting a relation in 
a permission structure results in less possibilities of cooperation, while deleting 
a relation leads to more cooperation possibilities in the conjunctive approach. 
We then show that the disjunctive permission value satisfies fairness, i.e., the 
deletion of a relation between two players changes their disjunctive permission 
value by the same amount. This is not the case for the conjunctive permission 
value. 

Finally, in Section 4 we give an axiomatization of the disjunctive permission 
value for games with a permission structure that uses fairness. 

2 Games  with a Permission Structure 

We assume that players who participate in a TU-game are part of a hierarchical 
organization in which there are players that need permission from certain other 
players before they are allowed to cooperate. For  a finite set of players N such 
a hierarchical organization is represented by a mapping S: N ~ 2 N which is called 
a permission structure on N. The players in S(i) are called the successors of player 
i~N in the permission structure S. The players in S-l( i) := {j~N[i~S(j)} are 
called the predecessors of i in S. By S we denote the transitive closure of the 
permission structure S, i.e.,j~S(i) if and only if there exists a sequence of players 
(h 1 . . . . .  ht) such that h i= i ,  hk+leS(hk) for all l <_k <_ t -1  and ht= j. The 
players in S(i) are called the subordinates of i in S, and the players in 
S-1(i):= { j~NlieS( j )}  are called the superiors o f / i n  S. 

In this paper we restrict our attention to a special class of permission structures 
that are also considered in Gilles and Owen (1994). 

Definition 2.1: A permission structure S on N is hierarchical if the following two 
conditions are satisfied 

(i) S is acyclic, i.e., for every i~N it holds that ir 
(ii) S is quasi-strongly connected, i.e., there exists an i~N such that S(i) = N\{i}. 

We denote the collection of all hierarchical permission structures on N by 5P~. 
These hierarchical permission structures are important for economic applica- 
tions as discussed in van den Brink and Gilles (1994). In that paper it is also shown 
that in a hierarchical permission structure there exists a unique player i o such that 
S(io) = N\{io}. Moreover, for this player it holds that S-  1(io) = ~ .  We call this 
player the topman in the permission structure. 

A triple (N, v, S) with ve~q N and Se~9~ is called a game with a hierarchical 
permission structure. As in Gilles and Owen (1994) we assume that each player 
needs permission from at least one of his predecessors before he is allowed to 



30 R. van den Brink 

cooperate with other players. Consequently, a coalition can cooperate only if 
every player in the coalition, except the topman i o, has a predecessor who also 
belongs to the coalition. (Note that this implies that the unique topman i 0 belongs 
to the coalition.) Thus, the formable coalitions are the ones in the set 

for every i~E there is a sequence of players (h 1 . . . .  ,ht) ] 
kUs:= E ~ N  such that hi=iv ,  hk+leS(h~) for all l <k  <_t -1 ,  I 

and h t = i 

The coalitions in U s are called the disjunctive autonomous coalitions in S. 

(1) 

Definition 2.2: The disjunctive sovereign part of E c N in S~SP~ is the coalition 
given by 

a(g) = ~{F~ ~s[F ~ E}. 

The disjunctive sovereign part of E ~ N is the largest formable subset of E. It 
consists of those players in E that can be reached by a 'permission path' starting at 
the topman such that all players on this path belong to coalition E. Using this 
concept we can transform the game wfr into a modified game in which we take 
account of the limited possibilities of cooperation as determined by the per- 
mission structure S. 

Definition 2.3." Let V ~  N and S~5~ .  The disjunctive restriction of v on S is the 
game ~s(V)~(r N given by 

@s(v)(E):= v(~r(E)) for all E ~ N. 

An allocation rule for games with a permission structure is a function that assigns 
to every game with a permission structure (N, v, S) a distribution of the payoffs 
that can be obtained by cooperation according to v taking into account the 
limited cooperation possibilities determined by S. In this paper we discuss the 
disjunctive permission value ~p:fyN x 5 ~  ~ ~ u  which is given by 

O(v, S):= Sh(~s(V)) for all v ~  N and SeSP~, 

where Sh:fr N---, ~ denotes the Shapley value, i.e., 

r Av(E) 
Shi(v) = ~ #E ' for all i eN  and y e n  u, (2) 

with dividends given by Av(E):= Z F c E ( -  1)#g-#Fv(F) for all E c N (see Harsanyi 
(1959)). 

An alternative allocation rule is the conjunctive permission value which is based 
on the conjunctive approach as developed in Gilles, Owen, and van den Brink 
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(1992). In this approach it is assumed that each player needs permission from all 
his superiors in the permission structure before he is allowed to cooperate. This 
implies that a coalition E is formable only if for every player i c e  it holds that all 
superiors of i are part of the coalition. The set of formable coalitions in this 
approach thus is given by 

�9 s:= {E c Nlfor every ieE it holds that S 1(0 ~ E}. (3) 

The coalitions in the set ~b s are called the conjunctive autonomous coalitions in S. 
Similarly as in the disjunctive approach the largest autonomous subset of E, 
~rC( E) = w { F ~ q)s l F ~ E } , is refered to as the conjunctive sovereign part of E in S. It 
consists of all players in E whose superiors are all part of E. Given a game with 
a permission structure (N, v, S) the conjunctive restriction of v on S is the game 
~s(V) given by ~ts(v)(E):= v(aC(E)) for all E c N. The conjunctive permission value 
for games with a hierarchical permission structure q):~qN x 5e~ ~ R N then is given 
by (p(v, S):= Sh(Ns(V)) for all vs~# N and S~SPun. 

Example 2.4: Let y e n  N and S ~ 5 ~  on N = {1, 2, 3, 4} be given by 

v(E)={10 ifEMelse 

and 

S(1) = {2, 3}, S(2) = S(3) = {4}, S(4) = ~ .  

The disjunctive and conjunctive restrictions of v on S, respectively, are given by 

@s(v)(E)=fl  if Ee{{1,2,4}, {1,3,4}, {1,2,3,4}} 

t0 else 

and 

f l  if E =  {1,2,3,4} 
~ s ( v ) ( e )  = to else 

Fig. 1. Permission structure S of example 2.4 
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The disjunctive and conjunctive permission values are given by ~b(v,S)= 
5 i i r _i !~ @i,/2, 1-2, ~ )  and (o(v, S) = ,4, 4, 4, 4,. 

3 A Fairness Axiom 

In this section we discuss a particular axiom that plays an important role in the 
axiomatization of the disjunctive permission value that is presented in the next 
section. Suppose that h e n  andjeS(h) are such that the permission structure that 
results after the deletion of the permission relation between players h and j is 
hierarchical. The axiom states that if we delete the relation between players h and 
j, then their disjunctive permission values decrease (or increase) by the same 
amount. Moreover, if player i dominates player h 'completely' in the sense that all 
permission paths from the unique topman i o to player h contain player i, then also 
player i's disjunctive permission value changes by that same amount. Given 
a permission structure SeSP~ and two players h, j e N  such thatjES(h) we define 
the permission structure S_(h,j ) by 

~S(i)\{j} if i =  h 
S-<h'J)(i) = [ S(i) else. 

Note that in order for S_ (h,j) to be a hierarchical permission structure it must hold 
that # S -  l(j) > 2. (If this is not the case then SZ~h,j)(j) = ~ ,  and thusj r  (h,1)(io).) 
Before analyzing how the deletion of the relation between two players affect their 
disjunctive permission values we state a proposition which points out an 
important difference between the conjunctive and disjunctive approaches to 
games with a permission structure. If we delete a relation in a hierarchical 
permission structure (such that the permission structure stays hierarchical) then 
this leads to less autonomous coalitions in the disjunctive approach, while it leads 
to more autonomous coalitions in the conjunctive approach. 

Proposition3.1: For every S~9~ and h, j e N  such thatjsS(h) and # S -  l(j) _> 2 it 
holds that 9Ys_,~,j , = Us and ~b s ~,j~ = ~b s. 

Proof: Let SeS '~  and h, j e N  be such thatjeS(h) and # S - i ( j )  ~> 2. 

(i) Suppose that EE U s ~.,j~. Since S_(h,j)(i ) c S(i) for all i eN it follows with (1) that 
E e ~P s. 

(ii) Suppose that Eeq~ s. Since S-~h,j)(i)cS-l(i) it follows with (3) that 
S~ ~h,j)(i) ~ S -  i(i) c E for all ieE. Thus Ee (bs_(,,.j,. [] 

Next we present a lemma which states that a disjunctive autonomous coalition 
E that does not contain player h and his successor jeS(h) is still disjunctive 
autonomous after the deletion of the relation between h and j. 
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Lemma 3.2: For every S e S ~  and h, j e N  such that j~S(h) and # S - l ( j ) >  2 it 
holds that 

E~ ~u s and E ~ {h,j} implies that E~ ~s-,~,j>. 

Proof: Let ScSP~ and h , j~N  be such thatjeS(h) and #S l(j) > 2. 
Further, let Ee Ws and E 75 {h, j}. 
If E~j then it follows with (1), Ee ~Ps and the fact that ST_~h,j)(i ) = S-~(i) for all 

i~N\{ j }  that E~ Ts_~.y 
IfE~j then by assumption E~th. Since E~ hu s it holds that (S- ~(j)\{h})~E # ;3. 

But then S 5 ~hj)(J)C~ E # ~ .  Since S 2 ~h,D(i) = S-  ~(i)for all icE\{  j} it then follows 
with (1) that E~ ~Ps ~j,- [] 

Now we are able to state the main result of this section which says that deleting 
the relation between two players h and jeS(h) (with # S - l ( j ) >  2) changes the 
disjunctive permission values of players h and j  by the same amount. Moreover, 
also the disjunctive permission values of all players i that 'completely' dominate 
player h in the sense that all permission paths from the topman i 0 to player 
h contain player i, change by this same amount. 

Theorem 3.3: For every w N  N, S~SP~ and h, j ~ N  such thatjeS(h) and #S-  l(j) _> 
2 it holds that 

O i(v, S) -- r i(v, S ~h,jt) = r j(v, S) - O j(v, S_ (h4)) for all ie {h} u S- l(h), 

where S-l(h):= {i~S-l(h)lE~ ~s and E~h implies that E~i}. 

Proof." Let w r = CTUT, where u r is the unanimity game of coalition T c  N, and 
c reR is some constant, i.e., 

WT(E)= { ;  r else.if E ~ T 

Further, let SeSP~ and h, jEN  be such thatjeS(h) and #S- l ( j )  >_ 2. 
From the definition of the Shapley value (equation (2)), and the fact that 

Ae~(w~)(E ) = 0 for all Ee2N\ 7-' s (this follows from a more general result that is 
stated in Derks and Peters (1993)) it follows with Proposition 3.1 that for every 
iEN it holds that 

E~i E~, E~i 

Next we establish the following facts: 
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(i) If E75 {h, j} then clearly F 75 {h, j} for all F ~ E. But this implies that the 
disjunctive sovereign part of F c E in permission structure S is the same as 
the disjunctive sovereign part of F in permission structure S_(~j). Thus 
~s(Wr)(F) = ~s_~.~(wr)(F) for all F c E. For the dividends it then holds that 
A~,(~,)(E) = A~, ~.~(~)(E) for all E75 {h, j}. 

(ii) Lemma 3.2 is equivalent to saying that 

Ee ~s \  ~s ~,~)implies that E ~ {h, j}. 

Thus it follows with this lemma that 

Ee~s\~s-(h, j )  EetI"s\tPs_(h, j )  
Egh Egj 

From this we can derive that 

O~(w~, s) - O~(w~, s) = 

E~h ( ' J E) j  

Egh,E?Jj E~h,Egj 

\ #e / 
Egh,E~j E~h,Egj 

Egh (h' J) E~j ' 

= ~ ( w r ,  s (~,j)) - ~j(wr, S ~h,j)) (4) 

Further, we can derive the following facts: 
(iii) By definition of Ts it holds that Ee Ts and Egh imply that E ~ S- t(h). 
(iv) If ETCh then E~V" s if and only i fEe  ~v s ~h.j; 
(v) From fact (i) stated above it follows that Ae,(w~)(E) = A~, ~,,j)(~)(E) for all E~h. 

From this it follows that for every ieS-  l(h) it holds that 

Eai,E~h Egi,Egh 

~ \  #E ) 
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E~j 

Together with facts (i) and (ii) stated above we then can derive that for every 
i eS-  ~(h) it holds that 

~(wr, S ) -  ~j(wr, S) = ~ ( A~__~,(E)~ + ~ ( A~_~)(E)  I 
Eel's (h, j l \  ~ / EE~US (h,j)\ / 

Egi,E~h E)h 

E ~ g/s_o, j) 
E~j 

= O~(w~, s _  (~,j~) - Oj(w~, S_  (h,~). 

With (4) we can conclude that 

0~(Wr, S) - Oi(Wr, S_(ha) ) = 0i(wr, S) -- Oj(wr, S_ (hj)) for all ie{h} w S- t(h). 

For arbitrary games y e n  N with a hierarchical permission structure S E J ~  it 
holds that 

~s(v)(E) = v(~(E)) = ~ A~(T)uT(~r(E)) = ~ ,4v(T)~s(Ur)(E) for all E c N .  
T e N  T c N  

Similarly ~s ~ (v)(E) = ~rcNAv(T)@s ~j~(ur)(E ) for all E c N. 
, j  . . . .  

The theorem them follows directly from addltlVlty of the Shapley value. [] 

An allocation rule that satisfies the condition stated in Theorem 3.3 is said to be 
fair. This concept of fairness is closely related to the fairness concept that is 
introduced in Myerson (1977) for games in which the possibilities of cooperation 
are restricted because of limited communication possibilities between the players. 
As the following example shows the conjunctive permission value is not fair. 

Example 3.4: Consider the game with hierarchical permission structure of 
Example 2.4. Let S' be the permission structure that is obtained by deleting the 
relation between players 3 and 4. 

Then 

~s'(E)=~s'(E)= {lo else,ifE~{l'2'4} 

and thus O(v, S') = (p(v, S') = (g, ~-,1 10,~). l  
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Fig. 2. Permission structure S' of example 3.4 

R. van den Brink 

Comparing this with the values for (N, v, S) in Example 2.4 yields 

1 5 1 
O3(v,S)-O3(v,S')= - 0 - 1 2 - 1 2  3=O, (v ,S ) -O4(v ,S  ') 

and 

= 1 _ 0 = 1  1 1 1 
(P3(v'S)-cP3(v'S') 4 4 r  1 2 - 4  3 -(p4(v'S)-~%(v'S')" 

Note that the conjunctive permission values of players 3 and 4 change in opposite 
directions. 

4 An Axiomatization of the Disjunctive Permission Value 

In this section we present six axioms on an allocation rule f :  NN x ~ ~ NN that 
uniquely determine the disjunctive permission value for games with a hierarchical 
permission structure. Five of these axioms are also satisfied by the conjunctive 
permission value a. The sixth axiom is fairness. 

The first two axioms are generalizations of efficiency and additivity of the 
Shapley value. 

Axiom 4.1 (Efficiency): For every w . ~  s and $ 6 5 ~  it holds that 

F, L(v, s) = v(N). 
i~N 

Axiom 4.2 (Additivity): For  every v, W ~  N and $65 PN it holds that 

f (v  + w, S) = f(v, S) + f(w, S), 

where (v + w)e~  N is defined by (v + w)(E):= v(E) + w(E) for all E c N. 

3 The first four axioms are already stated in van den Brink and Gilles (1996). The fifth axiom is 
a weaker version of the corresponding axiom in that paper. 



An Axiomatization of the Disjunctive Permission Value for Games 37 

If the players are not part of a permission structure then the zero player axiom 
of the Shapley value states that if player i~N is a zero player, i.e., v(E) = v(E\{i}) 
for all E ~ N, then i gets a payoffequal to zero. However, if the players are part of 
a permission structure then, although player i is a zero player in game v, it might 
be that there are non-zero players that need his permission. In that case it seems 
reasonable that player i gets a non-zero payoff. However, if all subordinates of the 
zero player i are also zero players then again it seems reasonable that player i gets 
a zero payoff. Such a player i is called inessential in (N, v, S). 

C N Axiom 4.3 (Inessential Player Property): For every y e n  N, S 5 ~ ,  and iEN such 
that every player j~S(i)w {i} is a zero player in v, it holds that fi(v, S) = O. 

The next two axioms are stated for the class of monotone TU-games. A TU- 
game v is monotone if for all E c F c N it holds that v(E) < v(F). The class of all 
monotone TU-games on N is denoted by ~ t .  If player i is necessary for any 
coalition to obtain any positive payoff in a monotone game then i can always 
guarantee that the other players earn nothing by refusing any cooperation. In 
that case it seems reasonable that the necessary player i gets at least as much as 
any other player. 

Axiom 4.4 (Necessary Player Property): For every v~N~t, S~5~/~, and i~N such 
that v(E) = 0 for every E c N\{i}  it holds that 

fi(v, S) >_ f ](v, S) for al l j~N. 

As shown in van den Brink and Gilles (1996) the conjunctive permission value 
satisfies structural monotonicity which states that a player in a monotone game 
with a permission structure gets at least as much as any of his subordinates. The 
disjunctive permission value does not satisfy this axiom. The next axiom is 
a weaker version of structural monotonicity. It says that if player i dominates 
player j 'completely' in the sense that all permission paths from the topman 
i o to player j contain player i, then i gets at least as much as j if the game is 
monotone. 

Axiom 4.5 (Weak Structural Monotonicity): For every v6N~, S e S ~  and i~N it 
holds that 

fi(v, S) >_ f j(v, S) for all j~S(i), 

where 

S(i) = { je  N tie S - l (  j)} = {jr IEe 7~s and E3j implies that E 3 i}. 

As said, the final axiom is fairness as discussed in the previous section. 
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X N Axiom 4.6 (Fairness): For every V~ff N, t~OPH, and h, j ~ N  such that j t S (h )  and 
#S-  ~(j) _> 2 it holds that 

f (v ,  S) - f i ( v ,  S_ (h,;)) = f;(v, S) --f;(v,  S_ (h,;)) for all i t  {h} ~ S-- l(h). 

These six axioms uniquely determine the disjunctive permission value for games 
with a hierarchical permission structure. Before proving this result we present the 
following lemma. 

Lemma 4.7: Let S~5 PN and w T = CTbl T where/A T is the unanimity game of T c  N, 
and c r _> 0 is some non-negative constant. 

(i) I f f ; ~  N x J ~  ~ ~N satisfies the inessential player property thenfi(wr, S) = 0 
for all ieN\c~(r) where e(T):= T~S-I (T) .  

(ii) If f : f fu  x j N ~  ~ satisfies the necessary player property and weak struc- 
tural monotonicity then there exists a constant c > 0 such that fg(WT, S) = c 
for all i t f i (T)  where fi(T):= { ie~(T)[T~  ({i} u S(i)) ~ ~} .  

Proof: Let S t J  N and w r = CTU r with c T _> 0. 

(i) If i t N \ ~ ( T )  then iq~ T and S(i) c~ T =  ~ .  Thus i is inessential in (N, w r, S). The 
inessential player property then implies that f i (wr,  S) = O. 

(ii) If i t  T then i is a necessary player in the monotone game w T. From the 
necessary player property it then follows that there exists a constant c _> 0 
such that 

fi(WT, S) = c for all i t  T 

fi(WT, S) <_ C for all i E N \ T  

If i t f i ( T ) \ T  then S(i)c~ T r  ~ .  Weak structural monotonicity then implies 
that also f i (wr,  S) = c for all i~fl(T)\  T. [] 

Next we state the main result of this paper. 

Theorem 4.8: An allocation rule f:.~N x Y ~  ~N is equal to the disjunctive 
permission value q) if and only if it satisfies efficiency, additivity, the inessential 
player property, the necessary player property, weak structural monotonicity, 
and fairness. 

Proof: In the previous section we already showed that ~ satisfies fairness. 
Efficiency of (p directly follows from efficiency of the Shapley value and the fact 

that a(N) = N for every StS~ 
Additivity of ~9 directly follows from additivity of the Shapley value and the 

fact that ~s(V) + ~s(W) = ~s(V + w) for all v, w t ~  N and Se5 fN. 
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For every v~f# N and S~SP~ it holds that an inessential player in (N, v, S) is 
a zero player in @s(V). The zero player property of the Shapley value then implies 
that 0 satisfies the inessential player property. 

In Gilles and Owen (1994) it is shown that for every v6f#~ and S ~ S n  it holds 
that ~s(V)efg~. As is known the Shapley value can be written as 

Shz(v) = ~p (E) ' ( v ( E) -  v(E\{i})), for all iEN, 
E~i 

(5) 

( # N  - #E)!(#E - 1)! 
where p(E):= . Let i ~N  be a necessary player in the mono- 

(#N)! 
tone game v. Then i is a necessary player in the monotone game ~s(V). From this 
we can derive that 

(i) ~s(v)(E) -- ~s(v)(E\{i}  ) = ~s(v)(E) > ~s(v)(E) - ~s(v)(E\  { j} ) 
and E c N; 

(ii) ~s(v)(E) -- @s(v)(E\{i}) > 0 for all E3i; 
(iii) @s(v)(E) - @s(v)(E\{j}) = 0 for a l l j e N  and Eji. 

for all j ~ N  

With (5) it then follows that 

Oi(v, S) = Shi(~s(V)) 

= ~ p(E)'(~s (v)(E) - ~s  (v)(~\ {/})) + ~ p(E)'(~s(V)(E) - ~s(V)(E\ {i})) 
E~i E~i 
E~j E?~j 

> ~ P(E) ' (~s(v)(E)-  ~s(v)(E\{ j} ) )  + ~ P(E)'(@s(v)(E)- ~s(v)(E\{ j} ) )  
E~i E~i 
Egj E3j 

= S h j ( ~ s ( V ) )  = O j ( v ,  S )  for e v e r y j e N .  

Thus ~ satisfies the necessary player property. 
Let vef#~t, SeSP~, and i eN.  From monotonicity of Ns(V) it then follows that 

(i) ~s(v)(E)--  ~s(v)(E\{i})  > ~s(v)(E)--  ~s(v)(E\{  j} ) since a(E\{i})  ~ a(E\{ j}) 
for all jeg(i) and E c N; 

(ii) @s(v)(E) - ~s(v)(E\{i}  ) > 0 for all E3i; 
(iii) @s(v)(E) - ~s (v ) (E\{ j } )  = 0 for alljeS(i) and Eji. 

With this and (5) it then can be shown that 0 satisfies weak structural monotonic- 
ity in a similar way as is shown that 0 satisfies the necessary player property. 

We thus conclude that ~ satisfies the six axioms. 
Now suppose that f:fqN x 5 ~  ~ A N satisfies the six axioms. 
Consider the hierarchical permission structure S eSe~ and the monotone game 

WT=CrUT where u r is the unanimity game of T ~ N ,  and cr>_0 is some 
non-negative constant. 
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Note  that  for every hierarchical structure SESPH u it holds that  ~ieN#S(i) 
# N  - 1. 

I f ~ u # S ( i  ) = # N  - 1 then # S -  1(i) = 1 for all ieN\{io}, and thus S(i) = S(i) for 
all i~N. In that  case r~({ i}wS(i) )  r ~ for all iE~(T). Thus fl(r) = ~(T), where 
~(T) and fl(T) are as defined in Lemma 4.7. With that lemma it then follows that 
there exists a constant  c > 0 such that  

f if iec~(T) 
L(wr,  S) = ~ c 

0 else. L 

Efficiency then implies that  c = (cr/#c~(T)), and thus f (w  r, S) = O(wr, S). 
Proceeding by induct ion we assume that  f (wr,  S') = O(w r, S') for all S'~SPN 

with 52~N#S'(i ) < 52~N#S(i ). 
Next we recursively define the sets L k, ke{0} u N, by 

L 0 :=- ~ ,  

and 

Lk := Lt IS(i) c ~J L t , for all k 6 N. 
t= l  ) 

In van den Brink and Gilles (1994) it is shown that for hierarchical permission 
structures there exists an M < oe such that  the sets L 1 . . . .  , L M form a part i t ion of 
N consisting of  non-empty  sets only. 

Let c* >_ 0 be such that  fi(wr, S) = c* for all iefl(T). (The existence of such 
a constant  c* follows from Lemma 4.7.) 

Next  we describe a procedure which determines the values fg(w r, S) as func- 
tions of  the constant  c* for all iEN. 

Step 1: For  every i~L 1 one of the following two conditions is satisfied: 

(i) If iEN\c~(T) then fi(wr, S) = 0 by Lemma 4.7. 
(ii) If iec~(T) then i~ r since S(i) = ~ .  Thus fi(wr, S) = c*. 

Let k = 2. 

Step 2: If L k = Z then STOP. 
Else, for every i~L k one of the following three conditions is satisfied: 

(i) If  i~N\c~(T) then fi(wr, S) = 0 by Lemma 4.7. 
(ii) If  iefl(T) then fi(wr, S) = c*. 

(iii) If  i~c~(T)\fl(T) then by definition of ~(T) and fl(r) there exists an he {i} w S(i) 
and a j~S(h) such that  # S - l ( j )  > 2. Fairness then implies that  

fi(w~, s) - f i (wT ,  s_ ~,,j~) = f j(w~, s) - f j (w~ ,  s_  ~hj~). 
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Using the induction hypothesis we can write 

f i (wr,  S) = f j(w r , S) + Oi(wr, S_(h,j)) -- Oj(Wr, S_(hj) ). (6) 

Since j~S(i) implies that jEL  t with 1 < k we already determined f j (wr,  S) as 
a function of c*, and thus with (6) we have determined f i (wr,  S) as a function 
of c*. 

Step 3: Let k = k + 1. Go TO STEP 2. 

Since there exists an M < oo such that the sets L1 , . . . ,L  M form a partition of 
N consisting of non-empty sets only the procedure described above determines 
the values fi(Wr, S) as a function of c* for all ieN.  Efficiency then uniquely 
determines the value c*. Since the disjunctive permission value satisfies the 
axioms it then must hold that f ( w r ,  S) = tp(w r, S). 

Above we showed that f (wr, S) = tp(w r, S) for all games w r = cru r with c r >_ 0 
and S e S ~ .  Suppose that w r = cru r with c r < 0, and let Vo~N N denote the null 
game, i.e., vo(E ) -- 0 for all E ~ N. From the inessential player property it follows 

S N that fi(Vo, S) --- 0 for all i ~ N  and ~5~ H. Since - w  r = - c r u  r with - c  r > 0 and 
~s(Wr) + ~ s ( - w r ) =  Ns(Vo) for all r c  N it follows from additivity of f and of the 
Shapley value that f ( w  r, S) = - f ( -  Wr, S) = - 0 ( -  Wr, S) = - S h ( N s ( -  wr) ) = 
- S h ( - @ s ( W r )  ) = Sh(@s(Wr) ) = 0(wr, S ) for all SeSP~. Since every game v ~  N 
can be expressed as a linear combination of unanimity games it then follows with 
additivity that f (v ,  S) = O(v, S) for all v~(~ N and SeSP/~. [] 

We conclude this paper by illustrating the independence of the axioms stated in 
Theorem 4.8. 

Example 4.9: We illustrate the independence of the axioms in Theorem 4.8 by 
presenting six alternative allocation rules. 

1. The conjunctive permission value (p:~u x 5P~ ~ R N which is discussed at the 
end of Section 2 and is axiomatized in van den Brink and Gilles (1996) satisfies 
all axioms of Theorem 4.8 except fairness. 

2. Let the allocation rule f l : ~ N  x 5 P ~ R  N be given by 

f l ( v ,  S) = Sh(v) for all yEN N and S e S ~ .  

This allocation rule satisfies all axioms of Theorem 4.8 except weak structural 
monotonicity. 

3. Let the allocation rule f2:~N x ~ R  N be given by 

f ~ ( v ' S ) =  { v(N) elseif S - 1 ( i ) = ~  

for every i~N,  y e n  ~, and S e S ~ .  
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This allocation rule satisfies all axioms of Theorem 4.8 except the necessary 
player property. 

4. Let the allocation rule f3:NN x Y ~  NN be given by 

f3, ~, v(N) i iv, ~) = # N  for all ieN,  y e n  N, and SeSP~. 

This allocation rule satisfies all axioms of Theorem 4.8 except the inessential 
player property. 

{~ i f E ~ T r  
5. Let 9r~N N be given by 9r(E) = else. 

Now let the allocation rule f4:(qN X 5P~ -~ NN be given by 

f4(v ,S)= ~f2(v,S) if v=gr ,  #T_>2 
( O(v,S) else 

for every re(4 N and SeY~. 
This allocation rule satisfies all axioms of Theorem 4.8 except additivity. 

6. Let the allocation rule fs:NN x 5 P ~  N be given by 

5 v f i  ( , S) = 0 for all iEN, w ~  N and S~J~.  

This allocation rule satisfies all axioms of Theorem 4.8 except efficiency. 

Thus, all six axioms are necessary in order to uniquely determine the disjunctive 
permission value for games with a hierarchical permission structure. 

References 

Aumann R J, Drdze JH (1974) Cooperative games with coalition structure. International Journal of 
Game Theory 3:217-237 

Borm P, Owen G, Tijs S (1992) On the position value for communication situations. SIAM Journal on 
Discrete Mathematics 5:305 320 

Brink R van den (1994) Relational power in hierarchical organizations. Dissertation Titburg University 
Tilburg 

Brink R van den, Gilles RP (1996) Axiomatizations of the conjunctive permission value for games with 
permission structures. Games and Economic Behavior 12:113-126 

Brink R van den, Gilles RP (1994) A social power index for hierarchically structured populations of 
economic agents. In: Gilles RP, Ruys PHM (eds) Imperfections and Behaviour in Economic 
Organizations Kluwer Dordrecht 

Derks J, Peters H (1993) A shapley value for games with restricted coalitions. International Journal of 
Game Theory 21:351-366 

Faigle U, Kern W (1993) The shapley value for cooperative games under precedence constraints. 
International Journal of Game Theory 21:249-266 



An Axiomatization of the Disjunctive Permission Value for Games 43 

Gilles RP, Owen G (1994) Games with permission structures: The disjunctive approach. Mimeo 
Department of Economics Virginia Polytechnic Institute and State University, Blacksburg 
Virginia 

Gilles RP, Owen G, Brink R van den (1992) Games with permission structures: The conjunctive 
approach. International Journal of Game Theory 20:277-293 

Harsanyi JC (1959) A bargaining model for cooperative n-person games. In: Tucker AW, Luce RD (eds) 
Contributions to the Theory of Games IV, Princeton UP Princeton 325-355 

Kalai E, Postlewaite A, Roberts J (1978) Barriers to trade and disadvantageous middlemen: Non- 
monotonicity of the core: Journal of Economic Theory 19:200-209 

Myerson RB (1977) Graphs and cooperation in games. Mathematics of Operations Research 2: 
225-229 

Nouweland A van den (1993) Games and graphs in economic situations. Dissertation, Tilburg 
University Tilburg 

Owen G (1977) Values of games with a priori unions. In: Henn R, Moeschlin O (eds) Essays in 
Mathematical Economics and Game Theory. Springer Verlag Berlin 76-88 

Owen G (1986) Values of graph-restricted games. SIAM Journal of Algebraic Discrete Methods 7: 
210-220 

Shapley LS (1953) A value for n-person games. In: Kuhn HW, Tucker AW (eds) Annals of Mathe- 
matics Studies 28 (Contributions to the Theory of Games Vol 2) Princeton UP Princeton 
307-317 

Winter E (1989) A value for cooperative games with levels structure of cooperation. International 
Journal of Game Theory 18:227-240 

Received May 1994 
Revised version January 1995 


