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ABSTRACT.  We state a localization principle for expansions in eigenfunctions of a self-adjoint second order
elliptic operator and we prove an equiconvergence result between eigenfunction expansions and trigonometric
expansions. We then study the Gibbs phenomenon for eigenfunction expansions of piecewise smooth functions
on two-dimensional manifolds.

Two of the most elementary but basic results in harmonic analysis are the theorem of Dirichlet
on the convergence of Fourier series and the localization principle of Riemann. The Riemann
localization principle states that the behavior of the partial sums of a Fourier series at a given point
depends only on the behavior of the function in an arbitrary small neighborhood of this point. The
Dirichlet theorem, originally stated for functions with a finite number of maxima and minima, when
applied to piecewise smooth functions guarantees the convergence at every point of the partial sums
of Fourier series to the function expanded. At a discontinuity the convergence is to the midpoint of
the jump but, as it was observed by Wilbraham and later by Michelson and Gibbs, in a neighborhood
of the discontinuities, the partial sums have wild oscillations and overshoot the target by about 9%
of the value of the jump.

The classical trigonometric series is a quite faithful model for more general one-dimensional
expansions. After suitable changes of variables, a regular Sturm-Liouville problem can be put in a
canonical form:

— L y@) +(Q) — A2 y(x) =0, if0<x <1,

o= y(0) + By(0) = y £y() + 6y(1) = 0.

Moreover, if ¢y # 0 and if n — 400, the sequences of eigenvalues {A,z, }+°8 and normalized

n=
eigenfunctions {¢, (x)};'l'__‘fg admit asymptotic expansions,

Im=an+an '+ 00,

bn(x) = v/2cos(mnx) + n~LA(x) sin(nx) + O (n~2)
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for a suitable constant a and function A(x) independent of n. Using these formulas, Haar [8] proved

that Fourier series with respect to the system of eigenfunctions {¢y, (x) ,T__‘f‘(’) are equiconvergent with
. . . . . +w . .
Fourier series with respect to the trigonometric system [ V2 cos(mnx) } 0 that is for every integrable
n=
function f(x) on [0, 1] one has

n 1 n 1
Z </ f(l)¢n(f)dt> On(x) — Z (/ f(t)«/icos(nnt)dt) V2 cos(rnx)
k=0 \Y0 k=0 \"0

The idea of the proof is indeed very simple. By the asymptotic formula for eigenfunctions,
the difference between the Dirichlet kernels Y ;_o @ (£)@n(x) and 2 }_, cos(rnt) cos(wnx) is
uniformly bounded. It then follows that

n 1 n 1
> ( f f(t)¢,,(t)dt) AGEDY ( f f(OV2 cos(rrnt)dt) V2 cos(mnx)
k=0 \0 k=0 \"0

1 n n
= 1 / (Z Gn () (x) — 2 Z cos(mnt) cos(ztnx)) f()dt
0 \xk=0 k=0

1
SC/O \F@)ldr

lim
n—>+-00

=0.

Norm boundedness and convergence to zero for a dense class of functions imply the con-
vergence to zero for every integrable function. In particular, for these Sturm-Liouville expansions
we have an exact analogue of the Dirichlet convergence theorem and of the Riemann localization
principle.

We shall try to prove something similar for expansions in eigenfunctions of a second-order
self-adjoint elliptic Dirichlet problem on an N-dimensional domain; however, since an asymptotic
expansion of eigenfunctions is not available, as a tool we shall use the wave equation. In particular, we
shall synthesize the Dirichlet kernel, or spectral function, using the fundamental solution of the wave
equation and we shall control the errors using estimates on restriction of Fourier transform to spheres
and approximation results of Jackson-Bernstein type. For technical reasons, the most precise results
will be obtained for expansions on two-dimensional manifolds without boundary. In this case, we
shall prove the pointwise convergence for eigenfunction expansions of piecewise smooth functions
and the associated Gibbs phenomenon in a neighborhood of the discontinuities. This is related
to some results obtained by Weyl [25], who studied the Gibbs phenomenon for spherical harmonic
expansions on the two-dimensional sphere {x2 +y2 42 = 1}. Another two-dimensional manifold
is the torus {0 < x, y < 1} and in this case the expansions in eigenfunctions of the Laplacian are the
classical two-dimensional trigonometric Fourier series. When applied to this case, our results give a
new proof of an identity stated by Voronoi and proved by Hardy [9] for the number of integer points
in a disk of the plane.

We want to mention that expansions in eigenfunctions of elliptic operators have been ex-
tensively studied (see, e.g., the survey by Alimov-II’in-Nikishin {1] and the references there). In
particular, these authors proved definitive results for localization and pointwise convergence of ex-
pansions of functions in Sobolev spaces. However, the piecewise smooth functions considered in this
paper are just in the critical spaces and, as far as we know, the results we have found in the literature
do not immediately imply ours. As we said, the method of proof is based on the wave equation,
restriction theorems for Fourier transforms, and approximation results of Jackson-Bernstein type.
A curious feature is that in order to prove a pointwise result for piecewise smooth functions, we use
L? norms with 1 < p < 2 since p = 1, 2 are not enough.

The index of our exposition is the following. In order to illustrate the methods used in the
paper on simple model cases, in Section 1 we state an extension of the classical Riemann localization
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principle to multiple Fourier integrals and in Section 2 we study localization and convergence of
expansions in eigenfunctions of the Dirichlet problem in bounded open sets in RY with smooth
boundary. It turns out that trigonometric and eigenfunction expansions are related via an equicon-
vergence theorem that is an analog of Haar’s result for Sturm-Liouville expansions. In Section 3,
which is the motivation of our work and perhaps the most original part of the paper, we restrict our
attention to smooth two-dimensional manifolds without boundary and we study the convergence of
eigenfunction expansions of piecewise smooth functions and the associated Gibbs phenomenon. In
Section 4 we give a new proof of the identity of Hardy for the number of integer points in a disc of
the plane.

1. Localization for Fourier Integrals in R"

For functions in L! + L2(R") we consider the Fourier transform and the associated Fourier
expansion

Fr@) = [, FoVexp2mie -y, £ = [ Fr@ expCamix - )

The classical Riemann localization principle states that the behavior of the partial sums of a one-
dimensional Fourier series or integral at a given point depends only on the behavior of the function
in an arbitrary small neighborhood of this point. It was shown by Tonelli [23] for multiple Fourier
series and by Bochner [4] for multiple Fourier integrals that localization may not hold when N > 1.
See also [1]. The idea is that the spherical partial sum operators can be expressed as convolutions
against kernels which are unbounded even outside the origin. Indeed, see Stein—Weiss [21], IV,

/(IEI oy T @) expCmix £)d5 = fRN Fa=NAN 1AV Ty p@n | AyDdy

Let us fix x and consider the space of continuous functions on RV with supports
{¢ <]y — x| < &}. Theabove integrals are linear functionals on this space, but since Bessel functions
have asymptotic expansion, for z — +0o0,

_ 2 an w _3/2
Ja(z)—,/nzcos(z——i— —Z)-%-O(z ),

these functionals have norms of the order of AW —1/2, Hence, they are not uniformly bounded and, by
the Banach—Steinhaus theorem, there exists a continuous function with supportin {¢ < |y — x| < §}
for which the above integrals do not converge at x. A simple explicit example of this lack of
localization is given by the spherical partial sums of a characteristic function of a ball in R at its
center,

[ Froasn@de = f A3 A2 1y | AxDdx
(IEI<A) (lxl<1)
1 .
2t At 2
- 4Af (ﬂl—z—cos(znm))dm1——sin(2nA).
0 2w At /4

In order to recover the localization, one can introduce suitable means of the Fourier integrals,
or one can require appropriate Tauberian conditions on the function expanded. In particular, we shall
see that localization holds when the Fourier transform is suitably small and spread out.

Let m(s) be abounded even functionon —00 < s < +ocandfor A > Oletma (s) = m(s/A).
For functions in L' + L2(R") define the operator M4 by

Maf@) = [ man IEDFS© exparmi - £
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Since the multiplier m(2x |£]) is bounded, the means M f(x) are tempered distributions. If
maQn |E|)F £ (&) is square integrable, then these means are defined at least almost everywhere as
functions in L2(RY). However, here we are interested in pointwise localization and convergence,
so that in order to have means which are also defined pointwise, in the sequel we shall require
that m(s) has compact support, or sufficiently rapid decay at infinity. Under this assumption, the
operators M, map the space L! + L2(R") into a suitable space of test functions. For example, the
characteristic functions ma (s) = X[-a,A](s), which define the partial sums operators, give rise to
absolutely convergent integrals and M f(x) are entire functions. Other classical examples are the
Bochner-Riesz means of order § defined by ma(s) = (1 — (s /A)Z)i_ and one is interested in the
behavior of these means as A — +00.

Let 1 (s) be an even test function on —oo0 < § < 400 with cosine Fourier transform v7(t) =
% 0+°° V¥ (s) cos(ts)ds vanishing for |¢| > & and with fj;f’ ¥ (s)ds = 1. For the application we
have in mind, it is convenient to choose & small and also to assume that fj';" V(s)sids = 0 for
j =1,2,..., even if these assumptions are not always necessary. The convolution ma * ¥ (s) =
fj':: ma (s — £y (£)dt can be seen as an approximation of m (s) and fRN mp x w2 ENF F(&)
exp(2mix - £)dE as an approximation of My f (x). Under these assumptions we have the following
localization results.

Theorem 1.
1) The value of the means

[ ma s v EVE @) expamic - £)ds

at a point x depends only on the values of f(y) at points |y — x| < &.
2) Assume that

lim ’/]RN (mAQr |E]) —ma * ¥ Q2r |ED) Ff(E) exprix - §)d§| =0.

A—>+00

Then the behavior as A — 400 of the means
[ max 16DF £ @ expmic - s

at x depends only on the values of f(y) at points |y — x| < &. In particular if f(y) = g(y) for
|y — x| < & and both f(y) and g(y) satisfy the above Tauberian condition, then the means of f(y)
and g(y) are equiconvergent at the point x,

Jlim | [ mar EDFF©) expCarix -£)d [, ma@n EDER® expeariz - s>ds| =0.
I
lim sup f (mpAQr () —ma x ¥ (2m [E]) F f(§) exp(2mix 'E)dé‘ >0,
A—+oo |JRY

then the behavior of the means fRN mpaQm |EDFf(&) expmix - £)dE as A — +oo depends also
on points |y — x| > &. In this case there is no localization.

Proof. The idea, by now quite classical, is to synthesize the operators M, by means of the
fundamental solution of the wave equation cos(tv/A).
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Lemma 1.
Let cos(t+/A) f(x) be the solution of the Cauchy problem for the wave equation in R x RY,

N

a%zfu(t,x) - Zl %u(t, x)=0,
j= 7

u(©,x) = f(x),

d —

Wu(O,x) =0.

Then in the distribution sense we have the equalities
+00
fR mAQT IEDFf(€) exp(2it - x)d§ = fo T (1) cos(tv/A) F ()t
+00 -
fR L max Y@ EDES§) expQuif - x)dE =7 fo RWF () cos(tv/R) f ()t .

If m(s) has compact support, or sufficiently rapid decay at infinity, then for every f(x) in
L! + L%(RY) the above distributions can be identified with smooth functions.

Proof. In the distribution sense I (cos(t\[A_)f ) (§) = cos(2m |&| )F £ (¢) and we have

/]RN ma2n |EDF f(§) exp(2mik - x)dE
= fRN ( /0 - mA(t) cos(27 || t)dt) Ff(§) exp(2mik - x)d§
= f0+w A (t) ( fR , Cos@m [§IDF f(§) exp(2mis -x)ds) dt
= fo " R0 cose/B) F s

The interchange in the order of integration can be justified as in the proof of Fourier inversion
formula. This proves the first equality and the proof of the second is similar. It only uses the formula
for the Fourier transform of a convolution (mp * ¥)"(t) = nﬂ(t)$ @). If f(x)isin L'+ 12 RM),
then F£ () is in L2 4+ L*® (RN) and if m(s) has a rapid decay at infinity, then the integral on the
left-hand side of the equality is absolutely convergent and defines a smooth function. Ul

Now recall that waves propagate with finite speed. In particular, the distribution kernel of
cos(t+/A) has support in {|y — x| < ¢} and cos(t+/A) f (x) depends only on the values of £(y) at
points |y — x| < ¢. Since fp\(t) = 0ift > ¢, then 1) follows.

2) and 3) are immediate consequences of 1). O

If the function m(s) is smooth with compact support or, more generally, if m(s) is smooth
with rapidly decaying derivatives and if the function ¥ (s) is suitably chosen, then for every positive
integer s and k,

lma * Y (s) —ma(s)]

+00
f (mas — 1) — ma()) Y ()dt

+o0 =1 —J
f (mA(s -n-) %mm)(—’)—]) 0%z

it
—00 =0 J!

i
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ATh e l i lthW(t)ldt

=< sl mm((s—ﬁt)/z\)

IA

cA™h (1 + (s/A)Z)—k

Hence, |m4 (s) — ma * ¥ (s)| vanishes so fast as A — +oo that for every function in L! +
L2RY),

lim lmaQ@mjE) —ma ¥ Qu |EDIIFf(E)IdE =0.

A—>+400 ]RN

Therefore, for these means localization holds. Of course, this result is well known and imme-
diately follows from the fact that smooth multipliers have fast decaying kernels.

Let us now consider the case of the spherical partial sums which are associated to the discon-
tinuous multipliers m A (s) = x[—a,](s). In this case, localization does not hold for every function,
but we have the following.

Corollary 1.
Let f(x) be in L' + L%(R") and assume that

Hm IFf(€)|de =0.
A—+00 JiA<2m|E|<A41)

Then for the spherical partial sums of f(x) localization holds. In particular, if this function
is smooth in an open set, then for all points x in this open set we have

lim / Ffr&) expQrix - £)dE = f(x).
{27 |&|<A)

A—>+00

Proof. If ma(s) = xi—a,a)(s), it is not difficult to see that [m (s) — ma * ¥ (s)]| is essentially a
bump around A of height and width one. Indeed, for every &,

Ima(s) —mp xY(s) <cQ+a—|s|D7F.

Because of the assumptions on the Fourier transform, as A — +o0o we have

I fR (maQ@ D) — ma x Y@ D) FF &) exp(@ix - £)d
se/ (1 +|A =27 |E])* [FF(€)|dE — 0. 0
]RN

It follows from the Riemann-Lebesgue lemma and the Plancherel equality that for N = 1 and
f({x)in L! + L2(R) the assumptions in the corollary are automatically satisfied. When N > 1 the
hypotheses of the corollary are not automatic and we want to present some classes of functions for
which these hypotheses hold.

A first natural candidate is the Sobolev space Wz (RV) defined by the norm

{fRN (1+ £1?)” |1Ff($)l2d§}1/2 < 4oo.

The following result, also contained in [1], easily follows from the previous arguments.

Corollary 2.
For spherical partial sums of functions in Wg (R™) localization holds when « > (N — 1)/2
and this index is best possible.
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Proof. If f(x)isin W2 (RV), then

172

[FF)]ds < c(1+A)H=D72 { f{ ) (1+11)” an(z;r)Pds}

»/{ASZHIEISAH) 2 if|<A+l)

When o > (N — 1)/2 the above quantity tends to zero as A — +00. In order to prove that the
index (N — 1)/2 is best possible, it suffices to construct a function in Wg Ry withe < (N = 1) /2
and such that

lim sup
A—+o0

/RN (mAQm &) —ma Y Q2 |EN)Ff(§) exp(mix 'é)dS\ = +00.

Since [ma(s) —mp * ¥ (s)| is essentially a bump around A of height and width one and
since Wg (R™) is defined in terms of the modulus of the Fourier transform, for a fixed x and every
A there exists a function fa(y) of norm one in Wﬁ (RN), with Ffa (&) supported in an annulus
{A—1<2m|él<A+1}and

fR , mAQT D) = mp * Q@ 1ED) FAAE) expQrix - §)dg 2z cAW=DA272

Then f(y) = 3725 k=2 fo (y) has the required properties. |

In order to apply the above results to other classes of functions, we introduce a class of
piecewise smooth functions in several variables. Let K be a compact subset of R with piecewise
smooth boundary and let f(x) be a real function which is smooth in K and vanishes outside K. It is
convenient to normalize this function on the boundary 9 K by dividing its values by two, or by a/27
if at x the boundary has an angle of «v. Linear combinations of such functions generate the space of
piecewise smooth functions.

The example of characteristic functions of balls shows that for spherical partial sums of piece-
wise smooth functions, the localization may fail at least in dimension N > 3. Howeyver, in dimension
two we have not only localization, but also convergence. Thisresultis already containedin {15, 16, 5],
but the following proof is different and the technique, which combines the wave equation with re-
striction for Fourier transforms and approximation with functions of exponential type, will be used
throughout the paper.

Corollary 3.
For spherical partial sums of piecewise smooth functions of two variables localization holds.
Moreover, at every point of continuity,

lim Ff (&) expQruix - £)dé = f(x).

A=>+o0 J(2m|El<A)

Proof. Itis enough to show that for piecewise smooth functions of two variables,

Jim IFfE)lds=0.
A—>+00 JIa <2 |E|<A+1)

If this is true, by the previous coroliary localization holds and from localization one can deduce
convergence in every open set where the function is smooth.
By the restriction theorem for the Fourier transform, see Stein [20], VIIL if 1 < p < N42

— N+33
172 1/p
{f IIFf(S)IZdE} SC{/ If(x)I”dx} .
{l£1=1} RN
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Hence, integrating in polar coordinates and rescaling,

f Ff&)|de
(A<2m|E|<A+1}

V2 patb/en 172
. {/ dg} / (/ 'Ff(ré)lzds) rN—Idr}
{A<2rm|§l<A+]) A/2w {l&1=1}
1/2 (A+1)/2m » 2/p
SC{/ ds} / (/ r“Nf(r_lx)l dx) rN=ldr
(A<27m|¢|<A+1} AJ2m RY

1/p
< (14 A)N/P-1 [ f lf(x)I”dx} :
RN

1/2

These estimates can be improved by replacing f (x) with an appropriate function whose Fourier
transform agrees with F £ (§) when A < |[£| < A+1but with smaller norm. In particular, subtracting
from f(x) any function A(x) with Fi(§) = O for |£| > A one obtains

I/p
f |1Ff(s)|d55c<1+A)N/P‘1{f If(x)—h(x)l”dx} ,
{A<2mit|<A+1} RY

and one has the freedom to choose an /(x) that makes the right-hand side of this inequality small.
Let

I/p
w(S)=inf{/ If(x)—h(X)l”dX} ,
RN

where the infimum is taken over all 4(x) of exponential type s~!. By the theorems of Jackson and
Bernstein, see Nikol’skii [14], w(s) is a measure of the smoothness of f(x) in L?(R"). In particular,
for a piecewise smooth function,

I/p
w(s) < ¢ sup {fN 1fGe+9) - f(X)I”dx} <estl?,
R

[yl<s

When N = 2 and p = 6/5, we thus obtain

f IFf&)dé <c(14+A)~18. O
{A<2r|E|<A+1}

Observe that piecewise smooth functions are in Wg RY) fora < 1 /2 but not in W% 2 (RMy,
so that in the above arguments we cannot use p = 2. Similarly, we cannot use p = 1. Also observe
that the above corollary holds not only for piecewise smooth functions, but also for any function in
LP(RY) with modulus of continuity w(s) < cs'/P. 1t is not too difficult to see that convergence
holds even at points on the lines of discontinuity. A proof of this fact with a discussion of Gibbs
phenomenon is contained in Colzani—Vignati [5].

‘We want to mention that a different proof, based on a result in Varchenko [24], suggests for
the Fourier transform of a piecewise smooth function an average decay

/ IFf &) dE < c(1+A) N2,
{A<2nt|<A+1)

When N = 2 this quantity tends to zero and when N = 3 it stays bounded, so that, even if
localization may fail in dimension three, at least the spherical partial sums are not unbounded. See
also Pinsky [15] and Kahane [12].
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2. Localization and Equiconvergence of Eigenfunction
Expansions

Let €2 be a bounded open set in RV with smooth boundary and let {Az} and {¢; (x)} be the
eigenvalues and an orthonormal system of eigenfunctions of the Dirichlet problem for the Laplace
operator A = — ?/:1 32/9x%,

N, _
=X e =a0) ifxeQ,
_]:l 7

@(x) =0 if x €.

To every function f(x) in IL2(2) we can associate a Fourier transform and an eigenfunction
expansion

Fro = /Q FMer(y)dy, f(x) = Z FfRpa(x) .
A
As in the previous section, the operator M 4 is defined by

Maf@x) =Y mAFFMon(x) .
A

If we extend f(x) to all RV by putting £ (x) = 0 outside 2, we can also consider the classical
trigonometric Fourier integral expansion. We wantto compare M f (x) withM f(x). Inparticular,
we want to show that under appropriate Tauberian conditions these two means are equiconvergent.
This allows us to transfer results for Fourier integrals to eigenfunction expansions.

If we approximate M f(x) with 3, ma * ¥ (A)F f(M)ga(x), we have the following.

Theorem 2. _
1) If the point x varies in a compact set K in Q2 and if the diameter of the support of ¥ (t) is
smaller than the distance of K from the boundary 92, then

doma* VAOFFR)en(x) = fR ,ma * W@ [EDFFE) exp(amix - £)dE
A

In particular, the value of the means )", ma * ¥ (A)F f (M) (x) at a point x depends only on
the values of f(y) at points |y — x| < &.
2) Assume that

lxm
A>

JHm | Jov maQmE]) —ma ¥ 2n [E) Ff(€) expQrix - £)dE| = 0.

Z (mA ) —mp * ¥ A) F fF(Mor(x)| =

Then the eigenfunction expansions and the trigonometric Fourier integrals are equiconvergent,

Jim ‘ZmA(x)ffmmx) f maQm E)EF () expmix - £)dg | =

Moreover, the behavior as A — +00 of the means y_, ma (\)F f (M) ;. (x) at x depends only
on the values of f(y) at points |y — x| < &.



440 Luca Brandolini and Leonardo Colzani

Proof. We have

Y oma Y WFf M (x)
A
+o0
-y ( /0 (ma % ¥)°() cosw)dr) Ffenx)
A

+oo .
= fo (TR (V) (Zcosaz)ff(x)mx)) dt
A
+o0
=7 / A ()Y (1) cos(tv/A) f (x)dr
0

where cos(t+/A) Jf(x) solves the wave equation in R x £,

N

a2 a2 .

;Tu(t,x)— > #u(t,x):O ffteR and x € 2,
_}:1 J

1 ut,x)=0 if treR and x € 32,
u(0, x) = f(x) if xeQ,
2u(0,x) =0 if xeQ.

Similarly,
+00
fR ma kY@ EDE £ ) exprix - §)ds = fo FROT @) costv/B) f(X)dr |

where this time cos(t+/A) f(x) solves the wave equation in R x RY, Since waves propagate with
finite speed, for small times ¢ the solutions of the wave equation in R and in a compact subset of
2 are the same. Since J(t) # 0 only for small ¢, 1) follows.

2) is an immediate consequence of 1). O

As in the previous section, it is not difficult to see that when the multiplier m(s) is smooth,
the Tauberian conditions in the theorem are automatically satisfied. To see this, recall that if the
function m(s) has rapidly decaying derivatives, then for every h and k, {ma(s) —mp * ¥ (s)]| <

cA™h (1 + (s/ A)z) —k. Moreover, by Sobolev imbedding theorems, the size of the eigenfunctions
|g2.(x)| is at most of polynomial growth in A and by Wey! estimates on the eigenvalues of a Dirichlet
problem the number of eigenvalues A < A grows at a polynomial rate in A. Hence, for every
integrable function f(x) also the Fourier transform |F f (A)| has at most polynomial growth in A and
for some p,

> IFFMIlen)] < enf

n—1<A<n

Of course it is possible to be more precise, but these estimates already imply that if m(s) is
suitably smooth, then

N E‘i‘m; Ima() —ma * YOI FF O] lga(x)| =0.

Hence, the assumptions in the above theorem are satisfied and this implies that the means of the
eigenfunction expansions are equiconvergent with the classical trigonometric expansions. Indeed,
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for a smooth multiplier it is also possible to compare the size of | My f(x) — f(x)| with the one of
My f(x) = f(x)| and the result is that, for every g,

IMASF@) — F S IMAf(xX) = fFO+cA™9 .

In particular, in the next section we shall need an approximation theorem of Jackson type for
eigenfunction expansions and this can be obtained from the Euclidean case using this method. See
also Taylor [22], X1I.

Finally, let us briefly consider the spherical partial sums which are associated to the multipliers
ma(s) = x—A,a1(s). In this case,

D ma) —mp * Y () FFWgn(x)
s

172

1/2
< [Z ImAQ) —mp * Y Q)| th(x)ﬁ} [Z ImAQ) —ma * YA Iff(k)lzl
A A

Recall that [ma (L) — mp * Y¥r(A)] is essentially a bump of height and width one around A.
Also, it follows from the asymptotic behavior of the spectral function that, forx in Qandn = 1, 2, ..,

12
D @Y <™V,

n—1l<A<n

where the constant ¢ may depend on the distance of x from 4. See, for example, Hérmander [10]
or Theorem 17.5.7 in [11]. Hence, IZA (ma(A) —mp x (X)) .Ff(k)(ph(x)l is roughly speaking

controlled by AN=D/2{3" i1 |.7:f(k)|2}1/2. If we define the Sobolev spaces W2 () by

means of the norm 2
{Z (1+A2)“ |.7-'f(A)|2} < 400,
Y

then for functions in W2 (Q2) (| W2 (RV) with o« > (N — 1)/2 the Tauberian conditions hold and we
can conclude that for functions in these spaces we have localization.

We conclude this section by observing that the results stated for expansions in eigenfunctions
of a Dirichlet problem are of local nature and the boundary plays no particular role; hence, there are
analogous results for expansions in eigenfunctions of other boundary value problems.

3. Partial Sums of Eigenfunction Expansions on
Two-Dimensional Manifolds

In a series of papers on the Gibbs phenomenon, Weyl [25] studied the convergence of spher-
ical harmonic expansions on the two-dimensional sphere {x2 + y% + z2 = 1}. Motivated by these
results, Colzani and Vignati studied the summability of Fourier integrals of piecewise smooth func-
tions and the associated Gibbs phenomenon in a neighborhood of the discontinuities, see [5]. Similar
problems have also been the subject of a series of papers by Pinsky, Gray, Stanton, Trapa, Taylor,
Kahane, De Michele, and Roux, see [15, 16,7, 17, 18, 12, 6]. Here we want to study the convergence
of expansions in eigenfunctions on a manifold and we start with an explicit example.

The spherical harmonic expansions of radial functions on a three-dimensional sphere reduce
to expansions into Tchebichef polynomials of second kind

sin ((n + D) | T°
(™)

’

n=0
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which are a complete orthonormal system in L2 ([(), ], @}QQd#). In particular, for the charac-
teristic function of the interval 0 < ¢ < a < 7 one has

X /sin(na) —sin (na +2a)  2sin(ra) \ sin((n + Do)
X{0<v<a) (@) = Z ( ) - .
= win+2) an(n+2) sin(1%)

It is clear that this series converges for every 0 < ¢ < =, but not for # = 0 and & = w. When
translated to the three-dimensional sphere, this result implies that the spherical harmonic expansion
of the characteristic function of a spherical cap diverges at the center of the cap and at the antipodal
point.

In general, when the manifold has dimension greater than two, the spherical partial sums of
eigenfunction expansions may exhibit a lack of localization. This fact and other technical difficulties
force us to consider only the case of dimension two.

In this section we switch from a domain in RY to a two-dimensional manifold M, smooth,
compact, without boundary. Let A be a second order positive elliptic operator on M, with smooth
real coefficients and self adjoint with respect to some positive smooth density d . As before, let {AZ}
and {g; (x)} be the eigenvalues and a system of eigenfunctions of A orthonormal in L2(M, d w. To
every function f(x)in LL2(M, d ) we can associate a Fourier transform {F £ (A)} with respect to the
system {g; (x)} and an eigenfunction expansion ), F f(A)pr(x). We want to study the pointwise
convergence, as A —> +00, of the partial sums ), _, F f(A)ga(x) when the function f(x) is
piecewise smooth. -

Let K be a compact subset of M with smooth boundary and let f(x) be a real function which is
smooth in K and vanishes outside K. It is convenient to normalize this function on the boundary 4K
by dividing its values by two. Linear combinations of such functions generate the space of piecewise
smooth functions.

Theorem 3.

1) The partial sums {Sp f(x)} A~ Of the eigenfunction expansion of a piecewise smooth func-
tion converge to f(x) at every point.

2) Assume that the point x is on a line of discontinuity and at x the function has a jump of 2J.
Then, if A — +oo and if y — x along lines not tangent to the discontinuities,

2
lim supycs o | 1 (0) = 3 FF M@ 0)| = T = fo

ASA

We recall that % IS Si"tﬁdt ~ 1.179. In particular, exactly as for the classical Fourier series
there is a Gibbs phenomenon: in a neighborhood of the lines of discontinuity, the partial sums
overshoot the target by about 9% the value of the jump. For two-dimensional spherical harmonic
expansions, this result is due to Weyl and the analogous result in three dimensions may fail.

Proof. Asin the previous section, the idea is to show that the eigenfunction expansion is equicon-

vergent with a trigonometric Fourier integral expansion. Let ma (s) = x[-a,a}(s) and write

Y FfMea)

A<A

= Y ma ¥ YAWFF Q00 + 3 ma®) — ma x Y (W) FFR@r() .
A A

We first consider the remainder Y, (ma(X) —ma * () F f (A)gs(x) and we prove that
this is uniformly small.
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Lemma 2.
If f(x) is piecewise smooth, then for every x we have

lim =0.
A—>+4o0

D maAG) —ma Y R) FFWer(x)
A

Proof.

D ma) —ma x YO FfMen(x)
A

172

172
< [Z ImA() —ma * Y Q) Iff(k)lzl [Z Ima () —ma % ()] m(xnz}
A A

For every k we have {ma(A) —mpaA * Yy Q)| <c(1+|A — IAID"* and, by the sharp form for
the remainder of the spectral function, see Hormander [10], for every n = 1,2,..,

172
{Xrci<a<n la 0%} 2 < ¢n/2. Hence,

1/2
{Z lma () — ma x Y (V)] Iqo;\(x)lz} <cAl?,

A
By the restriction theorem for eigenfunction expansions, see Sogge [19],
1/2
D IFFGP

n—1<A<n

I/p
cn?/P=3/2 {/ [P dp,(x)} if 1<p=<6/5,
Q

<
1/p
cn@-p)/4p {/ | f ()P dll«(x)} if 6/5<p<2,
Q

but these estimates can be improved using the smoothness of the function. Let

l/p
w(s) = inf {/ﬂ [ f(x) = h()|P du(x)] )

where the infimum is taken over all A(x) of the form ) cypa(x). By the theorems of Jackson
r<l/s

and Bernstein, w (s) is a measure of the smoothness of f(x). See Nikol’skii [14] for the Euclidean

case, the extension to a manifold can be achieved using the techniques in the preceding section or in

Taylor [22], XII. Introducing f(x) — h(x) in the restriction theorem we have

172

STOFFMPE <enfomh,

n—1<i<n

with y the appropriate exponent in the restriction theorem. In particular, for a piecewise smooth
function, w(s) < cs!/P and with p = 6/5 we obtain

1/2
’ZW(M—mA*W)l\f-f(k)lz} <A™, O
A
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In order to consider the main term Y, ma * ¥ (A)F f(A)ga(x), we recall the Hadamard
construction of a parametrix of the Cauchy problem for the wave equation, see Hérmander [11] 17.4.3,
or [2] and [3].

We recall that by taking the trigonometric Fourier integral transform of cos(2r¢ |£]) one obtains
the fundamental solution of the wave equation on RV,

2 . opy\—(NHD2
N(I—N)/Zt(t lx -y,

(- N)/2) ’

where the distributions ;% /T'(1 — «) are defined for every « recursively by
/+oo o FO)dt = /-+oo - d Fiyde
o I'd-a) b T@-w)d: (D)t .

It is natural to conjecture a relation between the fundamental solutions of the wave equations
on the manifold M and on the Euclidean space Rz, at least for small times. Indeed, for ¢ small,
—& <t < g,one has

cos(tV/A)(x,y) = ) cos(tA)er(x)er(y)
A
1 2 2\ 32
= —5t (t —d(x,y) )+ Ulx,y)+tV(t, x,y).
The series ), cos(tA)@x(x)¢@x(¥) converges in the topology of distributions, d(x, y) denotes

the distance between x and y with respect to the Riemannian metric associated to the principal part
of the differential operator A, the function U (x, y) is smooth and V (¢, x, ¥) has at most a singularity

of type (t2 —d(x, y)z);_l/ ) particular, for small times the fundamental solutions of the wave
equations on M and on R? are not equal but similar, and

+o0
D max Y MF Qe x) = jf) (ma % ¥)"(¢) cos(tv/A) f (x)dt
A

1 +c0 3/2
- [ (_—- [ vy (2 - de.0?) dr) UG, 3) fOIRG)
M 0

2 +
+00
+fM (/0 (mp % Y)Y OtV (e, x, y)dt) Fduly) .

Lemma 3.
If f(x) is piecewise smooth, then

+00
lim . (/0 (mp * Y)Y (ENVE, x, y)dt) FWdu(y)=0.

A—>+o0

Proof. We have (ma % ¥)"(t) = 23580 57(r) and

+00 +oo
/ (ma *x¥) OV, x, y)dt =2 TV, x, y)sin(At)dt .
0 0

Since the function ﬁ(t)V(t, x, y) is integrable in ¢, by the Riemann-Lebesgue lemma, the
integral converges to zero as A — +o0. O

We come back for a moment to the Euclidean space R2. The following lemma is just a
restatement of some results in the first section.
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Lemma 4.
If f(x) is piecewise smooth on R?, then

A—+00 2

1 400 ~3/2
lm (——— f (mp %= Y)Y ()t (;2 —|x = y|2) dt) fdy = f(x).
R? 0 +

Proof. Observe that

1 [¥e° o {2 2\ 32
/RZ (‘EE/O (max )@ (12~ lx = )+ dr) FO)dy
- fR ma % Y2 [EDF £ §) expQreix - E)E .

We proved in the first section that

A—>+4o0

lim /RZ ImaQ@r|ED) —ma ¥ Qu |EDIFf(E)dE =0,

A—>+00

lim |, [EDFS(©) exp@ni - £)dE = (x)
Hence, we also have

fim | maxyQnEDFfE)expQuix-£)dé = fx). [0

A—+o0 JR

Integrating in polar coordinates, we may restate the above lemma as follows:

A—+o0 27

+00 1 +o00 -3/2 1
lim A (——— /0 (ma * Y)Y (1)t (t2 —s2)+ dt) g(s)sds = -—g(0) .

where g(s) = f{|a|=1} f(x —so)do.

We can introduce polar coordinates also on a manifold using the exponential map. For fixed x
and y close to x we write y = Exp,(so) with s = d(x, y) and o unit vector in the tangent space at
x. Moreover, duw(Exp,(so)) = W(x, so)sdsdo for some smooth density W (x, so). The following
lemma concludes the proof of the first part of the theorem.

Lemma 5.

If f(x) is piecewise smooth, then

1 400 -3/2
lim (——— [ s wrr (2 - a7 dr) UG )f0du0) = F&) .
M 0 +

A—>+o0 2

Proof. Observe that (ma * ¥) (1)t (12 — d(x, y)? 32 s different from zero only if d(x, y) <
. /Tt .
[t] < e. It is then legitimate to introduce polar coordinates centered at x and write

1 +00 3/2
[ (-5 [ mnrwron (- ae ) " @) v sorauo)
M 0

27 +
+o0 1 +00 =3/2
- /0 (‘E; /0 (ma * P) (Ot (t2 _s2)+ dt) g(s)sds

where g(s) is a spherical mean of f (Expx (so )),

2(s) =/ f (Exp,(s0)) U (x, Exp,(s50)) W(x, s0)do .
{lo|=1}
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By the remark that follows the previous lemma,

) +00 1 +00 ) 2 ) —~3/2
AETOO/O (—5;/0 (mp % ¥) ()t (: —s )+ dr) ¢(s)sds

1
= —2(0
780
=Cf(x),
where ¢ = Y&XW&EO ¢ independent of f(x). If we apply the whole process to a test function,
for which we already know that convergence takes place, we deduce that C = 1. O

The proof of part 1) of the theorem is then complete. To prove part 2) it is enough to observe that
in 1) we have actually proved a uniform equiconvergence result between eigenfunction and trigono-
metric expansions. Then we can refer to the discussion of Gibbs phenomenon for trigonometric
expansions in Colzani—Vignati [5]. O

4. An Application

The Gauss circle problem is the estimate of the number of integer points in a large disk in the
plane. Let r(n) = # {k e7?: k% + k% = n} and R(¢t) = anﬂ r(n). Then

RED+RGH) 5 ~r(w)
——— = +t’§ﬁlx(2n«/ﬁt)-

This identity was first stated by Voronoi and then proved by Hardy in [9]. The connection
between this problem in analytic number theory and Fourier series is clearly stated by Kendall in [13].
Instead of considering lattice points in a disk centered at the origin, we let the disk move in the plane.
The number of integer points in a disk B(x, #) of center x and radius ¢ then becomes a periodic
function of x and, by Poisson summation formula, one has the Fourier expansion

> xsean® =Y xpon k= x) = Y *Kp,1(tk) exp 2mik - x) .

keZ? kez? kez?

Since the Fourier transform, a disk can be expressed in terms of Bessel functions, xp(,1)(§) =
3 ] (2m |E]), when x = 0 the Fourier series gives formally Hardy’s identity, but of course one
has to show that the series is pointwise convergent. The point is that the function ) vz XBx.t) (k)
is piecewise constant; therefore, we can apply the result in the previous section and conclude that the
Fourier series converges at every point. Observe that since the torus is locally Euclidean, for small
times we have an exact expression for the fundamental solution of the wave equation; hence, it is
not necessary to introduce a parametrix. Also observe that since we have an explicit expression for
the Fourier transform of a disk, we can avoid the use of restriction theorems for Fourier transforms
and Jackson and Bernstein approximation theorems.
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Added in Proof

Recently we have obtained some results on the pointwise convergence of Bochner—Riesz means

of eigenfunction expansions on N-dimensional manifolds. This generalizes some of the results in
this paper.
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