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Abstract. Lunisolar perturbations of an artificial satellite for general terms of the disturbing function
were derived by Kaula (1962). However, his formulas use equatorial elements for the Moon and do
not give a definite algorithm for computational procedures. As Kozai (1966, 1973) noted, both in-
clination and node of the Moon’s orbit with respect to the equator of the Earth are not simple
functions of time, while the same elements with respect to the ecliptic are well approximated by a
constant and a linear function of time, respectively. In the present work, we obtain the disturbing
function for the Lunar perturbations using ecliptic elements for the Moon and equatorial elements
for the satellite. Secular, long-period, and short-period perturbations are then computed, with the
expressions kept in closed form in both inclination and eccentricity of the satellite. Alternative
expressions for short-period perturbations of high satellites are also given, assuming small values
of the eccentricity. The Moon’s position is specified by the inclination, node, argument of perigee,
true (or mean) longitude, and its radius vector from the center of the Earth. We can then apply the
results to numerical integration by using coordinates of the Moon from ephemeris tapes or to

analytical representation by using results from lunar theory, with the Moon’s motion represented
by a precessing and rotating elliptical orbit.

1. Elements for the Moon and Other Quantities

Let T be the time in centuries of 36525 ephemeris days from J.D. 2415020.0. The
following values will be adopted:
Eccentricity of the Moon:

e = 0.054900489 .

Inclination of the Moon:

I = 5°8'437427

sin (I/2) = 0.044886967 .
Mass ratio, Moon to Earth:

m(mg = 0.0123001.

Mean equatorial parallax of the Moon:

p = 57'2"170,
where
p( = arcsin (a,/ay) .
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Mean equatorial radius of the Earth:

a, = 6378160 m.

a = perturbed semimajor axis of the Moon’s orbit.
Mean motion in longitude of the Moon:

ne = 13°10"347889902 day~'.
Mean anomaly of the Moon:

M, =36°55"16"80 + 1724878768703 T + 25”61 T* + 070438 1>
Argument of Moon’s perigee from ecliptic node:

w = — 25°40'13760 + 14648522"51 T — 37"17T* — 070450 T .
Ecliptic longitude of Moon’s ascending node:

Q= 259°10"59"79 — 6962911723 T + 7'48 T* + 070080 7.
Obliquity of the ecliptic:

g = 23°27'08"26 — 46"845T — 070059 T + 0700181 T>.

Explicit and precise variations of € in terms of the elements of the Moon and the Sun
are also available:

8=80 -I-Q-I-da)

(e.g., Connaissance des Temps, 1971).

2. The Disturbing Function

The disturbing function can be written as

Gm, r\’ ,
R=—S) (=) Pi(cosy), (1)
=2
where /' is the geocentric elongation of the satellite from the Moon.

The following size considerations apply:

m

Gm = n¢a; ~ 0.0123n¢a;

m¢+ Mg
also written as

Gm¢= Nga;, N ~1.59 x 107° rev’® day 2.
The satellite Keplerian negative energy is

FO = n2a2/2,
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so that the relative size of the perturbing force function is given by
v=R/F,=2N¢/n*.

For low satellites (7~90 min), v~1.2 x 10~ 7. For high satellites (T'~24 h), v~3.18 x
x 107, It follows that, in the above range of periods, for moderate eccentricities, the
dominant part of the disturbing function of a satellite is due to the Earth oblateness
(J,), and lunar perturbations are about second order with respect to this.

Let «, 0 and o', 6’ be the right ascension and declination of the satellite and of the
Moon, respectively in an equatorial system. It follows that

cosy’ = cosd cosd’ cos(ox — ') + sind sind’ .
Therefore,
R

2. N¢a¢ 'Ry, 2)

=2

R, =d <I> (fl—() P, (cosy’), (3)
a) \r

or, making use of Legendre’s addition theorem,

where

l

l I+1 | — ’
R, =d <—r—> <&(> z € (1= m)! P"(sind") P;"(sind) cosm (a — '),
a) \r (I + m)!

m=0
(4)
where
. — L, m =0
"2, m=#£0
Let
a I+1 l . !
] = l) ﬂ €P1 (sind’) cosma’,
rq (I 4+ m)!
o fa\" (= m)! , .
= (7) (5 m) €, P1 (sind’) sin ma’. (5)
We can write
)
[ r l m m _: m(_:
Ry=a' (- (A]" cos ma + By" sin ma) Py (sin d). (6)
a

m=0

Let
v =w + f = argument of latitude of satellite,

(2 = longitude (equatorial) of node of satellite,

I = inclination of satellite to Earth’s equator.
By considering the relations

cos(x — Q) cosd = cosv,
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sin (¢« — Q) cosd = sinv cos/,

Sin 0 = sinv sin/, (7)
it follows that

R, =a ( ) Z Z F,mp(I){ B"‘]:_:dd cos [(1 — 2p) v + mQ] +

m=0 p=0
ml—meven
+ [ﬁfn] sin[(I —2p) v + mQ]}, (8)
l

l—modd

where (Kaula, 1961)

21 — 2f)1 2%~ 2 .
Fpp () = ( : ) —sin' ™" x
il =)t (l=m —2i)!

xZ(})cos IZ(l—mZZH_j)(prili__jk>(—1)k_q 9

and J g
(I — m)/2], the integral part of (I — m)/2,

[
=0,1,2,..., min (p, q),
=0,1,2,..., m,

all values for which the coefficient is not zero; thatis, p — i > k.

q =
i
J =
k=

3. Rotation of Spherical Harmonics for the Moon

The spherical harmonics P (sind’) e™* are expressed in terms of § and «, the Moon’s
ecliptic latitude and longitude (Lee, 1971).
The relations are given by

cosd’ e = cosd cosay + i(cosd sina cosg — sind sing),
SN0’ = COsJ sinw sin€ + sind¢ cose. (10)

From the well-known properties of spherical harmonics under rotation, we can write

Pl"(sind") ™ = Z o "Pj (sin §,) €,

r=-—1

where o " is a function of € only, and
(1 - m)!
(I+m)!

Using the orthogonality conditions of spherical harmonics, we have

PIm(x) = (= 1) e PP ().

+rn/2
am’r:er(21+1) (I—r)! o5 . d5. x
l 4 (I+r)! e

—n/2

27r

X J P} (sind") €™ P} (sin §¢) e do .

0
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Introducing Equations (10) and computing the above integral, we find

=7 m—ryn2
m,r= i(m r)mw Um,r, 11
e (l—m)!e ! (

where, for m +r=>0,

~ l £ m+r € r—m
U;",f=(— 1)1 m<ltr:> (cos§> <sin§> X

g
><F<—l+r,l+r+1,m+r+1;cos7‘§> (12a)

and, for m+r<0,
N l_ E -—m-r . 8 m-—r
upr=(-1) r( Z+T> <COS§> (sm§> X
g
xF(——l——r,l—r+1,—m—r+1;coszé>. (12b)

In the above relations, F'is the usual hypergeometric series , F,, defined by

S (), (b),

F(a, b, c; x)= (0, nl

n=0
where

(@), =a(a+1)(a+2)...(a+n—-1),

(a)o=1.
In both cases, U;”" is a polynomial in sing/2, cosg/2 since at least one of the para-
meters a, b is negative, and the above series terminate. The distinction between the

cases m+r=0 is necessary to avoid a singularity in F due to a negative value of c.
Considering this fact, another possible form for U;"", valid in any case, is found to be

m—r m+r r—m ql+r
ymr — ((;i)r)' <cos§> (sin§> %ﬁ [Z7 " (z—1)"m], (13)
where z=cos”(g/2).
Now, let
Q477" =UP "+ (= 1) UP T,
2B " =U""— (= 1) U .
It follows that

l
a I+1 (_ 1)m €, ) T
r=0

l

a I+1 (_ l)m €, . . o
BI' = <7i> (5 m) Z (I — r)! ¢,B;""P](sin d) sin [r (oc( + 5)]
r=1

(14)

(15)
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Making use of relations (7) for the Moon, we find that, for /—m even:

l l

I+1 m
m a( (_ 1) €m m,r 4
= () e ), 4 PeAT ) Funlid st

r=0 p=0
l1+1 : l
m ag (__ 1)mem m,r : /
BI' = (;{) (5 m! 2 (I —r)!eB™ Z Fy,(I)sin0,,. (16)
r=0 p=0

and, for /—m odd:
l l

I+1 m
m a( (— 1) 6m m,r . /
1 — <7(> (l + m)! Z (l - I‘)! érAl ’ Z Flrp (I() Sin 911)1”

r=0 p=0
l l
I+1 m+1
m dg (_-1) €m m,r ’
B" = (;() T+ Z (I — r)!e.B X Fi,,(I)cos0,,., (17)
r=0 p=0
where
, T

Olpr = (l — 2p) U( + 7'(52( -+ 2) (18)

and the functions F),, (1) are defined by Equation (9).
Finally, the function R, can be written, with Equations (8), (14), (16), and (17) taken
into account:

i al@l (%H | ,,,Zo SZO IZO qZO - 1):161 fn()lv = (D) x

X Fiog (1) x [(= 1)U 7° €08 (Oypm + 014s) + U cos (01, — 015)]

lgs

(19)

where
O1pm = (I —2p)v +mQ. (20)

4. Secular and Long-Period Terms of the Disturbing Function

If we assume that no resonance occurs between the orbital motion of the satellite and
that of the Moon — that is, pn +p’n  is not small for small integers p, p’ not simulta-
neously zero — then the elimination of short-period terms (depending on the mean
anomaly of the satellite, M) from the disturbing function can be obtained by making
use of the well-known integrals

2r

1 r\'
— | (=) sin(I—2p) fdM =0,
2n a

0
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2r

1 l
o <r> cos (I —2p) fdM = (1 + p*)"' " X4157°7(B) =

a
0

= (1 +132)_l—1 Hlp(Zp—l) (:B) (21)
In the above relations,

B=e(l +./1—¢&)? (22)

and the X’s are Hansen’s coeflicients (e.g., see Plummer, 1960, p. 45) and the H’s are
Kaula’s coefficients (Kaula, 1961). They are defined by, for 2p — />0,

Hipoap-1y = (— B)*P™" @i J_“ ;) F(—1—-1,2p—21—1,2p—1; B?)
(23)
and, for 2p — /<0,
Hypap-1y=(—B) 77" <2l Z—_ZI;; 1> F(-1-1,-2p—1,
[ —2p+1;B%). (24)

In both cases, they are polynomials in . The distinction again is necessary in order
to avoid singular representation.

The long-period and secular part of the function R, is then found to be

5[4 o l (— D" €6, (1 — 5)!
=

m=0s=0 p=04g=0

X (1 + 182)—1_1 Hlp(2p—l) (:B) [(_ 1)l+m_s U;n’ o Cos(glpm + Hl,qs) +
+ U;"" cos (glpm o ;qs)] 2 (25)

where
9,1,,,, = (l —2p) w + mQ. (26)

S. Secular and Long-Period Linear Perturbations

The Lagrange planetary equations can be written as

da 2 OR

dt  na oM’

de 1—e¢*0R 1 —e*0R

dt= na’e OM  na’e 0w’

dI B cot I J0R cosecI OR
dt_naz\/l—e?‘aw naz\/l_——ez(%),
dM 1—e*0R 2 @R
_(g:n_ na’e de nada’
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dco cot ] OR \/l—e OR

dt na* \/1 — e? 81 nale Oe
dQ cosecI] OR

dt naz\/l —e* a1
where n=pu'?a=3/2 if it appears outside trigonometric functions and
I OR
M=o+ |ndt=o-3|( |5 = dt)dr. (28)
a® oM

In the above relation, ¢ contains all perturbations defined in the fourth equation of
(27). The last term of Equation (28) contains only short-period terms and will not be
considered in this section.

Now, the function

R=} Niag™'R, (29)
1=z2
does not depend on M and is an explicit function of time only through r, v, and Q,,
considering I, and € constants, which is a good approximation.

The integration of the pertinent equations can be performed numerically by using
as input lunar ecliptic coordinates — or, for that matter, equatorial coordinates —
stored in tapes. This will produce precise evaluation of the true lunar motion. How-
ever, such a method can be very expensive in time. A good approximation can be
obtained by considering I, ¢, a,, and & fixed values and M, o, and Qlinear functions
of time, as given in Section 1, neglecting accelerations of these elements. Also, an
expansion in power series of e, will converge rapidly owing to the small value of this
eccentricity.

Along these lines, we can consider the expansions

<?—(>H1 [Sin] 6= 3 Guele) [Sm] (6%, (30)

re cos = cos

where the G’s are Kaula’s (1961) coefficients, which in turn can be written as Hansen’s
coefficients

G = X Gpx % (31)
and

. m
Ok = (I —29) o+ (1 =2g + k)M + s Q(+§ : (32)
We also remark that G, = O (e}*!). These functions are given by

Gus(ed=(L+ B Y J[(0=2q+k)ed XP5hi2(8),  (33)

Jj=—
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where the J; (x) are Bessel functions with the usual definition

(X/2)j+2s

(j+s)!s! 9

J;(x) = Z,O (= 1)
Also, fork—j—m=0,

X;;j;=(_ﬁ()k—j—mccti_::’;)p(k—j—l—1,—m—l—1,
k—j—m+1;68) (35

and, for k—j—m <0,

m wtitmf 1+ 1+ m ,
Xi”jz(_‘g() k+j+ <_k+j+m>F(—k+j—l—1,
m—1—1,—k+j+m+1;B7). (36)

Here again, the hypergeometric series terminate; that is, they are polynomials. How-
ever, the G’s are infinite series that converge for all e <1, although for large e, the
convergence 1s slow.

It follows that

R=y ¥y y 5 el

m=05s=0 p=0 q=0 k= — oo (I + m)!
x (1+ 85777 Hypap-1y (B) Gige (€0) X
< (= 1) U cos (Bym + 00) +
+ U * €08 (O1m — i) - (37)

Flmp (1) Flsq (I() X

In the foregoing expressions, the U’s are functions of € only and, therefore, supposed
to be constant.
The following particular terms will be defined :

_ €€ (I —5)!
lequk = (— 1) (l + m)' Flsq (I() quk (e() X
xa'(l1+p*)"! Frpp(I) Hypap—1y (B) %
x [(— 1)l+m—s Uy _sCl-ir;zquk T U;n’scl;zquk]
— dslmquk (aa e, I) [(— 1)l+m—s U;n’ _SCl-{r-nquk T U;n sCl;lSqu] ? (38)

where the definition of @, ., is obvious and
Clzlznquk = COS (glpm i 6;;sk . (39)
The following quantities will also be useful :

Sliquk - Sil’l (glpm i OZsk) ’ (40)
Dimspar = (I = 2p) & + mQ £ [(1-2q) i+ (I —2q + k) M+ 2], (41)
and

f Cl:l:nquk dt — S l:fnquk/ D limquk . (42)
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In the above relations, we are using the secular rates of the Moon’s motion as given
in Section 1 and, for the satellite, as given by the even zonal-harmonics coefficients.
The dominant terms follow:

) X a,\*1 — 5cos’I
CU=_ZJ2 —

a) (1-¢é) "~
: a,\° cosl
Q=—3J,| = :
(3 e
o 13y <ae > —1+3cos’I (43)
=n 3o — :
"2\ a (1 —¢*)*?
The relation between a and 7 is the perturbed Kepler law
) 3 5 a,\* 1 — 3 cos®I
na = Gm@ 1 + 2-]2 ; (1 _ 62)3/2 . (44)

Now, let 0; enspgns -+ 0182 mspar. € the linear long-period and secular perturbations
that are obtained from Equations (27), integrating the right-hand members (a, e, 1
fixed) and substituting NZa; ~'Rj,s,q for R. The partial derivatives entering Lagrange’s
Equations (27) are given by

OR ms m—s yrm, —s m,s§ -
éwqu - gDlmquk (2p - l) [(_ I)H Uy SlJrrnquk + U Sl'"sl’qk] ’ (45)
OR ms m—s yrm, —s msg
éﬂqu - @lmqukm [(_ 1)l+ Uy Sl—rttquk + U S’"’Squ] ’ (46)
a]_{lms k l =
aapq T a Rimspqk » (+7)
OR s .
mepak - lequk (Flmp — FlImp) ’ (48)
ol
and
a}_zlms k 5 €
aepq — lequk [Hlp(zp__l) —> Hlp(Zp_l)] ) (49)

where, if only terms with positive powers are considered,

21 —2i)1 2472 .
FLo(y= ) L2 Gemeain
(=) (Il —m—2i)!

i

X Z<m> [(1—m —2i)cos’I —jsin®I]cos’ "I x

J

J

XZ<1_m;2i+j> <p”fi—jk>(_1)k—4, (50)

k
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with the same summation conventions of Equation (9): for 2p — />0,

and, for 2p —

p {[ 1 I+1
2p—l) = 2p—1)————= | Hyp2p-1 +
p2p=b = \/l—ez (2p ),8 1+ g2 | @rd

n 2(1‘_'_ ,32) (- ﬂ)Zp—-l+1<

2p — 1 2p — 1

xF(—l,2p—2l,2p-—l+1;ﬁ2)}

p 1 I+1
[ —2p) - — —— Hlp2p—l _
e\/l—ez{[( p)ﬁ 1"”.32] ey

[<0,

Hip2p-1y =

2p+1>(l+1)(2p 2-1)

—2(1L+p%) (= gy 27"t <2l I —2p

xF(—l,—Zp,l—2p+2;,32)}.

The following definitions are introduced :

and

— !

Ppyspgr = (— 1) 672?_(: m)S') Fioo (1) G (e)) a’ (1+ .32)—1—1 X

X Frp (1) Hipap-1y (B)
Plrnspak = Pimspar (H = H®),
¢zmquk Pispar (F — F I)
Cimspae = (— 1y o _SCl:zquk + U™ " Comspar
Clmquk (l o 2p) [(— 1)l+m ’ U;n —SClmquk/Dlmquk +

+ UL *Crmspai/ Dimsparc] »
Clmquk m[(— 1)l+m " U _SClmquk/Dlmquk + Ul" *Crspar/ Dimspar ] »
Simspak = (— 1)l+m—s Uy —SSI_*r;zquk/Dl-’r;zquk + U/” SSl;quk/Dh_nquk .

Thus, we can write

"~ ~—

imspgk . ©
dt - gplmqukclmquk ’
J Jo
PR
Imspqgk d Qo
t = ¢lms C
k™~ Imspgk >
aQ pq pPq

”alequkd _ l@
I = ;1 lmqukSlmquk >

da
[ a‘lequk
Oe

[ a]_élmquk
OI d gplmqukSlmquk y

o

X
dt - gplmqukSlmquk-;
o

2p+1)(l+1)(2p+1)
[—-2p+2

249

(51)

(52)

(33)
(54)
(35)
(56)

(57)
(58)

(59)
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The above integrals are not valid if the integers
[—2p, 1 —2q +k,|—2q,m,s
are simultaneously zero; that is, we must exclude the cases
m =0,
s =0,
2p =1[l=-even =2y,

2q =[=even =2y,
k =0.

They correspond to secular perturbations and, in this case,

aRZ% 0,0,7y,7,0 aRZv, 0,0,7,7,0

0.
0w 0Q

(60)

In order to evaluate the other three integrals, we must consider (/=even=2y):

y—1

4y — 2i)1 2% 7% (2y — 2i
Fhoo, (=) B2 200272020
’ il(2y —i)! (2y — 2i)!
i=0

HZy,y,O =F(_2y — 19 _2'}}_ 19 1’ﬁ2)_____
2y+1
_ (_ 2y — 1)n (—27) - 1)n ,an

n!

n=0
and
2y+1

e 2 (=2y—1),(=2y—1),
Y e J1— e Z (n—1)!

n=1

Therefore,

aRZ?, 0,0,y,v,0 2y S
- 25050’ ’ ,O,
aa a 4 Vs Y

aRzy’ o, Oa Vs Vs 0 _ R F FI
aI - 2‘)"5 09 O: 7 ‘Yso ( 2‘)"9 09'}’ - 2‘)"9 O) ‘Y)’

OR
2))’ O, 09 Vs Yso D e
ae _ RZ}’: 07 09 Vs Vs O (HZ.},, 7 0 - HZ’Y} 7 O) ¢

The long-period perturbations are given (excluding cases (60)) by

= _ 2 _2-—1 w
5lelmquk — N( a( < _ naze djlmqukclmquk> ’

1

naz\/l—e2

2 2-1
51ilmquk = N( ag

ﬁZn ]

(cot IC;,spqx — cOsecIC

in*’" > 11 cosl,

Q2
Imspgk

st = N2a2t (LT g 20, . |S
1" Imspgk — (a( 2\ T Imspgk ~ Imspqk |2 Ilmspqk >

na €

(61)

(62)

(63)

) X ¢lmquk9
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1 cotI \/ 1+ e
2. 2-1 & e
5la)lmquk N( a(( lImquk + gDlmquk Slmquk >

cosec [ [
2 5 ¢lmqukSlmquk .

The secular perturbations are given by

~ 2 2-1
51'lequk = N( ag

(64)

1
v - 2 2-—2y
01M325,0,0,5.59.0 == N¢ag na?

1 —e° _ . _
XI: R2y,0,0,y,y,O(H_)H)+4yR2y,0,0,y,y,0:|t’

1 cot ]
~ 2,.2-2 = I
51602'}’,0,0,‘)’,‘}’,0 = N(a( ? |-__ \—]1—_—2‘R2)’,0,0,'}’,‘)’,0(F_) F)+
— €

+ ——RZy,o,o,y,y,o(H — He)]t,

_ N cosec _
018235, 0,0,7. 9,0 = Niza&z > 5 5 [R2.0,0, ,y.0(F F')]t.
na \/1 —e

(65)
6. Secular and Long-Period Second-Order Perturbations

In a second-order evaluation, that is, if terms of the order J,Niag ' are considered, it
will be necessary to take into account the secular changes in M w, 2 owing to J,.
Such changes produce the largest higher order perturbations since they produce am-
plitudes that increase linearly with time. Let 5, M, 6,@, and J,{2 be these perturbations.
Taking into account only secular coefficients and noting that §,a=0, we have

d oM oM
-0 0) = —= 616+ 6,
o 6
(52w)_—w-51e+a—‘°5 1,
052 082
(529)_—51e+a—5

By considering Equations (43), we find that

1 — 3 cos?I

(5 M)=3e. /1 - ¢ e 098+ 31— ¢ sin 1061,
_ de O
E(éza))= 2 1€+ 59 sinld, [,
d _ 4e 3
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where, again, &, £2 are given by Equations (43). It follows that

_ 1 —3cos’I ——

1 — 5 cos
4e )

@ | d,8di+ 542 si11IJ51Tdt,

o

4 Al
" _eez Q| 6,edt— Q2 tanIJélidt. (67)

Y

52@ =

525 ==

Secular accelerations do not exist, since &, I have only long-period terms. Therefore,
conditions (60) have to be excluded. If we consider the first two equations of (64), it
follows that

)

w )
Clmquk dt - Slmquk ”

r‘

Clmquk dt Slmquk ’

o/

where
Slmquk [(_ I)Hm sUm _SSlmquk/(Dlmquk)z
+ U™ ?Slmquk/(Dlmquk)] (I-2p),
Stmspae = L(= 1" U " *Sipapel (Dimspa)” +
+ U® SSlmquk/ (Dlmquk)z:l m. (68)
It follows that
2 2
52Mlmquk N2 21 nla?‘_ : (_ 1 : 2 ZZZzﬁ\/_l——ez w +
cos I

2 2-1
Q) X cDlmqukSlmquk N( a( na Qgplmqukslmquk 9

._l__.__..____
\/1—e2
8,0, = N2a? ™} :
mspgk — 1Y (4
e na’*./1 —e®

(— 4 + 52 08 1) Dy paiSimspak +

N2 2-1 5!2 @ S
— N4 Imspgk*? Imspqk >
na* /1 — e*
_ 552
2 2-1
52‘lequk - N(( ag 5 > glalmquk‘S’?r)nquk +
na \/1 —e

Qsecl

naz\/l—e2

The total long-period and secular perturbations, including leading coupling terms with
J,, are finally obtained by

56 =06 +8,6,...,00=5,0+6,0.

2 21
+N(a(

lmqukSlmquk (69)

Obviously, the above relations are not valid for cases of critical inclination or satellites
whose periods are commensurable with the rotation period (24 h) of the Earth.



LUNAR PERTURBATIONS OF ARTIFICIAL SATELLITES OF THE EARTH 253

7. Computational Procedure for Long-Period and Secular Perturbations

In short, to obtain long-period and secular perturbations due to a term Ry, (Equa-
tion (38)), we proceed as follows:

7.1. LONG-PERIOD PERTURBATIONS

Compute, given means elements g, e, 1, e, I, €, and J,:

(1) N2a;™

(2) (22

(3) Flsq (I(() (9)

4) Fip (I) (9)

(5) Gugi(e) (33), (34), (35), or (36)
(6) Hyp2p—1)(B) (23) or (24)

(7) clalmquk (53)

(&) U™ % U™* (12a) or (12b) (¢ from Section 1)
9) w, 2 (43)
(10) 6,,, (26)
(11) w¢, M, Q (Section 1)
(12) 64 (32)
(13) Cl:rtnquk (39)

(14) Sl?nquk (40)

(15) o, 82, M (Section 1)
(16) &, £2, M (43)
(17) Dl:::nquk (41)
(18) F,Imp (51)

(19) pr(zp_,) (51) or (52)

(20) Pfspgr (54)
(21) gbl[mquk (55)
(22) Cipnspar (56)
(23) Slmquk (59)
(24) Clar)nquk (57)
(25) Cl!r)nquk (58)
(26) Simspqx (68)
(27) Slsr)nquk (68)
(28) 6, (element),,,s .. (64)
(29) 0, (element),,spu (69)

(30) 6 (element)=0, (element)+0J, (element)

Complete long-period perturbations.

7.2. SECULAR (/ EVEN =2y)

Givena,e, I, e, I, €, f (mean values):

(1) F2y,0,v (I() (9)
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(Z)IGLOJXI)Cn
(3) Gy,0,0(e0) (33), (34), (35), or (36)
(4) HZy, Y, 0 (,B) (62)
(5) U2;°(12b)
(6) ¢2y,0,0,y,y,0 (53)
(7) C:icy,o 0,y,y,0=1
(8) j§2y,0,0,y,y,0 (38)
©) F2,,0,,(I) (61)
(10) H3,,,,0(B) (63)
(11) RZy,O,O,y,y,O (F"’FI) (38)
(13) o, (element, secular) (65)
Complete secular perturbations.

8. Short-Period Perturbations. Low Satellites

During a few revolutions of the satellite, where short-period variations are of interest,
the position of the Moon and w, Q change little for low satellites. Then, as Kozai
(1966) suggested, we can consider the elements of the Moon, w and €, fixed when per-
forming the integrations. In this case, the appropriate expression for R; is given in
Equation (8), since here it is immaterial what frame of reference is being used for
the coordinates of the Moon. The particular term R, will be written as

R,=d (g)l }l: i Fyp (I)

m=0 p=0

x {C'cos[(l — 2p) v + mQ] + S["sin[(I — 2p) v + mQ]}, (70)

where
cm A", [ — m even
) — 1, | — m odd,
" | — m even
m __ l >
S _{ T, I — m odd. (71)

The coefficients C’s and S’s depend only on the Moon (5). The values of r¢, v’, and
Q’, given mean elements a, e, I, €, and the time T, can be computed by considering
w¢, M, and Q(Section 1), then solving Kepler’s equation

M( == E( — e( SiIlE,( ’ (72)
computing f from
1+e E
tanfE = \/ Ctan —<, (73)

computing

r¢ = ac(l — eccos Ey)
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v =S + O

computing o, 6 from Equations (7), and finally «’, 6" from Equations (10).
Let

l
r
Ry, =a (E) Fy,., (I) (CY cos O, + Si" sinf,,,,), (74)

where
O1pm = (I —2p)v + mQ.

The following relations are easily established :

ORpp, |

— Ryups
oa a F

Ry, e — 1 /a\* 1 /a r\' 1
= | -] R I-{-)}R | —2p)a‘ |-
Oe e (r) imp e(r) mp + (1= 2p) @ (a) *

1
X Fpp(I) (= CT" sin By, + ST c0s 6,,,,,) sinf<1 - 2) (76)

(75)

al —e

6R, r !
mp 1 I m m _:
T a (—) Fimp(I) C1' c080,,,, + ST sinb,,,,), (77)

where Fj,,, (I)is given by Equation (50);

e (I—2p)a - Fip(I) (— C'siné,,, + Si" cos6,,,,); (78)
=ma | —| Fy,,(I) (= C/"sinf,,, + S}’ cos6,,,); (79)
0Q a
and
OR 1 e a r\' 2
=1 — Ry, si [—2p)d J1—¢e*|~
oM i ettt Py <) "
x (— Cy'sin 0, + ST cos0,,,,) Fy,., (I). (80)

For short-period perturbations, we make use of Lagrange’s equations (27) where
Ris replaced by

2n

1
R. =R—-— | RdM, 81
- Mj (81)
0

and integration is carried on with respect to dz=dM/n, considering all other angles
and actions to be constant.

The computation of the average of R with respect to M involves the following

integrals:
2x

1 l
I37 = o (g) cos(I—2p) fdM =(1+ )" X5/5°P(B),  (82)

0
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2r
L p 1 r\' "2
I3 =13 cos (I —2p) f dM =
0
_(1_|_B) l+lxl 2,1—- 2p(ﬁ),
2n
Lr ! r\ 1— 11 2
I3 =51\ cos(I—2p) fdM = (1 + B*)" X¢ 2(B),
T
0
2n
Lp 1 r ol . .
I =51\ sin (I — 2p) fsin f dM =
0
=(1+ﬂ2)_l (%Xi)j(l),l_ZP"l Xl 1,1- 2p+1),
and
2r
lp 1 r l . .
I3 = sin (I — 2p) fsin f dM =
T

0
_(1+,B)11(7X112p1 X112p+1,

where X é‘,’({ () is Hansen’s coefficient defined by Equation (23) or (24).
It follows that, by defining

Sipm = — CI" sin 8, + ST" cos Oy, ,
and
Cipm = CJ' c080,,,, + ST sin 0,

Ipm

where 0,,,, is given by Equation (26), we have

2r

= L Rmp g,

27‘C oM

dRy, .

gr%lg)__—Jv : de_(l_zp) alFlmp(I)Ill’pblpma

L " R, )

Loy = 2——n m” dM = ma'Fy,, (I) 1528,

7 aRMw ez“l ! Lo
lmp_— o aFlmp(I)Ifl’ Clpm+

T l—e alFlmp (I) Ié’ pélmp — (l _ 2p) alFlmP (I) If‘:pélpm +

1 -
_ (l — 2p) al 1 . 82 Flmp(I) IlS,pClpm)

(83)

(84)

(85)

(86)

(87)

(88)

(89)

(90)

1)
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2

1 [ 0R
(5) Im — - s DY
Ly = 5 J > 2dAM = 21d'"'F,,,, () I} Cpm s

0

and

OR,,, _
I = —f M AM = a'Flp, (1) I57C -

Now it 1s necessary to evaluate, in closed form, integrals of the type

m\F
Tog + idpg =J,y = J <;> e dM

forg=0,1,2,...,p+1and p=0, 1, 2,.... Introducing dM = (r/a)d E, we obtain

r\?*1
Jpg = J (—) e dE,
a

r pt1
<—) =(1 —ecosE)?",

a

where

. a\?

oS — (—*> [(cosE —e) + insinE]?,
r

71=\/1—62, i = ji

Therefore,

P\PH1-4
Jpg = J(—) [(cosE —e) + insinE]* dE
a

with
p+1—g=0.
It is easily found that
pt+1
1
Jpg = Z - K,,,(e) (sinyE — i cosyE) + K 0 (e) E,
Y
y=—-p—-1
(»#0)
where
— —al q—a P + 1 —q k q
g';zs:z (=1) < k ) o — Y )(a—k)x
)
2
% ad — k 2k+q—a 1 a—k—s 1 . s
. )e A+ =n),
in which

o=y, |yl +2, |y +4,...,porp+1,

257

(92)

(93)

(94)

(95)

(96)
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k=0,1,2,..., "
2
s=0,1,2,...,a0a—k
Thus,
pt1l
R _[(TY . 1 .
Jpq = - cosqfdM = ; K,y sSinyE + K, oE 97)
y=—p—-1
(y#0)
and
p+1
I r\? 1
Jpg = - singfdM = — ;qu,, cosyE. (98)
y=—p-1
(»#0)

The following integrals are then established :

A = OR,,p dM l
oM 2

—Ji —1,1-2p+1) Clpm+(']l 1,1-2p—1 — Jr 1, 1-2p+1) Sipm] T
+(l—2p)a \/1_82Flmp(1)( Jl 2,1— 2pClpm+Jl—2,l—2p lpm)a

(99)
Amr = ORimp dM = (I ’ I Py
2" = | o =(l-2p)a'Fy,,(I) (- le 2pClpm+Jl,l—2p Iom) >
(100)
Amr = [ ORump dM = md'F, (I R .S
3 = 60 ma lmp( )( Jl - 2pClpm + Jl,l—2p lpm)a (101)
"R > —
AP = 616"”’ dM = 1d'© Cipm +
y,

1
+Jl 2,1-2p lpm)+l lFlmp(I) (Jl 1,1- 2pClpm+

+J;_ 1,1~ 2pSlpm)+2alFlmp(I)[ (Ji 1,1-2p—1 —Jr S 1,1-2p+1) X
X Clpm+(']l 1,1-2p—1 Jl—l,l—2p+1) Slpm]+

1
+%a11 5 (1—2p) Fppy (1) [— (Jzz 2p—1 Jfl—2p+1)x

X Clpm + (Jl 1-2p—1 Jl,l—2p+1) Slpm]a (102)
OR,,,
AlSmp Ej\ a; ? dM = lal 1Flmp (I) (Jl - ZpClpm + Jl - 2pblpm)9 (103)
and
Almp = ORimp dM = a'Ff (I C
6 = Y, 1mp ( )(le 2p lpm+']ll 2p lpm)‘ (104)

Now, if we make use of Lagrange’s equations and consider Equation (81), the
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short-period perturbations due to a term R, , are given by

2
2 2-1 l
Aalmp = N( a( _‘—nza Almn N

N2a2—l
Aey,, = —5—5—J/1— [J1 — &% 4 — (45 — I M)],

n-a‘e
2 2-—1
Al Neaq cosecI[(A5? — I M) cosI — (A" — I M)],
mp 2 2\/F_—__3' mp mp
n°a 1 —e
N(‘z‘af_l I 4 1 5
AM,,,, = — POty [(1 —e®) (44" — [[))M) + 2ae (AP — I M)] +
+ A,Mlmpa
N2a2—l
Awy,,, e [—ecotl(4™ —IOM)+
n‘a’e \/1 — e?
+ (1 — e"‘) (AZ"” fi},M )]
NZ?a?7 ' cosecl
AQ, = ¢ (Alm? — (O 1), (103)
me nza‘zﬂ/l—e2 7 )
where
’ 3N(2af?—l Im
A Mlmp = — ——2—2— Al P dM (106)
n-a

remains to be evaluated. This last involves the evaluation of the integral

qu=prq dM=f ,(1 —ecosE)dE = Ly +iL,,.

It is readily found that
pt1 )
R R 1
L,,=1|J,,dM = — FKW cosyE+quo7—
y=-p-1
(y#0)
pt1
K, (E sinE + cosE) + Pk
—e sin COS -
pq0 7 )’(Y + 1) pay
y=—-p—1
(y#0,y#—1)
pt1
e 1
x cos(y+1)E + - Z — K, cos(y—1)E, (107)
2 yy—1) ™
y=—-p—1
(y#0,y#1)
and
pt1
I I 1
L= |JpgdM =— FK , sinyE + — (qul—Kp,q,_l)E+
y=-—-p—1

(y#0)



260

Therefore,

A,Mlmp ==
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p+1 pt1
Z : K,,, sin ( +1)E+e Z :
sin (y - —_—— X
Lo+ 2 L 0=
(1%0, 74— 1) (3#0,7%1)
X K,,,sin(y —1)E. (108)
lal—Z

—%Nc?af—l Flmp(I) [(LIl—l,l—Zp—l +

e
n’ \/1—e2

I =~ R R
— Ll—l,l—2p+ 1) Clpm + (Ll-l,l—Zp—l _ Ll—l,l—-2p+ 1) Slpm] T
1-2

_ a
—3Na; "' (1 - 2p) V1= €% Fimp (I) (Li=2,1-2pStpm +
T IJIi—Z,l—ZpC'lpm)‘ (109)

9. Computational Procedure for Short-Period Perturbations of Low Satellites

Corresponding to a particular term R, (Equation (74)), the short-period perturba-
tions ((, w, Q fixed) are computed as follows.
Given mean elements a, e, 1, e, I, and €, we compute

(1) Nf‘a(z_’
(2) B(22)

(3) Given M, compute E, f,
(4) Given ¢, Q, and a;, compute r¢, v

(5) o 8¢ (7)
(6) o', &' (10)

(7) PT (sind’) Smé’

®) A7, Bl (5)
©) Cr, S7 (1)

(10) Given M, w, and Q, compute £

(1 1) glpm (26)

(12) Clpm’ Slpm (87)9 (88)

(13) Fimp(Z) ()
(14) Fyp, (1) (50)

(15) Xo5(B) (23) or (24)

k
/
[—2
I—1
[—1
I —1

/
/

J

[—2p

[ —2p
[—2p
I—2p—1
[—2p+1
[|—2p—1

[—2p+1
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(16) pqy(e) (96)) )):—p—la —paapap_l_l

D q

[—1 | —2p—1
[—1 [—2p+1
[—2 [ —2p

[ [ —2p

l—1 [ —2p

[ [—2p—1
[ [—2p+1

(17) 1%?, 1572, ..., ISP (82) through (86)

(18) l(r;zzga Il(,f,),, , l(n?l)r (89) through (93)

(19) Joes I3, (97) (98) (same range for p, g as in (15))
(20) A4\, A""P .., AZ"" (99) through (104)

(21) LE, LI, (107), (108)

p q

[—1 I—2p—1
[—1 [—2p+1
[—2 I —2p

(22) 4'M,y,,, (109
(23) deyny, ..., 42, (105)
Short-period perturbations completed.

10. Short-Period Perturbations for High Satellites with Small Eccentricity

When the satellite is high, for example, close to a 24-h period, the Moon can no
longer be considered fixed during a few revolutions of the satellite. Here we consider
also the variations of w, 2, in contrast to what we have done in Section 8. In this case,
the integrals found in that section have to take these variations into account. This can
be done only if the eccentricity of the satellite is small so that power series in e will

converge rapidly. Thus, the disturbing function obtained in Equation (19) has to be
developed in terms of M, M.

The following expansions are well known:

k=—o0

a l1+1 .
<:(> 2::; [(l — 2q> U¢ + 5 (Q( )] Z quk (e() z:)rsl Glsqk R (110)
(

and

l
r
<a> cos [(I—2p) v+ mQ] = Z Hipi(€) S0 0 (111)

Jj=
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where
T
O = (1 — 29) 0+ (I — 2q + k) M(+S(Q(+5>, (112)

Omp; = (I —2p) 0+ (I =2p+j) M + mQ, (113)

and H,,; (e) are Kaula’s (1962) coefficients. These can also be written in terms of
Hansen’s coefficients by

Hy,;(e) = X125,2,;(B).

The coefiicients G, (e,) have been defined in Equations (33), (34), and (35) or (36).
The classical expressions for Kaula’s coefficients are (e.g., Plummer, 1960):

Hypi(e)=(1+p)"7" ¥ Ll —2p+j)el X150, = 0(eM,
(114)

where J;(x) are the usual Bessel functions and X} 7 (B) are given in terms of hyper-
geometric series (which always terminate), as follows: for k-i-m >0,

m —i—m l+1—m
Xi:’,i = (_ :B)k <k

—i—m

)Fw—i—L—Lm—l—L

k—i—m+1;p8%) (115)
and, for k-i-m <0,
[+1+m

Xt = (= ﬁ)_HHm(— k+i+m

—k+i+m+1;p%. (116)

)F(—k—l—i—l—l,m—l—l,

It follows that

l l l l od) o0

R, = Z Z Z Z Z Z Rimspakj »

m=0 s=0 p=04g=0k=—wo j=—®
where

(= D)™ enes (I —5)!
(I 4+ m)! @ Fipp (1) Frsg (1) Grar (€)

X Hlpj (e) [(_ 1)l+m—s U;n’ -0 COs (elmpj T Ogsqk) +
+ U 08 (Omp; — Fsi)] - (117)

lequk j =

In what follows, it will be clear that we should have
[—2p+j#0.
We can make use of the fact that

OF (a, b, c; x) _ab

0x C

Fla+1,b+1,c+1;x)

and

) i (6) ~ T (0]
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and arrive at the following relations:

aXf;"’ e 1 —e*k
Yo" = = J; (ke) YT —
k aﬂ Z { l( e) k,i T ’B 9 X
i<k—m

% [y (ke) ~ Jos (ke)] X} n Z .
iZzZk—m
< {ae) Zi + 5

‘k
[Jl , (ke) — JlH(ke)]X }(118)
where, for i <k —m,

8Xl'" . [ 11—
l,r.nE k,i R . k—i—m+1 + m
ot T —(k—1i m) XpT—2(—P) <k—i—m)x
><(k—z—l—l)(——-m—l—l)><
k—i—-—m+1
XxFlk—i—1L, —m—Lk—i—m+2;p% (119)
and, fori=zk—m,
Zl,m_aX;C,,r? ( k . 1
i S e = +z+m)B><

s I+1—m
l,rp__ _ k+i+m+1
X Xii —2(=p) (—k+i+m>x

(CkHi-l-1)(m—1-1)

—k+i+m+1
><F(—k+i——l,m—l,—k—l—i—{-m+2;ﬁ2). (120)
Finally,
0H,, . 5
=— "= Y/, (121)

N, .= P
" de e\/l—e

Let us consider the definitions

Dipppai; = (L= 2p) & + (I—2p +j) M + mQ + (I — 2q) & +
+ (I — 29 + k)M + s, (122)
and
D spar; = (l—2p)cb +(l—2p -I-j)M-i—mQ +
— (I =29) oy — (I —2q + k) M — s8¢ (123)
We easily establish that

B EJaleSquJ di = R, k.{ U;"-’S — U;"’S_(l —2p +J.)(D17nsiqkj }
mepaty oM mPEAUP T - U T (1= 2p +])/Dlmqukj ’
(124)
B2 EJaleSquj dt = R, k_{ U;n_’s - Up” S_(l ” 2P)/D17ns+quj },
pas dw MPEANUT T > U T (L 2P)[Dimspar
(125)
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™ —
B® = Rimspaki 4, _ p 1 U = U "m Dy
Imspqkj ) 59 Imspqgk j U;n, —s _ U;n, _sm/Dl-:qqukj ’
" OR - a
(4) _ Imspgk j . (5)
Blmqukj = P dt = l_ Blmqukj {Hlpj — Nlpj} ’
J e
[ rTm, —s m, —s +
) 0 lequkj ] U, — U /Dlmqukj
_ m, s m,sipyy—
Blmqukj = da di = ; lequkj Ul — Ul /Dlmqukj )
CcoSs — sin
OR - a
(6) — Imspqk j _ (5) I
Blmqukj — J ol -dt = l_ Blmqukj {Flmp - Flmp} ’
and
A'M __0 NZa?7'| B{L) . dt=
Imspgkj — — Ef (a( Imspqk j [ =

v

_ T ap2.2-1
T2 N¢a¢ "Riusparj

Finally, the short-period perturbations are given,

[—2p+j+#0,
by
2 (1)

2 2-—1 B
— Plmspgkj >
na

Aypspgr; = N¢ag

U;n,s — U;n, s/(Dl;qukj)z 1

U;n’ - U;n’ —S/(Dl-:nqukj)z s

COs — sin

for all terms for which

2
_Ar2 2—1\/1_e / 2 p(1) (2)
Aelmqukj =N ¢ T2 [ l—e Blmqukj _ Blmpsqk.i ’

na e

cosec |

B
na* /1 — &

2 2-1
Al sparj = N(ag

(2) (3)
Imspqk j cosl — Blmqukf >

(126)

(127)

(128)

(129)

(130)

(131)

1
22— 2 4 5 ’
AMlmqukj - = N( ag — [(1 — € )Bl(mgquj + 2eBl(m3quj] + 4 Mlmqukja

na’e
Aw = NZa; ™! ! [
Imspgkj — (e 2 2
na‘e./1 —e
cosecl

2 2-1
Ay spqr; = N¢ag

which completes the calculations.

— eBip)xicotl + (1 —e*) B

Bl(mz j
2 2 qu.] ’

Imspgkj >

(132)

11. Computational Procedure for Short-Period Perturbations of High Satellites with

Small Eccentri

city

The sequence of calculations to obtain short-period perturbations due to a particular
term, R,y > Of the disturbing function (see (117)) is now given.



LUNAR PERTURBATIONS OF ARTIFICIAL SATELLITES OF THE EARTH 265

Given mean elements a, e, I, M, o, Q, M, o, Q, &, M(, D¢, Q(, M, o, £, B, compute,
for any term (, m, s, p, 9, k, j), [—2p +j#0:

(1) Ofgis Oump; (112), (113)
(2) J;[(I—2p+j) e] (Bessel function (34)) to the approximation required
(3) X1'2525.:(B) (115) or (116)
4) Fpp (1) 9)
(5) Flsq (I() (9)
(6) G (e (33), (34), (35), and (36)
(7 Hlpj(e) (114)
8) Y7 (B)(119)
9) Z:7(B) (120)
(10) Y™(B) (118)
(11) Ny,;(B) (121)
(12) Djhopar; (122), (123)
(13) U;»* U °(12)
(14) Bi)paj» i=1,2,..., 6 (125) through (129)
(15) A'M 5pq; (130)
(16) dayusparis---» AQy,5045 (132)

Complete short-period perturbations.

12. Remarks on Solar Perturbations

The previous formulations apply as well to solar perturbations, which are about of
the same order of magnitude. In fact, for the Sun,

R = SMe Z (L) P, (cos /), (133)

o ro
122
so that
m
©
Gmg = Npay ~ Nedy
me+ Mg + Mg
or

Gmg = Ngay, NZ ~0.75 x 107° rev? day ™2,
which is of the same size as N f . For the Sun, we have (to the mean equinox of date):
wg = 281°13’1570 + 6189703 T + 1763 T2 + 0701273,
M = 358°28'33"0 + 129596579710 T — 0754 T* — 07012 7>,
e = 0.01675104 (supposed constant),

a, = 1.00000129 (astronomical units),
ne = 3548719283 day~*'.

We can consider /1, 2, to be zero. The mean inclination with respect to the equator
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is €. For that matter, it could be considered a function of time, but such precision is
hardly necessary. The disturbing function is given by Equation (8), while (2) is written

R=7Y NZa%'R,. (134)

=2

The transformation (10) is not necessary, so that the coefficients 4}", B;" (Equation (5))
retain their original form by using I’ =g, the inclination of the orbit of the Sun with
respect to the equator. It follows that

e () L T e

m=0 p=04gq=0

x cos[(I —2p)v— (I —2q) vy + mQ]. (135)
The secular and long-period part of this is

_ ! L1 o0 (l — )!
Rl - mg'o pZ'O qZO k=Zw o (ﬁ__? lmp (I) Flm‘l (8) "
X (1 + ﬁz)_l_l Hzp(zp—l) (.B) quk (eG)) X

xcos[(I-2p)w—(—-29)we — (I —29 + k) My + mQ], (136)
which for the Sun is used in place of Equation (37). More precisely:

_ (l—m

lequ (l +n ) '

Frp(I) Frg () (1 + %)™ 71 Hypop—iy (B) X

X quk (eG) Clpqu P (137)
where

Crogme =Cos[(I—=2p)w — (I —2q9) wg — (I — 29 + k) Mg + mQ]. (138)

From this point on, all formulas developed for the Moon can be easily adapted, a task
not worth undertaking here. The complete expressions are given by Kaula (1962), and
the computational procedure is similar to the ones given in the previous sections.
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