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Abstract. Lunisolar perturbations of an artificial satellite for general terms of the disturbing function 
were derived by Kaula (1962). However, his formulas use equatorial elements for the Moon and do 
not give a definite algorithm for computational procedures. As Kozai (1966, 1973) noted, both in- 
clination and node of the Moon's orbit with respect to the equator of the Earth are not simple 
functions of time, while the same elements with respect to the ecliptic are well approximated by a 
constant and a linear function of time, respectively. In the present work, we obtain the disturbing 
function for the Lunar perturbations using ecliptic elements for the Moon and equatorial elements 
for the satellite. Secular, long-period, and short-period perturbations are then computed, with the 
expressions kept in closed form in both inclination and eccentricity of the satellite. Alternative 
expressions for short-period perturbations of high satellites are also given, assuming small values 
of the eccentricity. The Moon's position is specified by the inclination, node, argument of perigee, 
true (or mean) longitude, and its radius vector from the center of the Earth. We can then apply the 
results to numerical integration by using coordinates of the Moon from ephemeris tapes or to 
analytical representation by using results from lunar theory, with the Moon's motion represented 
by a precessing and rotating elliptical orbit. 

1. Elements for the Moon and Other Quantities 

Let T be the time in centuries of 36 525 ephemeris 
following values will be adopted: 
Eccentricity of the Moon: 

days  f r o m  J .D.  2415020 .0 .  The  

e( = 0 . 0 5 4 9 0 0 4 8 9 .  

Inclination of the Moon: 

I( = 5~ 

sin ( / ( /2)  - 0 .044886 967.  

Mass ratio, Moon to Earth: 

m(/m, = 0 . 0 1 2 3 0 0 1 .  

Mean equatorial parallax of the Moon: 

where  

p( = 57'2' . '70, 

p( = arcsin (ae/a(). 
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Mean equatorial radius of the Earth: 

a e = 6 378 160 m.  

a (  =per tu rbed  semimajor axis of the Moon 's  orbit. 

Mean motion in longitude of the Moon:  

n( = 13~ day -1 . 

Mean anomaly of the Moon:  

M( = 36~ + 1 724878768':03 T + 25':61T 2 -1- 0':0438 T 3 . 

Argument  of Moon 's  perigee from ecliptic node: 

co( = -  25~ + 14648522':51 T -  37':17T 2 -0 ' : 0450  T 3 . 

Ecliptic longitude of Moon 's  ascending node: 

s = 259~ - 6962911"23 T + 7'.'48 T 2 

Obliquity of the ecliptic: 

= 23~ - 46'.'845 T -  0'.'0059 T 2 

-+- 0 ' : 0 0 8 0  T 3 

+ 0':001 81 T 3 . 

Explicit and precise variations of 

are also available: 
in terms of the elements of the Moon  and the Sun 

(e.g. 

= go + (2 + d o  

, Connaissance des Temps, 1971). 

2 .  T h e  D i s t u r b i n g  F u n c t i o n  

The disturbing function can be written as 

e e, (cos0') 
/~>2 

where r  is the geocentric elongation of the satellite from the Moon. 

The following size considerations apply: 

(1) 

G i n (  - -  

a l s o  written as 

m (  

m ( - k -  m e 

_ 0 . 0 1  2 3 23n(a( 

Gm( ~,,-2 3 N~ "~ 1 59 x = l ~ ( a (  , _ . 

The satellite Keplerian negative energy is 

10- s r e v  2 day-  2 

Fo = nZa2/2, 
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so that the relative size of the perturbing force function is given by 

v = R/Fo = 2 Ng/n  2 . 

For low satellites (T_~ 90 min), v _~ 1.2 x 10- 7. For high satellites (T_~ 24 h), v -~ 3.18 x 
x 10-5. It follows that, in the above range of periods, for moderate eccentricities, the 

dominant part of the disturbing function of a satellite is due to the Earth oblateness 
(J2), and lunar perturbations are about second order with respect to this. 

Let c~, 6 and c~', 8' be the right ascension and declination of the satellite and of the 
Moon, respectively in an equatorial system, it follows that 

cosO ' = cos6 cos6' cos (cr - c~') + sin 6 sin 6 ' .  

Therefore, 

where 

2 
R =  2 N g a ( - t R , ,  

I>~ 2 

( a ) l (  ~l 
Rl = a l a(  

k r( /  

+1 

(2) 

Pt (cos ~ ' ) ,  (3) 

or, making use of Legendre's addition theorem, 

I 

Rt a z a( E m 

m'-O 

where 

Let 

12 m--0 
Ern 

, m-C0 .  

Br  = (ar '+1 (l - m) ,  

We can write 
l 

m=O 
Let 

( l -  m)! 
( l  + rn)! 

P~' (sin 8') P~' (sin 8) cos m (c~ - c~'), 

(4) 

emP'[' (sin 8') cos me' ,  

6.mP 7 (sin 6') sin me' .  (5)  

cos mc~ + BT' sin mc~) P~' (sin 6). (6) 

v = co + f = argument of latitude of satellite, 

s = longitude (equatorial) of node of satellite, 

I = inclination of satellite to Earth's equator. 

By considering the relations 

c o s  - Q)  c o s  6 = c o s  v ,  
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sin (e - s cos 3 = sin v cos I ,  

sin 3 = sin v sin/ ,  
l 1 

Rl._.al(a)l ~ ~ Ftmp(1){[ A~ ] 
- B ? I  

m - - 0  p = 0  

[ B ? ]  l - m  e v e n  

+ LA?J l - m  o d d  

it follows that 

where (Kaula, 1961) 

and 

l -- m e v e n  

l - m o d d  

cos [ ( / -  2p) v + mY2] + 

sin [ ( 1 -  2p)v  + m/2]}, 

Flmp(I) (21 - 20[ 2 21- 2l 

( l -  2i)! 

x ~ ,  ( 7 )  c~ ~ ,  

j k 

sinl-m-2i I • 

m ( I - - m - - 2 i + j ) ( p _ i J k ) ( - - 1 ) k - q  
k 

q = [ ( l -  m)/2], the integral part of ( 1 -  m)/2, 
i = O, 1, 2, ..., rain (p, q), 
j = O, 1, 2,..., m, 
k = all values for which the coefficient is not zero; that is, p - i >~ k. 

(7) 

(8) 

(9) 

3. Rotation of Spherical Harmonics for the Moon 

The spherical harmonics P~' (sin 3') e imr are expressed in terms of 3( and e(, the Moon's  
ecliptic latitude and longitude (Lee, 1971). 

The relations are given by 

cos3' e i~' = cos6( cose( + i(cosT( sine( cose - sin 6( sin e) , 

sin3' = cos3( sine( sine + sin3( cose. (10) 

From the well-known properties of spherical harmonics under rotation, we can write 

P~" (sin a') e i''=" = 
l 

Z 
r - -  - - l  

eT" "P~" (sin 6() e ̀~< 

where eT"" is a function of e only, and 

Pi- (x) (__ 1)  m ( l -  m)! P'~(x). 
(l+m)! 

Using the orthogonality conditions of spherical harmonics, we have 

e~  ,r  
er (21 + 1) (1 - r)! 

4,~ (1 + r)! 

• 

+ n / 2  

.f 
- 1 r / 2  

2 n  

0 

cos 3( d3( • 

P~' (sin 5') e ima' P; (sin 3() e it=( da( . 
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Introducing Equations (10) and computing the above integral, we find 

0~7 "r _ _ (l -- ?')! ei<m_r)u/2 U7 'r 

(z- m)! 

where, for m + r >~ 0, 

x F ( -  

sin 

l + r , l + r + l ,  

and, for m + r <~ 0, 

U': ''r= ( -  1) *-r - cos 
+ 

x F ( - l - r , l - r + l ,  

• 

m + r + 1; cos 2~)  
2 

sin x 

- m -  r + 1; COS 2 -  . 
2 

In the above relations, F is the usual hypergeometric series 1F2, defined by 

(11 

(12a) 

(12b) 

where 

F (a, b, c; x) 

oo 

= ~ (a). (b). x" 
(c). . ! '  

n = 0  

(a), = a(a + 1)(a + 2)... (a + n - 

(a)o = 1. 

l) 

In both cases, U~ ''~ is a polynomial in sine/2, cose/2 since at least one of the para- 
meters a, b is negative, and the above series terminate. The distinction between the 
cases m + r ~ 0  is necessary to avoid a singularity in F due to a negative value of c. 
Considering this fact, another possible form for U~" ", valid in any case, is found to be 

v 7 " =  (j + r)i cos sin dz~+" [z ~-" (z - 1 , (~3) 

where z=cos  2 (~;/2). 

Now, let 

2A~ ' ' r =  U~"" + ( -  I f  U~"- 

2B~" r =  UT" r__ (__ 1 ) r  U T , -  

F 

' (14) 

It fol lows that 
l 

r = 0  
l 

,,r~/ (i + ;~i 
r = l  

r,, ' rl  sin,,, sinI, , 1 
(15) 
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Making use of relations (7) for the Moon, we find that, for l -  m even: 

l l 
(a(~l+l (-- 1)mEm ~- 

A'~ - -- 7; m5 i ( 1 -  r)! ErAr~ 'r \ r</ 
r = O  p = O  

l l B'~=(a~()l+l (--l)'nErn ~ Z 
(i + mi[ ( 1 -  r)! GB'~ '~ 

r = 0  p=O 

and, for l -  m odd: 

where 

l l 

A~ = (a() (--(-l -~l)m em ~--a~mii (l--r)'. E.A~'" ~ 
\ r</ 

r = 0  p = O  
l l 

Br~ -- (a(~ l+l (-1)m+1 Em ~ (l /")' Z 
\ r d (l ~ ~ ) i  -- " ErBT'r 

r = 0  p = 0  

F,rp (I~) cos O;p,, 

Fl, p (I~) sin O ; p  r �9 

Fl, p (I~) sin O;p,, 

F/,p (I() cos O;p, 

O;pr = (l - 2p) v( + r((2( + 2)  

(16) 

(17) 

(18) 

and the functions Ftrp (I~) are defined by Equation (9). 
Finally, the function Rt can be written, with Equations (8), (14), (16), and (17) taken 

into account: 

where 

I l l l 

X Z Z Z R, = a I a( ( -  1) m (:m Es ( l - ,.7)! 
\ r U (1 21_ 1 . ) !  Flm p (I) x 

m=O s=O p = 0  q = 0  

x F,sq(I() x [ ( -  1)'+m-su~ '' -s COS (Olp m -[- O;qs) 21- g ~ '  

Olp m = ( l -  2 p ) V  + m(2. 

COS (Olp m --  O;qs)] , 

(19) 

(20) 

4. Secular and Long-Period Terms of the Disturbing Function 

If we assume that no resonance occurs between the orbital motion of the satellite and 
that of the Moon - that is, pn +p'nr is not small for small integers p, p '  not simulta- 
neously z e r o -  then the elimination of short-period terms (depending on the mean 
anomaly of the satellite, M) from the disturbing function can be obtained by making 
use of the well-known integrals 

21r 
, 

2-rr sin (l - 2p) f dM = O, 

0 
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2re 

2-re cos ( l -  2p) f dM = 
0 

In the  a b o v e  re lat ions ,  

/3 = e(1 + x/1 _ 

(1 + ~ 2 ) - l - 1  x l ,  l -2p 
o ,  o = 

(1 +/3 2) l - 1  __ - H @ ( 2 p _ l )  (fl)" (21) 

(22) 

and the X's are Hansen's coefficients (e.g., see Plummer, 1960, p. 45) and the H's are 
Kaula's coefficients (Kaula, 1961). They are defined by, for 2p - l > 0, 

H@(2P-~ = ( -  fl)2P-t (2P + I)  F ( -  , 2 p  - 21 - 1, 2p  - 1; f12) 

and,  for 2p - 1 ~< O, 

Hlp(2p_i ) = (__ f l)I-2p (21-l_2p2p + 1) F ( - l - 1 , - 2 p - 1 ,  

l -  2p + 1; f12). 

(23) 

(24) 

In both cases, they are polynomials in 13. The distinction again is necessary in 
to avoid singular representation. 

The long-period and secular part of the function Rz is then found to be 

where 

I l l l 

\ rd  
m=O s=O p=O q=O 

• 

( - -  1) m e m e s ( 1 -  S)! 

(l + m)! 
Elm p (I) Fls q (I() x 

(1 -[- / ~ 2 ) - / -  1 H l p ( 2 p _ l  ) ( / ~ ) [ ( _ _  1)l+m-s u~n,-s  

-~- U 7  's  COS (Olp m - -  O;qs)3,  

Olp m : ( l -  2p)(_D 71- mr2. 

order 

COS (Olpm A r_ O;qs ) .qt_ 

(25) 

(26) 

5. Secu lar  and L o n g - P e r i o d  Linear  Perturbat ions  

The Lagrange planetary equations can be written as 

da 

dt 

de 

dt 

dI 

dt 

dM 

dt 

2 OR 

na 8M'  

1 - e 2 OR 

n a  2 e 8M 

I 
x/1 - e 2 OR 

na2 e Oco ' 

cot I 8R cosec I 

r/a 2 %/1 -- e 2 a(_o r/a 2 4 1  

1 - e 2 8R 2 0R 
"--II 

8R 

- -  e 2 a Q  

na 2 e 8e na 8a ' 
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do)  

dt 

dO 

dt 

co t /  c3R 

na 2 
/ 
, ] 1  - e 2 a I  

cosec I OR 

n a  z x / 1  - e 2 ~3I ' 

+ N i l  - -  e 2 OR 

na2 e c~e 

(27) 

where n = I z l / 2 a  - 3/2 if it appears outside trigonometric functions and 

M = a +  n d t = a - 3  ff-Mdt dr. (28) 

In the above relation, a contains all perturbations defined in the fourth equation of 
(27). The last term of Equation (28) contains only short-period terms and will not be 
considered in this section. 

Now, the function 

/~ Z 2 2  = N(a( -IR l 
l>~2 

(29) 

does not depend on M and is an explicit function of time only through r(, v(, and f2(, 
considering I( and r constants, which is a good approximation. 

The integration of the pertinent equations can be performed numerically by using 
as input lunar ecliptic coordinates - or, for that matter, equatorial coordinates - 
stored in tapes. This will produce precise evaluation of the true lunar motion. How- 
ever, such a method can be very expensive in time. A good approximation can be 
obtained by considering I~, e(, % and r fixed values and M(, co o and f2~ linear functions 
of time, as given in Section 1, neglecting accelerations of these elements. Also, an 
expansion in power series of e( will converge rapidly owing to the small value of this 
eccentricity. 

Along these lines, we can consider the expansions 

( a(]  l+1 [s in]  
r U LCOSj 

, oo [s in]  
(Ols) --- k= 2 -oo alqk (e() LC~ (Ol*sk), (30) 

where the G's are Kaula's (1961) coefficients, which in turn can be written as Hansen's 
coefficients 

and 

Glqk ~ y - ( I +  1), l -  2q 
~x/_2q + 

Ot*sk = (l -- 2q) co( + ( 1 -  2q + k) M( + s(f2( + 2)" 

We also remark that Glqk = 0 (e~kl). These functions are given by 

Gtq k (e()= (1 + fl~)' 

(31) 

(32) 

0(3 

- k . - l - 1 ,  l - 2 q  Jj [ ( / -  2q + k) e(] .ZXl_2q+k" j ( f l ( ) ,  (33) 
j~--O0 
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where the Js (x) are Bessel functions with the usual definition 

GO 

S s ( x ) - -  Z ( -  1) * 
( X / 2 )  j+2s  

s=o (j + s)! s! 
(34) 

Also, for k 

and, for k 

j m>~O, 

x l ,  m (lknt- 1 -  ~ )  k, j --" ( - -  fl()k-j-m F (k - j - l - 1 
__j  

j m<.O, 

X l, m - k+  m ( ~, s = ( -  ~ )  J+ \ 

- m - l - l ,  

k - j -  m + 1; fl~) 

l + l + m  ) 
- k + j + m  F ( - k + j - l - 1 ,  

m - l -  1 , - k - 4 - j - 4 - m - 4 -  1; fl~z). 

(35) 

(36) 

Here again, the hypergeometric series terminate; that is, they are polynomials. 
ever, the G's are infinite series that converge for all e(< 1, although for large 
convergence is slow. 

It follows that 

H O W -  

e( the 

1 l l l oO (__l)m __ 
Rl = E Z E E E at crees(1 s) ! 

m = 0  s = 0  p = 0  q = 0  k = - o o  (1 + m)! 
• (1 + ~2)-'-~ H. .~ ._ . (# )Z , ,~ (e~)  • 

- s  - s :r • [ ( - -  1) t+m U~ n' COS (Olp m "Jr- Olqsk ) .qt_ 

+ U ? '  COS (Olp m * S __ Olqsk)]. (37) 

ff Imp (I) Fts q (I() x 

In the foregoing expressions, the U's are functions of c only and, therefore, supposed 
to be constant. 

The following particular terms will be defined: 

-(1 + m)i Ftsq (I() Gtqk (e() x 

• a'(1 + p~)-l-~ F.~;(/) H.~(2~_. (~) • 
x I ( 1 )  t+m U'f ' s +  s -  __ - s  -- Clmspqk "Jr- U ? '  Clmspqk ] 

: !~tmspqk (a, e, I )  [ ( -  1) t + m - s  g ? ' - S C ? m s p q k  + U?, sc,-~s~] (38) 

where the definition of ~lmspqk is obvious and 
+ , 

Clmspqk = COS (Olp m -Jr- Otqsk ) . (39) 

The following quantities will also be useful: 

and 

• �9 
&mspqk -- s i n  (Olp m -Jr- Olqsk), (40) 

• 
Du,,spqk = ( l -  2p) (b + m,Q ___ [ ( / -  2q) 69( + ( l -  2q + k) ~;/( + s~2J, (41) 

f + + + 
Ctmspqk d t =  (42) Slmspqk/D~mspqk �9 
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In the above relations, we are using the secular rates of the Moon's motion as given 
in Section 1 and, for the satellite, as given by the even zonal-harmonics coefficients. 
The dominant terms follow: 

(_~) 2 1 - 5 c ~  
= - ~ s ~  (~  - ~ , 

cos, 
-() = - ) S 2  (1  - e 2 ) 2 '  

[ 1+3cos ,] 
3;I = n 1 + 3 j :  (1 - e:) 3/2 " (43) 

The relation between a and n is the perturbed Kepler law 

[ ( ~ ) 2 1 - 3 c ~  (44) 
n2a 3 = Gm e 1 + -'}2d2 (1 - e2) 3/2 J" 

Now, let 61 elmspqk,..., (~l~Imspqk be the linear long-period and secular perturbations 
that are obtained from Equations (27), integrating the right-hand members (a, e, l 

2 fixed) and substituting N~a( -Iaimspqk for R. The partial derivatives entering Lagrange's 
Equations (27) are given by 

and 

'3 elmspqk 

'30) 

'3 a lms pqk 

,30 

'3 elmspqk 
'3a 

'3Rlmspqk 

'3I 

aRlmspqk 

0e 

-- ~)Imspqk (2p -- l) [(-- 1) t+m-s U'~'-SS~msvqk + U'~'sS,-mspqk], 

= -  (btmspqkrn [(-- 1) ;+m-s U'~'-SS~mspqk + U'f'sSl-mspqk], 

(45) 

(46) 

I m 

= -- almspqk , (47) 
a 

-- ff~Imspqk (Flmp ' N i p ) ,  

= Rlmspqk [Hlp (2p - l )  

(48) 

(49) 

where, if only terms with positive powers are considered, 

F[m~ ( i )  = 
(21 - 2i)! 2 2 i -  2l 

i ! ( 1 - i ) ! ( l - m - 2 i ) !  
s i n t - m - 2 i  - 1 1 x 

x X (7-),-,:,_ m_ cos2/_j sin2 el cosJ-X i 
J 

• k p -  - k  ( - 1 ) k - q '  
k 

X 

(:50) 
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with the same summation conventions of Equation (9): for 2 p - / > 0 ,  

and, for 2p - l <~ 0, 

Hl%(2p_l)___ ~: { [ ( 2 p _ l )  l 1 + 1 ]  
e x / - - e  2 fl i ~ / ~  2 Hlp(2p-I)+ 

+ 2 ( 1 + / / 2 ) ( _  fl)2p-t+l(2P+2p_ 11) 

x F ( -  1, 2p - 21, 2p - 1 + 1; f12)~ 
J 

(l + 1)(2p - 2 1 -  1) 
2 p -  l 

e x /  _ e  z fl 1 +  

- 2(1 + f12)(__ fi),-2p+l ( 2 / -  2p + 1) (1 + 1)(2p + 1) 
1 -  2p 1 -  2p + 2 

x F ( -  1, - 2p, 1 -  2p + 2;/32)/. 
, %  

The following definitions are introduced: 

• 

(51) 

X 

(52) 

and 

~Dlmspq k __ ( _ _  1)  m (.mf.s(l - S)! 
(l+m)! F,sq (I() G,qk (e() a' (1 + flz)-t-1 x 

([gl%spqk-- (Dlmspqk (H > He),  

r = r (F , F' ) ,  
Clmspqk-- (--  1) l+m-s U?'-SC?mspqk + 

Cl~spqk = ( l -  2p) [(-- 1) z+''-s 

• Flm p (I)  Hlp(2p_l)(fl) 

g~'  sCl-mspqk , 
U'f" - s t +  /n+ V-'lmspqklX.,'Imspq k + 

+ U?'sCl-mspqk/Ot-mspqk] 

Clmspqk "-- m [(--  1 ,,,-s U'f' -so,+ /n + V.'lmspqklX-'Imspqk + 

Sxmspqk ( -- 1)l +,,,-s U'f' - ~r + In + s - - --" .lmspqk/L.Imspqk + U 7' Slmspqk/Dlmspqk. 

Thus, we can write 

f ORlmspqk dt cb c.,o 
~(D lmspqk v" Imspqk , 

f ~mspqk  12 
dt -- ~)lmspqk Clmspqk , 

f ~Rlmspqk dt l ---_ ~)lmspqkSlmspqk 8a a 
t ,  

f ~fr ~e dt - -  ~ ) l m s p q k S l m s p q k ,  

f ~Rlmspqk ~-~ a t =  ~) llms pqk Slms pq k �9 

(53) 
(54) 
(55) 

(56) 

(57) 
, (58) 

(59) 
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The above integrals are not valid if the integers 

l -  2p, 1 -  2q + k, l -  2q, m, s 

are simultaneously zero; that  is, we must  exclude the cases 

m - - 0 ,  

s - - 0 ,  

2p = l = even = 27, 
2q = l = even = 2~, 
k - - 0 .  

(60) 

They correspond to secular perturbat ions and, in this case, 

"~1"2)', O, O, y, y, 0 t" lx2y,  0 O, y, y, 0 

0~ 0(2 

In order to evaluate the other three integrals, we must  consider ( / = e v e n - 2 7 ) :  

and 

Therefore, 

' Z F2~,, o, ~, ( 1 )  - -  

i = 0  

(4~ - 2i)! 2 2i-4~ '  (2y - 2i) 

i! (2~, - i)! (2~, - 2i)! 

H2~,, ~,, o - F ( -  27 - 1, - 2 y -  1, 1; f 1 2 ) =  

2 y + l  

( -  2), - 1),, ( -  2~ - 1). fl2n 
n! 

-Z 
n=O 

sin2~ - 2 i -  1 1 cos I ,  

H e 

2y, 7, 0 - -  

2 y + l  

2 Z ( - 2 y -  1 ) , , ( - 2 7 -  1),, 

e ~ l _ e  2 ( n - -  1)! 
n = l  

j~2n . 

o e 2 y ,  o, o, y, y, o 

~a 
2 y _  

R 2 y ,  o, o, y, ~,, o ,  
a 

o.e27, ,  o, o, y, y, 0 

a i  
= R2 , o, o , ~,, ~, 0 (F2~, ,  o, ~, , o ,  

~ R 2 y ,  o, o, y, y, o 

0e 
= J~2r ,  o, o, ~,, ~,, 0 (H2~, ,  ~,, 0 , H  e ) 

27, 7, 0 �9 

The long-period perturbat ions are given (excluding cases (60)) by 

- 2 2--1( 
(~ l elmspqk = N (  a (  - -  

t~ l ~Imspqk --" N(2  a(2 - 1 

t~ 1J~Imspqk  ,, T2 2 - l = 1~r ( a (  

al l  - e 2 

n a 2 e  

1 

n a  2 nil - e 2 

1 ( 1 - e  2 
Ha 2 e 

Imspqk lmspqk 

to I2 
( c o t  I C l m s p q k  - -  cosec IClmspqk) 

 lesp k 2 l~t.~pqk)Slmspqk 

• 

(61) 

(62) 

(63) 

~) lms pqk , 
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31N,msvqk=N~a~_ ' 1 ( na 2 
cot I 

/ i  - e 

x / 1  + e 2 

~l~spqk + 
e 

cosec I 
6 l~lmspqk = N(2a(2 -l 

na 2 . / 1  - e z 
~llmspqkSlmspqk �9 

(l)lespqk) Slmspqk 

(64) 

The secular perturbations are given by 

--  2 2 - 2 y  
6tM2~,, o, o,~,,~,, o = -  Ncar 

1 

n a  
x 

2 

X 

I e 

1 ~ e 2 _ 

R2~, o, o, ~,~, o ( H 

2 2 - 2 y  AT 
~lu-~2y,  0, 0, y, y, 0 - -  ~,(a( 

+ 

61~2~, o 

1 I cot I 
na2 a l l  - e 2 

x/1 - e2 R2~,, 0, 0, ~,, ~,, o (H 
e 

2 2 - 2 V  
,o,~,~,o = Nr 

H e) + 47kgr, o, o, ~, ~, o] t, 

/~2~,o ,o ,~ ,~ ,o(F  > F I )+  

' He)] t, 

cosec I 
na 2 x /1  _ e2 [R2~,, o, o, ,~,o( F , F ' ) ] t .  

(65) 

6. Secular and Long-Period Second-Order Perturbations 

In a second-order evaluation, that is, if terms of the order J2N~ag -I are considered, it 
will be necessary to take into account the secular changes in M, co, (2 owing to J2. 
Such changes produce the largest higher order perturbations since they produce am- 
plitudes that increase linearly with time. Let 6237I, 62N, and 62~ be these perturbations. 
Taking into account only secular coefficients and noting that 61d= 0, we have 

d 071~ O ~  
- -  ( 6 2 j 0 r )  - -  6 l e - -  } 6 1 [  , 
dt 0e c~I 

d 8cb c%_b 

dt ee + e-)-611, 
d ~ 2  ~ 
dt (62"(J) --" ~ 6 1 ~  -}- - -  6 1 i "  ae 0I 

By considering Equations (43), we find that 

d (623~r) = 3e x//1 - e 2 1 - 3 cos 2I 
dt 1 - 5 cos 21 

&616 + 3 4 1  

d 4e 
dt (62N) - 1 - e 2 cb616 + 5.0 s inI61/ ,  

d 
dt (62-Q)= 

4 e  r '~e  x) 1 - e 2 " ~ ' ~  
tan I 61l , 

- -  e 2 sin I ~ 6 1 I ,  

(66) 
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where, again, o5, s are given by Equations (43). It follows that 

152FI = 3e x/1 - -  e2  1 - 3 cos 2 1 do f 
1 - 5 cos 2 I 

4e j 
152~ = do 15 ~ dt + 5 ~  sin I 1 - e 2 1 

152~= 1 -4ee 2 x)fa,edt-  tanI f 

151g dt + 3 x/1 - e2~ s i n / f  

6~ldt ,  

15aIdt 

15~ldt. (67) 

Secular accelerations do not exist, since ~, I have only long-period terms. Therefore, 
conditions (60) have to be excluded. If we consider the first two equations of (64), it 
follows that 

where 

I O) (sO 
C l m s p q k  dt = S l m s p q k  , 

Czmspqk dt = S~,,s~qk, 

Slmspq k [ (  1 ) , + m - s u T ,  s +  + 2 oa : __ - S l m s p q k / ( D l m s p q k  ) .nt_ 

.ql_ Urn,  ~ - - 2 S~r,,spqk/(Dlr,,spqk)] ( l -  2p), 
+ + 

Stmspqg = [ ( -  1 S,mspqg/(D,mspqk) + 
+ UT, m .  

It follows that 

152J~ilmspqk = N2a(2_ l 3 x/1;_a ~- e 2 ( --11 - 5 cos--573 COS2/x/1 _ 

cos I {)) 

+ x / l _ e  2 

1 2 2 - I  
t 5 2 ~ l m s p q k  --" N( a( 

2 
n a  

2 2 - I  - N~ a( 

(68) 

e2do+ 

x/1 

x CblmspqkSl~svqk 
2 2 - I  3 

- {)CblmspqkSlmspqk N(a( n a  2 

2 ( -  46) + 5~2 cos I) (DlmspqkSl~mspqk "~ --e 

~ ) I m s p q k S l m s p q k  , 
e 2 na 2 x/1 -- 

5X) 
15 2 ~ l m s p q k  2 2 - l  o = -  N( a( ( ~ l m s p q k S l m s p q k  21- 

na2  x / 1  - e 2 

~2 sec I 2 2-I ~ (69) 
+ N( a( n a  2 x/1 _ e 2 !~)lmspqkSlmspqk. 

The total long-period and secular perturbations, including leading coupling terms with 
�9 /2, are finally obtained by 

15~ = 151~ + 152~, ..., 15f2 = 151D + 152f2. 

Obviously, the above relations are not valid for cases of critical inclination or satellites 
whose periods are commensurable with the rotation period (24 h) of the Earth. 
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7. Computational Procedure for Long-Period and Secular Perturbations 

In short, to obtain long-period and secular perturbations due to a t e rm  Rlmspqk (Equa- 
tion (38)), we proceed as follows: 

7.1. LONG-PERIOD PERTURBATIONS 

Compute, given means elements a, e,/, e o I 4, e, and J2: 

(1) 
(2) 
(3) 
(4) 
(5) 

N2a~-l 
fl (22) 
Fl~q (I 4) (9) 
Ftm p (I) (9) 
G,qk (e 4) (33), (34), (35), or (36) 

(6) Htp(2p-,)(fi) (23) or (24) 

(12a) or (12b) (e from Section 1) 

o34, M 4, f24 (Section 1) 
O,*sk (32) 

+ (39) Clmspqk 
+ (40) Slmspqk 

&4, ~4, 3)I4 (Section 1) 
cb, ~O, 3;/(43) 
D?mspqk (41) 
FL. (51) 

(7) ~Zmspqk (53) 
(8) u;",-s, u;.,~ 
(9) 09, f2 (43) 

(10) Otpm (26) 
(11) 
(12) 
(13) 
(14) 
(15) 
(16) 
(17) 
(18) 
(19) HTp(2p-,) (51) or (52) 
(20) ~tespqk (54) 

' (55)  (21) (I-)lmspqk 
(22) Clmspqk (56) 
(23) Slrnspq k (59) 
(24) C?mspqk (57) 
(25) ~ (58) el raspqk 
(26) Sl~mspqk (68) 
(27) S~mspqk (68) 
(28) 61 (element)zm.pqk (64) 
(29) 62 (element)t,..p.k (69) 
(30) 6 (element)=61 (element)+62 (element) 

Complete long-period perturbations. 

7.2. SECULAR (l EVEN = 27) 

Given a, e,/, e 4, 14, e, fl (mean values): 

(1) F2~,o,~(I~)(9) 
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(2) F2,, o,r (I) (9) 
(3) G2,,o,o (e()(33), (34), (35), or (36) 
(4) H z , ,  ,, o (fl) (62) 
(5) U ~176 
(6) ~2r,o,o,r,r,o (53) 
(7) C2 ,o 

- (38)  (8) R2 ,o,o, 
(9) r~r, o,r (I) (61) 

(10) H~,, ~,, o (fl) (63) 
(11) /~2r, o, o, r, r, o (F >F')(38)  
(12) /72,, o, o, ,, ,, o ( H  ' He)(38) 
(13) 61 (element, secular) (65) 

Complete secular perturbations. 

8. Short -Per iod Perturbations .  Low Satel l i tes  

During a few revolutions of the satellite, where short-period variations are of interest, 
the position of the Moon and o), f2 change little for low satellites. Then, as Kozai 
(1966) suggested, we can consider the elements of the Moon, o9 and f2, fixed when per- 
forming the integrations. In this case, the appropriate expression for Rt is given in 
Equation (8), since here it is immaterial what frame of reference is being used for 
the coordinates of the Moon. The particular term R~ will be written as 

where 

l l 

R t = a ~ ( r ) ~  ~ ~ F~mp(I) x 

m = 0  p = 0  

x {C? cos [ ( / -  2p) v + mY2] + S'~ sin [ ( I -  2p) v + mY2]}, 

~A~', m 1 -  m even 
C'f = [ _  BI , 1 m odd, 

= f B~', l -  m even 
S? (A? ,  l m odd. 

(70) 

(71) 

The coefficients C's and S's depend only on the Moon (5). The values of r(, v', and 
f2', given mean elements % e(, I o e., and the time T, can be computed by considering 
o9(, M(, and f2( (Section 1), then solving Kepler's equation 

Me = E~ - e( sin E,~, (72) 

computingf~ from 

tan  Ji+e' 
"~ e( 

computing 

E(  
tan - - ,  (73) 

2 

r( = a( (1 - e~ cos E 0 
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v( = f (  -k- (.o(, 

computing a(, ~r from Equations (7), and finally a', 6 
Let 

where 

Rlmp = a t Ft. w (I)(C7' 

Otpm = ( l -  2p)V + mr2. 

' from Equations (10). 

cos Otp,,, + S'f sin Olpm), 

The following relations are easily established: 

(74) 

aRlm p l 
-- __ Rlmp ; 

c3a a 
(75) 

(')Rim p 

~e 

ORlmp 

aI 

ea - l ( a )  2 l ( a )  ( r )  t-1 
= 1 Rim p + 1- Rim p + ( 1 -  2p) a t x 

e e 

x Ftmp (I)  ( -  C'~ sin Otp,.. + S'p cos Otp,.) sin f 1 -~ - - 
a 1 e 2 (r) a t i = Ft,.p (I)  C'~ cos Olp,. + S'~ sin Otpm), 

(76) 

(77) 

where Fire p ( I )  is given by Equation (50); 

and 

ORtmp 

[~Rtmp 

ORlmp 

aM 

(r)' 
= ( 1 -  2p) a t Fire p (I)  ( -  C'~ sin Otp,. + S'~ cos Otp,.); 

(r)' 
= ma t Ftm p (I)  ( -  C7 sin Otp,,. + S'~ c o s  Olpm) ; 

e a (r) '" 
- - Rlmp sin f + ( l -  2p) a l x/1 -- e 2 x 

= / x / 1  e 2 r 

• ( -  C7' s i n  Olp m -J- S?  c o s  Olpm) F,m p ( I ) .  

(78) 

(79) 

(80) 

For short-period 
R is replaced by 

R p e r .  - -  R 

perturbations, 

1 

2n 

2 ~  j- 
0 

we make use of Lagrange's equations (27) where 

R d M ,  (81) 

and integration is carried 
and actions to be constant. 

The computation of the average 
integrals: 

2~ 

on with respect to d t = d M / n ,  considering all other angles 

of R with respect to M involves the following 

f(a)' ~ cos ( t -  2p) f dM = (1 

0 

+ fl~)-'-* x ~ ' -  ~" ,o (fl), (82) 
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and 

1 I hp = 
2n 

27g 

.f(:) '-2 
0 

cos ( l -  2p) f dM = 

= (1 + f 1 2 ) - , +  ~ *'xO, O Y I - 2 ' I - 2 p  ( f l ) ,  

2n 

i f(r)  2-n cos ( l -  2p) f dM = 
0 

2re 

0 

- 1 (1 + f12) ,x{ 7 ~ 

sin ( l -  2p) f sin f dM = 

= (1 + f l2)- i  ~ ,-~ (~Xo, o 
, l - 2 p - 1  1 l - l , l - 2 p + l  

2 S o ,  o ) ,  

I ~ P  = - -  
1 

2n 

2~  

.I (a)' 
0 

sin ( l -  2p) f sin f dM = 

-- (1 -+- f l z ) - t - ,  V~,~o,[1vl'l-2p-lo 1 y / , l - 2 p + l  
2 xx 0, 0 ] 

, l - 2p  ( f l )  , 

where Xdk,' ~ (fl)is Hansen's coefficient defined by 
It follows that, by defining 

Equation (23) or (24). 

and 
S l p m - - -  C?  sin Olp m "JI- S ?  COS Olp m 

Clpm = C ?  c o s  Olp m "Jr- S ?  sin Olpm, 

where Olpm is given by Equation (26), we have 
2re 

i (1) 1 f ~Rlm p 
lmp ~ 27"C - ~  d M = O ,  

0 
2re 

i(2) 1 j" ORlm p dM = (l - 2p) aZFlmp (I) I~' P~glp,,, 
Imp ~ i ~  ~03 

0 
2re 

i(3) 1 f ORlm p Imp ~ 2~  - - ~  dM - maIFlmp (I) Ii' PStp m , 

0 
2re 

(4) 1 f QRlmv e 2 -  1 
l m P ~ 2 n  -~e d M = l  e 

0 

alFlmp (I) 1~ PC, pro + 

+ 1 
l -  

e 
a'F,mp (I) I~ PC, mp - ( l - 2 p )  a lFlmp(I ) ]h pClpm Jr- 

(1 - 2 p )  a I 
1 

e2 Flm p (I) I~ PCtpm 

(83) 

(84) 

(8:5) 

(86) 

(87) 

(88) 

(89) 

(90) 

(91) 
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and 

2~ 
1 [ ~Rlm p 

r(5) __ d M  
""P 2 n  gaa 

0 

2re 

1!6) 1 f c~Rzm p 
,,,,v - 2- n ~ d M =  

o 

= 21at- 1Fire p ( I )  I~' P f l p m  

atFLp (I) I} PCtp=. 

(92) 

(93) 

Now it is necessary to evaluate, in closed form, integrals of the type 

R �9 I eiqf Jpq + 1Jpq =-- Jpq -- dM (94) 

for q = O, 1, 2,. . . ,  p + 1 and p = O, 1, 2, .... Introducing d M  = (r /a)dE,  we obtain 

where 

Therefore, 

with 

f ( r )  p + I  
Jpq = e iqf dE, 

= (1 - e cos E)P + 1 

eiq1= [ ( c o s  E - e)  + i~ sin E] q , 

r / =  x/1 - e 2 i = x / -  1 , �9 

[(cos E - e) + i~/sin E]  q dE 

p + l - q > ~ 0 .  

It is easily found that  

where 

in which 

p + l  

Jpq = - Kpq~, (e) (sin 7E - 
7 

"e= - -p-- I  
(veO) 

i cos 7E) + Kpqo (e) E 

K P q ' = ~ " ~ 2 - = ( - ~  k s 1)q-~ ( p +  k l -  q ) ( k  s 

(o~- k)  e2k+,l_ (1 + rlf -k-s (1 -- ~)s, 
S 

= I i, + 2, + 4, . . . ,  p or p + 1,  

(95) 

(96) 
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Thus, 

and 

k = 0 ,  1,2, 
a - ?  

~  2 ' 

s = 0, 1, 2, . . . ,  a -  k.  

f(a) Jpq - cos q f  d M  = 

I Jpq = sin q f d M  = - 

p + l  

~= - - p - 1  
(V ~: O) 

p + l  

1 

7= - -p- -1  
(~, ~: O) 

1 
- Kpq~, sin yE + KpqoE (97) 

Kpq~, COS yE. (98) 

The following integrals are then established: 

Almp ~ ORlm p 1 al e 
= - Flmp(I ) ~ 1  --  , ,  f f -~  d M  ~ x / 1  e2 

- J l -~ . , -~+~)  C,~m + (aL~.,-.-~ 
+ ( l -  2 p ) a ' x / 1  - eZFtmp (I)  ( -  

Almp f ~Rlmp 2 = ff-~ d M =  (l -- 2p) atFlmp (I) 

f ~Rlmp At3 rap= - ~  d M  = matFlmp ( I )  

j " t~Rlm p e 2 -- 1 
A imp =- d M  = la l 

c3e e 

1 
+ + J[_2,1_2p,_qlpm) l e 

[ ( J [ - l , l - 2 p - 1  - -  

-- J L  1 , / - 2p+  1) ~'~Ipm] .Af_ 

J [ _ 2 , 1 _ 2 p f l p m  .q-- JL2,1_2p~ipm), 
(99) 

(--  Jl I, l-2pflpm "4- Jl R, I-2p~Ipm), 

j l  I, - R 2p~ipm ) I- 2pClpm + Jl, i-  

Ftmp(I) 

aIFlmp(I) 

(100) 

(101) 

(jR_ 2, l- 2pflpm "~ 

(jR_ 1, l-  2pflpm + 

+ J[-  1, l-  2pStpm) + �89 (I) [-- ( j R  1, , -  2p-1 

X Clp m .71- ( J [ - 1 , / - 2 p - 1  - -  J[ -1 ,1 -2p+ l )  Slpm] "3V 
1 

-Jr- lal 2 ( l -  2p) Flmp(I ) [ -  (JiR, l_2p_l 
1 - e  

-- JR- l,l-2p+ l ) 

JiRl_ 2p+ l ) X 

• 

and 

X Clp m "Jv (JlI, l_2p_l - JlI, l_2p+l) ~Ipm], 

f ~Rlmp A~ ~ - ~ a M  = l a l - l F l m p( I )  (J.~. ~.C..m + J,'.. 

(lo2) 

(103) 

Almp f (~Rlmp 6 ~ dM = a lF[mp( I ) ( J iR l_2p f lpm -J- JlI, l_2p~_~ipm). (104) 

Now, if we make use of Lagrange's equations and consider Equation (81), the 
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short-period perturbat ions due to a t e r m  Rim v are given by 

where 

A alm p 
2 2 2 - I  A l m n  

= N ( a (  n 2a  "~1 , 

A elm p - -  

2 2 - I  N(a( 
nEa2 e 

~ / 1  - e 2 I x / 1  - e 2 A t  - p  

A I l m  p - -  

Z M l m  p --" 

N 2  2 - l  
( a (  

n2 a2 4 1  - e 2 

2 2 - l  N(a( 
--  n2a2  e [(1 

cosec I [(Al2 mp 

- e 2) (Al4 mp 

(Al2mP (2) - - I , m v M ) ] ,  

I !2 )  M "  _ _ - ,rap-'-) COS I (Ala mp 

(4.) - Iu,,pM) + 2 a e  (A15 rnp --  

A O.)Im p - -  
n 2 a 2 e  x / 1  --  

e: [ -  e cot I (Al6 mp 

2 2 - 1  
A•tmp N( a( cosecI  

= . . . .  implVl ) n-~a 2 ? 1  -- e :f (Al6mp -- I(6' a t "  

(3)  
I l m p M ) ]  , 

2 2 - I  I 3N(a( 
A ' M l m  p - - -  -~a~2 All mp dM 

I ,  

(5) I,mvM)l + 

+ A'Mlmp 

i ( 6 )  ~/t~ 
lmp 1"~ ] "-~ 

+ (1 - e 2) (Ai ''p (4) 
--  I , m p M ) ]  , 

(105) 

(106) 

remains to be evaluated. This last involves the evaluation of the integral 

Lpq -" j Ypq dM = Ypq (1 -- e cos E) dE LL G = + i  q. 

i t  is readily found that  

R f R I]pq --  dpq dM = - 

and 

p + l  

),= - p - 1  
(7~0) 

1 E 2 

y2 Kpqr cos yE + Kpq 0 2 

e 
eKpqo (E sin E + cos E) + 

p + l  

7 = - p - - 1  
( ~ e 0 , ~ e l )  

e 
x cos(7 + 1 ) E  + -  

2 

p + l  

Z 
7 = - p - 1  

(Teo, 7 e -  1) 

1 
? (), + 1) Kpq, X 

1 
y(y - 1) Kvq' cos(), - 1) E ,  

p + l  

f r ~ 1 e (Kpql LIpq= J p q d M = -  ?2 Kpq'tsin?E + i  

7 = - p - 1  
( ~ 0 )  

(107) 

g p ,  q , - 1 )  E + 
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Therefore, 

e 

2 

A tMlm p = 

p + l  p + l  

1 e X 7(7 + 1)Kpq, sin (7 + 1)E + ~  

y= - p - - 1  y=  - -p - -1  
( r ~ o , v ~ -  1) (7~o, ~ ~) 

• Kpqv sin (y - 1) E. 

1 
r ( r -  ~) 

• 

(lo8) 

la l -2  e 
3 ~ 2  2-1 Ftmp(;  ) [(L~ 1,1-2p-1 + 
2./~/( a( H2 ~/1 - -  e 2 

a l - 2  

- 3N, a~-1 (l - 2p) 

1, l - 2 p - 1  - -  L R - l , l - 2 p + l )  ~Ipm] .qt_ 

~/1 - e ~ Flm p ( 1 ) ( L R _ 2  1_2p~lpm -{- 
71 2 

LII- 2,1- 2pClpm) �9 (109) 

9. Computational Procedure for Short-Period Perturbations of Low Satellites 

Corresponding to a particular t e r m  Rim p (Equation (74)), the short-period perturba- 
tions ((, co, f2 fixed) are computed as follows. 

Given mean elements a, e,/ ,  % I(, and e, we compute 

(1) N~a~ -t 

(2) 13 (22) 
(3) Given M~, compute E~,f~ 
(4) Given co(, f2(, and % compute r(, v( 
(5) ~, 6~ (7) 
(6) ~', 6' (10) 
(7) P~' (sin6')~i~ ' 
(8) A?, B? (5) 
(9) C~', S~' (71) 

(10) Given M, co, and f2, compute E 
(11) 01pro (26) 
(12) C1p,, ,, ,-qtp,,, (87), (88) 
(13) 
(14) 
(15) 

Flmv(I) (9) 
Fi'm. (I)(50) 
xdk,'d (/3) (23) or (24) 

k j 

l 
l - - 2  
l - - 1  
l - - 1  
1--1 
l 
l 

/ - - 2 p  
l - -2p  
l - -2p  
l - - 2 p - - 1  
l - - 2 p + l  
1 - - 2 p - - 1  
l - - 2 p + l  
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(16) Kvq ~ (e) (96), "y = - p -  1, - p , . . . ,  p, p + 1 

P q 

l - -1  l - - 2 p - - 1  
I - -1  l - - 2 p + l  
l - - 2  l - - 2 p  
l l - - 2 p  
t - ~  t - Z p  
l l - - 2 p - - 1  
l l - - 2 p §  

(17) 
(18) 
(19) 
(20) 
(21) 

I~' P, I~ P,..., I~ p (82) through (86) 
ii(2) f(3) ~(6) (89)through (93) rap, "Imp, �9 �9 �9 "Imp 

Jpq ( 9 7 ) ,  ( 9 8 )  (same range for p, q as in (15)) 
Atmp ~mp ~tmp (99) through (104) 1 ' x~2 ' " ' ,  ~ 6  

R : (107) (108) Lpq, Lpq 

P q 

l - -1  l - - 2 p - - 1  
l - -1  t--2p-q-1 
l - - 2  l - - 2 p  

(22) 
(23) 

A 'Mira p ( 1 0 9  

Aelmp, ..., A~-2lm p (105) 
Short-period perturbations completed. 

10. Short-Period Perturbations for High Satellites with Small Eccentricity 

When the satellite is high, for example, close to a 24-h period, the Moon can no 
longer be considered fixed during a few revolutions of the satellite. Here we consider 
also the variations of co, f2, in contrast to what we have done in Section 8. In this case, 
the integrals found in that section have to take these variations into account. This can 
be done only if the eccentricity of the satellite is small so that power series in e will 
converge rapidly. Thus, the disturbing function obtained in Equation (19) has to be 
developed in terms of M, M(. 

The following expansions are well known: 

and 

(a( t l+l  I ( 2 ) 1  oo cosSin (l - 2q)  v( -[- s O( --[- -- s alq k (e()cosSin Olsq k (  , (110) 
\ / " ( / /  k = - 

(r)l sin ~os[(1-- 2p) v + mE2] -- Z Htpj(e) sinol,,,pj~os , ( i i i )  
j--= - - 0 0  
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where 

O,~qk = (l -- 2q) co~ + (l - 2q + k) M( + s(f2( + 2)  

Otmpj = ( 1 -  2p)co + ( 1 -  2p + j)  M + m~?, 

(112) 

(113) 

and Htp J (e) are Kaula's 
Hansen's coefficients by 

(1962) coefficients. These can also be written in terms of 

H,p j (e) = Xll '  l.__ - 2p 

The coefficients Glqk (e 0 have been defined in Equations (33), (34), and (35) or 
The classical expressions for Kaula's coefficients are (e.g., Hummer, 1960): 

(36). 

oO 

H,pj (e) = (1 + f l : ) - ' -~ 
i =  - -00 

J, [(I - 2p + j )  e] Xlt '-2p+j,l- 2 p  i ---- 0 (e ljl) 

where Ji (x) are the usual Bessel functions and vz, m .l k, i(fl) are given in terms 
geometric series (which always terminate), as follows: for k-i-m >i O, 

(114) 

of hyper- 

xt, m -i-m(Ik+1-~)F(k__ 
= ( -  fl)  - i 

and, for k-i-m <~ O, 

X l ,  m 
k , i  ---" 

It follows that 

where 

i - l - l , m - l - 1 ,  

k - i - m +  l;f l  2) 

(_fl)-k+i+m(J+ l+m 
k + i + m / F ( - k  + 

- k  + i + m + 1; f12). 

l l l l 0o oo 

R,= 2 Z 2 Z Z s Rtmspqkj 
m=O s=O p=O q=O k = - o o  j = - o o  

( - -  1)  m (_.mf_.s(l- S ) !  

(1 + m)! 
x H,py (e) [ ( -  1) '+ 
"Jr- U ?  's  c o S  (Olmpj - -  

a'F,m p (I) Fts q (I() Glqk (e() 

m - s  U ? , - s  

. 

Rlmspqk j 

i - l - - l , m - - l - 1 ,  

X 

c o s  ( O , m .  + + 

In what follows, it will be clear that we should have 

(115) 

(116) 

(117) 

/-2p+j o. 

We can make use of the fact that 

and 

0F (a, b, c; x) 

Ox 
ab 

= - - F ( a  + 1, b +  1, c +  1;x)  
C 

aJ,(x) 
Ox 

---- �89 [J~_x ( x ) -  J~+x (x)] 
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and arrive at the following relations: 

Ox~' m 
y : , m  ~ _ 

aft 

{ e x / 1 - e 2 k  
t t l  - -  X = Ji (ke) Y~k;i + fl 2 

i < k - m  

y l ,  m ~  x [Ji-1 ( ke ) -  a,+i (ke)] ~.k. i f  + 

x fJi (ke) 7t. *-"k, i -it- 
( 

where, for i < k -  m, 

X 

i>~k-m 

,/1 e 2 e k ) 
[a, ( k e ) -  J, (ke)] X~'.7} 

fl 2 -1 +1 ) 
, ( ~ 1 8 )  

y k  l , m 
, i  ~ 

~Xlk' ,  mi 

off 
-- ( k -  i - -  m) -1 X" m 

f l  k , i  
_ 2 ( _ f i )  k- 1 ( ,  + - : )  x _ , _ 

( k -  i -  l -  1 ) ( - - m -  l -  l) 
X • 

k - i - m + l  

and, for i >~ k - m, 

z l ,  m 
k , i  m 

• u m 
/ ~ k ,  i 

aft 

Finally, 

x F ( k -  i -  I, - m - 1, k -  i -  m + 2; f12) 

1 

>( xI ,  m -k+ i+m+ l ( l + 1 
k , i -  2 ( -  fl) \ _ k +  

• 
( - k + i - l - 1 ) ( m -  

- k + i + m + l  
1--1)  

• 

m 
t + m )  x 

x F ( - k +  i - l , m - l ,  - k +  i + m + 2 ; f i 2 ) .  

( ~ H l p j  = f l  V l, l -  2p 

NIPj ~ ae e x/1 - e 2 * l - 2 p + j "  

(119) 

(120) 

(121) 

Let us consider the definitions 

and 

D,+spqkj = ( l -  2p)do + ( l -  2p + j )  3 ; /+  m~  + ( l -  2q)cb< + 

+ ( l -  2q + k)3;/( + ss 

D~m~pqkj = ( l -  2p)cb + (l--  2p + j )  3)/+ m~ + 

-- ( 1 -  2q)do<-  ( l -  2q + k) 3)/( 
We easily establish that 

B(1) f ORlmspqkj ~ Ut~ ' s ) 'mspqka ==- ~ dt=R'msvqkJ(u'~,-*, 

(122) 

- s{2<. (123) 

U~ ''s ( l -  2p + j)(D,-mspqkj ] 
O ? , - s  + , ,  ( I -  2p + J)/D,zspqkjJ 

(124) 

(2, f OR,m~pqk, f U'~'" > U~"~(sl(i 2p)/D~,pqk, 
B'mspqka =-- -~  dt=RlmspqkJ[ur . -s ,U,  ~, 2p)/Dt+mspqkj~ ' 

(125) 
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and 

B(3) lmspqkj ~ 

B(4) Imspqkj ~ 

B(5) lmspqkj ~ 

B(6) Imspqkj ~ 

{ U?'S 
aRlmspqkj dt = Rlmspqk j U'~'- . OQ s 

, U'~'Srn/Dl-mspqkj 
g ? , - s  + 

) YYt/Dlmspqkj~ 

( ~Rlmspqkj dt = a u(5) {Hip j 
. c~e 1 a ' l m s p q k j  

' Nlpj} 

I ~Rlmspqk j l 
dt : - Rlmspqk j 

,~ ~ a  a 

{U'~'-~ , U?'-~ + I /Dlmspqk j  

U'f ,s > U'f,S'D - / Imspqkj , 

cos > sin 

f ORlmspqk j a -dt  = - R(5) {Flm p �9 91 l "*-'lmspqkj 
, FImp} 

A tMlmspqk  j - -  

m 

m 

2 2 2 , f B(~) a N ( a (  Imspqkj dt = 

UI,, s 
3 2 2 - I  U ? , - s  

a2 N( a( R l m s p q k  j > 

COS 

U'f'S/(DTmspqkj)2u~,, -s + 2 ] 
/(Dlmspqkj) 

) s i n  

(126) 

(127) 

(128) 

(129) 

(130) 

Finally, the short-period perturbations are given, for all terms for which 

by 
/ - 2 p + j # o ,  

2 2 - t  
Aa lmspqk  j - -  N( a( 

2 
- -  z.~,imspqk j , 
n a  

2 2 - I  x/1 - e 2  

A elmspqk j - -  N (  a (  na2e [~/1 - e 2 B (~) Imspqkj 
_ / ~ ( 2 )  -] 

J-'lmpsqkjd 

2 2 - I  
AI~mspqkj = N( a( 

cosec I 
[- 1~(2) B( 3 ) n 

2 LL"lmspqkj C O S  I - -  Imspqkj_] 
Ha 2 

/ 
. / 1  -- e 

A M l m s p q k  j : 
1 

N ( a (  na2e 
_ e 2 )  i ~ ( 4 )  (5)  

J-'Imspqkj .ql_ 2eBlmspqkj ] 

1 (1 : cL, imspqk j cot I + AO)Imspqk j N ( a (  na2e x /1  __ e 2 

2 2 - I  
d~'21mspqk j : N( a( 

cosec I 

na2 x/1 -- e 2 

(131) 

n t- A ' M l m s p q k j ,  

B ( 4 )  - - -  e 2 )  lmspqk j ] ,  

B(6) Imspqkj , (132) 

which completes the calculations. 

11. Computational Procedure for Short-Period Perturbations of High Satellites with 
Small Eccentricity 

The sequence of calculations to obtain short-period perturbations due to a particular 

term, R~mspqkj, of the disturbing function (see (117)) is now given. 
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Given mean elements a, e , / ,  M(, o9(, f2(, M, oo, f2, e, 3;/(, &(, ~(,/I)/, &, .(2, fl, compute, 
for any term (l, m, s ,p ,  q, k , j ) , l - 2 p + j # O :  

(1) 
(2) 
(3) 
(4) 
(5) 
(6) 
(7) 
(8) 
(9) 

(10) 
(11) 

Ol(sqk, Olmpj (1 12 ) ,  (1 13 )  

Ji [ ( l - 2 p  + j )  e] (Bessel function (34))to the approximation required 
g l ,  l - 2p ,-2p+j,, (fl) (115) or (116) 
rtmp ( I )  (9) 
rts q (I() (9) 
G~qk (e() (33), (34), (35), and (36) 
H~pj (e) (114) 
Igrl, m 

k, , (fl) (l l9) 
z l ,  m k,i (/3) (120) 
y / ,  m (fl)  (1 1 S) 

Ntpj(f l)  (12I) 
(12) D + (122), (123) Iraspqkj 

(13) U'~ 's U'~'-s  (12) 

(I4) o(i) i=  1 2, 6 (125) through (129) ~"lmspqkj, , " '" ,  

(15) A ' M~mspqkj (130) 
(16) Aalmspqkj, . . . ,  AQlmspqj (132) 

Complete short-period perturbations. 

12. Remarks on Solar Perturbations 

The previous formulations apply as well to solar perturbations, which are 
the same order of magnitude. In fact, for the Sun, 

about of 

e 
G m o  

r |  
I>~2 

so that 

o r  

1TlO 2 3 
Gm o = noa  o 

m ( - t -  rn~ + m e 
,~ n20a 3 
m 63 

2 3 
Gm o = N o a  o , N~ ~ 0.75 x 10 -5 rev 2 day - 2  

(133) 

2 which is of the same size as N(.  For the Sun, we have (to the mean equinox of date): 

fD| 

M o = 358~ + 

eo 

a o  

H| 

= 281~ + 6189'.'03 T + 

129 596 579'.'10 T -  0'.'54 T 2 

1'.'63 T 2 + 0':012 T 3 , 

- 0':012 T 3 

= 0.016 751 04 (supposed constant) 

= 1.000001 29 (astronomical units) 

= 3548'.'19283 day -1 . 

We can consider Io,  f2 o to be zero. The mean inclination with respect to the equator 
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is ,. For that matter, it could be considered a function of time, but such precision is 
hardly necessary. The disturbing function is given by Equation (8), while (2) is written 

R E 2 2 -  = Nea e IRl. (134) 
l>~2 

The transformation (10) is not necessary, so that the coefficients AT, B~ (Equation (5)) 
retain their original form by using I '  =~, the inclination of the orbit of the Sun with 
respect to the equator. It follows that 

l l l 

R t  a t a ~  --" Flm p (I) Flm q (~,) • ('m ( l .qt- 137)! 
m = 0  p = 0  q = 0  

x cos [ ( / -  2p) v - ( l -  2q) v o + mf2]. (135) 

The secular and long-period part of this is 

1~ 1 - -  

t t l 0o ( l - m ) !  

at E ~ ~ E em Ftm p (I) Flr~q (e,) x 
m = 0  p = 0  q = 0  k = - o o  (l + rn)! 

x (1 + f12)-l-1 Hlp(2p-O (fl) Glqk (ee) x 
x cos [(l - 2p) CO - (l - 2q) CO. -- (l - 2q + k) M .  + toO], (136) 

which for the Sun is used in place of Equation (37). More precisely: 

where 

(z- m)! 
- - -  e l m  p ( I )  Flm q (11) (1 -Jr- f12) 1-1 R l m p q k -  s ([ .qt_ 17"1)] - Hlv(2"- l )  (fl) 

x Glqk (e e) C lpqmk, 

X 

Ctpqmk = COS [ ( / -  2p) CO -- ( 1 -  2q) CO o -- ( l -  2q + k) M o + m(~]. 

(137) 

(138) 

From this point on, all formulas developed for the Moon can be easily adapted, a task 
not worth undertaking here. The complete expressions are given by Kaula (1962), and 
the computational procedure is similar to the ones given in the previous sections. 
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