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ABSTRACT We prove that the boundary of a bounded domain is a set of injectivity for the twisted spherical 
means on C n for a certain class of functions on C n. As a consequence we obtain results about injectivity of 
the spherical mean operator in the Heisenberg group and the complex Radon transform. 

1. Introduct ion 

Let f ~ C(IRn), n > 2. The spherical means  of  f are M f ( x ,  r) = fs(x,r) f d c r  where S(x ,  r) 

is the (n - 1)-dimensional  sphere of radius r centered at x, and cr is the normal ized surface measure  
on S(x ,  r) .  A set S _ IR n is a set of  injectivity for the spherical means  in a subclass C of  cont inuous 
funct ions on IR n if f 6 C with M f ( x ,  r)  = 0, for all r _> 0 and x 6 S, imply  that f = 0. Some of  the 
references where the problem of  finding injectivity sets for the spherical means  has been investigated 

are [2, 3, 4, 7]. More references can be found in [31. 

In this paper, we consider  the analogous quest ion for the twisted spherical means  on C n, n > 1. 
Let /Xr  be the normal ized surface measure on the sphere {z 6 C n : Izl = r}. For  f E c ( c n ) ,  the 

twisted spherical means  of  f are defined as follows: 

f l w  -1 - -  f x IZr(Z) = f ( z  - w)e~ImZ'Wd#r(W) ,  z E C n, r > 0 ,  (1.1) 
j=r 

n ~ . , 
where z �9 ~" = Y] j=I  z j  j ,  for z = (Zl, z2 . . . .  Zn) and w = (Wl,  w 2 , . .  Wn). 

Def in i t ion  1. A set S __ C n is a set of  injectivity for the twisted spherical means  in a subclass 
C of cont inuous funct ions of  C n if  f 6 C and f x/Xr (z) = 0, for all r _> 0 and z c S, imply  that 

f = 0 .  
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The motivation for considering the twisted spherical means on C n comes from the Heisenberg 
group. The Heisenberg group H n ___ Cn x N, has the following group structure: 

( 1 ) 
( z , t ) ( w , s ) =  z + w , t + s + ~ I m z . u  . 

Now the unitary group U(n), acts on H n in a natural way: a �9 (z, t) = (az,  t). A sphere in H n can 
then be thought of  as an orbit of a point in H n under the U(n)-action. Let/~r,t be the normalized 
surface measure on the sphere {(z, t) " Izl = r}, r > O, t ~ R. For f ~ LI (Hn) ,  we define the 
spherical mean operator on H n as 

f ~ f * # r , t ,  

where now �9 denotes the group convolution on H n. Then 

f * ~ r , t ( Z , S )  ~- 0, Vr > 0, (z ,s)  e S x II{ 

imply that ( f  �9 #r,t)Z(Z) = 0 for all X 6 IR, r > 0 and for z 6 S. Here h z is the Fourier transform 
o f h  6 L I ( H  n) in the second variable, i.e., 

hZ(z) = fgt h(z, s)eiZSds . (1.2) 

But this would in turn imply that for each X 6 R, the )~-twisted spherical means 

f W  .X -- 
f z  xx IZr(Z) -= fZ(z  -- w)et ' i lmZ'Wdlzr(W) (1.3) 

I=r 

are zero for z ~ S and for all r > 0, where/z r is now the normalized surface measure on the sphere 
{z ~ C n : Iz[ = r}. Note that 1-twisted spherical means are the same as twisted spherical means. 

Therefore, injectivity of the spherical mean operator on H n, at least for the sets of the type 
S x IR, would follow from the injectivity for the )~-twisted spherical means on C n for every L ~ IR. 
We will see that the analysis for )~-twisted spherical means, )~ ~ 0, is similar to that for twisted 
spherical means. So we will normalize )~ to be 1 and study this case. 

In the case of the spherical means on ]R n, n > 2, it is shown in [2] that if D is a bounded region 
2n in R n, n > 2, and F is the boundary of D, then F is a set of injectivity for LP(Rn), 1 < p < T=-?-I" 

This bound ~ is sharp since a sphere is never a set of injectivity for LP(Rn), p > ne-----rn~. A 

spherical eigenfunction r of the Laplacian on R n, which is in LP (Rn), for any p > ~ and satisfies 
M~b (x, r) = r (r)~b (x), provides a counterexample with F as a sphere. 

In the case of  twisted spherical means, however, q)k, the kth Laguerre function of type (n - 1), 
which is defined as 

q ) k ( z ) = L ~ - l ( ~ l z ] 2 ) e - � 8 8  . . . .  

satisfies ~ok x /~r (Z) = q)k (r)q)k (Z) [8]. Here L~ -1 is the Laguerre polynomial of  degree k and type 
n - 1. Recall that for oe > - 1, Laguerre polynomials of type ~ and degree k are defined by [9, p. 7], 

e - X x ~ L ~ ( x ) _  1 dk ( ) k! dx k e-X xk+C~ , x > O . 

In explicit form [9, p. 7], we have 

k F(k + ~ + 1) xJ 
L~(x) = ~ r ( k  - j + 1 ) r ( j  + a + 1) ( - 1 ) J  7 ' x  > o .  (1.4) 

j=0 
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The functions ~0~, k = 0, 1, 2, . . .  belong to all LP(Cn), 1 < p < oo. Therefore if S is the 

zero set of some qg~, k ~ 0 (note that ~b0 - e -�88 has no zeros), then S is not a set of injectivity 
for twisted spherical means in any LP(Cn), 1 < p < ~ ,  and S is a union of  spheres. Note that for 

k # 0, qgk(Z)e�88 Iz12 ~ LP(C n) for any p, 1 < p < oo. 
�9 I 2 

In this paper, we work with functions f that satisfy f ( z ) e ( Z  +E)lzl E L p ( c n ) ,  for some E > 0 
and 1 < p < ~ ,  which have more decay than ~oks. We show that in this class of functions, the 
boundary of  a bounded domain in C n is a set of  injectivity for the twisted spherical means. The proof 

2n is similar in spirit to the arguments in [2] for the case of L p (Rn), l < p < h--~' but it is more subtle 
and involved because of  the nature of the differential operator and corresponding eigenfunctions in 
this case�9 

2. Prel iminaries  

Given functions f ,  g 6 L I ( C  n) and )v c N, )v # 0, define the ;.-twisted convolution f xz  g as 

f c  "~ - C~ 
f x z  g(z)  = ,, f ( z -  w)g(w)e~7ImZ'Wdw, z ~ �9 (2.1) 

When s ----- 1, we call the 1-twisted convolution as the twisted convolution and use the notation 
f x g f o r  f x l g .  

In the case when g is radial, i.e., it is U (n)-invariant, then 

f/ f x g(z)  = f x # r ( Z ) g ( r ) r 2 n - l d r  �9 

Therefore, if f x/Xr (z) = O, for all r > 0 for some z ~ C n, then f x g(z)  = 0 for any radial 
g provided that f x g(z)  exists. 

We now define a second order elliptic operator L on C n which will be used to study the twisted 
spherical means. 

Let 

= - - A  z q-  4 1 Z l  2 - -  i N ,  L 
e4 

where 
z n (  x O  ~'~j) N = j=l  J ~ - y j  , z = x + i y .  

We are interested in the radial eigenfunctions of  L [1]. For this purpose let 

L7 t = f i g * .  (2.2) 

Since 7r is radial, NTt = 0, consequently the above equation reduces to 

1 2 

Using the polar coordinates z = r w ,  Iwl = 1, we have 

2n - 1 1 
~ " ( r )  + ~ ' ( r )  - r 2~ ( r )  + / 3 ~ ( r )  = 0 .  

/- 

(r) = u  (�89 Then the above equation gives Put 

ru" ( r )  + nut(r)  r - 2 f l u ( r )  = O. 
4 
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Another substitution v(r) = e~u(r) reduces the above to the following confluent hypergeometric 
equation: 

n - / 3  
rv ' ( r )  + (n - r)vI(r) - - - v ( r )  = 0 .  (2.3) 

2 

Let a = @ .  Then a solution of the above equation is given by 

Va(r) = M(a, n, r) 

where M(a, n, r) denotes 1F1 (a, n, r), a confluent hypergeometric function [5, p. 252], or [6, p. 
255], and is defined as 

M(a, c, z) =1 Fl(a, c, z) = L 
(a)s Z s 

s :0  (c)---~ s-T'Z ~ C ,a  ~ C ,c  ~ C ( c  ~ 0 , - 1 , - 2  . . . .  ) 

where we use the notation 
(a)0 = 1 

and 
(a)s = a(a + 1)(a + 2 ) . . .  (a + s  - 1),s = 1, 2 . . . .  

Retracing the various substitutions made in the reduction of  Equation (2.2) to Equation (2.3), an 
eigenfunction of L corresponding to eigenvalue/3 is therefore given by 

1 2 ~a(z) = M ( a , n ,  ~]zl ) e  -tlzl2 , 

wherea  = ~ - .  Whena  = - k ,  k = 0, 1, 2 . . . . .  then (a)j : 0, j = k + l ,  k + 2  . . . .  and therefore in 
this case M(a, n, r) reduces to a polynomial. Using the explicit form (1.4) of  Laguerre polynomials, 
we have 

1-'(n - a) 
M(a, n, r) = L~- l ( r )  . (2.4) 

r(1 - a )F(n)  

For the analysis that follows, we will be interested in eigenvalues /3 such that - e c  < a < 1, 
n-/~ We normalize the (and therefore a < n), where as before /3 and a are related by a = 2 �9 

radial eigenfunctions of L for these eigenvalues and take for the eigenfunction corresponding to the 
eigenvalue/3, the following function 

P ( n - a )  ( 1 ) 
~ra(Z) - -  F(1 - a ) F ( n )  M a,n,  ~]z] 2 e -~lz12 . (2.5) 

This normalization, together with (2.4) imply that for a = - k ,  k = 0, l, 2 . . . . .  the eigenfunction 
~a coincides with the kth Laguerre function 4~k. Also note that using the above expression, we can 
define ~a for a ~ C with Re a < 1. We will need to know the asymptotic behavior of aPa. Now for 
a ~ C, a not a nonpositive integer, M(a, n, r) has the following asymptotic behavior [5, p. 278]: 

M(a, n, r) (n - 1)!ra_ner, r w+ +e~ .  (2.6) 
r (a )  

Consequently, for a E C with Re a < 1 and a not a nonpositive integer, 

r (n  - a) 
C a -  

r ( 1  - a ) r ( a )  

is finite and nonzero. Moreover, 

~ a ( Z )  ~ Ca2@_n lZl2(a-n)e 11z12, Izl ~ e c .  (2.7) 

For the various properties listed above of a confluent hypergeometric function, see [5, Chapter 6], 
[6, p. 254-259]. This concludes the preliminaries required to state our main result. 
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3. The Main Result 

367 

Theorem 1. 
Let P be the boundary of a bounded domain f2 in C n. Let f be such that f (z)e (1+e)lz12 E 

LP(C.n), for some e > 0 and 1 < p 5_ c~. Suppose that f • lZr(Z) = 0, z E F', r > 0. Then 
f =Oa.e.  

R e m a r k  1. By scaling arguments, Theorem 1 is true also for ),-twisted convolution • given 

by (2.1) for X c ~,  )~ # 0, if we replace the integrability condition on f by f(z)e(�88 +E)lzllzlz 
LP(Cn),  for some E > 0 and 1 < p < oo. 

We need the following lemma to prove the theorem. 

Lemma 1. 
Let f E C ~ ( C  n) be such that f(z)e(�88 +E)lzl2 ~ LP(Cn), for some ~ > 0 and 1 < p < oo. 

Then f x ~a(Z) exists for each - o o  < R e a  < 1 and z E C n, where ~a is defined by (2.5). 
Moreover, for a fixed z ~ C n, a ~+ f • ~a(Z) defines an analytic function of a on Re a < 1. Also 
for a fixed a with 0 < Re a < 1, and z = x + iy E C n being thought of as (x, y) E ~2n, the function 
(x, y) w-~ f x llra(X, y) can be extended to an entire function on C n x C n. 

P r o o f .  For a = - k ,  k = 0, 1, 2 . . . . .  ~a coincides with the kth Laguerre function ~bk. Therefore, 
in this case both ~a and f are rapidly decreasing functions. As the twisted convolution on C n 
in absolute value is dominated by the usual convolution on C n of the absolute values, f x ~a (z) 
exists in this case. Let us confine our attention to the case when a is not a nonpositive integer and 
- ~  < Re a < 1. Using the asymptotic behavior of  Tea near +cx~ given by (2.7), we have for 
sufficiently large I wl, say for [w[ > R, 

flwt> R [~a (tO)[ e - (  �88 

f w  a-n)ezlWl e-(Z+~ )lwl dw _< Const [Ca I ]to[2(Re 1 2 1 , 2 

I>R 

< Const lCa I [ [wt 2(Re a-n)e-~lWl2dto 
I>R 

1 E l l j 2  
Therefore, ~a(w)e -(~+~)1 I E L I ( C  n, dw). Let us define a new function h by which is finite. 

h(z) = f (z)e (�88247 Then 

I f  • V~a(Z)l ~< fC n f ( z  -- to)~ra(to)e ilImz'N d w  

cn [f (z - w)l ]~a (w) ldw 

~ n  Ih(z - w) le- (  �88 

e-(�88 

~ Ih(z - w)l I~a(W)[ e- (  �88 )lWl2e-~lw-rZl2 dw , 

whererissuch at2 ( 1 +  = Whislastintegralis n teasthe nctionh w  = 
1 E , t~ 2  

L P (C n, dw) by hypothesis and ~a(W)e-(Z+~ )1 I E L I (c  n, dw). 
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Now as M(a, n, z) is an entire function of a for a fixed z a C, 

F(n - a) M(a,n,~lz[2)e_�88 
~a(Z) -- F(1 - a)r'(n) 

is an analytic function of a for Re a < 1. Appealing to Morera's theorem, we conclude that for fixed 
z, a ~+ f x ~a (z) is an analytic function of  a for Re a < 1. 

To prove the second part of the lemma, let 0 < Re a < 1. By definition (2.1), for z = 
(x, y), x, y c ]R n, 

f x ~a(Z) = f x 1lea(X, y) = fc" f (P '  q)~a(X - p, y - q)ei�89 . 

The extension o f f  x ~a t o C  n x C n is then given as follows. Let (Zl,Z2) ~ C n x C n,zl = 
x + is, z2 = y + it. Define 

fX~a(Za,z2)  = f X ~ a ( X + i s ,  y §  

f f (p ,  q)~ra (Zl - -  p ,  Z2 --  q) e i � 8 9  
J 

where 
F ( n - a )  ( l ( 2 ) )  : 2 2 

aPa(Zl ,Z2)= F ( 1 - a ) F ( n ) M  a , n , :  z 2 + z  e -:(z:+z2). 

Now for 0 < Re a < 1 , the hypergeometric function M(a, n, z) has the following integral 

representation [5, p. 255], [6, p. 255]: 

F(n)  fo 1 P (a )P(n  -- a) ta-X(1 - t)n-a-leZtdt, z c C. M(a, n, z) -- 

Consequently, in this case 

i .e.,  

This implies 

IM(a, n, z)l _ F(Re a )F(n  - Re a) M(Re a, n, Re z) , 
[F(a)F(n - a)l 

[M(a, n, z)l < Aa,nM(Re a, n, Re z) �9 

l~a (Zl --  p ,  Z2 --  q) e i l ( z :q - z2p)  

I F ( n - a ) [  M(Rea ,  n ,~Re ( ( Z l _ p ) 2 + ( z 2 _ q ) 2 ) )  
< Aa,n IF(1 - a) lF(n)  

x e -  �88 Re ((Zl _p)2 +(z2 -q)2) e -  1 (sq-tp) 

=Ba,nM(Rea,  n,~Re ( ( z l - P ) 2 + ( z 2 - q ) 2 ) )  

xe- �88  ((Zl-p)2+(z2-q)2) e- l  (sq-tp)" 

Coming back to the integral, we have 

I f  • ~Pa (Zl, Z2)I 5 : If(P, q)[ ]~a (Zl -- P, Z2 
ei �89 q)[ dpdq 

f ( : _:)) <_ Ba,n If(P, q)[M Re a, n, ~Re ((zl - p)2 + (z2 

x e -  �88 Re ((z: -p )2+(z2 -q )2 )  e -  �89 ( s q - t p ) d p d q  . 
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The integral near 0 is finite. The integral over, say, [(p, q)l > R, by the asymptotic behavior of  M 
near +~c ,  as given in (2.6), is less than or equal to 

c ~ r ( n )  onst]--F-~l f(p,q),>R l f  (p, q ) l ( ( x  - p)Z - s2 + (y - q)2 - t2)a-n  

x e i ((x-p)2-s 2 +(y_q)2 _t 2 ) e -  �89 (sq-tp)dpdq 

F(n)  f q)]e_(l +e)(pZ+q2) el ((x_p)Z_sZ+(y_q)Z_t 2) 
< C o n s t - -  , Ih(p, 
- IF(a) l  Jl(p,q)l>R 

• ((X --  19) 2 -1-(y __q)2  __S 2 --  t 2 ) a - n e - l ( s q - t P ) d p d q  

where as before h (p, q) = f (p, q)e (�88 . The integral is again finite using arguments similar 
to the ones used earlier. Using Morera 's  theorem, we conclude that for a with 0 < Re a < 1, the 
natural extension of the function (x, y) w-~ f x ~a (x, y), to C n x C n is an entire function. Again 

f x ~Pa (z) is well  defined for - ~  < Re a < 1 and as M(a,  n, z) is an entire function of a for a 
fixed z 6 C 

r ( n - a )  , // 1 "~ 
~a(Z) = lvi la ,  n, Iz[ 2 e-�88 Iz12 

r ( 1 - a ) I ' ( n )  \ ] 
is an analytic function of  a for Re a < 1. Again appealing to Morera 's  theorem we conclude that 
for fixed z, a ~ f x ~a (z) is an analytic function of  a for Re a < 1. This completes the proof  of 
the lemma. [ ]  

We now prove the theorem. 

1 E 2 
P r o o f .  Now f is such that f ( z )e (Z  + )lzl ~ L p ( c n )  for some e > 0 and 1 < p < oe and satisfies 

f X / Z r ( Z ) = 0 ,  

for all r > 0 and z ~ F. By convolving with smooth radial compactly supported approximate 
identity, we can assume that f ~ C ~ ( C n ) .  Also since f ~ L I ( c  n, dz), by the same argument 
we can even assume f ~ L e ( c  n, dz). By the lemma, f x 7ta(Z) exists for all z ~ C n and a with 
- o o  < a < 1. Moreover, as ~Pa are radial, i.e., U(n)-invariant,  so 

and therefore 

f0  ~ 
f x ~a(Z) = f • IZr(Z)~a(r)r2n- ldr ,  

f x 1}ra(Z ) = 0, VZ E F, - o ~  < a < 1 . ( 3 . 1 )  

Also as L(h x g) = h x Lg, whenever both sides are well defined, we have that L ( f  x ~a) = 
f x LOa = / 3 ( f  x 7ta), and hence whenever f x 7ta is nontrivial, it is also an eigenfunction for L. 

Now, the operator L is a self-adjoint and, therefore, the spectrum of  the Dirichlet problem in f2 
is discrete. On the other hand, each of the functions f x ~Pa is an eigenfunction of  L with eigenvalue 
13 = n - 2a and satisfies the Dirichlet condition (3.1). We conclude from here that f x ~a ~ 0, on 
f2, for all but countably many a, a < 1. 

However, for any fixed z 6 C n, again by the lemma, a ~ f x aPa (z) is an analytic function 
on Re a < 1 and, in particular, a continuous function of  a in a < 1. Hence, f x ~a = 0, on f2, for 
a l l a ,  a < 1. 

Again by the lemma for each fixed a,  0 < a < 1, f x ~Pa is a real analytic function on IR 2n. 
Hence for a,  0 < a < 1, we have that f x ~Pa ~ 0 in IR 2n. On the other hand, for any fixed z ~ C n, 
the lemma states that a ~ f x ~a (Z) is an analytic function on Re a < 1. Therefore, f x 7ta (z) = 0 
for all Re a < 1. Since z 6 C n is arbitrary, we conclude that f x ~Pa -= 0 for all - o c  < a < 1. 
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In particular, when a = - k ,  k = 0, - 1 ,  - 2  . . . . .  we have that f x O-k(z)  ------- 0. But ~ - k  
is nothing but the kth Laguerre function Ce, and since f 6 L2(C n, dz), this forces f = 0. This 
completes the proof of Theorem 1. [ ]  

We conjecture that Theorem 1 is true also with ~ = 0 but this may require more refined 
arguments. 

4. Geometric Interpretation 

Theorem 1 can be interpreted as a statement about injectivity of the complex Radon transform 
restricted on a certain quadratic hypersurface in C n+l. 

Let 

r n+l= > 

be the Siegel domain in C n+l . The Heisenberg group H n acts on the f2n+l (via biholomorphic maps) 
in the following way: For (z, t) ~ H n, (w ~, W.+l) ~ ~n+l ,  

(z , t )  . (w', w,+O -= w' + z, wn+a + t + -~lzlZ + ~w . ~ . 

Now H "  can be identified with the boundary, O~2n+l, of the Siegel domain via qb(z, t) = 
i Izl2). Moreover, if (w', Wn+l) 6 O~n+l,  then ( z , t + ~  

, -1  ((z,t)" (W', //)n+l)) = (Z, t )"  , - 1  (W', 1/)n+l ) . 

Therefore, H n - a c t i o n  on 0(2,+1 coincides with the group multiplication in H n after necessary 
identifications. Under this H " - a c t i o n ,  (2n+l is divided in orbits 

Or = (W', Wn+l) 'ImWn+l = r 2 q- ~ Iw'l 2 

of points (0, �88 2) , r ___ 0. Let s  be the complex hyperplane in the tangent space to Or at the point 
(0, �88 Then 

and therefore 

LrAO(2n+l= {(wZ, 4r2) :lwt[=r } , 

which corresponds in H n to the sphere 

: I 't = r }  �9 

For a function h on the Heisenberg group, being thought of as a distribution on C "+1 with support 
on O~n+l, one can define the complex Radon transform ~ h  of h as follows: 

t, r) = f L(z,t)h , ~h ( z ,  
JL rlDO~n+l 

where L(z,t)h(w ~, W_n+l)) = h((z, t) �9 (w r, Wn+l) and the integration is with respect to surface 
measure on/2r f3 0f2n+ 1. 
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It is worthwhile  to ment ion  that for a fixed (z, t) ~ H n and arbitrary r > 0, we obtain 

integrals over the family  of  all parallel  complex hyperplanes (projections in the integral geometry 
terminology).  

In this set up, our result  for the twisted spherical means  can be interpreted in the fol lowing 
way: 

Theorem 2. 
Let h be a function in L I ( H n) such that e( l +E)lZHzl2 hZ (z) ~ L p (cn)  a.e. )~ ~ IR for  some e > 0 

and 1 < p < ~o. Here h x is given by (1.2). IfTr t, r) = O for  (z, t) ~ I ~ • ]R and for  all r >_ O, 
where I" is as in Theorem 1, then h = 0 a.e. 

P r o o f .  By assumption,  

7-r t, r)  = 0, u t) ~ F x IR, r > 0 .  

Therefore, for (z, t) c I" x E and for all r > 0, 

f {  h(z, t) (w/, O) dr7 r (w')  -~- O, 
(w~,0):lwq=r} 

where err is the surface measure on {(w I, 0) : Iw'l ---- r}. This implies 

which leads to 

f l w q = r h ( Z - [ - w l ,  t + ~ I m z ' w t )  dcrr(Wl) = 0 ,  

f w q = r J ~ h ( z + w l ,  t - k ~ I m z ' w l t e i Z t d t d c r r ( W l ) = O ,  

for )~ E R, The l e • h a n d  side can be rewritten as the ),-twisted spherical means  of the funct ion h z, 
defined by the formula (1.2). Thus, we have 

h z x z  #r(Z) = O. 

Here z ~ F and r _> 0 is arbitrary. Also by hypothesis,  h z satisfies the integrabil i ty condi t ion in the 
remark  after Theorem 1. Therefore, h z = 0 a.e. ;~. This implies  h = 0. [ ]  
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