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ABSTRACT.  In [13], Walter extended the classical Shannon sampling theorem to some wavelet subspaces.
For any closed subspace Vg of L? (R), we present a necessary and sufficient condition under which there is a
sampling expansion for every f € Vy. Several examples are given.

1. Introduction and Main Results

The classical Shannon sampling theorem says that for each f € PWy := {f € L*(R) :
supp f C [-7, 7]},
= sinm(x — n)
f&= > foy———, 1.1

W 7(x —n)

where the convergence is both in L2(R) and uniform on R.
In [13], Walter extended the Shannon sampling theorem to wavelet subspaces and proved the
following result:

Proposition 1.
Suppose that ¢(t) is a real continuous scaling function such that ¢(t) = o171 and

o*(w) = Zgo(n)e"i”w #£0, wckR. (1.2)

Let Vo = {3, cap(t — 1) : {cn} € Ez}. Then there is an S € Vg such that for any f € Vo, f(t) =
>, f(n)S(t — n), where the convergence is both in L2(R) and uniform on R.

In [9], Janssen considered the shifted sampling and the corresponding aliasing error by means
of Zak transform.

For convenience, we say that the sampling theorem holds on Vo C L2(R) if there exists
{g(-—n): n € Z} C Vysuchthatforany f € Vo, f(x) = Y, f(k)g(x —k), where the convergence
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is both in L2(R) and pointwise on R. In sampling theory, it is natural to add the condition Vo C C(R).
For example, PW, C C(R) in Shannon sampling theorem and Vy C C(R) in Proposition 1. But
Shannon wavelet ¢(t) = ,s%t_f does not decay as fast as |t]”! %, so Proposition 1 is not applicable
to this wavelet subspace although (1.1) holds.

In this paper we characterize the closed subspace Vo C L*(R) on which the sampling theorem
holds.

Notations.

= {ep: 020 o lekl? < 00.)

3", stands for summation over all n € Z.

C(R) is the space of continuous function.

ACy,e = {f € C(R) : f islocally absolutely continuous.}.

L[-m, 7] = {f : f is 2w —periodic and square integrable on {—m, 7 ]}.

Gylw) = Zklf(w + 2k7r)|2, where f(cu) = fR f(x)e‘ix“’dx. It is easy to see that G is
defined only a.e.

Ef={weR: Gs(w) >0LVf € L2(R).

X 1s the characteristic function of the set E.

Vg is a closed subspace of LZ(R). 0]

As we know, a family of functions {; : j € J} in a Hilbert space H is called a frame if there
exist A > 0, B < oo so that, for all f € H,

2
AP <Y |< fioj > < BIfIP.
jel
The constants A, B are called frame bounds. If A = B, then we call the frame a tight frame. For

the details on frames and dual frames, see [7, p. 56-60].
Our main results are as follows.

Theorem 1.

Let Vy be a closed subspace of L*(R) and {¢(- — n) : n € 1} is a frame for Vo. Then the
following two assertions are equivalent:

(1) Y pcrp(x — k) converges pointwise to a continuous function for any {cx} € 2% and there
is a frame {S(- — n)} for Vo such that

fx)y =) f®R)Sx -k, VfeW, (1.3)
k
where the convergence is both in L>(R) and uniform on R.
() p e CR), Y 4 lox — k)|? is bounded on R and
AXE, (@) < |®(@)| < Bxz, (@), ae. (1.4)

Jor some constants A, B > 0, where

(@) =) plk)e ™+ (1.5)
k

Theorem 2.

Let {¢(- — k)} be a frame for Vy. Suppose that ¢ € ACioc and ¢' € L*(R). Let ®(w)
be defined as in (1.5) and satisfy (1.4). Then the first item of Theorem 1 holds. Moreover, for any
few

FO=Y fose-h, ae (1.6)
k
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2. Proof of Theorems

Lemma 1.
Suppose ¢ € L2(R). The Jollowing two assertions are equivalent.
(i) Forany{c} € 2, >k ckp(x — k) converges pointwise to a continuous function.
(i) @€ CR)andsupy ; lp(x — k)| < +oo.
X

Proof. (i)=>(ii): Itis easy to see that ¢ € C(R). For each x € R, since Y, cxp(x — k) is
convergent for each {c;} € £2, it is easy to see that Do lelx — k)|*> < +oo. For each x € [0, 1],
define

Are=) apE—k, VYe={a}el®.
k

Then A, is a bounded linear functional on £2 with the norm || A, || = (3 l¢(x — k)[*)!/2. For any
{ck} € £2, define f(#) =Yy cxp(t — k). Since f(¢) is continuous on R, we have

sup |Aycl= sup [f(x)] < +o0.
x€[0,1] x€[0,1]

By the Banach-Steinhaus theorem [12], sup |[A| < +o0,ie., Y ; lo(x — k)|? is bounded on R.
x€[0,1]
(ii)=(i): By the Cauchy inequality, ), ck@(x — k) is convergent uniformly on R, so the limit
function is continuous. d

For any {c;} € £2, define its Fourier transform as 3", cxe~**©. The following lemma is easy
to prove.

Lemma 2.
Suppose that {x}, {vi} € 22 and X (w), Y (@) are their Fourier transforms, respectively. Then

Z Z-Wc}’n——k
k

n
When one side of the above equation is finite, the Fourier transform of x * y(n) := ), XgYn—t is
X(w)Y (w).

2
=i/ X (@)Y (w)]Pdw .
21 J_n

Proposition 2.

([4, Theorem 3.56], [2, Theorem 2.16], and [10, Lemma 4.4.8]). Suppose ¢ € L2(R) and
{o(- — n)} spans the closed subspace Vy. Then {¢(- — n)} constitutes a frame of Vo with bounds
A, Bifand only if Axg, (@) < Gy(w) < Bxg, (), a.e.
Lemma 3.

Let {¢(- —n)} and {S(- — n)} be two frames for Vy. Suppose p € C(R) and y_; |p(x +h)? <
L < 400, Vx. Then there exists a constant C >  such that

DISG+BP<CY o+ b,
k k

Proof. ByLemmal, Vo C CR). Let S(x) = >, cxp(x —k) for some {ci} € £2, where the con-
vergence is both in L2(R) and pointwise on R. Put C(w) = ¥, cre ¥, Then S(w) = C(w)§(w)
and Gs(w) = |C(w) |2G¢ (w). By Proposition 2, C(w) isbounded on Ey, so C () == Cw)xg, (@) is
bounded on [—7, 7]. Let C(w) = Y, &e™* for some {&;} € £2. Since C(w)$(w) = C(w)P(w),
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we also have S(x) = ), Gro{x — k). Hence

Y sE+mF = Y

n

I A
5;/_ﬂ|€<w)|

c@|” T lot+mi2.
]’ ¥

2

Zéup(x +n—k)
k

2

dw

Z P(x + n)e—inw
n

A

This completes the proof. ]

Lemma 4.
Suppose {p(- — n)} is a frame for V. Let

5(0) = { g’(w)/GqJ(w), weE, o

w & Ey
Then {@(- — n)} is a dual frame of {p(- — n)}.

Proof. Let T be the associated frame operator from Vp to £2 defined by (T'f), =< f, ¢(- —n) >.
By [7, Proposition 3.2.3], we need only to check that the function ¢ defined by (2.1) satisfies
T*T¢ = ¢. Since G, is 27w —periodic and has a positive lower bound on £y, by (2.1), ¢ € Vp and

1 2 N i 1 1 ~ i
<Gol-m> = — / 5@) ¢ @™ do = — 9@ P da
27 Jr 27 Jg, Go(w)
n .
= 5= - xE, (@) dw .

It follows that Zn < (ﬁa (p( — I’L) > ~e—iﬂ(1)¢(w) = XEw(a))('a(a)) = (Z)(a)) Hence’ Zn < (p, (p( =
n) > (- —n) = . Thatis, T*T§ = ¢.

Now we are ready to prove the main results.

- Proof of Theorem 1. (i)=>(ii). By Lemma 1, it suffices to show that (1.4) holds. Take f = ¢,
then we have

9= Z(p(k)S(- —k).
k

S0 Gy(w) = |®(w)]|2G s(w). Hence, Ey, C Eg. Since both {S(- — n)} and {¢(- — n)} are frames for
Vo, by Proposition 2, there exist two constants A, B > 0 such that A < |®(w)| < B, a.e. on E,.

Next we show that ®(w) is equal to 0 almost everywhere on [—7, 7 \E,. Put C(w) =
1 — xg,(®), then C(w) € L*[—7,7]. Let C(w) = Y ,cke™* for some {c} € £2. Since
Cw)¢(w) =0, , ckp(x —k) = 0forany x € R. Inparticular, )", ckp(n—k) = Oforanyn € Z.
By Lemma 2,

0=%

n

i 2 2
dw

I

1 T 5
5;/_n|c<w)1

! > pme

27 Jlem aNE, |5

Y ckpn —k)
k

Z (p(n)e——inw

2
dw .

Hence, ®(w) =0, a.e. on[—7m, w]\E,.
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(ii) =(@) Let

A L 5 2 @) -~
S(w) = { @(m)(p(w), we E(D ’ S) = G;EZ?)(D(CU), w € E(p s (2.2)
0’ w ¢ E@ ? O, w &/ E(p .

Since Gg(w) is equal to Té(lw_)PG‘ﬂ(w) for w € Ey, and O for w ¢ E,, by Proposition 2 and

Lemma 4, {S(- — n)} is a frame for some Vo C L*(R) and {S(- — n)} is the dual. By the definition
of S(x), it is easy to see that .S: € Vpand ¢ € Vp. Hence, Vy = Vy. For any f € VW, there exists
C(w) € L*[~, 7] such that f(w) = C(w)@(w). Suppose C(w) = 3, cke™***, then

1

- _ P(w) . 2 inw
<SSemm> =, C @G Pl e e

1 7 .
= 5= /_,, C(0)®(w)e"dw = Zk:ck(p(n —k)

= f().
Hence, _
F@ =) <£3C=b>5x-k=) f0)Sx-k.
k k
By Lemma 3 and the Cauchy inequality, the above equation is also convergent uniformly on R.
U

Proof of Theorem 2. Let S, § be defined as in (2.2).

To prove the first part of Theorem 2, by Theorem 1, we need only to show that ), lo(x —k) [2is
bounded on R. Since ¢ € L2(R), ok lolx— k)% < +00, a.e. Hence, > cke(x — k) is convergent
a.e. on R forany {c;} € £2. Suppose that >k ckep(x —k) is convergent for some x and y € (x, x+1),

then
y y [.m 12 /m 172
f / (Zlcklz) (le/(t—k)lz) dt
P X k=n

k=n

m 172 y m 1/2
(Z |ck|2> Vy=x ( f Dol k)lzdt> :
k=n *

k=n

m

D et~k

k=n

dt

IA

IA

Since Y, l¢/(t — k)|* € L'[x,y] due to ¢’ € L*(R), it follows by the above inequality that
Z,j;’ioo cx@'(t — k) is convergent in L[x, y]. So

y
fchkw’(t—k)dt = Z/ k@ (t — k)dt
X k k X

= ch[(p(y—k)-fﬂ(x—k)] .

k

Hence, Y, cke(y — k) is convergent and f(x) = ), cxp(x — k) is well defined everywhere. Since
{ck} is arbitrary, it is easy to see that Y _, |p(x — k)|? is bounded on R.

Next, let us prove (1.6). By (1.4) and (2.2) we see that there exists a 27 —periodic function
a(w) € L™ such that S’(w) = a(w)g(w). So ioS(w) = cx(w)gz;’(w) € L?(R). This implies
S € ACjpc and S'(1) € L2(R) ([3, Theorem 5.2]). On the other hand, by Theorem 1, for any f € Vp,
f@) =3 fk)St — k). Since {f ()} = {< f, S(- — k) >} € £2, similar to the above we can
show that Y {°° _ f(k)S'(z — k) is convergent a.. on R and

y
f D FBSE~kdt =) fFEOISG -k —Sx—k]=FfO) - f&).
¥ ok k
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By [12, Theorem 7.11], this implies (1.6). J

3. Applications

In this section we give some applications of the sampling theorem.

Example 1. Daubechies wavelets. It is easy to check that for Daubechies wavelets gy, ¥y, the
P (w) defined in Theorem 1 has no zero if 2 < N < 20. So the sampling theorem holds on both Vg
and Wg. 0

Example 2. Spline wavelets. Let

Sing YH—I
@n(w>=< 2) ., nx>1.

@
2

For each n > 1, {¢p(- — k) : k € Z} constitutes a Riesz basis for the subspace it spans and
p(@) = 3, ¢n(k)e*@ has no zero on R ([6, p. 89-111]). Ol

Remark 1.
If we define @, (w) = [1_6

iw
sampling theorem on Vy (the case of n=2 was studied in [13]). Janssen presented an alternative
approach to solve this problem. For even n, he chose {% + k} to be the sampling points, which is

equivalent to our choice. For details, see [9]. ]

—iw 7

+1
] , then ®, () = 0 for even n. By Theorem 1, there is no

Example 3. Let E C R be a bounded measurable set. Define

P(w) = xe(w) .

By Proposition 2, {¢(- — k)} constitutes a frame for some closed subspace Vo € L?(R). Moreover,
sup, 3 lo(x — K)|? < 400 (see [5]) and

1

ety = — | *dw = ——/ é*de
2r Jg ; 27 ENRnr—72nr+7]

1 .
= Z———/ e de
1 27 (E=2nm) ([—7,7]

1 (7 .
= > f Z xe(@+ 2nm)e*dw .
-

n

So
Y eke ™ =" xp(w+2nm) .
k n

By Theorem 1, there is a sampling expansion for each f € Vp. In particular, if E = [—x, 7], the
above equation turns out to be
Zgo(k)e_ikw =1.
k

Consequently, the function S(x) defined in (2.2) satisfies S(x) = ¢(x) = 5‘;“{%& and Vo = PW, :=
{f € L2 : supp f C [—, 7]}. Forany f € Vg,

_ o sinz(x — k)
flx) = }l; FSx—k) = ; foO—a
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which is just the Shannon sampling theorem. ]

Example 4. Suppose that E is a measurable set and {E + 2kx : k € Z} constitutes a partition of

R. Let |
o(x) = —/ % daw .
27 E

Then ), |¢(w + 2%m)|> = > xe(w + 2km) = 1, ae. Hence, {¢(- — n)} is an orthonormal basis

for the space Vj it spans. It is easy to see that Vo = {f : supp f C E}.
For any x, define

Cal@) = Y ™D yp(w + 2km) .
k

Then Cy(w) € L*[—7, 7] and Cx(w) = €'*® for w € E. Let Ex = (E — 2km) ([, w]. Then
we have | J Ex = [—7, 7] and
k

1

. 1 .
= — [tno g., C inw 4
px +n) o /Ee ) 277./E (w)e w

1 .
= ) =— / Cy (@)™ dw
— 27 JEN(2kn—n 2ex 4]

1 ,
= Z——/ Cy(w)e'"dw
T 2 Ex

1 T .
= — Ci(w)e™dw .
27 ) o

Hence,
E lo(x + n)lz = ”—1 IICx(w)H22 =1.
~ 27 Le[—m,m]

On the other hand, since

1 . 1 T
on) = —/ e"dw = T e"%dw =8,y9,
E

2 T J_n
by Theorem 1, the sampling theorem holds on V, with sampling function S(x) = ¢(x). L]
Remark 2.
Both the scaling function of translation invariant multiresolution [11] and the minimal sup-
ported frequency wavelet [8] satisfy the conditions of Example 4. O
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