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ABSTRACT.  The radar ambiguity function plays a central role in the theory of radar signals. Its absolute
value (|A(u)|) measures the correlation between the signal u emiited by the radar transmitter and its echo after
reaching a moving target. It is important to know signals that give rise to ambiguity functions of given shapes.
Therefore, it is also important to know to what extent |A(u)| determines the signal. This problem is called the
“radar ambiguity problem” by Bueckner [5]. Using methods developed for phase retrieval problems, we give
here a partial answer for some classes of time limited (compactly supported) signals. In doing so, we also
obtain results for Pauli’s problem; in particular, we build functions that have infinitely many Pauli partners.

1. Introduction

In this paper three problems of reconstruction of lost phase are considered.

The first one arises in optics, in particular in the experimental use of diffraction to determine
intrinsic structure. In this context, only the modulus of a Fourier transform can be measured after
diffraction occurs. This leads to the following problem.

Problem 1 (Phase Retrieval).
Letui,up € LZ(R) be two compactly supported functions such that | Fu1(x)| = |Fua(x)| for
all x € R (F being the Fourier transform). Can one deduce uj from uy?

Trivial solutions are uy(¢t) = cu1(t + a) and u3(¢t) = cu(—t +a) with [¢c| = l and a € R.
However, other solutions may arise. A fairly satisfying description of these solutions is given in
Rosenblatt [18] and Walter [23]. For functions #; satisfying certain propetties, there are only trivial
solutions, but in general, the set of solutions is more complex.

One may ask if further conditions could imply uniqueness of the solutions. Such a question
arises, for instance, in quantum mechanics. In his article on wave mechanics in the Handbuch der
Physik [16], Pauli asked:
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Problem 2 (Pauli Uniqueness).

Is it possible, for a single particle moving in one dimension, to determine the wave function

V(g) from | (q)| and [F ¥ (p)| ?

It seemed reasonable that this should be possible as ¥ (g) = |¥(g)] "%, thus, only & (g) has
to be found and one may think that the missing information is contained in |F (g){. However, this
is not the case as shown by Bargman (cf. [17]) and later by Corbett and Hurst [7] and Vogt [22]. We
will give new examples, and show in particular that a function may have an infinity of Pauli partners.

Another problem of the same kind occurs in the theory of radar signals and is known as the
(Narrow Band) Radar Ambiguity Problem. The radar ambiguity function is the Fourier transform
of the Wigner function: for u € L (R),

Aw)(x,y) = Au (t -+ 262—) u (t - —;—)eZi”y’dt .

Here the only quantity that is actually measured by a radar is |A(#)(x, y)| for x, y € R. Thus, the
following question arises:

Problem 3 (Radar Ambiguity).
Letu € L*(R), find all v € L*(R) such that for all x,y € R,

[AW)(x, Y| = [A@W)(x, y)| .

Trivial solutions are v(t) = ce/® u(t +a) and v(¢) = ce'“ u(—t — a) with |c| = 1, w,a € R.
The question arises whether they are the only solutions. Using algebraic methods, Bueckner [5]
and de Buda [8] considered the case when u is of the form P(x)exp (—%) with P a polynomial.

They proved that, in this case, almost every solution of the ambiguity problem is trivial; de Buda
also gave examples of functions for which there are non-trivial solutions of the ambiguity problem.
We shall use here the methods developed for the phase retrieval problem to find all solutions to a
restricted ambiguity problem. In doing so, we obtain new examples of functions for which there are
only trivial solutions. We also throw new light on de Buda’s counter-examples and show that they
correspond to a “spectrum ambiguity.”

Before going on, we introduce the following unitary operators L(R) + L2(R).

F is the Fourier transform,

fora € R, S(@)u(t) = u(t — a) — time shift -

for w € R, M{(w)u(t) = e'“’u(r) — frequency shift —

for 7 € R\{0}, D,u(r) = +/Jtu(rt) — scaling operator —
for A € R, L(W)u(t) = ey (z).

Zu(t) = u(—t).

S e

We will note < u, v > for the usual scalar product on L*(R) and ¢ will denote a complex
number of modulus 1. We find it convenient to note Cu(z) = u(z). If A C R is a measurable set,
we write x4 for the characteristic function of A and |A| for its Lebesgue measure.

Finally, we will also study the wide band ambiguity problem. The wide band ambiguity
function is given by the formula

WAu)(z,a) = /Ir_lf u(t)u (t(t — a)dr .
R

We will study the equation |WAu) (7, a)] = |[WA(v)(r,a)| forevery 7 > 0,a € R.
In this case, “trivial” solutions are of the form
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1. v=cu.
2. v=CZu.
3. v=F"'LO)Fu (e, Fo(t) = Ml Fy(r)).

Again using the same tools, we show that these may be the only ones under appropriate
conditions, and also provide an easy method to build counter-examples to the general problem (a
“support ambiguity”). These results are new to our knowledge, except for the fact that the trivial
solutions have been found by Altes [1] (however, he did not show that these may be the only ones).

The article is organized as follows. Section 2 is devoted to the phase retrieval problem and
is a review of results by Rosenblatt [18] and Walter [23]. In order to remain as self-contained as
possible, we will recall the essential tools in the theory, i.e., the Paley—Wiener theorem and the
Hadamard factorization theorem, which will be used again in Section 3. We will conclude this
section with Pauli’s problem and results by Corbett and Hurst [6, 7] and Vogt [22], and show how to
build functions that have infinitely many Pauli partners. We will also list some connected questions
which have probably not attracted the interest they deserve.

The last section is devoted to the radar ambiguity problems. After a quick review of various
properties, we will present some results which are not, to our knowledge, available in the literature.

Before going on, we would like to attract the reader’s attention to the monograph by Hurt [11]
and to the survey article [15] devoted to the subject of phase retrieval.

We shall usually refrain from saying that equations are true almost everywhere.

2. The Phase Retrieval Problem

Recall that we want to determine, for a given compactly supported function u € L2(R), every
compactly supported function v € L2(R) such that for every x € R, |Fu(x)| = |Fv(x)|.

For this, the Paley—Wiener theorem (see [14, Theorem VI 7.4]) provides us with important
information about the form of Fu when u is compactly supported:

Theorem 1 (Paley—Wiener).
Let F be an entire function and a > 0.
The following conditions are equivalent:

1. F |ge L2(R) and |F(2)| = o (¢)9).
2. There exists a function | € L2(R) with f(&) = 0 for || > a such that

1 .
FQ@) = 5 /R FE)eEdE

It follows that Fu can be expanded into an entire function of exponential type (i.e., | Fu(z)| <
B2l for 7 € C). We also denote by Fu that expansion. By the Hadamard factorization theorem ([21,
Theorem 8.24]) Fu can be uniquely written in the form

00
ea0+cx1zzk I—[ (1 _ i) eZ/Zk
k=1 ik

where the z;s are the zeroes of Fu in C. Moreover, if we order the zeroes of Fu sothat [z1] < ... <
lze| < lzit1l < ..., and if we write z; = rr(cos Gy + i sin 6;), then

1
Z —; converges foreverye > 0.
k1 Tk
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In particular, the infinite product [ 7o ; (1 - i) €¥/% is convergent.
It is important in what follows to note that for z real,

(-2)-i6-2)]
Zk Zr

Now as v is also compactly supported, Fv is also an entire function of order 1, by the Hadamard
factorization theorem, it is (almost) characterised by its zeroes and admits a factorization of the form

o0
Bo+Biz k i) 2/t
e z 1— e .
,LII ( Sk

The following can then be shown:

Theorem 2 (Walter).
Let u € L*(R) be a compactly supported function. Let {zk}k>1 be the zeroes of Fu (counted
with multiplicity, and ordered so that |zx| is an increasing sequence) and write

X0
Z
Fu(z) = e*oreregk (1 - ——) e .
@) I1 ”

k=1

Letv € L2(R) be a compactly supported function, then |Fu(x)| = [Fv(x)| for all x € R if and
only if there exists c € Cwith |c| = 1, a € R and a choice ¢, € {z1, 7k}, k = 1, 2,3, ..., such that
forallz € C,

oo
Fu(z) = ce'efotozzk H (1 - —Z—> &%
k=1 Sk

Remark 1. Note that the coefficients ¢ and a in the factorization of Fv in the above theorem
are related to the trivial solution v(¢) = cu(t — a). Every choice of ¢ € {zx, Zx} gives rise to a
non-trivial ambiguity, except when ¢ = 7j for every k which corresponds to the trivial solution
v(t) = cu(—t +a).

The possible replacement of z; by zj is called “zero-flipping” by Walter.

If all the zis are real (i.e., zx = Z), then only trivial solutions can occur. On the other hand,
if at least two zeroes are non-real, there are non-trivial solutions.

Note also that the zero-flipping corresponds to a factorization Fu(z) = f(z)g(z) and Fv(z) =
f(2)g®@). In higher dimensions, an entire function can be irreducible and the above factorization
may be trivial, i.e., zero-flipping may be impossible; see [4, 19] for details.

Example 1. Let H be a fixed function with support in [—%, %] Let

N N
ut)y=>y a;H(t —j) and v() =Y bjH(t - j).
j=0 j=0
Then
N
Fu(t) = P (e2””) FH with P(X) = ¥ a; X/, and @2.1)
j=0
N
Fot) = 0O (ez””) FHwith QX) = Y ;X7 . 2.2)
=0
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To have |Fu| = |Fv]| it is enough that | P| = | Q| on the unit circle.
But {P| = | Q] on the unit circle if and only if |P(1)] = |Q(1)] and

1 1
{oaj,a—J__ Do zeroofP} = {aj,a—:j . o zero of Q} .

For instance, if we take
PX) = («XV+d)(BX +5)
00 = (@x"+a)(px +p)
(Joe| # ia/l, 18] # |,8’|), then P and Q are two different polynomials with |P| = |Q|, and v is a

non-trivial solution of the phase retrieval problem for u. L]

One might think that if we impose further conditions on the functions # and v such as regularity,
or positivity, then |Fu| = | Fv| could imply u = cv. However, the preceding example with H a C*
function and a, o/, 8, 8’ > 0 shows that this is not the case.

The following example shows that if, in addition, we require that the support of u be connected,
we still do not force uniqueness.

Example 2. Let f(x) = exp —L if |x| < land f(x) = 0if [x| > L. Letu = —f — f/ — f”

1—x2
andv = —f + f’ — f”. Then u and v are non-negative, with connected support and C*°. However,
Fu = (4n%x? = 2imx — DF f and Fv = (dn>x? 4 2inx — 1)F f, thus, |Fu| = |Fv|. 0

Let us now consider the Pauli problem. Here again additional information is given. We know
that |Fu| = |Fv| and |u| = |v|. Hence, the only trivial solutions are v = cu with |¢| = 1. The
previous approach will be difficult to use as zero-flipping on Fu corresponds to a convolution of u
with a distribution, and it is far from obvious how to check that |v| = |u|.

We call # Pauli unique if |Fu| = |Fv| and || = |v| implies v = cu. We say that u and v are
Pauli partners if | Fu| = [Fv| and |u| = |v|.

Reisenbach [17] published the examples of Pauli partners found by Bargman, but only in 1978
did Vogt [22] and Corbett and Hurst [6, 7] first start a systematic study of the subject and showed
that there are infinitely many Pauli unique functions as well as infinitely many Pauli partners. To
exhibit Pauli partners, they used a method based on the relation CF = FCZ.

To be specific, let u be a function such that u(—¢) = u(#)w(t) with |w(t)| = 1 and w is not
aconstant on {t : u(¢) #£ 0} (thatis, |CZu| = |u|). Letv = FICFu = CZu. Then |u| = |v],

|Fu| = |CFul = |Fu|. Thus, u and v are Pauli partners. Note also that v is a trivial solution for
the phase retrieval problem for u !
Furthermore, if we take || = |o/ | in Example 1, then we obtain Pauli partners that are

non-trivial solutions of the phase retrieval problem. We prove more.

Theorem 3.
There exists u € L*(R) which has a non-denumerable infinity of Pauli partners that are not
trivial solutions of the phase retrieval problem.

Proof. Let (a,) be a sequence of complex numbers such that Y |a, |2 converges and consider the
Riesz product F(x) = [[32(1 + iay sin 3"x). Write F(x) = Y s _. bre’*™. Let H € L*(R) be
supported in [0, 1], and take

u(t) = Z beH(t — k) .
k=—o0

Lete € {—1, 1}Nand F© (x) = [To(1 +iane, sin3"x). Write F&) (x) = Y20 b ethx,
Then v® = Y% b H (s — k) is a Pauli partner for u.
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For properties of Riesz products, see [14]. O

Remark 2. In the above example, if we take H a C* function and (@) a fastly decreasing
sequence, one can even obtain u in the Schwartz class.

Remark 3. This theorem has already been found in a less precise form by Ismagilov [12] (a fact
we have not been aware of while writing the first version of this article). It answers a question asked
by Friedman [9].

One may then ask if further conditions could imply unicity. More precisely, the following
questions arise.

Problem 4.

Find unitary operators Uy, ..., Uy, : L*(R) — L2(R) (not necessarily commuting) such that
ifu,v e LER) satisfy lu| = |v|, |Fu| = |Fv|and |Uu] = |U;v| (i = 1, ...n), then v = cu.
Problem 4bis.

Given u € L?*(R), find unitary operators Uy, ..., U, : LAR) — L%(R) (not necessarily
commuting) such that ifv € L*(R) satisfies lu| = |v|, |Fu| = |Fv|and |Uiu| = |Uv|(i =1, ...n),
then v = cu.

If such operators were found, it would also be important to give them a physical meaning.
Note that an operator that commutes with C as well as the identity operator and the Fourier
transform will not work [22].

3. The Radar Ambiguity Problem

3.1 The Problem

As radar computations are not familiar to the general mathematical community, we begin
with a brief simplified version of the way ambiguity functions arise in radar theory. In doing so,
we essentially follow Wilcox [24] and Auslander and Tolimieri [3] for the narrow band ambiguity
function and Auslander and Gertner [2] for the wide band case.

Let X be an object or target and assume the radar is at the origin. Let r(¢) denote the distance
from X to the radar and let v(¢) denote the radial velocity of X at time ¢. The problem is to transmit
an electromagnetic wave or pulse s(z), —7 < t < T, and from the echo e(¢) obtained after reflection
on the target, determine the quantities 7 (0) and v(0).

We will now briefly explain how information is extracted from e(z). The first step is to pass
from the pulse to a complex valued function called the waveform of the pulse. As s(z) is real valued,
we have Fs(—t) = Fs(t), and so s(¢) is completely determined by its positive spectrum. Define
the operator ¥ : L2(R) > L2(R) by

oo .
s> Us(x) = / Fs()e* ™ dr .
0
Then ys(tr) = s(t)+2$(t) where o is the Hilbert transform of s. Explicitly

! t
o(x) = — lim @)
T e>0S|x—tjme X — 1

dr .

We have HWSH%Z = %— Hslliz. It is customary to call Hflli2 the energy of the signal s.
Assume now that s satisfies the following properties:

L sl =1,
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2. % ltys)*dt < oo,
3. [2, tFys@)Pdt < oo,

Let o o
m=ftwmwm, m=/rvwm&h

—o0 —00
fy is called the epoch and fy the carrier frequency.

We will further assume that s is narrow banded, i.e., that the spectrum of s is small compared
to the doppler shift due to the radial movement of the target. This validates the narrow band
approximation, i.e., the replacement of the Doppler scaling of the spectrum by a shift.

Definition 1. The waveform u,(¢) of the pulse s(z) is defined by
us(t) = s (t + tg) e 2mfolt+n)

It follows that s(¢) = R{vs(t)} = R{us(t — to)e¥7 0!} and that ||u; ||’i2 = 1. The waveform
us(#) is “slowly varying” in the sense that its spectrum is centered around the 0 frequency.
Assume the following physical conditions are satisfied:

There is only one target.

The radar cross-section of the target is independent of frequency.
The target is in the far field of the radar.

Multiple reflecting waves are negligible.

The function r(¢) is approximately linear for =7 <t < T.

AN A Sl

The velocity of the target is small compared to the speed of electromagnetic propagation.
Then it is generally accepted that the echo is given by e(r) = R{ire(r)}, with

Ye(t) = e—2nif0xous (t — to — xg) o2im(fo—yo)t

where
2 ) .
xo = —r(0) is called the time delay of the echo
c
2fo . .
yo = ——wv(0) is the Doppler or frequency shift of the echo
c

with ¢ the velocity of light. In particular, xg, yo completely determine 7 (0) and v (0).
One then estimates xg, yo by the following method originally suggested by. Woodward [25].
Consider
I/fxy(t) — e—-Zin'foxus (t —t9 — x) e—Zin'yleZin'fot
and form
+00 2

I(x,y) = ‘ 1;06(1‘)"/5:)10)611‘

" As Nugli> = 1, I(xo, yo) = land I(x,y) < 1 for all x, y. Thus, if we regard I (x, y) as light
intensity on a screen, the brightest point should be (xq, yo) enabling us to determine the range and
velocity of the target. It is crucial for us to observe that

I(x,y) = |A (us) (x0 — x, yo — y)|?

where

AW (x, y) = /Ru (r + %) u (z - %)ezmy’dt | 3.1)
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One would like to make sure, in this context, that the observed quantity, which arises from
us, corresponds to the given radar signal or, depending on the aims of the user, to find vy such that
|A(vs)| = |A(ug)|. Following Bueckner [5], we formulate:

Problem (Radar Ambiguity).
Given u € L*(R), what is the set of all functions v € L%(R) such that

|A)(x, V)| = [A@)(x, )| (3.2)

forallx,y e R?
If v is such a function, we say that v is an ambiguity partner of u.

Unfortunately, in many cases such as signals arising in seismology, oceanography, and sonar,
the narrow-band approximation is not valid. Thus, when the target is moving, there is no uniform
Doppler shift across the entire spectra. In [20], a signal model independent of bandwidth and central
frequency was proposed. Following Auslander and Gertner [2], we will now describe this model.
This time,

Ye(t) = Ayrs(at — 1)

where
A — — — The energetic parameter of the signal
c—v(0)
a= — — —  The Doppler stretch - compress factor
¢+ v(0)
2r (0
T = - _:E)()O) — — — The ssignal delay at time ¢t = 0.

(Note that a > 0). We shall ignore signal attenuation and we will again normalize the energy to L.
We obtain

+0co +o0 A2 400 A
1=/ |e(t)12dt:A2/ |1ﬁs(at—t)|2dt=7/ lws@)|?dt =

oo —o0 a

2

Thus, conservation of energy requires that A = ./a, so the received signal can be represented as

Ye(t) = Vaysat — ) = Jays (a(t — ')
with v/ = 200 ((()()))
c—v °
The problem is to estimate the Doppler parameter a and the delay t (that determine r (0) and
v(0)). The maximum likelihood estimate of these parameters is obtained by finding the maximum
of the cross-correlation function

2

—+o0
Va vs()¥s (at — 1))dt

—oQ

max
a,t
This suggests that the definition of the wide band ambiguity function be
WA@w)(a, 1) = ﬁ/ u@u (alt — t))dt .
R

We also formulate the wide band analog of the ambiguity problem.

Problem (Wide Band Radar Ambiguity).
Given u € L%(R), what is the set of all v € L2(R) such that
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IWAQ@)(x, y)| = [WA@)(x, y)I (3.3)
forallx >0,y e R?
If v is such a function, we will say that v is a wide band ambiguity partner of u.

For both ambiguity problems, the complete answer is unknown. However, for the narrow band
case, it may be easily checked that possible choices of u are

v = cu, where c is a complex number of modulus 1.
v=Mu,oecR.

v=S@u,aeR

v = Zu.

PO

More cases may be obtained by combinations of such transformations. We will say that v is
Heisenberg related to u if v is obtained from u by a sequence of transformations like 1, 2, 3, 4.
In the wide band case, the situation is more complicated. First note that

WAw)(a, 1) =<u, D;S(T)u > .
With Parseval’s identity and the commutation relations between F, D, and S, we obtain
WAw)a,7) = < Fu,FD,S(t)u >=< Fu, D1/, FS(T)u >
= < Fu, M(:—) D1/ Fu >
= WA@Fu G 3)

a

where 1
m(u)(a, T) = ﬁ ‘/]R u(t)me%mrdt )

Trivial solutions of the wide band ambiguity problem are then:

1. v=cuwith|c|] =1.
2. v=CZu.
3. v=F LW FuGe., Fo@) = &0 Fy(r)), with 1 € R.

If v is obtained from u by a sequence of transformations of that type, we will say that v is
A-related to u.

We will not directly solve the wide band ambiguity problem. Instead, we rather solve the
problem for ‘717:4, i.e., we ask the following question:

Problem (WA Ambiguity Problem).
Given u € L*(R), what is the set of all v € L*(R) such that

|WA@w)(a, )| = |WA@)(a, 1)
Joralla > 0,7t e R?
The trivial solutions of this problem are then:

1. v=cuwith|c| =1.
2. v=~Cu.
3. v=LA)uwithi eR.
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3.2 The Narrow Band Case

Here we will deal with the narrow band case and detail the proofs before giving results in
the wide band case. But first, we note that # and v may be ambiguity partners without v being
Heisenberg related to u.

For instance, de Buda [8] gave the following example. Let

sin ¢ sin ¢

u(t) = (T) sin(2m nt) and v(t) = (—t—> cos(2mnt)

(for n > 1). Then u and v are ambiguity partners even though v is not Heisenberg related to u.
Nevertheless, for special classes of functions u it is the case that every ambiguity partner of u
is Heisenberg related to u. For instance, Bueckner [S] and de Buda [8] proved that this is the case if

u is of the form P(x) exp(—%) with P a polynomial. We conjecture that this result should extend

. 2. . .
to functions of the form P (x) exp(—7) with P an entire function of order o < 2.
We start with an easy way to obtain counter-examples (which includes de Buda’s counter-
example), and then provide some positive results.

3.2.1 Counter-Examples Letui, uy be two functions in L2(R), respectively, supported
in A1 and A, and let ¢1, ¢p be two complex numbers with |c1| = |c2| = 1. We then have

Alciur +caup) = le1? Aur) + |eal® A () + 1024 (u1, u2) + ciea A (ug, u1)
= A(u1)+ Auy) +c102A (u1, uz2) +cr1c24 (uz, up)

where A(u1, uz) is the bilinear operator associated to A(u). Thus, if we can choose the sets A; and
Ap sothat A(uy, us), A(ug, uy), and A(ui) + A(u2) have disjoint supports, we obtain

[A (crur +coun)l = [AQui) + Aua)| + 1A (ur, u2)| + |A (u2, u1)|
|A (u1 + u2)|

i

though cju; + caup need not be Heisenberg related to u; -+ u2.
Now note that the support of

5 3)

is included in (A1 — §) N (A2 + %); in particular, u1 (t + %) uz (r — §) = O for every z € R if
x ¢ A] — Az, so that the support of A(u1, up) is included in the strip (A1 — A2) x R. Similarly, the
support of A(uz, u1) is included in the strip (A2 — A1) x R. Thus, A(u1, #2) and A(uz, u1) have
disjoint support if A; — Az and A, — A are disjoint.

In a similar way, we also need A; — Ay to be disjoint from Ay — A; and from Az — Ap. The
condition that Ay — A is disjoint from A; — A and from A; — A7 then follows automatically.

Finally, we notice that there is no reason to restrict ourselves to two functions. We can then
state the following:

Proposition 1.
Let {A}}j>1 be a disjoint family of subsets of R, of positive measure, satisfying the following
conditions:

1. the family {A; — A;}ix; is disjoint,
2. fori < jandforallk, A; — A; is disjoint from Ay — Ap.

Let (u;);>1 be afamily of functions such that u; is supported in A; and such that Z u; € L? (R).

i=1



Phase Retrieval Technigues for Radar Ambiguity Problems 319

Finally let (¢;)i>1 be a family of complex numbers of modulus 1. Then Zizl ciu; and Zizl U;
are ambiguity partners but Zizl c;iu; is generally not Heisenberg related to Zizl uj.

It is easy (see [3]) to see that A(Fu)(x,y) = A(u)(—y,x) and we could state a similar
proposition for the spectrum of u instead of the support. In particular, de Buda’s counter-example is
obtained with A| = [—2n, —n], Ay = [1, 2n] (n > 1), Fu = xa, + X, and Fv = xa, — ix4,."

A slight modification of that method, inspired by Example 1, leads us to the following example
which will be crucial to us.

» be a sequence of complex

.....

Example3. Let H € L?(R) be supported in [O, %] andlet (a;) j=o
numbers. Let u(z) = Z?:o a; H(t ~ j). Using the bilinearity of A as before, it is easy to see that,
forxe[ 2,]—{— ]j:O...,n

n
A@)(x,y) = ™ | 3" aa@z=5e¥ ™ | AH) (x = j, y)
k=)

while A(u)(x, y) = 0 for x| > N + 1, and A(u)(—x, —y) = A@)(x, y).
Ifo() = Z'}:O bjH(t— j), then u and v are ambiguity partners if and only if for j =0, ..., n

Zakak pimky| Z bkbk S2imky

k=j

Let N > 3, and choose u(t) = apH(t) +a1H(t — 1) +ayH(@ — N) +ay+ 1 Ht — N - 1)
and v(t) = bgH() + b1H(t — 1) + byH(t — N) + by+1H(® — N — 1). Then, to have ambiguity
partners, we need

1. Forj=0,laol+la1* X +lan? XN + lay411? XVt and |bg)? + |b1)* X + b |2 XY +
|by+11? XVt to have the same modulus on the unit circle T. Following Example 1, if we
take &, o', B, B/ > 0 and the a;’s and ;s such that

aol> = o'f lalP=dB lavl*=cf lant1l> =B (3.4)

o> = ef |1 =af |bwI>=df |bysilP=dB (3.5)

then, for —4 < x < 3,y € R, we have |[A()(x, )| = |A(v)(x, y)|.

2. Forj =1,a0d1+anay+1X" and bobi +byby11 XY tohave the same modulus on T. But,

according to Equations (3.4) and (3.5), layan+1} = |bob1 ,
have the same modulus on T if

+ XV and 1+bibﬂ+—1XN

aANaN+1 bob1

apdl

have same modulus on T, which is the case when

byby+1 _ aoan
bob1 aANAN+1

INote added in proof: Griienbaum [10] found the example uj = x[—1,1], #2 = X{4,5]: #3 = X[—5,—4]-
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Note that by Equations (3.4) and (3.5), these two complex numbers have the same modulus.
Thus, this reduces to the following condition on the phases:

argbg — arg by — arg by + arg by 41
= argap — arga) — argay + argay+1 2m) . (3.6)

3. Forj=2,...,N — 2, there is no extra condition.

4. Forj=N-—1,layai X"| = |byb1 X" | on'T, which is a consequence of conditions (3.4)
and (3.5).

5. Forj = N, laydo + ay+1d@1X| = |bxbo + by+101X| on T. As laydg| = |bybo

aN+1d1 _ byi1b :
need ‘1 + i X‘ = }1 + by Xr,thatls

, We

an+1d1 _ by+1bi
anao byby

Again, conditions (3.4) and (3.5) imply that these two complex numbers have the same
modulus while condition (3.6) implies that they have the same argument.

6. Finally, for j = N + 1, lay41do| = |by+1bo
(3.5).

, which follows from Equations (3.4) and

O

It is important in what follows to note that, by the Paley—Wiener theorem, A(u) and A (v) are
entire functions in the y variable but A (1) does not have the same zeroes as A(v) or A(Zv) = A(v).

3.2.2 The Radar Ambiguity Problem for Compactly Supported Functions Let
u € L%*(R) be a compactly supported function. We will now examine some conditions for the
solutions v of |A(v)| = |A(u)| to be Heisenberg related to u. First we need to see that v is also
compactly supported.

Lemma 1.

Let u € L*(R) be a compactly supported function. Let v € L2(R) satisfy |A(w)(x, y)| =
|A(u)(x, y)| forall x,y € R. Then v is also compactly supported.

Moreover, if the support of u is contained in an interval of length 2a, then the support of v is
also contained in an interval of length 2a.

Proof. Up to a time shift S{«), we may assume that u is supported in [~a, a]. Then, if x| > 2a,
we have, forall 7 € R, u (1 + %) u (r — §) = 0; thus,

AW, y) = [m " (r n g) " (z - %)eiytdt =0

o]

for all y € R and all x with |x| > 2a.

But then, as |[A(v)(x, y)| = |A(@m)(x, y)| forx,y € R, we get A(v)(x,y) =0forally e R
and all x with |x| > 2a.

Now, noticing that A(v)(x, y) is the Fourier transform of

(+3)0(-3)

v(t—l—;)v(t—%) =0 foralls, and all x with |x| > 2a .

we obtain
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After a change of variables, we deduce from this that v(x1)v(xz) = 0 as soon as |x1 — x2| > 2a.
Therefore, the support of v is contained in an interval of length 2a. U

Remark 4. This lemma actually gives more information. Up to a translation, we may assume
that the support of u is contained in [—a, a] and in no smaller interval. Then, by the lemma, the
support of v is contained in an interval of length 2a that, up to a translation, we may assume to be
[—a, a]. Assume that v is actually supported in a smaller interval of length, say 26 < 2a; then we
may exchange the roles of # and v to obtain that the support of u is contained in an interval of length
2b, that is a smaller interval than [—a, a]. This gives a contradiction.

We may now assume that supports of both u and v are contained in [—a, a] and no smaller
interval, in particular, # and v are compactly supported. Thus, the Paley—Wiener theorem ensures us
that A(u)(x, y) and A(v)(x, y) are both entire functions of exponential type in the y variable. But
|A@)(x, y)| = |[AQ)(x, y)| forall x, y € R; thus, A(u)(x, ) A(u)(x, y) = A(v)(x, y)AW)(x, y)
and then by analytic continuation we find that

AW)(x, y)AW) (x, ) = AW)(x, y)A(v) (x,y) forallx e R,y € C. (3.7)

On the other hand, due to the Hadamard factorization theorem, an entire function f (z) of exponential
type is entirely determined by its zeros, up to a factor Ae#? with &, u € C. Unfortunately (3.7) only
tells us that, for fixed x, if z is a zero of A(u)(x, .), then either z or 7 is a zero of A(v)(x, .) (zero
flipping).

Several cases occur, for instance, A(#) may only have real zeros (e.g., if ¥ = x[q,5}), then
A(u) and A(v) have the same zeroes.

There are some functions u for which every ambiguity partner v is such that either A(u) and
A(v) have the same zeroes, or A(u) and A(Zv) have the same zeroes. We do not know if this can
occur when A (x) has non-real zeroes, and so we are unable to give a characterization of the functions
u for which this is the case.

Finally, as in Example 3, A(u) and A(v) may have some common non-real zeroes and some
conjugate zeroes.

In what follows, after eventually replacing u by Zu or by some uy if zero flipping occurs,
we shall assume that A(u) and A(v) have the same zeroes. In other words, we now consider the
following restricted radar ambiguity problem:

Problem (Restricted Radar Ambiguity).

Given a compactly supported u € L%(R), what is the set of ambiguity partners v of u, such
that for every x € R, A(u)(x, .) and A(v)(x, .) have the same zeroes in the complex plane?

We will call such ambiguity partners restricted ambiguity partners.

Example 3 shows the following:

Proposition 2.

There exist compactly supported functions u which have ambiguity partners that are not re-
stricted ambiguity partners either of u or of Zu.

By the Hadamard factorization theorem, if » and v are restricted ambiguity partners, we
have that, for each x € R, there exist two complex numbers A., iy such that, forall y € C,
AW)(x, y) = Aye'Y A(u)(x, y), as these two ambiguity functions have the same zeroes. Further,
as |[A(u)(x, y)| = |A(u)(x, y)|, we see that |A,| = 1 and i, is a purely imaginary complex number.
We can, therefore, write
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AW)(x,y) = Y@TVEY 40 (x, y) forallx,y e R (3.8)

where ¢, ¥ : R —> R.

We first identify . (3.8) implies that A(v)(0,y) = Aw)(0, y) for every y € R. But
A@)(©0, y) = F[[ul*] (v) and Aw)(0, y) = F[[v]*] (v), thus, |u|?> = [v]?. In particular 4 and v
have the same support, so for every x € R,

t»—>u(t+%)u<t—§), andtn—>v(t+§)v(r—g)

have the same support. But, the Fourier transforms of these functions are A(u)(x, .) and A(v)(x, .);
thus, by the Paley—Wiener theorem, they have the same exponential type. On the other hand,
Equation (3.8) implies that the exponential type of these two functions differs by |y (x)| so ¥ (x) = 0
for every x € R. i

Now we identify . Let §2 be the set of all x such that A(#)(x, y) is not identically 0; thus,

Q= {x : tr—>u(t+§)u(r—-§) isnoth.e.}

As A(u)(x, y) is continuous (cf. [3]), we may assume that ¢ is continuous on €. As A(x)(0,0) =
A(v)(0,0) = 1, we can assume that ¢(0) = 0. Moreover, €2 is an open set of R, and so a countable
union of disjoint intervals. Further, as A(u)(—x, —y) = A(u)(x, y), —Q = Q, and we can assume
that ¢ is odd. As A(u)(0,0) = 1, 0 € Q, and so we can write Q2 = U,fi oo Ik with O € Iy and
Iy =1

Definition 2. Let f : R > C be a measurable function. Then a point x € R will be called a
Lebesgue point of f if
1
|B]

where ¢(B) —> p\(x} @ means that for every & > 0 there exists » > 0 such that for every ball B of
radius < r containing x, |¢(B) — a| < &.

Recall that a point x in a set A C R is called a point of density of A if % — 1 where I is
an interval containing x of length n — 0. In other words, a point of density of A is a point of A that
is a Lebesgue point of y 4.

/B FOIY = sy f)

Recall that if f € L!(R), then almost every point of R is a Lebesgue point of f, in particular,
almost every point of a measurable set A is a point of density of A.

In what follows we assume that every point in the support of u is a Lebesgue point of «, and so a
Lebesgue point of |u|; thus, also a point of density of the support of u. Let S = {x € R : u(x) # 0}
be the support of u, and let

Ee=(s-g)n(srg) =l el 3)llu(=3)] =0}

By definition, |Ey| > 0if and only if x € Q. Note also that, as every point of E, is a point of density
of E,,if |Ex| = Othen E, = 0.

Proposition 3.
If S is the support of u, then @ = § — S.

Proof. We first prove that S — S C Q. Letx ¢ Q. By definition |E,| = 0, so that E, = , that
is, (S—4)N(S+ %) =2 whichyields x ¢ § — S.

For the reverse inclusion, let x € Q. Then |E,| > 0 which implies that [(S —x) N S| > 0. In
particular, there exist 7, § € Ssuchthatn —x = &;thus,x =n —£ € § - §. O]
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Lemma 2.
Ifto, t1, ty are in S, then

ph-t)telti—t) =t -1y @Qm). 3.9

Proof. As A(u)(x,.) and A(v)(x, .) are Fourier transforms, we have

* _ X\ = e i) ( _{)
u(t+2)u(t 2) e v(t—|—2 vt 5)
If x and y are in S, then
1 / / s s S
—_— ult+=)u (t — = )dsdt = u(x)u(y) ,
(2n)? ’t—#'<n Is—(x-y)|<n ( 2) 2)

as 7 — 0. If we further assume that x and y are Lebesgue points of v, using the continuity of ¢, we
obtain

1 / / i9(s) s s =y ()0 0y)
_— Oy (r4+ Vvt — = )dsdt — 9= Nox)v(y) ,
(277)2 ‘t—%#n ls—(x—y)|{<n ( 2) ( 2>
as n — 0. Thus, ‘
u@u) = Nvx)u() . (3.10)

Applying relation (3.10) to #2, #; € S, and to 71, #y € S, we have
u (r2)u (n) = 27y (1) v (1) and u (1)  (r0) = "1y (11) v (10) -
Multiplying these two relations, we find
u (t2) u (10) lu(t1) > = '@ 0HO=00y (1) v o) v (1)1
Then, as |u| = |v| almost everywhere, relation (3.10) leads us to

pt—t)teti—t)=¢(tr—1) (2m)

for almost every fg, ¢1,  in S, and by continuity of ¢ on 2 = S — S, relation (3.9) is valid everywhere.

0

Lemma 3.
There exists w € R and a real sequence (by), 7, such that, if there are 1y, t1, t; € S such that
tr—thely, ) —tg € Iy andty — ty € Iin, then

by + by =by (2m). (3.11)

and, for every x € I, ¢(x) = wx + bg.

Proof. First, by choosing #y, 71, € Ssuchthatx = — 1 € Iy, y = t{ — ty € Iy and
x+y =1t —ty € Ip, (3.9) becomes ¢(x + y) = ¢(x) + ¢(y) from which it is easy to see that ¢ is
linear, that is, there exists w € R such that ¢ (x) = wx on Iy.

Now we look at another connected component I of Q. If #y, #1,fp € § are such that x =
h—t1€ly,y=1t1—1t € lp,and x +y =t — tg € I, then ¢ satisfies p(x + y) = ¢(x) + wy.
Thus, for every k, there exists by such that, for x € I, p(x) = wx + by.

Finally, relation (3.11) is a direct consequence of relation (3.9). O

We have proved that phert; exist7p € S, w € R, and a sequence (by) satisfying (3.11) such that,
for x € Iy + to, v(x) = ce'eibry(x).
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Conversely, assume that the by’s satisfy condition (3.7), letzp € S, and define ¢(x) = wx + b
forx € Iy + to. Let v(x) = &'*®u(x). Then for x € I + 1y and almost every ¢ € R, either there
exists k', k" suchthatt +% € (I +tp)NSandt ~ 5 € (r +1) NS, (asx = (t+ %) —(t—%) e
Iy + ty), by = by — by and

v(t—fcz—)v(t—{-fcz-)=e"“)xeib"u(t—§)u(t+g—);

ort + 3 and ¢ — 5 are not both in § whence

v(t—-%)v(t—i—g):u(t—%)u(t—l—%):O.
In particular, A(e'*Pu)(x, ) = P A(u)(x, .), and

lA (ei‘”(x)u) x, .)1 = |AG)(x, )| .

Summarizing the previous results, we can now state the following theorem.

Theorem 4.

Let u € L>(R) be a compactly supported function and let v be a restricted ambiguity partner
of u.

If Q is the open set of all x such that A(u)(x,.) is not identically 0, there exists a locally
constant function ¢ on 2 such that, for every to, t1, t2 belonging to the support of u,

pt—t)+elti—t)=¢(t—1t) (2m) (3.12)

and . '
v(x) = cePFTITR) JOY Y (x — g)

for some a € R, w € R, ¢ € T and some xq belonging to the support of u.
Conversely, every function v of that form is a (restricted) ambiguity partner of u.

Remark 5. Using the relation A(Fu)(x, y) = A(@m)(—y, x) we can easily state this theorem for
band limited functions if we replace u and v by Fu and Fv in the above theorem.

Proposition 1 is a particular case of Theorem 4 in which condition (3.12) is reduced to ¢ odd.

In the case # = x[q,p all the zeroes of A () are real, thus, for every solution v of the ambiguity
problem for u, A(u) and A(v) have the same zeroes and we have a complete solution of the ambiguity
problem for this u. Moreover, if every ambiguity partner of H in Example 3 is a restricted ambiguity
partner of H, then Example 3 and Theorem 4 give every ambiguity partner of U(t) = agH(t) +
atHit —1)+anvH(@ — N)+ayp1HiE — N —1).

The theorem essentially states that if u is “simple” (in particular, the support is an interval),
then the solutions of the ambiguity problem are “simple,” whereas for complicated u (for example,
when the support has big gaps) the solutions are also complicated.

3.3 The Wide Band Case

Recall that
WA)(a, 1) = ﬁf u(t)u(a(® — t))dt
R

and that WA(u)(a, ) = ﬁm(}"u)(l/a, 7/a) where

WA®@u)a, 1) = f u(®)uta)e™ ' dr .
R
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We want to know if |[WA(u)| = |WA(v)| implies that v is A-related to .

Here we will briefly review some results for the wide band ambiguity problem for band limited
functions or, equivalently, for the WA- ambiguity problem for compactly supported functions. These
results can be obtained in a similar way to those of the previous section; therefore, we will only give
sketches of the proofs.

First, let us write u = ug + up an andv = couq + ciuy W where 1 = Xlag.a11» ¥1 = Xla,a3]- We
seek conditions on ag, a1, az, as for WA(uo) + WA(ul) WA(uo, uy), WA(u1, up) to have disjoint
supports. One then finds functions having wide band ambiguity functions with the same absolute
value which are not A-related. The precise result is the following:

Proposition 4.
Let (ag)i>0 be an increasing sequence of positive real numbers such that

; and

Dk+1)
Aok+1

2. forallk >0, ayge+1)+1 < az(k+1)

Let (ui)r>0 be a sequence of functions in L*>(R) such that for all k > 0, Fuy is supported in
(a2, azky1], and Yo ui € LE(R).

Finally, let (ci)k=0 be a sequence of complex numbers of modulus 1. Then, for every a > 0
and every v € R,

WA chuk (a, 1) = WA Zuk (a, 1)

k>0 k=0
whereas, in general ) ..o cruiy is not A-related 10y ..o -

We now focus on finding examples of band limited functions for which the solutions of the
wide band ambiguity problem for u are all A-related to u. Again, it is equivalent to work with W A
and compactly supported functions. We will first need the following lemma:

Lemma 4.

Let K be a compact set of positive measure such that 0 ¢ K and let u € L*(R) be supported
in K. If v e L2(R) satisfies ~ .
|(WA@)(a, )| = [WAW)(a, )|

foralla > 0,1t € R, then v is also compactly supported.

Proof. K being a compact not containing 0, we can find an ¢ > 0 and an > 0 such that if
|x] < g orjx| > n, then u(x) = 0. But then,

WA (a, 1) = / u@®ulan)e g = 0
R

ifa > g orifa < %, and so v(f)v(atr) = 0 a.e. Thus, if #o is any Lebesgue point of v that is in the

support of v, v(¢) = 0 if |¢| > g |to] and if |¢| < % [fo]. Hence, v is compactly supported. O

Remark 6. The Paley—Wiener theorem iraplies that if u is supported in [—7, 5], so is v and the
previous proof tells us that if K is contained in [—7, —&] U [¢, 5], so is the support of v.

To go further, we again use the methods of Section 3. A second appeal to the Paley-Wiener
theorem tells us that WA (u)(a, 7) and WA(v)(a ) are entire functions of order 1 in 7.

Here again, WA(u) and WA(v) need not have the same zeroes. For instance, let N > 4 be an
integer, and let

u = apx[i,2) + aixms,8 + AN X[22N 22N+1] + AN+1X[22N+2 22N+3]
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and
v =boxn,z + bi1x48 + bNX[ZZN’ZzNH] + bN+1X[22N+2,22N+3]

Then if |a;| = |b;| fori = 0,1, N, N + 1 and if
arghbg — argb; — argby + argby4) = argag — arga) — argay + arg a1 2m)

but argéo —argh; # argap — arga) (27) and argby — argby 4] # argay — argan41 2m),
then WA(u) and WA(v) have the same modulus, but not the same zeroes, neither do W A(u) and
W A(C Zv) have the same zeroes. ~ ~

In what follows, we assume that WA(u) and WA(v) have the same zeroes and solve the
following restricted wide band ambiguity problem:

Problem (Restricted Wide Band Ambiguity).
Given a compactly supported function u € L%(R), what is the set of all v € L*(R) such that

WA a, v)| = [WAW) @, 7)]

foralla > 0,7 € R, and such that m(u) and m(v) have the same zeroes?

Using Hadamard’s factorization theorem, we can write
WA@) (@, 7) = YOV OIFA ) (g, 7)

with ¢, ¥ : R > R, from which we deduce again that ¢ = 0, as in the narrow band case.
We will now identify ¢. Let 2 be the set of all a such that W A(u)(a, 7) is not identically 0,
thus:
Q= {a .t — u(r)ulat) is not 0 a.e.} .

As m(u)(a, 1) is a continuous function of (a, t), 2 is an open set of R and so a countable union
of disjoint intervals, 2 = | J, . /k-
Now, as
WA@W)(a,7) =@ WAWL)(a, 1),

as m(u)(a, 7) and m(v)(a, T) are continuous, and as
WA@)(1,0) = WA@)(1,0) =1,

we may assume that ¢ is continuous and that ¢ (1) = 0, in particular |u| = |v| almost everywhere.
We again assume that every point in the support S of u is a Lebesgue point of u, and so a
Lebesgue point of |u| and a point of density of S. We also assume that 0 ¢ S.
The following proposition can be obtained in a similar way to Proposition 3:

Proposition 5.
Let u € L2(R) be supported in a compact set not containing 0. Let Sy be the set of positive
density points of the support of u and S the set of negative density points of the support of u. Then

S S..
Q:—iu—:{f:x,yeSJr}U{)—C:x,yeS_}.
S+ 8- y y

But now, W A is the Fourier transform of u(t)u(at) in the T variable and
WA@)(a, 1) = *OWAW)(a, 1),

so that .
u®ulat) = *@Dy@yviat) .
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Thus, if t1, 1, € S, then
_— i(p(;;) _—
u(u ) =e \/v(t)v ()
and, as for Lemma 2, we obtain the following:

Lemma 5.
Iftg, t1, 1y are in S, then

fo hy o
o(3)+e(3)=+(2) e

From this we deduce the following analog of Lemma 3:

Lemma 6.
There exist A € R and a real sequence (by), 7, such that, if there are ty, t1, 1y € S such that

;—(1) el, e Iy and;—g € Iin, then

17}

by +by =byr (2m)

and, foreveryk € N, x € I, p(x) = Llogx + by.
Translating the results from WA to WA we finally have the following analog of Theorem 4:

Theorem 5.

Let K be a compact set not containing 0, and letu € L*(R) whose spectrum is in K. Let v be
such that Fv is a solution of the restricted wide band ambiguity problem for Fu. If Q is the open
set of all x such that m(}" u)(x, .) is not identically O, there exists a locally constant function ¢ on
§2 such that for every ty, t1, t2 belonging to the spectrum of u

fo ny _ fo
o(i) = (5)=+(2) e

Fulx) = cew(%)e"“‘)gxfu(x)

and

for some ¢ € T, A € R and some ty belonging to the spectrum of u.
Conversely, every function v of that form is such that Fv is a solution of the restricted wide
band ambiguity problem for Fu.

4. Conclusion

The radar ambiguity problem is far from being solved. The phenomenon of zero flipping is
certainly not understood and indeed, in some cases the extra structure of ambiguity functions (cf. [3])
may well intervene to render it superfluous. That is, no zero-flipping may be allowed.

This article improves our understanding of the radar ambiguity problem in three ways:

1. It completely solves the radar ambiguity problem up to zero flipping.

2. Ttprovides new examples where the solution set is minimal (for example, when u = x[4,5))
or near to minimal, that is, without zero flipping (for instance, when u is a sum of translates
of X[a,5], via Proposition 1).

3. It provides a method of obtaining many functions # for which the solution set is much
bigger then expected. In particular, it contains functions that are far from being Heisenberg
related to u (Example 3).
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It would be particularly interesting to explain what happens for functions of the form P (Jc)e"‘2
with P apolynomial. Inthis case A(u) is essentially a polynomial and the additional structure alluded
to above comes into play, forbidding zero flipping. We believe that this result extends to functions
of the form P()c).e‘"2 with P an entire function of order less than 2. (One can easily show that, if
u is of the form P (x) exp(—x?) with P an entire function of order & < 2 and if v is an ambiguity
partner of i, then v is of the form M (w)S(a) (Q(x) exp(—xz)) with Q an entire function of same
order «.)

Such a result would be of theoretical significance. Recall that Bueckner associated to every
function u a Hilbert—Schmidt operator K,,. It turns out that v solves the radar ambiguity problem for
u if and only if K, and K, are “similar”” A careful reading of [5] also shows that if K, is of finite
rank, then u is of the form P(x)e“’62 with P an entire function of order at most 2. As finite rank
operators approximate Hilbert—Schmidt operators, we think that the result for finite rank operators
and some considerations on the “speed” of approximation should also bring new results.

Note Added in Proof

After the first submission of this paper the author became aware of certain earlier examples
of non-trivial Pauli partners and ambiguity partners. In [13], Janssen gave other examples of Pauli
partners and found non-trivial ambiguity-partners of Proposition 1 with a method based on the
Zak transform Z f(t,w) = ZkeZ e~ Hmka f(r + k). His Example 1 can also lead to another
proof of Theorem 3: let (Ax)reN, (Bik)ren be two partitions of [—1/2, 1/2] into open sets and
let @ € L?([~1/2,1/2)) be supported in Ar x Bg. Let fp = Z g, then f = Y,y fe and
g=> veN Ck fi with [cx | = 1 are non-trivial Pauli partners that are non-trivial solutions of the phase-
retrieval problem. However, these examples are essentially different from those in Theorem 3. Note
also that f and f are never compactly supported, nevertheless taking a smooth ¢ leads to f € S(R).
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