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ABSTRACT.  Anabstract formulation of generalized multiresolution analyses is presented, and those GMRAs
that come from multiwavelets are characterized. As an application of this abstract formulation, a constructive
procedure is developed, which produces all wavelet sets in R" relative to an integral expansive matrix.

1. Introduction

In 1996, Dai and co-workers [3] proved the existence of wavelet sets in R”. That is, they
proved that there exist sets W C R” for which the indicator function xw is the Fourier transform of
a (single) wavelet ¥ € L2(R"). This surprising result will undoubtedly have important applications,
for in many cases it allows a reduction from multiwavelets to a single wavelet. Explicit examples of
such wavelet sets in R” have since been given by Dai and co-workers [4], Soardi and Weiland [9],
and others. In Section 3 of the present paper, we present a constructive procedure that produces all
wavelet sets in R” for which the expansive matrix A is integral. The construction is made using a
pair of maps 7 and T’ that are in a sense complementary with respect to the dilation matrix A.

In Section 4, we present several examples of wavelet sets constructed in this manner, and
produce some new wavelet sets in R!, which generalize to give new wavelet sets in all dimensions.
In addition, we indicate how all previously known wavelet sets can be constructed using our technique.

Our construction comes from a theoretical investigation of wavelets and multiresolution anal-
yses, which concentrates on the unitary representation of the group of translations determined by its
action on a fundamental invariant subspace. In Section 2, we develop a notion of generalized mul-
tiresolution analysis (GMRA), and identify which GMRAs determine multiwavelets. The criterion
turns out to be a consistency equation that the multiplicity function associated to the representation
satisfies. It is this consistency equation that we exploit in Section 3 for our constructive procedure.
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2. Generalized Multiresolution Analyses and Orthonormal
Multiwavelets

We present here a notion of GMRAs, which enables us to study all multiwavelets, including
those that do not arise from scaling functions. In fact, we obtain a correspondence between the set
of all multiwavelets and a specified subset of the set of all GMRAs.

Let H be a separable Hilbert space. Fix a countable abelian group I'" of unitary operators on H,
which we call translations, and a unitary operator § on H, which we call a dilation. We assume that
the dilation is commensurate with the translations in the sense that the group 8~ I"§ is a subgroup
of finite indexd in I".

In the main example of this paper, we will take H to be L>(R") and I" to be the group of
translations by elements of the lattice Z". Let A be an n x n integer dilation matrix such that all the
eigenvalues of A have absolute value greater than 1. Finally, write 4 for the unitary operator on
L2(R") given by

[54(f)] (x) = | det A|Z f(Ax) .

We see that 5;1 '8 4 is a subgroup of I' of finite index d = | det A|; thus, I" and & 4 satisfy the abstract
assumptions above.

Definition. By a generalized multiresolution analysis (GMRA) of H, relative to I" and §, we shall
mean a collection {V;}%, of closed subspaces of H that satisfy:

(1) V;CVjqforallj.

(2 8(V;) =V forallj.

(3) UV;isdensein H and NV; = {0}.
(4) V) is invariant under the action of T".

If the closure of UV; is a subspace of H, we say that the collection {V;} is a subspace GMRA.
U

The classical definition of an MRA includes the assumption that there exists a scaling vector ¢
whose translates form an orthonormal basis for Vy. While a GMRA will not in general have a scaling
vector, we can obtain similar information about its structure by studying the unitary representation
p determined by the action of I" on Vp. We refer to Vy as the core subspace and the representation p
as the core representation of I relative to the generalized multiresolution analysis {V;}. In the MRA
case, the core representation is equivalent to the regular representation A of T, which acts in LZ(I")
by translation. (The equivalence is effected by mapping the scaling function ¢ to the characteristic
function of the identity in Z2(I").) As we will see below, a variety of other core representations are
possible, and in fact those GMRAs that arise from wavelets can be characterized in terms of their
core representations.

For each j € Z, we write W; for the orthogonal complement of V; in V;,.). We have then that

H= EB WJ_Voea@W]

_}_‘—OO

For j > 0, each V; and therefore each W; is invariant under I'. Just as in the MRA case, the
decomposmon Vi = Vo@ Wy will be particularly useful in relating GMRAs to wavelets. Accordingly,
we let p’ and o denote the unitary representations of I' determined by its action on V] and W,
respectively.

We next employ some tools from abstract harmonic analysis. By the spectral theorem for
commutative groups, the representation p can be decomposed as a direct integral over T, the group
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of characters oi T. (See, e.g., [7], [5], [6].) More precisely, there exists a unique projection-valued
measure p on I" for which

by = fﬁy(x)dp(x).

The representation p’ is similarly determined by a projection-valued measure p’ on T.

We will analyze p by letting I" act on both sides of the decomposition V| = Vy & Wy. To
relate the actlons of T on Vj and Vj, we use conjugatxon by 8. Accordingly, let ¢ : I' — T by
a(y) = 6~ lys. Write o* for the dual map on I T, given by [e*(x)1(y) = x(«(y)). Finally, let

af(p) denote the projection-valued measure on T given by o (p)(E) = p(a*~1(E)).

Proposition 1.
The representation p' of T satisfies

py © oy =p), = /ﬁy(x)d[ai(p)] x) -

Proof. By writing V| = Vo @ Wy, we see immediately that p’ restricted to T is equivalent to the
direct sum p @ . Since §~ pyzS = pa(y), the two representations p’ and p o o of I are unitarily
equ1valent Thus, the projection valued measure p’ is unitarily equivalent to & (p). The equivalence
of p’ to the direct integral above then follows. (W

By the spectral multiplicity theory developed by Stone [8] and Mackey [7] (see aiso [6] and [5]),
the projection-valued measure p is completely determined by a measure class [u] on T, and a
multiplicity function m mapping T into the set {0,1,2, ..., co}. This multiplicity function roughly
counts the number of times each character occurs in the representation p.

Definition. We call the multiplicity function m of the preceding paragraph the core multiplicity
function corresponding to the GMRA {V;} and the measure class [x] the core measure class. O]

Note that a GMRA is an MRA if and only if its core measure class is that of Haar measure
and the core multiplicity function m is 1 almost everywhere. This follows from our definitions since
Haar measure and m = 1 is equivalent to p being the regular representation of I'. GMRAs with other
multiplicity functions and measure classes provide a tool for studying the wide range of wavelets
that are not associated with MRAs.

Definition. By a multiwavelet for H relative to I" and §, we mean a finite collection {¥y, ... , ¥n}
of vectors in H such that the collection {8/ (y (¥;))}, for j € Z, ¥ € I',and 1 < i < N, forms an
orthonormal basis for H. The collection {y/1, ... , ¥y} is called a subspace multiwavelet if these
vectors form an orthonormal basis for a subspace of H. U

Proposition 2.

Let {1, ..., ¥n} be amultiwavelet for H, relative to T" and 8, and set V; equal to the closed
linear span ofthe vectors 8"()/(1#,)) fork < j,yeT,and1 <i <N. Then the collection {V;} is
a generalized multiresolution analysis of H. Moreover, if H = LZ(]R") ['=27" and § = 84, then
the core measure class is absolutely continuous with respect to Haar measure.

Proof. The fact that the collection of subspaces {V;} meets the requirements for a GMRA (for
any H, T, and §) is well known and straightforward (see, for example, [1].) Thus, it remains to be
shown that the core measure class is absolutely continuous with respect to Haar measure under the
special assumptions on H, I, and §.

By taking Fourier transforms, the representation of the group I' = Z" on all of H = L2(R™)
is equivalent to multiplication by exponentials ¢/**"¥ on L2(R"). By parametrizing T’ = [~, )"
with addition mod 27, the regular representation of I' can be seen to be equivalent to multiplication
by exponentials on L2([—x, 7)"). Thus, by writing R” as the disjoint union of translates of the
cube [—m, )" by elements of T', we have that the representation of I on all of H is equivalent
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to an infinite multiple of the regular representation of I'. Therefore, the projection-valued measure
associated to the representation of I on all of H ts equivalent to Haar measure on the dual T, so that
the projection-valued measure associated to any subrepresentation of this representation will have a
corresponding measure that is absolutely continuous with respect to Haar measure. UJ

We see then that those GMRAS that arise from multiwavelets in R” have core representations
that are completely determined by their core multiplicity function m. The main theoretical result of
this paper is the following theorem, which uses the multiplicity function to describe precisely how
the two notions of multiwavelets and generalized multiresolution analyses are related. Let x4 be a
representative of the core measure class, and A be Haar measure on T

Theorem 1.

If{Yr1, ... . ¥n) is a multiwavelet for a Hilbert space H, then the collection of subspaces
{V,} determined by the ;s as in Proposition 2 is a generalized multiresolution analysis, whose core
multiplicity function m satisfies the following consistency equation almost everywhere with respect
to the measure | + A:

m+N= Y m@). @1

pea*~1(x)

Conversely, if {V;} is a generalized multiresolution analysis of a Hilbert space H whose core mul-
tiplicity function m is finite almost everywhere and satisfies the consistency equation (2.1) almost
everywhere with respect to the measure | + A, then there exist vectors Y1, ... , Y in the subspace
W that form a multiwavelet for H. Moreover, the GMRA {V;} coincides with the GMRA deter-
mined from these ;s as in Proposition 2. The analogous statements hold for subspace GMRAs and
subspace multiwavelets.

Proof. Supposefirstthatyy, ... , ¥ isamultiwavelet for . Then, we have seen in Proposition 2
that the subspaces {V;} determined by the ;s form a GMRA. We have also seen in the proof of
Proposition 1 that p’ = p & N x A, and also that p;, = ff y(x)dlef (p)1(x). Thus, the measure
class of p’ must be that of i + A, and the multiplicity functions for the two characterizations of p’
give exactly the two sides of the consistency equation (2.1).

Conversely, suppose that {V;} is a GMRA whose multiplicity function m is finite almost
everywhere and satisfies the consistency equation (2.1). It follows from the consistency equation
that p’ is equivalent to p @ N x A. By writing Vi = Vp @ Wy, we also have that p’ is equivalent
to p ® o. Because the multiplicity function m is finite almost everywhere, the representation p’
generates a finite von Neumann algebra, and this implies that o = N x A; that is, we may cancel the
direct summand p. (See Section 1 of [1] for a similar argument.) Therefore, there must exist vectors
Vi, ..., ¥y € Wo such that the vectors {y (i)}, fory € T'and 1 <i < N, form an orthonormal
basis for W;. Since the operator 4 is unitary, and since the spaces {8/ (W)} are orthogonal and span
all of H, it follows that the ;s form a multiwavelet. It is immediate that the GMRA determined by
the vectors ¥, ... , ¥n coincides with the given GMRA. O

3. Construction of Wavelet Sets

We now explore some applications of the theoretical results of Section 2 to our main example
of H = L3(R™), " =Z",and § = §,4. We will be particularly interested in studying single wavelets
determined by wavelet sets. Following Dai and Larson [2], we define a wavelet set to be a set
W c R” such that yw = y?f, where ¥ is a (single) wavelet for R”. By a subspace wavelet set,
we will mean a set W C R” such that yy = ¥ fora subspace wavelet ¥. The first theorem of
this section translates the abstract requirement that the core multiplicity function associated with a
wavelet satisfies a consistency equation into this Euclidean space setiing.
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We write x = y if x — y = 2nj for some j € Z". Write Q for the cube [—n, )", and for
x € R", let ¥ denote the unique element of @ such that ¥ = x. We write A* for the transpose of the
matrix A.

Theorem 2.

The set W C R" is a subspace waveler set if and only if the indicator function xg of the set
E = U; (A7) (W) satisfies the following consistency equation:

L+ Y xes+2m0 = Y xe ((4%) 7 (& +27) G.1)

keZ" jez”

for almost all x € R". In particular, W is a wavelet set for all of R if and only if in addition
Ujez(A*)! (E) contains, up to a set of measure 0, a neighborhood of the origin.

Proof. Let {V;} denote the (subspace) GMRA determined by the (subspace) wavelet ¥ whose
Fourier transform is xw. Then, since Vp = ]<06 /(Wp), we see that Vo coincides with LZ(E).
Moreover, it follows from Section 2 that the Fourier transform of the core representation o of the
group Z" is given by multiplication on L?(E) as follows:

Lok ()] (x) = %% £(x)

so that the core multiplicity function m on [—m, )" is given by

mx) = Z xe(x +27k) .

keZ"

The sum on the right-hand side of the consistency equation (2.1) is over all y € [—, )" such that
<y, Aj >=<x,j > mod 2x for all j € Z". The R”" case of the consistency equation (3.1) then
follows.

If 1 is a wavelet for all of L2(R"), then the union of the dilates of W is, by [3], all of R".
Since the union of the dilates of E (by A*) contains the union of the dilates of W, it follows that
Ujez(A* Y/ (E) contains a neighborhood of 0.

Conversely, given a set W such that E = U, _o(A*)/ (W) satisfies the consistency equa-
tion (3.1), we define a (subspace) GMRA as f follows: Define V; by setting V] tobe 8~/ L2(E). We
have that {V;} is a GMRA, and LYW) = Wo As above, we see that the core multiplicity function
m for this GMRA is given by

m(x) =) xex +27k).

keZ"

The requirement that x g satisfy the consistency equation (3.1) says exactly that m satisfies the
consistency equation (2.1) of Section 2, and so by Theorem 1 this GMRA determines a single
(subspace) wavelet with Fourier transform xw.

Since E is itself a union of dilates of W, it follows immediately that if U; c7.(A")/(E) contains
a neighborhood of 0, then U jeZ(A*)j (W) contains a neighborhood of 0. It follows then from [3]
that W is a wavelet set for all of R”. J

We will use Theorem 2 to give an explicit technique for constructing all wavelet sets in R” by
building sets E whose indicator functions satisfy the consistency equation (3.1). The construction
is based on the following definition.

Definition. Let E be a subset of R that is invariant under (A*)~!. By an A-complementary
pair for E we mean a pair (T, 7”) of measurable one-to-onemaps 7 : Q0 - R*and 7' : E — E
satisfying (up to a set of measure 0):
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(1) T(Q S E,andT(E) S E\T(Q).
(2) AY(T(x)) =xand A*(T'(x)) = x.
(3) E=UpoT/(T(Q). O

Theorem 3.

If (T, T') is an A-complementary pair for a set E C R", then W = A*(E) \ E is a (subspace)
wavelet set. Conversely, if W C R"isa (subspace) wavelet set, then there exists an A-complementary
pair (T, T') for the set E = U o(A*)/(W). In fact, T' can always be taken equal to (A"~

Proof. Suppose W is a subspace wavelet set. Then E = Uk<g(A®)¥(W) is in fact a disjoint
union [2], and is invariant under (A*)~!. By Theorem 2, xr must satisfy the consistency equa-
tion (3.1). We will use these facts to define an A-complementary pair of maps 7 and T’ for E.

It follows from (3.1), and the fact that the multiplicity function m is finite almost everywhere,
that for each x € R", there exists a unique point w of the form (4*)~! (x + 27 ) such that w belongs
to E but A*(w) = x + 27j itself does not belong to E. For each x € O, let T (x) be this unique point
w = (A*)~!(x +27j). Define T’ on E by T'(x) = (A*)~(x). The maps T and 7"’ are one-to-one
and satisfy condition (2) of the definition of A-complementary pair.

To establish condition (3), it will suffice to show that T(Q) = (A*)"!(W). First, we take
x € Q and show that T(x) € (A*)_I(W). Indeed, T(x) € E by definition, and it is not of
the form (A*)~!(w) for any w € E. Thus, T(x) is in Uj<o(A*)/ (W) \ U; (A*)/~1(W) and
hence (since the union is disjoint), in (A*)~!1(W). Next, we take y € (A*)"!(W) and show that
y € T(Q). Let x = A*(y), and note, again by the disjointness of the dilates of W, that x ¢ E.
Recall that 7'(%) is the unique point in E of the form (A*) ™! (x +27) where x +27j ¢ E. Hence,
T (%) must be (A*)~1(x) = y, so that y belongs to T(Q). Finally, the equality just established of
T(Q) = (A*)~1(W) also implies condition (1). We have thus verified that the pair (7, 7”) is an
A-complementary pair for E.

Conversely, let (T, T') be an A-complementary pair for the set E = Uo7’ T (). We
show first that g satisfies the consistency equation (3.1). Note that for each x € E, there is exactly
one element of the form (A*)~!(x + 27 j) that is in T (Q), namely T (x). For if z € T(Q) is of the
form (A*)"!(x + 27 ), then z = T (w) for some w € Q, implying that A*(z) = w. But A*(z) = x,
and this implies that w = X, so that z = T'(x) as claimed.

For each x € R”, this unigue element of the form (A*)~!(x + 27j) in T(Q) contributes 1 to
the sum on the right side of the consistency equation, which can be used to cancel the (extra) 1 on
the left-hand side, so that the equation can be modified to become

Z XE(x +2mk) = Z XE\T(Q) ((A*)-1 (x + 27f]')) :

keZ” jezr

Forany x € R*,if y = (A*)"!(x + 2nj) € E\ T(Q), then y = T""(z) for some z € T(Q) and
some m > 0. So, x = A*(y) = T !(z), which shows that x + 2k € E for some k € Z". Thus,
if the left-hand side of the modified consistency equation is 0, the right-hand side must be 0 as well.
If not, let x{, x2, ... be a complete list of the elements of the form x + 27k that are in E. Then
T (x1), T'(x2), - - - are distinct elements of E \ T(Q). Each of T'(x1), T'(x2), ... is of the form
(A*)"1(x 4+ 27j). And, if z is any element of this form in E \ T(Q), then z = T’(w) for some
w = x, so that z is one of the T’ (x;)s we have listed. Thus, the nonzero terms on the left-hand side
of the modified consistency equation are in one-to-one correspondence with the nonzero terms on
the right, and so the consistency equation is satisfied.

Because E is invariant under (A*)~!, we have that E C A*(E). Let W = A*(E)\E. The proof
will be complete, by Theorem 2, if we can show that, up to a set of measure 0, E = Ug<o (A% (W),
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It is evident that this union is contained in E. Moreover,

E\ Ur<o (4%)* (W) E\ Ug<o (4*)" (4*(E) \ E)

Ne<o (4%)* (E) .

We know by condition (2) of the definition that for any measurable set F C E, w(T'(F)) =
|TeltT| w(F). Hence, E = U;>oT"/(T(Q)) musthave finite measure. It then follows that Ny <o (A" (E)
has measure 0. O

We now prove that every map T : @ — R” of the form T(x) = (A*)"!(x + 27 Jx) Where
for each x, j, € Z", is part of an A-complementary pair. In the process, we describe a method for
constructing A-complementary pairs and hence, via the two preceding theorems, wavelet sets. We
will explicitly carry out this kind of construction in the next section.

Theorem 4.

If T is any measurable map of Q into R" satisfying A*(T(x)) = x for almost all x, then
there exists aset E CR" andamap T' : E — E such that (T, T') is an A-complementary pair for
E.

Proof. We will define T’ first on Ey = T(Q), and then recursively on Ep, E3, - - -, where E,,, =
U’]?’=OT’f(T(Q)) \ U';’__fol T'7(T(Q)), m > 0. In order to ensure that the resulting pair (7, T') will
be an A-complementary pair for E = UP_oEn = U, T'1(T(Q)), it will suffice to define T’ such
that for each x € E,;:

i) IfAIx) ¢ U7 _oEj, then T'(x) = (A1)
(i) A*Y(T'(x)) = x.
(i) T'(x) # T(%).
(v) T'(x)# T'(x +2nD) if | #0and x + 27l € U7 E;.

For then E will be invariant under (A*)~! by (i), and 7’ will be a one-to-one map by (iv). Condi-
tions (1), (2), and (3) of the definition of an A-complementary pair will follow from (iii), (ii), and
the definition of E, respectively.

We will use an induction argument to prove that it is always possible to define 77 in this way.
Thus, fix m > 0, and suppose that 7’ has already been defined to satisfy (i) through (iv) on U’;‘;Ol E;.
(In the m = O case, this already defined set is empty.) We must now define T'(x) for x € Ep,.
We begin by defining T'(x) to be (A*)"1(x) whenever condition (i) applies. Condition (ii) merely
requires that 7’(x) be one of the infinite number of elements in the set C(x) = {(A*) "} (x + 27j) :
J € Z"}. Observe that although condition (iii) eliminates one element of C(x) as a possible choice
for T'(x), it does not conflict with condition (i), since if (A*)~!(x) ¢ E 2 Ey = T(Q), itis
impossible for (A~ 1(x) to equal T'(x). Condition (iv) also does not conflict with condition (i)
since (A*)_1 is one-to-one. Thus, to complete the definition of T/ on E,,, it will suffice to show that
when condition (i) does not apply, we can choose T’(x) to be an element of the set C(x) \ {T(x)}
in accordance with condition (iv). We make our definition simultaneously for all y € E,,such that
y = x. Note that because the measure of each E; is finite, we have that for almost all x, C(x) N E;
is finite, and hence only a finite number of elements of C(x) can have been used already as T’(z) for
z=((x+2nk)andz € U'}’;ol E ;. We thus finish the proof by defining T’ (x +2k) for x +27k € E,,

to be arbitrary distinct elements chosen from the infinite set C(x) \ ({T ()} U (C(x) N (U’}:O1 E)).
O
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4. Examples

In this section we use the method indicated in Theorems 3 and 4 to construct a variety of
wavelet sets. That is, we use the ideas from Theorem 4 to define A-complementary pairs (T, T7),
and then follow the construction outlined in the proof of Theorem 3 to build the associated wavelet
sets W. Our procedure is in some ways similar to the theoretical construction of wavelet sets in [3],
as well as to that in [9].

Theorem 3 shows that an arbitrary A-complementary pair gives a wavelet set, even though
all wavelet sets can be defined using only A-complementary pairs that have 7/ = (A*)~!. This
redundancy sometimes allows for simpler and more natural constructions. In particular, the easiest
way to build an A-complementary pair is to start by defining 7' (x) = (A%~ I(x) for x € Q. We use
this technique in our first example, which builds many of the known wavelet sets as well as some
similar new ones.

Example 1. We first use T'(x) = (A*)~1(x) to construct some wavelet sets in R! for dilation

by 2, and then indicate the analogous constructions in higher dimensions, and for other dilations.
(i) We start with the map T defined by T(x) = % forall x € Q = [—n, w). We then define

T’, in accordance with Theorem 4, by T7'(x) = 5 +n forx < Oand T'(x) = 5 —m forx > 0. This

results in £ = UjZoT""T([—zr, 7)) =[—m, 7),sothat W = 2E \ E is the Shannon wavelet set.

(ii) Other simple wavelet sets for dilation by 2 in R can be built similarly. For example,
with the same definition of 7, we fix n > 0 and define 7,,(x) = 5 for x ¢ Q, and otherwise by
T,(x) =% —2"w for —m < x < 0 and T,(x) = 5 +2"n for 0 < x < 7. The resulting wavelet set
is:

Wp = [—2n+ln — Oy, —2n+17r) U[—m, —a,) Uly,, ) U [zn-Hn,’ ontly 4 an) ,

where o, = 2%’:;:”_1 The case n = 0 appears in Example 4.5 (iv) in [2]. The case n = 1 is an

example due to Journe (see, e.g., Example 4.1 (i) in [2]). Only the n = 0 example comes from an
MRA, since none of the other multiplicity functions are identically 1. In particular, m, (x) =n + 1
on [—3%, 35).

(iii) We now consider some analogous constructions in R? (which easily generalize to higher
dimensions). Define T on Q = [—m, w) X [—7, 7) by setting T (x) = % forall x € Q. The simplest
definitions for 7" result from first defining 7" in the first quadrant, and then using some symmetry
requirement to extend it. If we require 7" to be symmetric with respect to both axes, the first quadrant
map T'(x) = 5 + (7, 7) if x € Q and T'(x) = § if x ¢ Q yields the wavelet set of Dai et al. that
they call the “four corners” [4]. Replacing (, ) by (—m, —m) yields Soardi and Weiland’s first
example [9]; replacing (7, 7) instead by (i, 0) yields the wavelet set Dai et al. call the “wedding
cake” set [4]. If we change the symmetry requirement to fourfold rotational symmetry, and define
T'(x) =+ (—7,0)if x € Qand T'(x) = 7 if x ¢ Q, we get the “windmill” set shown in the
figure that follows.

(iv) Any of the examples above can be generalized to work for other dilations. However, in
many examples, generalizations to different dilations lead to wavelet sets with very different shapes
than in the d = 2 case. For example, to apply (ii) to a dilation by 4 on R, we can again fixn > 0
and take T'(x) = 7 on Q. We define T,(x) = 7 for x ¢ Q, and otherwise, T,(x) =7 — d12x
for —r < x < Oand T,)(x) = 3+ d" 127 for 0 < x < m. The wavelet sets for d # 2 have a
Cantor-like shape. For example, for d = 3, if we define the map S, : R > Rby §,(x) = §,,i+7 + —2-371,
then we can describe the resulting wavelet sets by

= (et ([3.5))) o (e st (. 5) +5720) - 0
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FIGURE |1

Example 2. At the opposite extreme from Example 1, perhaps, is the following construction.
This time we define T (x) so that it is never equal to (A*)~ (x). Again, we start with R! and dilation
by 2.

(i) To begin with, set T(x) = 3 + 7 forx > Oand 5 — 7 forx <O0. Then T'(x) may always

be defined by 7, and the resulting set E is the symmetric set whose intersection with the positive
reals consists of the union of the intervals [%’E, %Jf—,), for k > 0. The resulting set W = 2E\ E
is then W = [—3m, —27) U [2x, 37r), which is only a subspace wavelet set since it is not dilation
congruent to the entire real line. Note that, as Theorem 2 asserts, the union of the dilates of E
does not contain any neighborhood of 0. It is interesting to note also that the multiplicity function
m(x) =Y ez XE(x + 27k) corresponding to the GMRA determined by this subspace wavelet set
W takes on all three values 0, 1, and 2. For instance, m{(x) = 2 for % < x| < 3 Hence, the

7
subspace GMRA determined by this subspace wavelet is not a subspace MRA.

(ii) If we alter our definition of T so that T(x) = % —mifx > 0and % +mifx <0, then
again T'(x) may always be defined as , and the set E is the entire interval [—m, ), whence the
wavelet set is again the Shannon set.

(iii) For a more complicated example, consider the following parameterized family, which
interpolates between the two previous ones. For 0 < o < 1, symmetrically define 7'(x) as follows:
ForO0 < x <msetT(x) = 5+mifx > orand 7 —n if x < ax. Then the set T(Q) is
the symmetric set whose positive part is [(1 — $)x, 7) U [(1 + F)7, %JT). In accordance with the
constructive procedure of Theorem 4, we define T'(x) to be % if x < 7. However, we may not be
able to set T/ (x) = 3 for every x > m. In fact, fora > %, we see that 5 is already in the set 7(Q)
when (2 — o) <x < %rr. (For o < %, this troublesome set of xs is empty.) Accordingly, we set
T'x)=5-mifQ-a)r <x < %n, and T'(x) = % otherwise. When o > %, the resulting set E,
contains the intervals [417(, (% — %)7{) and [(% — %)7:, %7{), and hence the entire interval [%JT, %7{),
and therefore the union of the dilates of E, contains a neighborhood of 0. The positive part of the
resulting symmetric wavelet set Wy, for % < «, is then

W, = [%n (1 - %) n) U [(2 —a)m, (1 + %) 7r> U Bn 2n> U2+ a)r, 3rm) .
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The multiplicity functions for the GMRAs determined by the Wys, for % < a < 1, are

identically 1, so that these GMRAs are MRAs. Foro < % the set E, is more complicated and its
dilates do not contain a neighborhood of 0. However, the sets W,, are still finite unions of intervals.
If% <u< —32—,wehave

Wy = B—n om) U Bn, 27r) Ul2+ o), 3r),

and for0 < o < %, we have
W, =[Q2—a)m,2m)U[Q +a)r,37).

The multiplicity functions for all of these GMRASs take on the value 2 in some places. These Wys,
foro < %, determine subspace wavelets and, in fact, the limiting case Wy is the wavelet described
in (i) above. Also, Wy is the wavelet set described in (ii). Therefore, there seems to be no simple
continuity, as a function of &, of the property of being a subspace wavelet as opposed to a full space
wavelet, nor of the multiplicity function m,,.

Analogous constructions in R?, e.g., defining T(x) = % + (7, m) for x in the first quadrant,
and so on, are possible. As in the one-dimensional case, some constructions give subspace wavelet
sets and others give wavelet sets. [

Example 3. More interesting and complicated wavelet sets can be constructed by intermingling
further the two ways of defining 7 in the preceding examples, i.e., by defining T'(x) to be 5 some
of the time and not 7 the rest of the time. For instance, the following constructions produce wavelet
sets W that have O as a limit point.

(i) let {a, }{° be the sequence defined by a, = (% + 517,-)71. That is, the sequence

{a}—n3n5 971'
nl - ,4’87[,16’..' .

Define T (x) = 5 for all
1
X € U’C;il U;x,)_:n Eﬂ-—l [an+1,a,,) .
For otherx > O, set T(x) = % —m,and forall x < (0, set T(x) = % One sees that the intersection
of the set T(Q) with the negative half line contains the interval —%n, (), and that the intersection
of T(Q) with the positive half line coincides precisely with US? | U;’F’

" 2—].1;—1[11,14_1, ay). Therefore,
the union of the dilates of 7(Q) contains each interval [a@,+1, a,), and hence the interval [%n, ).
Hence, this union contains an interval around 0, so that the resulting set W = 2E \ E is a wavelet
set. We may define 7", arbitrarily but in accordance with the construction in Theorem 4, so that
T'(x) < O for all x, implying that E N[0, 00) = T(Q) N[0, 00) = U2 | U?’;n ilﬁ[a,,ﬂ, ay). One
sees from this that W contains 0 as a limit point. Indeed, W = 2E \ E contains all the intervals of
the form %[anﬂ, a,).

(i1) Analogs of the above construction in higher dimensions give examples like the “hole in
the middle” set of Soardi and Weiland [9]. Thus, taking {a,} as above, let T,, be the trapezoid in the
first quadrant determined by the four points (a,, 0), (@a+1, 0), (0, @), and (0, a,+1), and let U, and
V be the analogous trapezoids in the second and fourth quadrants. Define 7'(x) = 5 if

1
x € Upl Uiy s Ta U Un U V)

Define T on the rest of the cube Q in the first, second, and fourth quadrants by 7 (x) = 5+ (~7, —7),
and define T on the third quadrant by T(x) = . Now define 7’ in any way consistent with the
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construction in Theorem 4 so that T’(x) is always in the third quadrant. As above, the union of the
dilates of E contains a neighborhood of 0, so that we produce a wavelet set W = 2E \ E. Moreover,
as above, the wavelet set W contains 0 as a limit point. Indeed, it contains a sequence of trapezoids
converging to 0. l:]

(11

[2]
(3]
{4]
[5]

(6}
7
{8
9]
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