Gial
matica

© Springer-Verlag 1983

Acta Informatica 20, 207-226 (1983) I

The Temporal Logic of Branching Time* **

Mordechai Ben-Ari!, Amir Pnueli?, and Zohar Manna?3

! Department of Computer Science, School of Mathematical Sciences,

Tel Aviv University, Ramat Aviv 69978, Tel Aviv, Israel

2.3 Department of Applied Mathematics, The Weizmann Institute of Science,
Rehovot, Israel 76100

® Department of Computer Science, Stanford University, Stanford, CA 94305, USA

Summary. A temporal logic is defined which contains both linear and
branching operators. The underlying model is the tree of all possible com-
putations. The following metatheoretical results are proven: 1) an exponen-
tial decision procedure for satisfiability; 2) a finite model property; 3) the
completeness of an axiomatization.

1. Introduction

From the first introduction of the Temporal Logic formalism as a tool for
reasoning about programs, there arose a basic question which later almost
developed into a controversy. The question involves the nature of the underly-
ing structure of time on which the formalism is based. The dichotomy is be-
tween the linear time approach which considers time to be a linear sequence,
and the branching time approach, which adopts a tree structured time, allow-
ing some instants to have more than a single successor.

The difference in approaches has very little to do with the philosophical
question of the structure of physical time which leads to the metaphysical
problems of determinancy versus free will.

Instead it is pragmatically based on the choice of the type of programs and
properties one wishes to formalize and study.

Linear time is the correct model to use in order to characterize the set of
all execution sequences which a program generates and to study properties
which uniformly hold for all the execution sequences of a program. Even a
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nondeterministic program generates for each set of possible choices a linear
execution sequence in which each execution state has a unique successor. The
class of properties related to the set of execution sequences are the universal
properties such as universal total correctness and universal responsiveness.
Both these properties require that every execution sequence of the program will
eventually achieve some goal such as termination with a correct result or cor-
rect response to some request. The interpretation of temporal formulas over
execution sequences of a given program was found to be very useful for
reasoning about both sequential deterministic programs and concurrent pro-
grams. In the case of concurrent programs, where the nondeterminism is
caused by different scheduling scripts, we generally wish to prove that the pro-
gram terminates or responds correctly regardless of how the individual pro-
cesses are scheduled. This approach is pursued in 9,11, 12].

The branching time approach, on the other hand, considers for a given
program the set of all execution trees generated by the program. With a nonde-
terministic program P and a given input x we can associate the tree of all
possible computations of P on x. Since the program is nondeterministic, some
of the execution states will have more than one successor corresponding to a
nondeterministic choice. Over execution trees we can study existential proper-
ties such as correct termination for at least one possible computation (for every
input). More generally, we may study the property that there is always one
possible computation which realizes some goal. This certainly does not imply
that all computations will realize the same goal. Consequently, this approach is
useful for nondeterministic programs which are executed by systematically ex-
ploring all possible choices by methods such as breadth first search, etc. This
interpretation of nondeterminism is recommended for example in [4] as a de-
sign tool and is the one classically used in automata and complexity theory.
The branching time approach is implied in the underlying structure of Dy-
namic Logic ([1, 6]), but was not previously studied in a temporal framework.

In the end, the choice between linear and branching models cannot be
made on philosophical grounds but instead should be dictated by the type of
programs, execution policies and properties which one wishes to study. For a
fuller discussion of this issue see [9].

A natural step at this point would be to formalize and investigate a branch-
ing time temporal logic which incorporates both universal operators similar to
those used in linear temporal logic, and existential operators similar to those
used in simpler branching systems. It turns out that such a unified system
which combines both approaches is not significantly more complex than the
two separate systems.

We will define a logic #4: the unified system of branching time. The under-
lying model will be the branching tree of all possible computations of a pro-
gram. We define, however, additional temporal operators that allow reference
either to all possible execution sequences or only to a single sequence. The
metatheoretical results in %% include:

1) An exponential decision procedure for satisfiability.

2) A finite model property: If a formula in %4 is satisfiable then it has a
finite (exponential) model.
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3) A simple axiomatization which is shown to be complete.

The decision procedure uses semantic tableaux. Tableau systems provide a
rapid way of deciding “natural” formulas. The completeness theorem shows
how to “read-off” a proof from a tableau.

The expressive power of the system is illustrated by formalizing both uni-
versal and existential properties of nondeterministic programs. Finally we give
a temporal semantics for nondeterministic programs, complementing the se-
mantics given in [12] for deterministic but concurrent programs. Even though
the %% logic, inspired by linear temporal logic, incorporates universal oper-
ators that correspond to statements holding in all paths of the model tree, it
cannot be regarded as a generalization of linear temporal logic. In fact the two
logics are incomparable in the sense that there are statements expressible in
each which are not expressible in the other. Thus, even though the ## logic
significantly extends the branching time logic studied in [9], the same essential
result of [9], i.e. incomparability of linear versus branching time logic still
holds. The examples for incomparability are essentially the same examples pre-
sented in [9].

The statement that there exists some convergent computation of a given
program is expressible in #% but not in linear temporal logic. On the other
hand the statement that all fair computations of a concurrent program con-
verge is expressible in linear time temporal logic but not in #%.

In Sect.2 the syntax and semantics of the system #% (unified branching)
are given along with the axiom system. Section 3 contains a list of theorems of
%% along with a representative selection of proofs. Section 4 describes the con-
struction of semantic tableaux for %% giving a decision procedure and the
finite model property. Section 5 proves completeness of the axiom system from
the tableaux of Sect.4. In Sect. 6 we illustrate the utility of the #% system for
axiomatizing the behavior of nondeterministic programs. Such axiomatization
would lead to proof methods for proving properties of nondeterminstic pro-
grams.

An earlier abstract of this work appeared in [2]. This earlier version con-
tained an error which is corrected in the current paper.

2. The System % %

The base of ## is the propositional calculus on ~ and v with the other
connectives defined as usual.

We use two symbols for each modality. The first, V or 3, denotes quantifi-
cation over branches. The second G, F or X (nexttime) denotes quantification
over states in the branches. The three primitive modalities are YG, 3G and VX.
The three defined dual modalities are IF=~VYVG~; VF=~31G~; 31X
= ~VX ~. Parentheses may be omitted by defining ~ and the modalities to
have precedence over A which in turn has precedence over v and o.

Let T be a tree and s a node in T, Let a be a proposition which can hold at
some nodes in T. The intuitive meaning of the modal operators when applied
to a proposition is as follows.
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YGa holds at s (in T) iff a is true at all nodes of the subtree rooted at s
(including s).

VFa holds at s iff on every path departing from s there is some node at
which a is true.

VYXa holds at s iff a is true at every immediate successor of s.

3Ga holds at s iff there is a path departing from s such that a is true at all
nodes on this path.

dFa holds at s iff a is true at some node in the subtree rooted at s, ie.
there is a path departing from s such that a is true at some node on
this path.

3Xa holds at s iff @ is true at one of the immediate successors of s.

The four modalities VG, YF, 3G, IF correspond to four concepts of correct-
ness given by Manna [10] for a general nondeterministic program P. Let B be
the proposition that a program P is at its start state and H be the proposition
that P has halted. Let ¢ and ¥ be the input and output predicates which form
a correctness specification for P. Then Manna distinguishes four concepts of
correctness of P relative to (¢, V).

a) (BA@)>3G(H>Y).

P is partially 3-correct with respect to (¢, P).

If the program is started with a true input specification then there exists a
computation that may be infinite, but if it is finite then the program terminates
in a state satisfying the output specification. (Actually, the program halts by
remaining forever in the halt state to conform to our model of non-ending
time.)

b) (BA@)>3F(H A WP).

P is totally 3-correct with respect to (¢, ¥).

There is a computation that terminates correctly, though other compu-
tations may diverge or terminate incorrectly.

¢) (BA@)DYGHDSY).

P is partially ¥-correct with respect to (¢, ¥).

Every terminating computation must be correct but there is no guarantee
that any terminating computation exists.

d) BA@)=>VF(HAY).

P is totally Y-correct with respect to (¢, ¥).

Every computation terminates correctly.

Semantics for UB

A model for %% is a triple (S, P, R) where S is a set of states, P is an assign-
ment of propositional letters to states and R is a binary relation on states. If
sRt then we say that ¢ is an immediate successor of s. To capture the concept
of non-ending time, we require that R be total, i.e. Vs3It (sR¢).

For a propositional letter a and a state seS, aeP(s) iff a is true ins. We
extend the interpretation over the model to all formulas in ## as follows
where b=(s=s,,s,,5,,...) is an infinite path through the model such that
$;Rs; 4. b is called an s-branch.
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sk=a iff ae P(s), for a atomic

. s ~p iff sgtp

s=pvgq iff s=p or sk=q

. SEVYGp iff VbVt (teb implies t=p)
s=31Gp iff 3bVt (teb implies t=p)
. s=VXp iff Vt (sRt implies t=p)

. se=3Fp iff 3b3t (teb and t=p)

. SEVFp iff Yb3t (teb and t=p)

. s=3Xp iff 3t (sRt and t=p).

Nl I N N N

p is satisfiable if si=p for some model M and some state s in M; this is written
M,s=p, or sk=p if M is understood. In 7, 8 and 9 we say the formula in s has
been fulfilled at ¢.

The following is a set of axioms for # 4.

Al. VG(pogq)>(VGpoVYGyg)

A2 VX(poq)>(VXp>VXgq)

A3 VGpoVXpAVYXVGp

A4 VG(poVXp)o(p=2VYGp)

El. YG(po2¢9)>(AGp>3Gq)

E2. 3GpopA3dX3IGp

E3. VGp=3Gp

E4 VG(p>3Xp)o(p>3Gp).

The rules of inference are:

R 1. If p is a substitution instance of a tautology then +p.
R2. If —p and +p=g then gq. (Modus ponens)
R3. If ~p then —~VYGp. (Necessitation).

If YVGpop (T1, below) is added to A1-A4, then we get a complete
axiomatization of the universal fragment of branching nexttime. If VX and 31X
are merged (along with VG and 3G) so that YXp=~VX ~p is an axiom then
we get a complete axiomatization of linear nexttime. By T1 and TS5, below, we
could express A3 and E2 more symmetrically as:

A3 . VGpopaAVXpaAVXVGp
E2. 3GpopArdXpAadX3Gp.

Also, E3 can be derived by taking T1 and T6 as axioms. Some axiom of
the form V=3 is needed to limit our models to non-ending time.

3. Theorems of U %

T1. VGpop

T2, VGpoVFp

T3 VX(p>q9)>(3Xp>3Xg)
T4 VYGpoq)=(VFpoVFg)
T5 3Gp>3Xp

Té6. VXpoiXp
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T7. YVG(pArq)=VGpaVYGy
T8 3G(pAq)23GpAaiGy
T9. VX(prq)=VXpaAVXq
T10. IX(prq)23XpArdXg
T11. VXpA3dXgoiX(pnrg)
T12. VGpAIGqg23G(prg)
T13. VGp=pAVXVYGp
T14. 3Gp=pA3X3Gp
T15. VGp=VGVGp

T16. 3Gp=3G3IGp

T17. AG(p>VX p)=>(p>3Gp)
T18. YFYGpoVGVYFp
T19. 3G({(pv3IGehABGpvg)=EGpvIGg)
T20. VXVGp=VGVXp
T21. 3X31Gp>3G3Xp.

From A1-A3, E1, E3, T1-T6 we can derive necessitation rules ~p—+ Mp
and —p>g—>+—Mp>Mg for all modalities Me{VG, 3G, VF, 3F, VX, 3X}.
These derived rules are used implicitly below.

The proofs of T1-T12 are straightforward. T9 and T11 form the key to in-
ductive proofs as will be seen in the completeness proof. The rest of the theo-
rems are proven using the induction axioms A4 and E4.

T14. 1. 3GpopA3X3Gp E2
2. 3X3Gp>o3X(pA3IX3AGY)
3. pAIX3AGpo3IX(pAIX3IGp)
4. VG(pAIX3IGpoIX(pAdX3IGDY)
5. pA3X3AGp>IG(PpA3XIAGP) E4
6. pA3IX3IAGp>23IGp T8
7. Gp=pA3IX3Gp 1,6

In their negated forms T13 and T14 are the key to the tableau constructions
used in the meta-theory of #%: ~3Gp>~pv ~IX IAGp. If we try to falsify
3Gp then either falsify it now (~p) or if that is not possible, put it off to
tomorrow (~3X3AGp=YX ~3Gp).

T15-T16 are the S4 transitivity axioms.

T17 is another induction theorem. We conjecture that replacing E4 by T17
results in a weaker system for proof theoretical reasons because the induction
step poVXp is usually not true. Probably the system is not different from
linear nexttime.

T 18 is our version of the $4.2 axiom <> [lp> Cl<>p.

Note that 3GpoVFp and VF3IGp>3GVYFp can be proved but this is
an artifact of the reflexiveness of ## and would not carry over if E2 were
changed to 3Gpo>EXpA3dX3IGp to obtain an irreflexive system as required
classically in temporal logic.

T19 is the S4.3 linearity axiom for 3G.

T19. Denote (pvIGg A(AGpvg) by r and 3GrA ~3GpAa ~3Ggq by s.
1. so(pviGgyr@AGpvgn~3Gpar ~3Gg E2
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AN

SRR

SOPAg
sopAgAa(~pv ~IXIGp)A(
s>2~31X3IAGpaA ~3IX3IGgq

s23X3IGrAa~3XIGpa ~IX3Gyg

s23X{E@AGrA ~3Gpa ~31Gyg)
ie., s23Xs

3G(s>3X5s)

s=>3Gs

3Gs>3G(pAg)

. s23GpAaiGq

213

~qv~3X3iGq) TI14

E2
T11

E4
2, necessitation
8,9, T8

ie, 3GrA ~3GpA ~31Gg>o3Gp AAGq

. 3Gr>31GpviGy

ie, 3G((pv3IGgyA(E3Gpvq)=2AGpviGg

Conversely,

12.
13.
14.
15.
16.
17.
18.
19.

1Gp>3Gpvyg
iGp>pviGq
1Gp>(@Gpv g Ar(pvIGyq)
1G3iGp>o3Gr

dGp>3Gr

3Gg>3Gr
3Gpvi1Gg>3Gr
3Gr=3GpviGq

E2
denote the consequent by r.

T16
Symmetry

11, 18.

Why does the proof not work for VG? In 5 we would have:

5. soOVXVGrAa~VYXVGpA~VYXVYGyg
ie. sOVXVGrAadX~VGpAdX~VGyg

which cannot have a modality extracted.

T20. 1.
2
3
4.
5
6
7
8
9.
10.

11.
12.

VGYGpoYGYXp

. YGpoVGVYXp
. VXVYGpoVXVGYXp

VXVGpoVXp

. VXVGpoVXpAVXVGVYXp
. VXVGpoVGVYXp

. VGVXpoVXpAVXVGYXDp
.PAYGYXpoVX(pAVGYX p)

pAYGYXpoVGp
VXpAVXVGYVXpDVXVGp
YGVXpoVXVGp
VXVGp=VGYXp

4. Semantic Tableaux for % 73

A3
T15

Tl
3,4
T13
T13
T9
A4 T7
A2, T7
T13
6, 11

In this section we describe the construction of semantic tableaux for formulas
in %4, obtain a decision procedure for satisfiability and prove the finite model
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property. In the next section we prove the completeness of the axiomatization
of %% by showing that if the tableau construction fails to produce a model
for ~p then we can read off the tableau a proof of p.

A structure is a triple (S, P, R) where S is a set of states, P is an assignment
of formulas to states and R is a binary relation on states. It is convenient to
use the same name S for a structure and its set of states. A structure differs
from a model in that it is not required to be complete, i.e. a state need not
contain p or ~p for every p. Also, we have not required any connection be-
tween the assignment of formulas and the assignment of its subformulas. We
do require that our structure be appropriate for #4, i.e. for every seS§ there is
a t such that sRt.

Notation. pes is short for peP(s).

A formula is elementary if it is a proposition, a negation of a proposition or a
nexttime formula. Following Pratt [13], it is convenient to regard reduction of
a double negation and replacement of a modality by its dual as part of the
syntax of the language. Thus compound formulas are always non-negated. Ob-
viously, this does not affect satisfiability or provability.

Following Smullyan [16] we classify formulas as «-formulas and p-for-
mulas.

o o, oy
PAg p q
YGp p VXVGp
3Gp p 3X3Gp
B B B,
pvq p q
VFp p VXVFp
iFp p 3IX3Fp

A structure H is called a Hintikka structure iff for all seH:

H1. ~pes= p¢s (H is consistent).

H2. oes=un,es and a,€s.

H3. pes=f,es or B,es.

H4a. ¥ X pes=-for all t such that sRt¢, pet.

H4b. 3X pes=for some ¢ such that sRt, pet.

H4c. 3F pes=-there exists an s-branch b and for some teb, pet.
H4d. VF pes=for all s-branches b there exists a teb such that pet.

H is called a Hintikka structure for p if pes for some seH.

Theorem 4.1. (Hintikka’s Lemma for % %): A 4% formula p, is satisfiable iff
there is a Hintikka structure for p,.

Proof. (=>): It is easy to check that the “only-if” directions of the model con-
ditions 1.-9. are sufficient to guarantee that any model can be viewed as Hin-
tikka structure.

(«<=): Let H=(S, P, R) be a Hintikka structure for p,.
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Define H'=(S, P, R) by:
acP'(s) if aeP(s) or ~a¢P(s)

a¢P'(s) if ~aeP(s); for atomic formulas a.

Then H' defines a %% model. We have to show that H' is a #%-model for
po- This is done by a simultaneous induction showing

(i) peseH=H' sk=p
(i) ~peseH=H', s&=~p
for positive formulas p.

Basis: aeseH=-H', sE=a by construction.
~aeseH=-H', skta by construction =>H’, sk= ~a by model condition
2.

Induction: (We shorten the notation by dropping the H and H' and using €
and = to distinguish between the notions.)
PV YES=>pES Or ges=>sk=p or sk=q by induction

=sE=pvg by 3.
~(pvq)es. 1.e. ~pA ~ges= ~pes and ~qges=>s= ~p and sk ~g
by induction =sgtp and sEEg=SH(p v q)=s= ~(pvq) by 2. and 3.

VX pes=for all successors t;, pet,=t,i=p by induction
=sE=VXp

and similarly for the other modalities. [

A semantic tableau is a systematic search for a Hintikka structure. The
tableau will be constructed as a tree of nodes. Each node is labelled with a set
of formulas derived from the original formula p,. Later we will show how to
obtain a Hintikka structure from a successful tableau construction.

Notation. If n is a node of a tableau then U, is the set of formulas labelling ».
It is usually convenient to write pen for peU,. A further convenience is to
replace the original formula p, by p, A VG 3 X (true) to ensure that the resulting
structure is non-ering.

Tableau Construction. Let p, be a %% formula. Let n, be the root of T and let
U,,={po}. T, the tableau for p,, is constructed inductively by applying the
following rules to nodes n which are leaves of T.

R,: If ae U, then create a son n,; of n and define:

U, = U,o{og,ay).
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Ry: If BeU, then create two sons n; and n, of n and define:
U,=U,u{p}, i=12.

The following rule is applied only when any application of the «/f rules
would not generate a new node.

Ry: Let V,={3Xp,,...,3Xp,, ¥Xq,,...,VXq,} be the set of nexttime for-
mulas in n. Create k sons n;, i=1,...,k of n and define:

U,= {01 > qm}-

Since we assumed that p, contains a conjunct VG 3 X (true), it follows that
k,m>0.

Notation. If the R,/R,;/Ry rule was applied at node n then n is called an o/f/X-
node.

The construction of T is made finite by observing the following two termi-
nation rules.

1. If pen and ~pen then this node is called closed and is not expanded
further.

2. If a node m is about to be created as a son of an X-node n and there is
an ancester n’ of n such that n’ is an immediate descendent of an X-node and
U.=U, then do not create m but instead connect n to n" with a “feedback”
edge.

The following lemma shows that the construction of T must terminate.

Lemma 4.2. Let T be a tableau for p,. Then for some (small) positive c, the
number of distinct formulas that can appear in nodes of T is at most c|p,|, where
|pol is the length of p,.

Proof. All formulas in nodes of T are subformulas of p, or negations or duals
of subformulas or are subformulas prefixed by VX or 3X.

We now describe a marking algorithm which is designed to check if the
tableau resulting from the construction can be made into a Hintikka structure.
The algorithm is described in two parts. First, we describe a simple algorithm
that will turn out to be incomplete and then we show the (substantial) changes
that must be added in order to complete it.

Marking Algorithm

M1. Mark every closed leaf (node containing p and ~p).

M2. If n is an a-node and n, is marked then mark n.

M3. If n is a f-node and both n, and n, are marked then mark n.
M4. If n is an X-node and some n; is marked then mark n.

Define a structure as follows. Let S, the set of states, be the unmarked X-
nodes of T. Call n a pre-state if n is the root or was created by the application
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1
(p.vxvGp,aF~p )

~ m
(v, vXvGp, ~p ) P, VXVGp , aXd F~9
1

Fig. 1

of the X-rule to a state (X-node). Let sR¢ if there is a path (s,n,, ...,n,_,=t)
in T where n,...,n,_, are a-nodes or S-nodes, acP(s) iff aes.

It is easy to see that the resulting structure satisfies H1, H2, H3 and H4 a-
b but not necessarily H4c-d. For example, consider the tableau for
YGpAdF~p shown in Fig. 1. Every finite branch closes because any attempt
to assign ~p to a state is inconsistent with YGp but there is an open branch
which corresponds to always putting off to tomorrow the task of fulfilling
JF ~p.

Let T be a finite tableau whose unmarked nodes N satisfy: if neN is an
o/B/X-node then the only son/ at least one son/ all sons of n are in N. Let us
call a formula a future formula if it is of the form VFr, VXVFr, 3Fr, or
3X3Fr. We define a ranking algorithm which will assign a positive rank
p(g, n) to some occurrences g of future formulas in n.

Ranking Algorithm. Let gen be a future formula which has not yet been ranked.

R1. Ifnis a p-node for ge{VFr,3Fr} and ren,eN then set p(q,n)=1.

R2. If nis a f-node for qe{VFr,3Fr} and p(X q,n,) is defined then set
plg,my=p(X q,n,)+1, where X q=VXVFr/AX3Fr if g=VFr/3Fr, resp.

R3. Ifnisa f-node not for q and p(q,n;) is defined for some i=1,2, then set
p(g,n)=p(g,n)+1.

R4. If nis an a-node and p(q, n,) is defined, then set p{(g,n)=p(q,n;)+1.

RS5V. If n is an X-node, g=VXVFr and p(VFr,n) is defined for all n;, then
set p(q, n)=max(p(VFr,n))+1.
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R54. If n is an X-node, g=3X3Fr and for some son n, IFren;, and
p(AFr,n) is defined, then set p(g,n)=p(3Fr,n)+1.

Since the number of future formulas in N is finite and each is ranked at
most once, the ranking algorithm must terminate.

Lemma 4.3. (i) p(g,n)=1 iff n is a f-node for q and ren,.

Otherwise, if p(q,n)>1:

(ii) if nis a B-node for q then p(X q,n,)<pl(q,b);

(iii) if nis a B-node not for q (or an a-node) then p(q,n;)<p(q,n) for some
(the only) son n, of n;

(iv) if nis an X-node then p(NFr,n)<p(NYXVFr,n) for every son n; of n
and p(3Fr,n)<p(AX 3Fr,n) for the son n, of n corresponding to 3IX IFr.

Proof. Immediate from the definition of p. 1§

We now revise the marking algorithm as follows.

Marking Algorithm. Apply M1-M4 as long as possible.

At this stage the unmarked nodes form a structure N as described above.

MS. Apply the ranking algorithm to N. Mark each node containing an
unranked occurrence of a future formula.

Of course, M5 can cause the structure to change so that M1-M4 again
become applicable. However, since each stage marks at least one node, the
algorithm must terminate, in fact, in time polynomial in the size of the tableau.

Theorem 4.4. n, the root of T, is not marked iff there is a (finite) Hintikka
structure for p,en,. Hence, by Theorem 4.1 there is a decision procedure for UR
and U has the finite model property.

Proof. <: This will follow from the completeness theorem to be given in the
next section.

=: From the unmarked nodes of T we can form a structure as described
before. However, this is still not a Hintikka structure. The problem can be
demonstrated by the formula r=VGNVF(pAgQAYFPA ~q)AYF(~pAq)). The
structure resulting from the tableau construction is shown in Fig. 2. The branch
S¢»S1sSgs 8y, ... 18 not fulfilling for VF(~p A g). The reason is that branching on
p-nodes sometimes gives too much choice. This can be corrected by “unwind-
ing” the structure as shown in Fig. 2 to force every infinite path to take both
sons of a f--node.

We construct a tableau T’ whose nodes are instances of nodes of T. Denote
instances of neT by n’, n”eT’, etc. In the remainder of the proof, “nodes” refers
only to unmarked nodes.

Ny is the root of T'. If n’ is a leaf of T’ then extend T’ as follows.

Notation. n(n;,n)) is a path from n; down to n} (not including n)) in 7. An
alternative node is any f-node with two (unmarked) sons.

W1. If n is not an alternative node then for every son n; of n let n; be a son
of W in T
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Fig.2

W2. If n is an alternative node, let k be the number of instances of n in
n(ny, n').

(1) If k=0 then let n] (arbitrarily) be the son of n’ in T".

(i)) If k>0 then if n7j(n}) was the son of n” taken at the k—1’st instance n”
of n then let n’, (n}) be the son of n" in T".

That is, we alternate our choices.

W3, However, if n has a previous instance n” in n(ny,n’) and every alter-
native node which has an instance in zm(n”,n’) has at least two instances in
n(n”,n’) then identify n' with n”.

It is easy to see that the “unwinding” must terminate since there are a
finite number of alternative nodes.

The following lemma is immediate from the construction.

Lemma 4.5. Let b" be an (infinite) branch in T'. Let neT be an alternative node
which has an infinite number of instances n',n", ... in b'. Then each son n; of n in
T has an infinite number of instances in b'.

Furthermore, it is trivial that the structure that can be defined from T’ is a
Hintikka structure except possibly for H4c-d. Thus Theorem 4.4 follows from
the following lemmas.

Lemma 4.6. Let VFren'eT'. Then all n'-branches are fulfilling.
Lemma 4.7. Let 3Fren’'eT'. Then some w'-branch is fulfilling.

Proof of Lemma 4.6. Suppose that there was an (infinite) nonfulfilling n'-branch
b'eT’. By the construction of T and T, g=VFr or VX VFrem' for all m'eb'.
Since each m' is an instance of an (unmarked) node m in T, p(g, m) is defined.

Let b'=(m},m,, ...) and define p,=p(g, m;) where m; is an instance in T" of
m; in T. Define p®=min{p|p appears infinitely often in (p,, p,,...)}. Since the
ranking algorithm terminates, there are a finite number of ranks assigned and
thus some rank must appear i.0. and there must be a minimum such rank.

Since T is finite, there are a finite number of nodes me T (perhaps only one)
such that p(g, m)=p°. Since p° appears i.0. in b, there must be a node m such
that p(g, m)=p° and instances of m appear i.0. in b’. We now derive a con-
tradiction to the minimality of p° at m.
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p° =1 since that would imply by Lemma 4.3 that m is a f-node for VFr
and m; which contains r is not marked. But since m appears i.0. in b’ by
Lemma 4.5, so does m, contradicting the assumption that b is nonfulfilling.

Thus p°>1. By Lemma 4.3:

If m is an a-node then an instance of its only son m, is in »" and satisfies
p(g, m,)<p(g,my=p°.

If m is a fi-node then by Lemma 4.5 an instance of each (unmarked) son m,
appears 1.0. in b’, in particular the m, such that p(q, m)< p(g, m)=p°.

If m is an X-node then p(g, m;)<p(q, m)=p° for an instance of every son m;
of m, in particular the one following m’ in b".

Proof of Lemma 4.7. Let us define an n'-branch b’ in T'. Note that in T’ only
the X-nodes offer a choice and thus we specify b by requiring that if m'ed’ is
an X-node and 3X 3Frem’ then choose the son of m’ that contains 3Fr. Since
JFren’, either b’ is fulfilling, or g=3Fr or 3IX AFrem’ for all m'eb'.

If b is not fulfilling then we proceed to define p° as in the previous lemma
and derive a contradiction. The only difference is that if m is an X-node then
we have (fortuitously) chosen the son m; such that p(I3Fr,m)<p(IX3IFr,m)
=p° by Lemma 4.3.

5. Completeness

We now show that if a node n is marked by the marking algorithm then the
conjunction of the formulas in U, must be unsatisfiable because its negation is
provable. If U,={p,}, we define the associated formula of n, af, to be ~ Ap;. In
particular, if n, is marked, then p, is unsatisfiable so — ~p,. (It is easy to show
that the proof system is sound).

In a typical proof of completeness by the tableau method ([15]), one shows
that +af, for every leaf and that provability is preserved as one ascends the
tree to the root. For nodes marked by M1-M4, the nexttime operator greatly
simplifies the proof. For M5 we need a more difficult construction to show
how the induction axioms must be used. These proofs were inspired by
Pratt’s work [13]. In practice, the tableau method for completeness is easy to
use and the proofs of the theorems in Sect. 3 can be discovered by mechanical
application of the tableau method.

Lemma 5.1. If n is a leaf then +af,.

Proof. pen and ~pen. But — ~(p A ~p) by R1 so af, by dilution. (By dilu-
tion is meant: if there are other formulas ¢,r,... in n then from — ~(p A ~p)
weget - ~pV ~~p, —~pV ~~pV ~gv ~rv.. and then
~({pA~pAgAT...))

Lemma 5.2. If n is an a/f/X-node and +—af, /—af, and —af, /-af, for some i,
then +— af,.

Proof. For « and § nodes the Lemma follows by simple propositional reason-
ing and T13-T14. For an X-node:
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E~Pingu A Ag) by assumption
F(Gy A AGYD ~p;

VX A...Ag)DVX ~p; A2

FVXqg, A...AVXg)oVX ~p; T9

FVXg, A...AYVXq)>~3Xp, Def. of 3X

FVXg An...AVXqg)o~3Xp,v...v~3Xp, dilution
F~VXg A AVXgATXp A ATX py)
+af, dilution.

Let ¢ be a node (which is a state) in T which was marked because 3X IFr
was not ranked. Let [t]* be the set of states accessible from ¢ by choosing at
an X-node the son corresponding to 3X 3Fr. Then for every ue[t]*, there is
an unranked occurrence of 3X 3Fr (by construction of T and the definition of
p)-

Let Y,={q|VX g is (a universal nexttime formula) in U,}.
Let W= A qand W'= '\ W,. W'is called the invariant of t.

geYy uelt]*

Lemma 5.3 - W'oVX W'

Proof. Let n, be the pre-state created in T for the 3X IFr son of u. Then U,
=Y, u{3Fr} and any state in [¢]* accessible from u is accessible only by paths
through n,. Let [u] be the states (all in [t]*) accessible from n, by «- and g-
nodes. Now for any node n, - AU,=2(A U,,) v(A U,,) as shown by the various
theorems we have proved (eg. T13: HYGpo(pAVXVYGp); T14: —VFp
>(pvVXVFp)). By what was noted above, X dFrev for all ve[t]* hence in
[u].
Thus —W,> V (AU,—{3X 3Fr})).

velu]

What we have shown is that the conjunction of the formulas in a pre-state
(not including 3Fr) implies at least one of the conjunctions of the formulas in
the successor states (except that formula produced by IFr). In particular it
implies the conjunction of all the universal nexttime formulas in the state.
Thus:

FW.> V (A VXp)

velu] peY,

FWo VX(AP) T9
velu) peY,

FW,o> \V (YXW,)  Def of W,
velu]

FWis \V (VXW) by taking the disjunction over all ue[¢]*

uelt]*

FWSYX(Y W)  TI0

ueft]*

FWovVX w! Def. of Wt
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Lemma 5.4. For all ue[t]*, =W, o> ~r.

Proof. Without loss of generality we can assume that the f-rule was applied to
iFr at the pre-state n, to construct sons n; and n,. Then U, ={U,,
—{3Fr}}u{rt=Y u{r}. But n, must be marked for otherwise p(3Fr,n)=1
and then p(3X 3Fr,u)=2 contrary to the assumption that 3X 3Fr was not
ranked in u. By the induction hypothesis —af, which is — ~(W, Ar) or W,
o>~r. 1

Theorem 3.5. +— af,

Proof
1. -Wis~r Disjunction over all ue[t]* on Lemma 5.4
2. FYGW' VG ~r
3. FWISYGW! A4 on Lemma 5.3
4. -W'oVG~r 2,3
5. FWo W te[t]*
6. -FWoVG~r 4,5

But this is +af, for the pre-state created from state t. By Lemma 5.2:
7. raf,.

We now proceed to the case where a state t was marked because VX VFret
was not ranked.

Lemma 5.6. If VX VFret was not ranked then at that stage of the marking
algorithm, there exists a set of unmarked nodes S such that:

a) te§;

b) for all meS, g=VFr or VXVFrem and p(q,m) is undefined;

¢) if meS is an a-node then m €S;

d) if meS is a B-node then all unmarked sons m; of m are in S.

e) if meS is an X-node then some son m; of m is in S.

Proof. Let S,=t. Obviously, a) and b) hold. By induction assume that S; has
been constructed and a) and b) hold for §;. Let m be a node in §; for which
one of c)-e) does not hold. Form §;,, by adding to S; as many sons of m as
possible consistent with a) and b). c)-¢) now hold for meS,, ;. Let us check d)-
€).

If m is a f-node for g then it must be that m, is marked. Otherwise we
would have p(g,m)=1 by R1 contrary to b). If p(g, m,) is defined or if m is a p-
node not for g and either p{(g, m;) or p(g, m,) is defined then so would p(g, m)
by R2-R3. To check ¢), observe that if m is an X-node and VX VFr is un-
ranked then there must be an m; son of m in which VFr is unranked. m; is
added to S.

Since the ranking algorithm is applied to a finite structure, this procedure
must terminate after, say k stages. S=35, has the required properties.

Let YXVFret and S be as in Lemma 5.6. For a state ueS, some pre-state
n,eS was selected by 5.6.e. Let this be the node constructed in T for 3X p,. Let
Y =Y u{p,} where Y, is defined as before.

Let Z,= A gand Z'=V\ Z,.

qeY; ueS
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Lemma 5.7. —Z'>3X 7",
Proof. Like Lemma 5.3 except that T11 is used instead of T9 to deduce that

HZ,>V (A VXpadXp)

velu]l peYy

FZ,>V @X(A pap)- |

velu] peYy

implies

Lemma 5.8. For all ueS, —Z, > ~v.

Proof. By Lemma 5.6, b and d the son of the -node for ¥ Fr containing r must
be marked. By induction we can conclude that

F~{ A gqnr}

qeY;,— {VFr}
F~{Aqgnar} dilution
qey)
—Z,o>~r. 1
Lemma 5.9. +af,.
Proof
1. Z'> ~r Disjunction on Lemma 5.8
2. m3GZ'>3G~r El
3. ~Z'23G 2 E4 on Lemma 5.7
4, ~Z'23G~r 2,3
5. -Z,23G~r teS and 4
6. —Z,o~3G~r  Since VFr is a conjunct of Z,
7. wZ,>false 6,7
8. —~Z2, which is af
9. raf, Lemma 5.2

Thus we have shown

Theorem 5.10. A1-A4, EI-E4, RI-R3 form a complete axiom system for UZR.

6. The %2 Semantics of Nondeterministic Programs

The utility of %% for proving the program properties so elegantly expressible
in the language depends on the ability to restrict the class of possible models
to the class of execution trees of a given program P. This is done by specifying
a set of axioms which impose the structure of computation according to a
given program on our general models. It may also be considered as specifying
the temporal semantics of the programming language by connecting its syn-
tactical constructs to transformations and developments in time.

In order to do this we extend our language by allowing predicates on vari-
ables.

We have three types of variables:

a) Computation variables y,, y,,... which are modified by the execution
and vary from state to state.
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b) Free variables x,, x,, ... which remain constant in time and are used to
express relations between values of computation variables in different instances.
Thus

(y=x)=23F(y=f(x))

is the expression of the statement that there exists some computation and some
state in it such that the value of y in this state is equal to f of the initial y.
¢) A variable 7 whose value at any state points to the segment of program
yet to be executed.
Consider programs which are represented by transition graphs, G=(N, E).
The set N of nodes is called the set of locations. E is the set of edges each of
which is labeled by a guarded instruction of the form

g - =r(]

with the meaning that this edge is enabled if the condition g(y) is true and
passing through the edge involves the assignment of f(j) to y.

We form our temporal semantics of such programs by letting = range over
N (the location set) and forming for each node a semantic formula. Let a node
le N admit the following transitions:

ga® > y:= fd@]{)
Ql
gn(¥) > [V = (M)

Then we form the formula scheme

Az a=0>| ¥ s ot feD=3x 0]

Here 0=0Q(xn, ) is an arbitrary predicate depending in general on the lo-
cation variable n and the computation variables y. It may also refer to free
variables.

Note the presence of the ‘=’ connective which implies that this formula
contains two implications. The first is stating that for every i=1,...,m such
that g; is true there is a successor state s in which n,=I, and y,=f(¥). The
other implication is a complementary statement saying that the only possible
successor states are derived in this fashion. By using 4, as the axiomatic repre-
sentation of a given nondeterministic program, it is possible to prove partial
and total correctness of different types for nondeterministic programs. The sys-
tem %% discussed here in great detail is only the propositional part of the full
%UA logic required in order to reason about concrete programs.

7. Discussion and Conclusions

In this paper we presented a unified branching time system which seems to
enjoy the joint advantages of both linear time and branching time systems, in
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being able to express and reason about the two basic types of termination,
universal and existential. We have established the logical properties of the %%
properties by presenting a decision algorithm and a complete deductive axio-
matic system for the propositional fragment of the language. The decision pro-
cedure presented is obviously exponential.

This language must of course be compared with process logic languages
such as PL [7] and its predecessors. The languages certainly can express any
of the properties expressible in #% and many more. However, there is a price
to pay for this expressibility which is the complexity of the languages. A sign
of this is the fact that PL is nonelementary (has a nonelementary decision
procedure) while %% is exponential.

Admittedly we do have six modal operators which is a disadvantage com-
pared to simpler systems such as DX for linear time [5] or the corresponding
branching time systems. On the other hand the formation rules of these oper-
ators are simple and uniform, and they do enable us to express most of the
interesting program properties discussed in the literature.

Another advantage lost in the transition from linear to branching time is
expressive completeness in the sense of [5]. Here the problem is inherent and
cannot be remedied by the addition of one or two extra operators. This shown
by the following:

Proposition 2. No branching time temporal language with a finite number of
modal operators can be expressively complete.

This theorem, due to Gabbay (unpublished manuscript) is based on the
following observations:

a) A temporal language with a finite number of operators can always be
translated into a first order formula with a number of distinct variable names
which is fixed for the language.

b) In a first order language it is easy to come up with formulas which need
an arbitrarily large number of distinct variable names. Consider for example
the statement:

There exist k time instants ¢,, ..., t, no two of which are related.

This statement needs k variables for its expression for an arbitrary k. These
formulas for sufficiently large k cannot therefore be expressed in any temporal
logic.

While the proposed unified system is adequate for proving properties of
nondeterministic programs it still falls short of linear temporal logic in being
inadequate for proving properties of concurrent programs under the assump-
tion of fairness. If we still adopt as basic model the tree of all possible com-
putations, it necessarily contains some unfair computations as well. Con-
sequently, we should be able to say that for every path in the tree, either the
path represents an unfair computation or it satisfies some desirable property
such as convergence. Such statements are inexpressible in #4%.

Since the writing of the first version of this paper there has been intensive
activity in extending and refining the logic system and techniques presented
here.
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Most recent is the work reported in [3] which introduces CTL* - an ex-
tension of the ## system. While retaining the exponential complexity of # 4 it
is possible to express in CTL* additional statements inexpressible in %#4%.°

One of the novel features of the # % system is the introduction of the next-
time operators. In general, the nexttime operator is a relatively newcomer to
temporal logic. Prior (in [14]; pp. 66-67) attributes the introduction of the next-
instant operator to linear temporal logic to Scott. Krdger [8] was the first to
use a temporal logic that included the nexttime operator for describing proper-
ties of nonterminating programs.
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