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Abstract. An important step during the design of a parallel manipulators is the determination 
of its workspace. For a 6-d.o.f. parallel manipulator workspace limitations are due to the 
bounded range of their linear actuators, mechanical limits on their passive joints and links 
interference. The computation of the workspace of a parallel manipulator is far more complex 
than for a serial link manipulator as its translation ability is dependent upon the orientation 
of the end-effector. 

We present in this paper an algorithm enabling to compute the possible rotation of the end- 
effector around a fixed point. This algorithm enables to take into account all the constraints 
limiting the workspace. Various examples are presented. 
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1. Introduction 

1.1. THE MECHANICAL STRUCTURE OF A PARALLEL MANIPULATOR 

Let  us consider  a 6-d.o.f. parallel manipulator  as represented on Figure 1. 

z ~  I U joint 

It 

Fig. 1. A 6-d.o.f. parallel manipulator. 
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is constituted of a fixed base plate and a mobile plate connected by 6 extensi- 
ble links. These legs are attached to the base and mobile plates with two-and 
three-degrees-of-freedom universal joints which makes the whole system be six- 
degrees-of-freedom. 

This mechanical architecture is known since a long time and some of the 
theoretical problems it involves have been studied around 1900 [3]. But working 
prototypes have been realized only recently as it seems that the first prototype 
can be attributed to Gough [7] in 1949. 

This kind of robot has attracted a lot of interest in the 60's for the design 
of flight simulators [19]. Indeed some of the main advantages of this kind of 
manipulator are their high nominal load and stiffness. 

The use of parallel manipulators as robotics system is even more recent as the 
first one has been designed in 1979 [11]. In that case the point of interest is the 
high positioning accuracy. This feature explains why parallel manipulators have 
been used in robotics assembly sells [2, 5, 16, 18]. But many theoretical problems 
remain to be solved, one of them being the determination of the workspace. 

1.2. WORKSPACE REPRESENTATION 

Determining the workspace of a robot is clearly an important step in the design 
phase. For serial link manipulators with decoupled wrist this workspace can be 
split in two 3D independent components: the possible positions of the center of 
the wrist which characterize the translation ability of the robot and the positions 
of the extreme point of the end-effector which will characterize the orientation 
ability. 

The workspace of a parallel manipulator is limited due to three types of con- 
straints: 

• limited range for the link lengths. The minimum length of link i will be 
denoted i Pmin and the maximum length i . /0max 

• mechanical limits on the passive joints (universal joints and ball and socket 
joints); 

• links interference. 

The translation ability of a parallel manipulator is clearly dependent upon the 
orientation of the end-effector. This implies that a full representation of the 
workspace would have to be done in a six-dimension space for which there is 
no human representation. 

Fortunately in many applications the robot is used either with a fixed orientation 
on rotates around a fixed points. This means that among the six generalized 
coordinates of the end-effector at least three of them have a constant value. In 
this paper we will consider that one point of the end-effector is fixed in the 
reference frame. 
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2. Notation 

We define first two frames, one fixed (reference frame) and the other one attached 
to the end-effector (relative frame). 

The following symbols and variables will be used in this paper: 

• A i ,  center of the passive joint of link i attached to the base of the robot. 
® /?i, center of the passive joint of link i attached to the end effector. 
• O, origin of the reference frame. 
• z, y, z, axes of the reference frame. 
® C, origin of the relative frame. 
• Zr, Yr, Zr, axes of the relative frame. The zr axis is directed along the 

normal to the mobile plate. 
• V), 0, qS, Euler's angles defining the orientation of the end-effector. 
• pi ,  length of link i. 

If there is no ambiguity the subscripts will be omitted. A superscript r will be 
used for vectors whose coordinates are expressed in the relative frame. 

2.1. STATE OF THE ART 

In most of the works dealing with workspace determination it is assumed that the 
orientation of the end-effector is fixed. In that case only the possible translations 
of the end-effector are to be determined. 

For solving this problem many authors use a discretization method in the 
parameter's space [2, 4, 5, 10, 12]. Discretization methods are usually time- 
expensive and not very efficient. 

Another approach has been proposed by some authors [1, 8, 9]. It is based 
on the fact that for a point on the border of the workspace the velocity of the 
manipulator along the normal to the border must be equal to zero. But, this 
method implies the use of the Jacobian matrix of the robot for which no closed- 
form is known. Furthermore, this method is not convenient to introduce the 
constraints of link interfence and mechanical limits on the passive joints. 

A completely different approach has been proposed by Gosselin [6] who uses 
a purely geometrical method for determining the workspace border due to the 
limited range of the link lengths. This approach has then been extended to take 
into account all the constraints limiting the workspace [14] enabling to calculate 
exactly and quickly border of cross-sections of the workspace. 

As for the orientation workspace of 6 d.o.f, manipulators few works has 
been done, most of them using a discretization method [13, 17]. Weng [20] 
has proposed for a specific manipulator a differential approach to compute the 
dextrous workspace, i.e. the set of positions of the center of the end-effector 
where any orientation is allowed. But the only constraints which are taken into 
account are the link lengths: this is a main drawback as links interference will 
clearly play an important role for limiting the rotation of the end-effector. 
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In the planar case Pennock [15] and Williams [21] have addressed this problem 
especially to find the maximal workspace i.e. the set of positions of the end- 
effector which can be reached with at least one orientation. But their methods 
can not be extended for 6-d.o.f. robot. 

3. Orientation Workspace 

3.1. INTRODUCTION 

In this paper we will assume that the center C of the relative frame is fixed in 
the reference frame and we will try to determine what are the allowed rotations 
of the end-effector around this point. 

Representing the orientation of a rigid body is somewhat difficult. Plotting the 
three angles defining this orientation (for example the three Euler's angles) does 
not lead to a very understandable representation. Therefore we will introduce 
another form of representation. 

We consider a unit link N = CNe attached to the end-effector at point C. As 
the end-effector rotates around C the extremity Ne of the link moves on the 
unit sphere centered at C. If the end-effector can rotate freely, point N~ will 
describe the whole unit sphere. If there are some restrictions on the rotation of 
the end-effector, point Ne will describe only some regions on the unit sphere. 
Therefore, if we are able to compute the border of the regions described by N~ 
during the possible rotations of the end-effector we will have characterized the 
possible rotations with the exception of the rotations around the unit link. Hence 
such a representation enables to describe two rotational degrees of freedom of 
the robot. By choosing carefully the direction of the unit link we will be able to 
represent all the possible rotations of the end-effector. 

We will assume that we rotate first the end-effector around a fixed vector X1 
with an angle 01. We then investigate the possible rotation of the end-effector 
around a given vector X2 in the refence frame. During this rotation the extremity 
Ne of N describes a circle C~ on the unit sphere in a plane perpendicular to X2 
(Figure 2). The constraints on the manipulator imply that Ne may lie only on 
some parts of the circle Ce. The purpose of our algorithm is to determine these 
allowed parts. By computing these allowed parts for various values of 01 the 
set of circles C~ will span approximatively the unit sphere and we will get the 
possible regions for Ne on the sphere and therefore the orientation workspace of 
the robot. 

3.2. WORKSPACE LIMITATION DUE TO THE LINK LENGTHS 

3.2.1. Allowable Zones for Bi 

As the end-effector rotates around C, point Bi lies on a sphere Sc~ with center 
C and radius ]]CB~I]. Point B~ must also lie in a volume whose borders are the 
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Zr 

~ Y zr Ce 

Y 

Fig. 2. Example of end-effector rotation. Here the unit link attached to the end-effector 
at C directed along zr. The end-effector has been rotated around the axis x with an angle 
01 (X1 = [1, 0, 0]). In this configuration when the end-effector rotates around the axis z (X2 -- 
[0, 0, 1]) point Ne describes a circle on the unit sphere (the ellipsis in dashed line). 

S c  1 

Y 

Fig. 3. For any rotation around C, point B1 lies on the sphere Scl centered in C with radius 
I]CB1 N. This point must also lie inside the volume defined by the spheres S~1, Sil centered 
in A1 with r ad i i  p l i n  , plma x. 

spheres S~i, Sii centered in Ai with radii i Pmin, Pmax, the minimum and maximum 
value of  the leg length (Figure 3). Consequently the allowed zone ZB~ for Bi 

on Sc~ is limited by the two circles Ce~, Ci~ which are the intersection circles of  

the sphere Sc~ with the spheres Sei, Si~. For  a given rotation angle of  the end- 
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C B  i 

C B  i 

Fig. 4. For given rotation angle of the end-effector around X1 point Bi describes a circle 
CB~ (dashed line) when the end-effector rotates around X2. If CB~ lies inside the zone 
defined by the two circles C~, Ci~ (thin dashed line) Bi can lie on the whole circle (1). At 
the opposite, if CB~ is completely outside the zone no rotation is allowed (2). If CB~ has 
intersection points with Ce~, Ci~ only some parts of CB~ are allowed for Bi (drawn as thick 
line on the right). 

effector around X1 as the end-effector rotates around X2 point Bi will describe 
a circle CB~ (Figure 4). Note that the circles Ce~, Ci~, CB~ can be easily deduced 
from the geometry of the robot. 

Two cases may occur: either the circle CB~ has no intersection with the circles 
Ce~, Ci~, or the circle CB~ has at least one common point with Ce~, Cir. 

In the first case the circle CB~ is either fully inside the zone defined by the 
circles C~,  Ci~ (Case 1 in Figure 4) and therefore the allowable zone for point 
Bi is the full circle CB~, or the circle CB~ is fully outside the zone (Case 2 
in Figure 4) in which case no rotation of the end-effector is allowed. These 
cases can be distinguished by taking any arbitrary point on the circle CB~ (the 
orientation of the end-effector is therefore fully determined) and computing the 
link length for this point: if the length is inside the link length range the whole 
circle CB~ is allowed. 

Suppose now that there exist intersection points of CB~ with at least one of 
the circles Ce~, Cir. 

We will have either two intersection points I1,/2 (CB~ intersects only one 
of the circles, Case 3 in Figure 4) or four intersection points /'1..4 (Case 4 in 
Figure 4). These intersection points define arcs of circle on CB~. For a point 
on a given arc the link length is either always in the link length range or is 
always outside this range. Therefore, we consider each arc and determine if the 
arc defines an allowable zone for Bi on CB~ by taking an arbitrary point on the 
arc (usually the middle point of the arc) and verifying if the link length for this 
position is in the link length range. 

After completing this test for all the arcs we get the set of all allowable zone 
for Bi o n  CBi. 
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3.2.2. Allowable Zones for N Constrained by Link i 

As the end-effector rotates around X2 point Ne describes a circle C N on the 
unit sphere. Let us assume now that we have determined the allowed arcs for 
the point Bi on its circle CB~. Clearly when Bi describes one of these arcs 

i Aj,  Aj, Ne describes an arc of circle i part of C N. For any configuration of the 
end-effector defined by a position of Ne on this arc, the length of link i is inside 
its range. Therefore ,A} defines an allowable zone for Are for link i. 

Consequently, we have to determine the extremities of ~A) for a given arc 

A} described by B~. Assume that point Bi is located at one of the extremity 

of A}. For this location of Bi, the orientation of the end-effector is completely 
determined and we denote by Re the corresponding rotation matrix. We have: 

N -- CNe = CB~ + BiNe (1) 

Let CN~ be the relative coordinates of Ne and CB~ the relative coordinates of 
B~. We may thus write: 

= - ReCB  ( 2 )  

By combining Equations (1) and (2) we get: 

N = CBi + Re (CNe r - CB r) (3) 

Equation (3) enables to compute N (and therefore the location of Are) for a given 
location of Bi. Consequently, we can calculate the position of the extremities 

i This enables to of the arc ,,4} corresponding to the extremities of the arc Aj. 
compute the arcs of circle for Are on C N for which the constraints on the length 
of link i are satisfied. 

3.2.3. Allowable Zones for N Constrained by all the Links 

For a fixed rotation around X1 point Are describes a circle C N and we have 
determined in the previous section the arc of circle on C N for which the link 
length constraints for one link are satisfied. By computing these arcs for all the 
links and calculating their intersection we are able to determine to arcs of circle 
for which the lengths of the legs are within their allowed ranges and consequently 
the allowed zones on C N for this kind of constraint. 

By computing these zones for various values of 01 in the range [0, 27r] we 
will get a good approximation of the allowable zone for Ne on the unit sphere. 

Note however that we have to separate the interval of variation of 01 in two 
components as there are two values of 01 such that Are will describe the same 
circle C N. For example if N is directed along the normal to the end-effector, X1 
being the x axis then 01 and -01 lead to the same circle for Are. 

An example of computation of the allowable zones for Ne is presented in 
Figure 5 for the manipulator described in the Appendix. 
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R a  R 

Fig. 5. In thin lines, the allowable zones for a unit link directed along the zr axis of the 
mobile plate when the mobile plate rotates around the z axis after being first rotated around 
the z axis. On the left the angle of rotation around x is in the range [0,Tr] and on the right in 
the range [Tr, 27r]. The constraints limiting the rotation are the link lengths. 

n3  

n l  

A I  IP Yr 

; r r  

Fig. 6. An example of modellation of a constraint on a passive joint located at A 1. If the 
mechanical limits of the joints are satisfied then link A1 B1 is inside the volume delimited by 
the pyramid. 

3.3. MECHANICAL LIMITS ON THE PASSIVE JOINTS 

The  mechanica l  limits on joints like universal  joints or bal l -and-socket  joints 
can be model led  by a surface which is the border  of  the al lowable zone for the 
link connected  to the joint. Using a similar method as in [14], we assume that 
this surface can be approximated  by a pyramid  with planar faces. For  the joints 
attached to the base,  the center of  this pyramid  is located at point A (Figure 6). 

As for  the constraints on the passive joints attached to the end-effector  we 
may  use the same model .  We define a pyramid  Pi with center Bi such that if 
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I I I I I 

X X  x 

Fig. 7. Modellation of the constraint on the joint at B: if the mechanical limits on the 
joint are satisfied, the point A 1 lies inside a pyramid (left). From this pyramid we deduce 
equivalent pyramid P'I centered at A I such that if the mechanical limits on the joint are 
satisfied then point B1 lies inside P/1 (right). 

the constraint on the joint at Bi are satisfied then point Ai lie inside the pyramid 
(Figure 7, left). From this pyramid we deduce an equivalent pyramid P" to Pi, 
whose center is Ai, such that if Ai lie inside Pi then Bi lie inside P~ (Figure 7, 
right). 

We consider  the intersection points of  the circle CB~ described by Bi with 
the faces of  the pyramid describing the constraints on the joint at Ai. These 
intersection points, if any, define arcs of  circle on CB~ such that for any position 
of  Be on the arc either the link AiBi is fully inside the pyramid (the constraints 
on the joint  are therefore satisfied) or some part of  the link lies outside the 
pyramid. For each of  these arcs we take an arbitrary point on the arc (usually 
the middle point of  the arc) and test if the link is inside the pyramid for this 

pyramid 

Fig. 8. The intersection points of the circles CB~ and the pyramid (dotted points) enable to 
compute the arcs (in dashed line) of the CB~'s, such that the passive joints constraints are 
satisfied. 
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position of  t3i. If this is true then the arc is an allowable region for Bi from the 
view point of  the constraints of the joint (Figure 8). A similar algorithm is used 
with the equivalent pyramid to find the allowable region for Bi from the view 
point on the constraints of the joint at Bi. 

From the allowable regions for Bi we deduce in a similar manner as for the 
link lengths constraints the allowable regions AJ&B~ for N~ on C N due to the 
constraints on the joints. 

At this points we have computed a set ¢4{' of arcs on C N for which the 

link lengths constraints are satisfied a set ..'AJA~B~ of arcs on C N such that the 
constraints on the joints at Ai, Bi are satisfied. The intersection of each arc in 
the set ¢4{ with the set AJA~B~ defines the arcs on which all the constraints are 
satisfied (Figure 9). 

3.4. LINKS INTERFERENCE 

An important factor limiting the rotation of the mobile plate is clearly the links 

interference. 
We define the distance between two links as the minimal distance between any 

pair of points on the links. It has been shown in [14] that the distance between 

link i, j ,  is the minimum of the following quantities: 

• the distance between the lines associated to the links if their common 

perpendicular has a point on each link; 
• the distance between a point B and its projection B p on the other link if 

t3 p belongs to the link; 
• the distance between a point A and its projection A p on the other link if 

A p belongs to the link; 

Range of rotation:0.00, 180.00 Range of rotat ion:IS0.00,360.00 

Fig. 9. For the manipulator described in the Appendix we have determined the allowable 
region for for the extremity of an unit link directed along the z,. axis of the mobile plate when 
the mobile plate rotates around the z axis after being rotated around the z axis. On the left 
the angle of rotation around x is in the range [0, rr] and on the right in the range [Tr, 27r]. The 
constraints limiting the rotation are the link lengths and the constraints on the base joints. 
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• the distance between the points of one of the two pairs of points (Ai, Bj). 

The notion of distance between the links is illustrated in Figure 10. 

We assume that each link i can be approximated by a cylinder with radius ri 
and will say that links i, j interfere if their distance if lower than d = ri + rj. 

We will consider without loss of generality only links 1 and 2 and will assume 
that the distance between A1, A2 and t31, t32 is greater than d (in the opposite 
case the links will always interfere). 

We define dij a s  the distance between the lines associated to the links i, j ,  

d(A, 8) as the distance between the points A,/3. P ~  denotes the projection of a 
point M belonging to link i on link j and Pi, Pj the points of line i, j belonging 
to the common perpendicular of lines i, j .  

For a given rotation angle 01 around X1 we want to determine the location 
of the point Bi such that the distance between the links i, j is equal to ri + rj. 
Therefore, we have to find the rotation angles 02 such that one of the following 
relations is satisfied: 

ct (B Bj) = + rj 

with Pi E Ai Bi 

with PJA~ E AjBj 

with pi Aj E AiBi 

with pi uj E A~Bi 

PjcAj j 

with PBi E AjBj 
d (Ai, Aj) = ri + rj 

(4) 

All the relations defined by (4) have the same form and can be written as: 

a l s in  ( 0 2 ) + a  2cos ( 0 2 ) + a  3 = 0  (5) 

where the ai coefficients are dependent only from the relation and the geometry 
of the robot. This kind of equation leads at most to two solutions in 02, i.e. two 

B2 

A2 A2 

AI 
AI 

bB2 O1 

D Az B~ 

Fig. 10. Distance between two links. 
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Fig. 11. At some points on CB~ 
ri + rj (dotted points). 

the distance between link i and another link j is equal to 

locations for the point Bi on the circle CBi such that the distance between link 
i and link j is equal to d. 

For the analysis of the possible positions of the point Bi on the circle CBi 
with respect to links interference, we will compute the set of points on CB~ such 
that the distance between links i, j is equal to d = ri + rj. This set is determined 
through Equations (5) and an example is shown in Figure 11. Therefore on the 
circle CB~ we get various set of critical points: 

• the intersection points of CB~ with the circles Ce~, Ci~; 
• the intersection points of CB~ with the faces of the pyramids describing 

the constraints on the joints centered at Ai, Bi; 
• the set of points such that the distance between links i, j is equal to ri + rj. 

This set of critical points defines various arcs on CB~. We consider each of 
these arcs of circle and test if the whole set of constraints is satisfied for one 
specific point of the arc (usually the middle point). If this test is tree then the 
arc is an allowable regions for Bi. From the set of allowable regions for Bi, we 
deduce a set of allowable regions .Aft ~ for N~ for which the constraints on link 

i are satisfied. Then the intersection of the six ~A/N~ defines the allowable region 
for Are on C N. 

Figures 12 and 13 show for example the possible regions for a unit link directed 
along the y axis when the mobile plates rotates around the x, z axis: this illustrate 
the possible rotation of the end-effector around the z axis. Clearly, a full rotation 
around this axis is not possible as links interference will occur. It may be seen that 
if links interference is not considered some of the circles C N can be completely 
described by Are: the leg lengths ranges and mechanical limits on the passive 
joints enable theoretically a full rotation. But as soon as links interference is taken 
into account the same circles are split is smaller components: links interferences 
have been detected. 
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Fig. 12. In thin line the allowable zones for a unit link directed along the -y~ axis of the 
mobile plate when the mobile plate rotates around the z axis after being first rotated around 
the x axis with a rotation angle in the range [~r/2 - 3rc/2]. On the left, the constraints are 
only the link lengths and on the right, links interference have been taken into account. 

R Range of rotation:270.00,450.00 

~ ~ - .  

Fig. 13. In thin line, the allowable zones for a unit link directed along the - g r  axis of the 
mobile plate when the mobile plate rotates around the z axis after being first rotated around 
the x axis with a rotation angle in the range [3~r/2 - 7r/2]. On the left, the constraints are 
only the link lengths and on the right links interference have been taken into account. 

4. Conclusion 

The algori thm presented in this paper  enables to compute  and represent two of  

the three possible  rotations of  the end-effector  around a fixed point. This is 

done by comput ing  the reachable regions of  the extremity of  a fixed-length link 

attached to the mobi le  plate. This algorithm takes into account  all the constraints 
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limiting the orientation workspace: links lengths range, mechanical limits on the 
passive joints, links interference. As this method is purely geometrical it imply 
few calculations: consequently this leads to a very fast and efficient algorithm. 

We plan extend this algorithm for computing the maximal workspace of parallel 
manipulator. 

5. Appendix: The Manipulator and Some Examples 

One of theprototypes of parallel manipulators developed at the Mechanical En- 
gineering Laboratory of Tsukuba [2] has been considered for this study. 

In this prototype the base joints are located under the base plate and the links 
go through a square opening. We can therefore model the joint constraints by a 
four-faced pyramid. 

The position of the joints centers and the minimum and maximum links lengths 
are given in Figure 14. We may notice that the joints have a disposition which 
imply some risks of links interference. 

The figures represent the orientation workspace for a unit link directed along 
the normal of the mobile plate for rotations first around the z axis then around 
the z axis. 

In Figure 15 the constraints are only the link lengths, in Figure 16 we have 
added the constraints on the base joints and in Figure 17 links interferences have 
also been considered (link radius: 8 mm). The allowable regions for N~ are 
drawn in grey. 

;ga 

Za 

~b 

Yb 

Zb 

prnax 

phi.in 

ink 1 2 3 4 5 6 

112.5 -225 -112.5 67.5 -135 67.5 

-194.856 0 194.856 -116.913 0 116.913 

-25 -25 -25 -25 -25 -25 

95.263 0 -95.263 -69.282 0 69.282 

55 -llO 55 -40 80 -40 

-20 -20 -20 -20 -20 -20 

757 757 757 733 733 733 

528 528 528 491 491 491 

Fig. 14. Position of the base and mobile joints centers and minimum and maximum links 
lengths (in mm). 
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R 

x = y = 0 , z =  530.000000 

R 

x=y=0,z= 530.000000 

R 

x----y=0,z= 580.000000 

R 

x=y='0,z---- 630.000000 

R 

×--y=0,z= 580.000000 

R 

x=y=O,z= 630.000000 

Fig. 15. Representation of the possible regions for the extremity of a unit link directed 
along the z r  axis of the mobile plate when the mobile plate rotates around the z axis after 
being first rotated around the z axis. The constraints are only the link lengths. 
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x=y=O,z= 530.000000 

P, p 

x=y=O,z= 530.000000 

x=y=O,z= 580.000000 

R I 

x=y=O,z= 580.000000 

R 

x--'--y----0,z= 630.000000 

I t  ) 

x = y = O , z =  630.000000 

Fig. 16. Representation of the possible regions for the extremity of a unit link directed 
along the zr axis of the mobile plate when the mobile plate rotates around the z axis after 
being rotated around the z axis. The constraints are the link lengths and the constraints on 
the base joints. 
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Range of rotat! ~.Q0.00, 180.00 

x =y=O,z--'-- 530.000000 

P,,~ I 

x-- -y=O,z---  5 3 0 . 0 0 0 0 0 0  

x=y=0 ,z=  5 8 0 . 0 0 0 0 0 0  

R 

×=y=0,z= 580.000000 

H 

x----y-----0,z----- 630.000000 

R 

x=y=0,z--  630.000000 

Fig. 17. Representation of the possible regions for the extremity of a unit link directed 
along the zr axis of the mobile plate when the mobile plate rotates around the z axis after 
being first rotated around the x axis. The constraints are the link lengths, the constraints on 
the base joints and links interfere. 
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