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Abstract. Weak solutions to the nonstationary Navier-Stokes equations in a 
half-space are locally bounded at the boundary except tbr a closed set with 
finite one-dimensional Hausdorff measure. 

1. Introduction 

The purpose of this paper is to show that weak solutions u to the nonstationary 
Navier-Stokes equations in a half-space satisfy a regularity condition at the 
boundary. This regularity condition says that, except for a closed singular set 
whose one-dimensional Hausdorff measure is finite, u is locally bounded at the 
boundary of the half-space. The precise statement of this result is contained in 
Theorem 1.1 below. 

In [1] it was proved that, at least in the case of a bounded domain, the interior 
singularities of the vorticity of u are concentrated in a locally closed set whose one- 
dimensional Hausdorff measure is finite. The vorticity of u can be replaced by u in 
the preceding statement. Theorem 1.1 extends that research to the boundary of the 
domain. It is interesting to note that the dimension does not jump up when we 
reach the boundary. 

Our half-space will be U={(x l ,xz ,  X3)SR3:x3>O}, its boundary will be 
denoted B(U), and the set of positive times will be R ÷ ={t  : t>0}.  The weak 
solution u is a function which is defined on U × R ÷. It is convenient to extend u by 
zero, so that it becomes a function on R 3 × R ÷. The spatial gradient o fu  (where we 
do not include the partial derivative with respect to time) will be written Du. 

Theorem i.1. If ~ :R3-~R 3 is an L 2 function, ~(x)=O when x$U, and div(~)=0 
then there exist u : R  3 x R+-*R 3 and SCB(U)x  [0, Go) such that the following 
conditions hold: 

(1) u(x,t)=O when xqsU ; DueL 2. 
(2) u is a weak solution to the nonstationary Navier-Stokes equations of 

incompressible fluid flow in U with viscosity = 1 and initial condition ~,. 

* This research was supported in part by the National Science Foundation Grant MCS-81-02737 

O010-3616/82/0085/0275/$05.00 



276 V, Scheffer 

(3) S is a closed set. 
(4) The one-dimensional Hausdorff measure of Sc~(R3x {t}) is a bounded 

fimction of  te R +. 
(5) I f  (a, b)e B(U) x R + and (a, b)(~S then there exists ~>0 such that u is bounded 

on the set {(x , t ) : l x -a l2+[ t -b l2<~2} .  

Condition (2) says that u satisfies properties (2), (3) of Theorem 1.2 of [1] (with 
w ° replaced by #). Condition (1) implies that u is zero on B(U) (in a weak sense). 
This is the adherence condition at the boundary. The proof actually shows that the 
one-dimensional Hausdorff measure of Sc~(R 3 x {t}) is at most Cl]~l[ 2, where C is 
a constant. 

Definition 1.2. Most of our notation is taken from [1]. In particular, we will use the 
notation I(f ,  A), M(f ,  A), B(x, r), K(x, t, r, s), D(t) introduced in Definition 2.1 of 
[1]. If BCR, f is a function defined on R 3 × B, and 9 is a function defined on R 3, 
then we set 

( f 'g)  (x, t) = S f(Y, t) g ( x -  y) dy. 
R 3 

2. Solutions to Linearized Equations 

Definition 2.1. Let X be the Hilbert space of all L 2 functions f : R 3 ~ R  3 with the 
usual inner product (f ,  9) = S fi(x) gi(x) dx. Let W be the closed linear subspace of 
X consisting of all w~X such that w(x)= 0 for almost every x~ U and div(w)= 0 [so 
that (w, grad(g))=0 for every gE C~(R 3, R)]. The orthogonal projection of X onto 
W will be called P. If f : R 3 ~ R  3 is any function we define the reflection 
f '  : R 3 ~ R  3 by means of the conditions 

f~(Xl, Xg, X3)-----fi(x1,x2, --X3) if i t  {1,2} ; f'3(xl, x>x3)= -- f3(Xl ,X2,  --X3). 

The function F : R 3 x R--+R is defined by 

F(x,t)=O if t<=O, F(x,t)=(4rct)-3/2exp(-lxlZ/(4t)) if t>O.  

We will also write ( (x )= F(x, t). The function J : R 3 ~ { O } + R  is given by 
J(x) -- - (4rctxl)- 1. 

Definition 2.2. We fix, once and for all, a smoothing function 0E C~(R 3, R) such 
that O(x) > O, O(x) = 0 if Ixl > 1, O(x) = 0 ( -  x), and tl 0I! 1 = 1. If e > 0 then 0~ : R 3--+ R is 
defined by O~(x) = ~- 30(~- ix). 

Lemma 2.3. We have c u r l ( f ' ) = -  (curl(f))' and hence curl(curl(f')) 
= (curl(curl(f)))'. I f  div(f) = 0 then div(f ')  = 0. 

Proof. This is a straightforward computation. 

Lemma2.4. Suppose e>O, c5>0, r>O, fie{I, 2,3}, the function f : R 3 ~ R  3 is 
defined by 

f e ( x l , x2 , x3 )=Oa(x t ,  x 2 , x  3 --r), L ( x ) = O  i f  i=[=fl, 

9 =  -cur l (cur l ( f  *J)), and F :R 3 x [0, oo)--+R 3 is given by 

F(x,O)=g(x)+g'(x), F(x,t)=((9+9')*Ft)(x) if  t>O.  
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Then F(x ,O)=P( f  + f ' ) (x )  for almost every x e U ,  F3(Xl,X2,0, t)=O, 
( D t F - A F )  (x, t ) = 0 / f  t > 0, d iv (F)=  0, and the following inequalities are satisfied: 

t f ( x l , x 2 , x 3 ,  t ) t<=C([xi l+[x2]+[x3--r[+tl /2)  -3 i f  x 3 > = O  , 

f(F,O~)(xl,x2,x3,t)[<C([x14+rx2[+]x3-rr+tl/2) -3 if  x 3 > O ,  

[DF(xx,X2, X3, t ) [ ~ C ( l X l [ + [ x 2 l + l x 3 - r [ + t l / 2 )  -4 i f  X3 ~ > 0 .  

Proof. Define h : R 3__, R 3 by h(x) = (9 + g') (x) when x E U, h(x) = 0 when x ¢ U. Since 
9 is a curl we conclude div(g)=0.  Now Lemma2 .3  yields d i v ( g + g ' ) = 0 .  
Combining this with (g3 + g~) (xl, x2, 0) = 0 we find 

(h, grad(p)) = ~ (9 + g')~(x) Dip(x) dx = 0 
u 

for any pe C~(R 3, R). This implies he W. If we W then Lemma 2.3 gives us 

(h, w) = ~ (gi +.q'i) (x) wi(x) dx = (g + g', w) 
u 

= ( -  (cur l (cur l ( ( /+  f')*J))), w) 

= ( -  (curl(curl((f  + f')*J))) + grad (d iv( f  + f ')*J), w) 

= (A((f  + f ' )*J) ,  w) = ( f  + f ' ,  w). 

Hence f + f '  - h is or thogonal  to W. All this implies h = P ( f  + f ' )  and hence F(x, O) 
= P ( f  + f ' )  (x) for almost every xe  U. Since F(x, t) = (g*Ft) (x) + (g.F~)' (x) we obtain 
F3(x 1, x2, 0, t) = 0. The next two assertions follow from the fact ( D r -  A F) (x, t) = 0 
when t >0,  d iv(g)=0,  and Lemma 2.3. The function g satisfies 

I(g *F~)(xl, x2, x3)] < C([(x.  x2, x3 - r)l + t "2)- 3, 

I(O*F~*0~) (X 1 , X 2, X3)] ~ C ( I ( X  1 , X 2 , X 3 - -  r)l  + t 1/2) - 3 ,  

[D(g*Ft) (x 1, x 2, x3)[ _-< C([(x 1, x z, x 3 - r)[ + t l / 2 )  ~4 . 

Hence g' satisfies 

I(g'*Ft) (xl, x2, x3) [ <= C(](xi, x2, - x 3 - r)[ ~- tl/2) - 3 

l(g':g/~t*0e) (X1, X2, X3) l ~ C([(X1,  X2, - -  X 3 - -  r)]-}- t 1/2) - 3 ,  

ID(g'*F~) (x 1, x 2, x3)l _-< C(l(x 1, x 2, - x 3 - r)t + ?/a)-4 .  

The  three inequalities in the conclusion of the lemma follow from the above, the 
fact that  [(xl, x 2, - x 3 - r ) [ > l ( x l , x 2 , x 3 - r ) ]  when x 3 > 0 ,  and IXx[+lx2[+lx3-r[ 
<= Cl(Xl, X2, x3 - r)l. 

Lemma 2.5. I f  0 < d  1 < d  2 and (al ,a2)~R 2 then 

( l x l - a l t + [ x 2 - a 2 I + d l ) - 3 ( l x l l + [ x 2 l + d 2 ) - 3  dxl dx2 
R ~ 

= ~ ([XI[ ~_ IX2[ _~ dl ) -  3 (ix1 _ al 1+ ix 2 _ a2 [ + d2 )-  3 dx 1 dx 2 
R 2 

< C(lal [ + la2l + d2) - 3 d;  a 
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Proof. This is straightforward. 

Lemma 2.6. Suppose ~ >0, 6>0,  r>0 ,  fie {1, 2, 3} and the function f is defined as in 
Lemma 2.4. Then there is a solution 

V : closure(U') x [0, oo)~R 3 

to the linearized Navier-Stokes equations 

d i v ( V ) = O , D , V - A V  is a spatial gradient, V(xl, x2,0, t)=O if t > 0 ,  (2.1) 

V(x, O)= P ( f  + f ')(x) for almost every xe  U 

satisfying the inequalities 

IV(Xl,X2,X3,t)l<=C(Jxll+lx2l+lx3-rl+ti/2) -3 if  x 3 > 0 , t > 0 ,  
(2.2) 

I(V*O,)(xl,x2,x3, t)l<-<_C(Ixil+lx21+lx3-rl+ti/2) -3 if x3->_2g, t > 0  

and 

i ~lDV(x,t)ldxdt<-<_Cs 1/2 if s>O.  (2.3) 
0 U  

Proof. We adopt the terminology of Lemma 2.4. Solonnikoff [2, pp. 243, 248] 
proved that the system 

div(v)=0, D~v-Av is a spatial gradient, 

v(xl, x2,0, t )=F(xi ,  x2,0,t  ) when t>O,v(x,O)=O 

for a function v : closure(U) x [0, oo)~R 3 is solved by 
2 b 

vi(a,b)= ~ S ~ Fj(Xl ,X2,0, t )Gii(al-xi ,  a z - x 2 ,  a3, b - t ) d x i d x 2 d t ,  (2.4) 
j = l  0 R 2 

where Gij : U x R + ~ R  satisfies the inequalities 

[Gii(x,t)l<fzt-1/Z(x3t-1/2)i(lxl+tl/2)-3, when 0<)~<1 ,  (2.5) 

[DG~j(x, t)l < Ct-  1/2(txI + ?/2)- 3 (x3 + ?/2)- 1, (2.6) 

when ie{1,2,3} and j~{1,2}. Observe that j does not have to take the value 3 
because Lemma 2.4 yields F3(xl,x2,0, t)--0. The properties of v and Lemma 2.4 
imply that the function V defined by 

V(x, t )=F(x , t ) -v(x , t )  for x3>0,  t > 0  (2.7) 

satisfies (2.1). Now we fix ae U and b>0 .  If t satisfies 

0 < t < b  and r + t ~ / 2 < a 3 + ( b - t )  1/2, (2.8) 

then Lemma 2.4, (2.5) with 2=0 ,  and Lemma 2.5 yield 

~ j(xl, x2, O, t) Gij(a i - xl,  a 2 - x2, a3, b -  t) dx 1 dx 2 

<= ~ C( lx i l+ lx2 l+r+t l / z ) -3 (b- t ) - i /2  
R 2 

( ] a  I - -  x l[ q - ] a  2 - -  x 2 [  q -  a 3 q-  (b - t )  1 /2 )  - 3 d x  1 d x  2 

<= C ( b -  t)- I/2 (fall + [a2[ + a 3 + ( b -  t)l/2) - 3 (r + tl/2) - i 
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The assumption (2.8) implies 

2([al[ + [a2[ + a3 + ( b -  01/2) > lai[ + [a2[ + aa + ( b -  t) 1/2 + r + t i/2 

> [a] + ( b -  t)i/z + tl/2 + r > ]a] + b 1/z + r. (2.9) 

Hence condition (2.8) gives us 

2 F/(X 1, X2, 0, t) Gij(a 1 - -  x1 ,  a 2 - -  x 2, a3, b - t) d x  1 d x  2 

<-_ C ( b -  t ) -  1/2t- 1/2(lal + b i/2 + r)- 3. (2.10) 

If, on the other hand, t satisfies 

0 < t < b  and r + t l / E > a a + ( b - t )  i/2, (2.11) 

then the same arguments with 2 =  1/2 yield 

2(tail + ta21 + r + tl/2) > iall + [a2] + r + t 112 + a3 + ( b -  t) 1/2 

> l a [ + t l / E + ( b - t ) l / E + r > l a l + b i / 2 + r ,  (2.12) 

and hence 

R~ ~ F j (x l '  x2, O, t) Gi~(a 1 - x i, a 2 - x 2 , a 3 , b - t) dx  1 dx  2 

='( I C ( [ x I l ÷ [ X 2 [ q - r ÷ t ' l / 2 ~ - 3 t h ~  ! t ~ - -  ~/f'l- 3/4rr 112~3 
R 2 

"(lal - -  x l [  -b ta2 - -  x2t ÷ a a + ( b -  t) i /2)-  3 dx  i d x  2 

< C ( b -  t ) -  314 a~/Z(lait+ ]az[ + r + tl/2) - 3 (a 3 + ( b -  t ) 1 / 2 )  - 1 

< C(b - t ) -  3/4a~12(a 3 + (b - t ) I /z ) -  l (la[ + b i/2 + r)- a. (2.13) 

Breaking up the integral of (2.4) into the cases (2.8), (2.11), and using (2.10), (2.13) 
we obtain 

b 
Iv(a, b)] < C([al + b 1/2 + r) -  3 ~ ( b -  t ) -  1/2t- 1/2 dt 

0 
b 

+ C(bl  + b 1/~ + r ) -  3 ~ ( b -  t ) -  3/4a~tZ(a3 + ( b -  t)l/2) - 1 dt 
0 

<= C(Ia[ + b 1/2 + r) -  3. 

When a 3 ~ 2e, the above implies ](v*O~) (a, b)] < C(]a] + b ~/2 + r)- 3. Combining this 
with the estimate 

([al + b 1/2 + r ) -  3 ,~ C([at[  + [a2[ + b l /2  + (a 3 + r))- a 

< C(la~l + la2[ ÷ b 1/z ÷ [a 3 - rl)- 3 

(which is true because a 3 >0) and using Lemma 2.4 and (2.7) we obtain the two 
estimates in (2.2). 

Again we fix a t  U and b>0 .  If condition (2.8) holds, then Lemma 2.4, (2.6), 
Lemma 2.5, (2.9) [-which is a consequence of (2.8)] and 

2(a 3 ÷ ( b -  t) 1/2) ~ a 3 ÷ ( b -  t) 1/2 ÷ r ÷ t 1/2 >- a 3 ÷ b 1/2 ÷ r 
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yield 

~2 F j (Xl ,  x 2, 0, t) DGi~(a 1 --  x i, a 2 - x 2, a 3 , b - t) d x  d x  2 1 

< C([al 1+ t22t + a3 + (b - t) i /2 ) -  3 (r + ? / 2 ) -  1 (b - t ) -  1/2 (a 3 + (b - 01 /2 ) -  1 

< C(la[ + b 1/2 + r ) -  3 (r + tI/2) - I (b - t)- 1/2 (a  3 _]_ bl/2 + r ) -  1 

If condition (2.11) holds, then Lemma 2.4, (2.6), Lemma 2.5, and (2.12) [which is a 
consequence of (2.11)] yield 

j F j ( x i ,  x2,  O, t) DGij(a  i - x i ,  a 2 - x 2, a 3 , b - t) d x ,  dx2[ 

<= C([al l+  la21 + r + ? / 2 ) -  3 (a 3 + (b - t) ~/2)- ~ (b - t ) -  ~/2(a 3 + (b - t)1/2) - 1 

< C(la[ + b i/2 + r ) -  3 (a 3 + ( b -  t)i/2) - 2 ( b -  t)- I/2 

Once again, consideration of the two cases (2.8), (2.11) and use of (2.4) gives us 

b 
[Dv(a, b)[ __< C(la[ + b 1/2 + r)- 3 (a 3 + bl/2 + r ) -  i ~ t -  1/2 ( b -  t ) -  1/2 dt  

0 

b 

+ C(]a[ + b I/2 + r)- 3 ~ (a 3 + ( b -  t)i/2) - 2(b - t)- 1/2 dt 
0 

Ca 3 t(]a[ + b 1/2 + r ) -  3. (2.14) 

Using (2.2) we obtain 5 IV(x, b)] 2 dx  < C b -  3/2 for b > 0. Therefore the fundamental  
v 

energy estimate for the Navier-Stokes equations yields 

~ S l D V ( x , t ) 1 2 d x d t < = C b  -3/2  for b>0.  (2.15) 
b O 

Now we fix b > 0 and define 

S = {(xl,  x2, x3)E R 3 : 0 < x 3 < ([xll + Ix2l + bl/2) - 3b2}, 

T= {(xl,x2,x3)eR 3 :([xl[+Ix2f+bi/2)-abZ<x3 <bi/2}. 

Then (2.14) yields 

[Dv(x, b)[ d x  < C j x ~  I([xlF + ]x2[ + bl/2) - 3 dx I dx  2 dx 3 
T T 

= C j" log, [(IxlI + fx2[ + bl/a)3b - 3/2-[ (ix1[ + ix21 + bl/2) - 3 dx  i dx  2 
R 2 

_-<C ~ loge[([(xl,x2)f ] / ~ + b l / 2 ) 3 b - 3 / 2 ] ( J ( x 1 , x 2 ) l  V 2 + b  1/2) 3 
R 2 

dx i d)c 2 

= C ~ log¢ [(s + b l / 2 ) 3 b -  3/2]  (S "J- b l / 2 )  - 3S ds < C b -  1 / 2  
0 
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In addition, (2.14) yields 

IDv(x, b)t dx 
U~ (TtoS) 

~-~ ~ I C x 3  l ( [Xl l - t -  IX21-t- X 3 -t- b 1/2) - 3 d x  I d x  2 d x  3 
bll2 R 2 

<C ~ x~l  a/z-1 1/2 = (x3+b ) dx3<Cb-  
bl/2 

Using the above, we find ~ IDv(x, b)l dx < Cb-  ,/2. Since 5 IDF(x, b)l dx < Cb-  i/2 
U~S U 

is a consequence of Lemma 2.4, we can use (2.7) to conclude 

j" IDV(x, b)l dx< Cb-  1/2 (2.16) 
U - S  

We also have 

! IDV(x, b)J dx < [volume(S)] 1/2 (! ID V(x, b)l 2 dx) 1/2 

Combining this with (2.15), (2.161 we find 

5 [DV(x,b)ldxdb<= 5 Cb-1/2 db+ Cb 3/4 tDV(x,b)t2 dx 1 Z db 
0 U 0 0 

<Ctl /2+ C(t2-i) 3/4 ~ iDV(x, b)l 2 dx 1/2dh 
i=0  t2 -~-1 

<=CtX/Z+ ~ C(t2-i) 3/4 
i=0 

• 5JDV(x,b)I2dxdb) (t2-i)l/2<-<_Ct 1/z . 
\t2 - i -1  U 

This concludes the proof of the lemma. 

3. An Approximate Solution 

In this section we fix a positive number e. 

Definition 3.1. If w is a function from an open subset of R into X and 
(w(s+h)-w(s))/h converges in L 2 as h approaches zero, then the limit will be 
denoted Dtw(s ). If f is a function with domain R 3 then ~? will be given by 
f(X1,X2, X3)=f(xI,X2, X 3-4e). When the domain of f is a subset of R3× R then 
we will also write f ( x , ,  x z, x 3, t) = f ( x  1, x 2, x 3 - 4e, t). 

For every e > 0  we can use a slight modification of the construction in [1, 
pp. 20, 21] (with ~ replaced by 0~ and ~ replaced by 0~) to find a continuous 
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function w" : [0, ~)---, W (where W has the no rm topology) such that, setting u~(x, t) 
= (w'(t)) (x), we obtain u~(x, O) = 7¢(x), 

lu~(x,t)12 d x ~  - 2 Ilwll~, (3.1) 
R a 

~ ID(u~.O~)(x,t)12dxdt<_(1/2) ~v 2 II 112, 
0 R a 

(3.2) 

D~w ~ is a norm cont inuous function on R +, and 

O,w~(s) = P ( -  ((~(s),0~) D j(w~(s),O~)),O~ + ~(w~(s),O~,O~)). (3.3) 

Let el,  e2, e3, ... be a sequence of  positive numbers  converging to zero. If  c~ = c~ k 
then u ~ will be denoted v k for the sake of  typographical  simplicity. Using (3.1) and 
the Can to r  diagonal process we can pass to a subsequence and assume that  there 
exists a measurable function u : R 3 x R ÷ ~ R  3 such that  v k converges weakly in L 2 
to u when the domain is restricted to a set of the form R 3 x (0, b), 0 < b < oo. In  view 
of  (3.2), we can also assume that  D(vg.O~,,) converges weakly in L z. Taking the inner 
product  with a test function, we find that  this weak limit coincides with the 
distribution Du. This proves the next lemma:  

Lemma 3.2. The distribution Du is an L 2 function and D(vk*o~k) converges weakly to 
it. 

Lemma 3.3. By passing to a subsequence, we may assume lim (vk*oe) (X,, t) 
k--~ co 

=(u*O,)(x,t) for almost every (x,t). In addition, one can modify u.O, on a set of  
measure zero so that it becomes a continuous function on R 3 x [0, oo). 

Proof. For  any e > 0 ,  (3.1) yields 

ll((~7(s)*0,)Dj(w~(s)*0,))*0~ll 
a , < lI(~v~.(s)*O~)(w~(s)*Dfl~)112 II0~ll~ < II~(s)*0,ll2 llw (s) DO~II~ 

-_< II~(s)ll = II0~[] 1 [Iw~(s)ll~ Iloo~[I2 < ~ I l z z l l O 0 ~ [ 1 2  • (3.4) 

Let a s R  3, f i e{I ,2 ,3}  and define f :Ra--*R 3 by fp (x )=O,(x-a) ,  f i(x)=O if i# f l .  
Let g = P(f).  For  any fi > 0 we let g°(x) = (g,O,O ( x -  (0, 0, fi)). If  0 < s 1 < s z and ~ = ak 
for some k, then the fact w~'(s)~W, (3.1), (3.3), the fact (P(h),g'~)=(h,g '~) (which 
follows from g'~eW), (3.4), the estimate IIw~(s),O~,O~LI2<llw~(s)ll2llO~tll [10~[11 
= Ilw~(s)][2, and (3.1) yield 

1(4,o~) (a, s2)-  (v~,o~)(a, s~)l 
: ; 

= ~ w~(s2)(x) P(f)~(~) d ~ -  ]~ w~(s~)(~) P(f)~(~) d~ 
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<= 13 w;(s2)(x)o~(x) e x -  .3 ~ wr(sl)(x) g¢(~) e~ 

+ II w~(s2)ll 2 I[ PT-  g~[I 2 + II w~(sl)]l 2 [] P f -  g~ [I 2 

s ÷ 
Ist R a 

s2 

< ~ f t(((~,j(s),0~)DCwr(s),0~l),0~)(x)o~(x)l ax ds 
Sl R 3 

$2 

+ ~ ~ zJ(~(s),O~,O,)(x) gJ(x) , /x  ds + 211 ~ll2 II ef - g oil z 

~2 $2 

-<- I II~[[~ IIDO~I[2 [lO°[t2ds+ ~ IIw~(s)*O~*O=ll2 l[Ag6ll2ds + 2[l~'ll2 Hef -g6[t2 
$I sl 

_-<_(s~-sl) ll~,ll] IIDO~II~ Ilg~ll~+(s~-s~)II~I12 Ilzlg~ll~+211~'ll~ llPf-g~ll~. (3.5) 

If 7 > 0  then 2t[~tl211Pf-g~tl2 can be made smaller than ;~ by choosing 6 
sufficiently small. Then the other two terms at the end of (3.5) can be made less 
than ~ by choosing s z -  s 1 to be small enough. This shows that (vk*0~)(a, s) gives us 
a uniformly equicontinuous family of functions of the variable s for every fixed 
point a. If {a1, az} C R 3 then (3.1) yields 

t(vk*o,) (a 1, S) -- (vk*O~) (a 2, s)[ 

= ~R3 vk(x' S) (O,(a 1 -- x)-- O,(a 2 -  x)) dx 

< ll~ll2 ( ;  'O~(al-x)-O~(a2-x)l a dx) 1/2 

= tlwt[2 ( ;  [O~(a,-a2 +x)-O~(x)[ 2 dx) 1/2. (3.6) 

Since the last line of (3.6) approaches zero as a 1 - a  2 goes to zero, we use the 
previous result to conclude that vk*O~ is an equicontinuous family of functions 
when restricted to K x [0, o9) for every compact set K C R  3. Using (3.1) we get 
I(vk*O~) (x, s)l < Ilffvll z llO, tI 2. Now Ascoli's theorem implies that, passing to a sub- 
sequence, we may assume that vk*o~ converges uniformly on compact sets to a 
continuous function. Since vk*o~ converges weakly to u*O~ on every subdomain 
R 3 x (0, b), the pointwise limit of vg*o~ must coincide with u*O~ almost everywhere. 
The proof of the lemma is now complete. 

In view of this lemma, we may assume that u.O~ is a continuous function. We 
also have [from w~(s)~ W] 

div(u)=O,u(x,t)=O if x(~U. (3.7) 

For  the next argument we will need to convolve with respect to the time 
variable. If the domain of f is a subset of R a x R and the domain of g is R then 
( f 'g)  (x, t)= S f(x,  s)g( t-s)ds  when the integral makes sense. We use the same 

R 

definition when f is defined only on R 3 x R + but g ( t - s ) = 0  whenever s__<0. Then 
the values of f outside R 3 x R + are irrelevant. 
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Lemma 3.4. Suppose ae  U, 0 < b' < b, 0 < ~ < a 3, fie { 1, 2, 3}, Y~ C~(R, R), support 
(r)c[-b',b'], r(t)= r(-t), and t />0.  Then 

[(ut~. ]c.0o) (a, b)[ 

~ C](u g)(x,b)l(Ix-a[+(b-b')~/2)-3dx 
R3 

+ (Ct/) max {[(((~j*0,) (u.O~)). ~') (x, s)l "(x, s)e K(a, b, ~, t12), j = 1, 2, 3} 
b 

+ ~ ~ Cl(((~*0,) (Diu*O~))* r) (x, s)l (Ix - al + (b - s) ~/2 + rl)- 3 dx ds. 
b' R 3 

Proof. Set r - -  a 3. We let V, f be the functions of Lemma 2.6 corresponding to our  
choices of c~, r, ft. The  function q~" R 3 x R ~ R  3 is defined by 

~ ( x , t ) = V ( x l - a l , x 2 - a 2 , x 3 , b - t )  if x~U and b'<_t<b, 

and qS(x,t)=0 otherwise. The restriction of u*Y to R 3 x[b',b] has these two 
properties : It is zero outside U x [b', b] and its spatial gradient is in L 2 [see (3.7) 
and Lemma 3.21. Hence we can say (u,r)(x~,x2,0,s)=O for a.e. xl,x2,s with 
b'<_s<_b. Lemma 2.6 implies that the restriction of Dt~b + A~b to U x (b', b) is a 
spatial gradient, and (3.7) yields div(u,  lr')=0. All this implies 

b 

S S D~(u~, r) (x, s) 4)~(x, s) dx ds 
b' U 

b 

+ ~ (. D i(ui* ~') (x, s) D i4i(x, s) dx ds 
b' U 

, t ¢ = ~ (ui* Y) (x, b) 4)i(x, b) d x -  S (ui Y) (x, b ) 4)i(x, b ) dx. (3.8) 
U U 

Let k be a positive integer and set ~ = c~ k. For  each s, the function g(x) = (dp, ?f) (x, s) 
is an element of  W (see Lemma 2.6). Using this fact, (3.3), and div(w~(s)) = 0  we find 

b 

b '  R 3 

0 

0 

+ 

O 

Dry'(x, s) ( ~) ~* Y) ( x, s) dx ds 
R3 

(. Dtw7(s) (x) (q~i* r) (x, s) dx ds 
R3 

5 (((#~.(s)*0~) Dj(w~(s)*O,~))*O~) (x) (~)i*)f) (x, s) dx ds 
0 R 3 

~ A(wi(s)*O~ .O~)(x)(c~i.~Y)(x,s)dxds 
0 R 3 

[, ( ~v~(s)*O~) (x) (w~(s)*O~) (x) (D ~i*  Y*O~) (x, s) dx ds 
R 3 

.( D:,(wi(s)~ ,O~,)(x)Dj(4i, r,O~)(x,s)dxds 
0 R 3 
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= ~ S (~.0~) (x, s) (v~.0~) (x, s)(Dj4~,, r.0~) (~, s) dx ds 
0 R 3 

oo 

- I ~ Di(v~*O~) (x, s) Dj(~* ~'*OJ (x, s) dx  ds.  (3.9) 
0 R 3 

Parts (2.3), (2.1) of Lemma2 .6  imply that Dc~,)",O~ is an L I function. Hence 
Lemma 3.3, the estimate [(fl'*O~) (x, s)l _-< II w It 2 II 0~ll 2 [see (3. t)], and the Lebesgue 
dominated  convergence theorem yield 

lim ~ .[ (r)~,O~)(x, s)(fl[,O~)(x, s)(DjO~* Y,O~)(x, s) dx ds 
k-~  co 0 R 3 

= ~ ~ (f i j*O,)(x,s)(ui*O~)(x,s)(Dj4)~*r*O~)(x,s)dxds.  (3.10) 
0 R 3 

The weak convergence of v g, the fact Dt(vk*~)=vk*Dtr ,  (3.10), Lemma 3.2, and 
D~peL 2 [see (2.1)] imply that  (3.9) yields 

b 

~ Dt(ui* l ~) (x, s) ~i(x, s) dx  ds 
b' R 3 

= ~ ~ (~j,o~)(x, ~)(~,,o)(x, s)(Die,, r,O~)(x, s) dx d~ 
0 R 3 

c.;o 

-- ~ ~ Djui(x, s) Dj(c~i* Y) (x, s) dx ds.  
0 113 

Hence (3.8), the fact q~(x, t ) = 0  when x(~U, and (3.7) yield 

[, (ui* Y) (x, b) 4)i(x, b) d x -  [. (ui* Y) (x, b') ~ ( x ,  b') dx 
R 3 R 3 

= - -  ~ ~ (((fij*O~)Dj(ui*O~))*)~)(x,s)(~*O~)(x,s)dxds. (3.11) 
0 R 3 

Lemma  2.6 yields 

(o(x, b) = V(x 1 - a 1 , x z - a 2, x 3 , O) = P ( f  + f ' )  (x 1 - a 1 , x 2 - a 2 , x 3 ) 

if xs~ U. In addition, 6 < a 3 = r and (3.7) imply (see Lemma 2.6) 

(ui,Y)(x,b) f [ (x l -a l ,  x2-a2,x3)dx= [, 0 d x = 0 .  
R 3 R 3 

Hence (3.7) and the symmetry of  0 yield 

S (u~* r) (x, b) q~i(x, b) dx 
R 3 

= ~ (ui* Y) (x, b) ( P ( f  + f '))i  (x l  - a l, x 2 -  a2, x3) dx 
R 3 

= j" (ui ,  F ) ( x , b ) ( f + f ' ) ~ ( x ~ - a l ,  x 2 - a 2 , x 3 ) d x  
R 3 

= j' (ui ,  Y ) ( x , b ) f i ( x x - a l , x 2 - a 2 ,  x 3 ) d x  
R a  

= .[ (u~* Y) (x, b) Oe,(x 1 - a 1, x 2 - a 2, x 3 - a 3 ) dx  
R 3 

= (ua* Y*0~) (a, b). (3.12) 
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Also, (2.2) yields 

~ (ui* 1") (x, b') c~i(x, b') dx 

< ~ [(u* r) (x, b')llV(x 1 - a 1, x 2 - a 2 , x3, b - b')l dx 
U 

< ~ Cl(u* r )  (x, b')l (Ix1 - a l l +  Ix 2 - a21 + Ix 3 - aal + ( b -  b')l/Z)- 3 dx. 
U 

(3.13) 

N o w  (3.11)-(3.13) and the definition of ~b imply 

, ! I(ua* r ,0~) (a, b)l ~ ~ Cl(u Y) (x, b )1 ( Ix -  al + ( b -  b')1/2) - 3 dx 
R3 

+ i r) (x,s) (3.t4) 

Let g : R 3 x  R-*[0,  1] be a function such that  g(x,s)= 1 when Ix -a l<rl /2  and 
b-rl2<s<=b, g(x,s)=O when Ix -a l>r t  and b - r t 2 < s < b ,  g(x,s)=O when 
s ~ [ b - t l  2, b], and IlDgll ~ <4tl-  1. 

Let K=K(a,b,~l, rl2). Using the first inequality in (2.2) we find 

[(~b,0~) (x, s)[ dx ds < Ctl 2. Proper ty  (2.3) yields 
K 

b 

I(Dq),O,)(x,s)ldxdsN ~ ~ [(D~o.O~)(x,s)ldxds 
K b - r l 2  R 3 

<= c ( ~ 2 )  ~/2 tlo, ll ~ = c n  . 

Using the above and div(u*0~)=0 [see (3.7)] we find 

i. ~ (((~j*O,) Dj(ui*O~))* 1") (x, s) (~*0~) (x, s) dx ds 

= i .3 ~ (((~j*0~) Dj(u~*O~))* r) (x, s) g(x, s) (¢~*0) (x, s) dx ds 

b 

b" 

=-i 
b' 

b -S 
b" 

b 

(((~j*O~) Dj(ui*O~))*Y ) (x, s ) ( 1 - g )  (x, s)(~)i*O~)(x, s)dx ds 
R 3 

(((~j*O~) (ui*O~))* 1") (x, s) Djg(x, s) (~i*O~) (x, s) dx ds 
R3  

(((~j*O,) (ui*O~))* Y) (x, s) g(x, s) (Dj~i*O~) (x, s) dx ds 
R 3 

(((~j*O~) Dj(ui*O~))*Y ) (x, s ) ( 1 - g )  (x, s)(dpi*O~)(x, s)dxds 
b' R 3 

_-< (Ct/) max {[(((~j,0~) (u*O~)). ~Y) (x, s)[ : (x, s) E K, j~ { 1, 2, 3 } } 
b 

+ S .(I(((~j*0) Dj(ui,O~)), r) (x, s) (1 - O) (x, s) (c~,,O) (x, s)l dx ds. 
b' R 3 
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If x = ( x  l, x 2, X3) and x 3 > 2e then the second inequality of  (2.2) yields I(q~*0,)(x, s)l 
<C(Ix-a l+(b-s ) l /2 )  -3. If, in addition, ( 1 -  9) (x, s) =~ 0 then [ x - a l + ( b - s )  I/z 
> 7/2 and we conclude [(~b,0,) (x, s)] < C(Ix-  a] + ( b -  s) 1/2 + q)- 3. If x 3 < 2e then 
(fi*0~) (x, t )=  0 for each t [see (3.7)] and hence 

(((a j ,0 . )  Oj(u,03), r )  (x, s) = o .  

All this implies 

b 

~ t(((fi~*0~) Dj(ui*O,))* Y) (x, s) (1 - g) (x, s) (q~i*O~) (x, s)l dx ds 
b" R 3 

b 

< f I C[(((fij*O) (D~u*O,))* 13 (x, s)l (Ix - al + (b - s) 1/2 + 7)- 3 dx ds. 
b" R 3 

This inequality and (3.14), (3.15) yield the conclusion of  the lemma. 

Lemma 3.5. Suppose c e R  3, d > 0 ,  z > h > 0 ,  h2 <d, 2e< z, and 0<0_<-h. Then 

I(u*03 (c, d)l = < 
d 

[~ ~ Clu(x,s)l(Ix-cl+~)-ah-zdxds 
d--h 2 R 3 

d 

-t- a_h2C~ (B(c,~)( I U ( X ' s ) p d x )  1/3h-3 ds 

+ (C0) max {](fi*0~) (x, s)l I(u*0~) (x, s)i : (x, s)e K(c, d, 0, 72)} 
d 

+ S ~ Cl(~*O~)(x,s)t ID(u*O~)(x,s)[ (Ix-c[+(d-s)lZe+q)-3dxds. 
d - h  2 R 3 

Proof. Suppose first that we have the case e<c 3 [where c=(c i, c z, c3) ]. If we set 
6=e, a=c, b=d then use of  Lemmas 3.3 and 3.4, with a sequence of  functions Y 
converging to the Dirac delta function, gives us 

t(u*O~) (a, b)I <= ~ CIu(x, b')l ( I x -  al + (b - b')1/2)-3 dx 
R3 

+ (C0) max {l(fi*0~:) (x, s)l l(u*0~) (x, s)] : (x, s)e K(a, b, 0, 72)} 
b 

+ S ~ Ci(fi*0) (x, s)l ID(u*O) (x, s)l ( I x -  aT + ( b -  s) 1/2 + 0)-  3 dx ds 
b' R 3 

for almost  every b' such that b - h 2 <  b ' <  b - ( 1 / 2 ) h  2. Averaging the above over all 
such b' and setting b ' =  s we find 

b - h2/2 

l(u*O,)(a,b)l<= ~ ~ C[u(x,s)l(lx-at+h/]/~) -a2h-2dxds  
b - h  z R3 

+ (C0) max {t(fi*0~) (x, s)l I(u*0~) (x, s)l : (x, s)e K(a, b, tl, 72)} 
b 

+ ~ ~ Ct(fi*0~)(x, s)] ID(u*O~)(x, s)t ( I x -  aJ + ( b -  s) 1/2 + 0)- 3 dx ds. 
b - h  2 R3 
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Combining this with 

[. [u(x, s)[ (Ix - a] + h)- 3 dx 
R3 

<= R3 ~ ~(a,[" ~/2) fu(x' s)[ ([x-  al + h)- 3 dx + C (\~(a, ~r/2) [u(x' s)I3 dx) 1/3 h-1 

we obtain the conclusion of  the lemma in case e < c  3. 
N o w  we observe what  happens in the case e < t//2. Using Lemma 3.4 with a 

sequence of numbers  6 converging to zero, a sequence of functions Y converging to 
the Dirac delta, and t//2 in place of  t /we  obtain 

]u(a, b)[ __< ~ Clu(x, b')] ( I x -  a] + ( b -  b') 1/2)- 3 dx 
R 3 

+ (Ct//2) max {[(~*0,) (x, s)] ](u*0~) (x, s)] :(x, s)~ g(a, b, 7/2, ~2/4)} 
b 

+ [. [. C[(~*O~)(x,s)[ [D(u*O~)(x,s)I (]x-a]+(b-s) l /2+~l/2)-adxds (3.17) 
b' R 3 

for almost  all a, b, b' such that a~ U, 0 < b ' <  b. Proper ty  (3.7) implies that  (3.17) is 
still true when a~U [because then u(a,b)=O]. If we integrate the above over 
aE B(c, ~) and use the corresponding inequality 

3 ( Ix -  a] + (b -  s) 1/2 + t//2) > I x -  al + rl/2 + (b -  s) t/2 + I1 

> Ix-al  + ~ +(b-s) l /2  + rl > lx -a t  + Ia-c l+ ( b -  s)l/2 +rt 

> Ix - cl + ( b -  s) 1/2 + t/, 

we find 

[. lu(a, b)[ da 
B(c,  a) 

<= S [. Clu(x,b')l(lx-a[+(b-b')l/2) -3 dxda 
B(e ,e)  R 3 

+ Ct/e 3 max {1(~*0~) (x, s)] [(u.0~) (x, s)[ :(x, s)E K(c, b, t//2 + ~, 72/4)} 
b 

+ [. [. Ce3[(~*O~,)(x,s)l [D(u*O~)(x,s)l ( ]x-c f+(b-s ) l /2+rl ) -3dxds  (3.18) 
b' R 3 

for almost all b, b' such that O<b'<b. If a~B(c,e) then 2 e < r  yields 

2(]x-al+ z ) > l x - a l +  ~+ z > l x - a l + [ a - c ] +  T>lx -c ]+  r. 

Proper ty  2e < I: also implies B(a, z/2) C B(c, "c/2 + e) c__ B(c, z). Hence the argument of 
(3.16) yields 

]u(x, b')[ (Ix - a[ + ( b -  b') t/2)- 3 dx 
R 3 

<= RS3 C[u(x'b')[([x-a[+'c)-3 dx +C(\B(,,.S~/2) lu(x'b')13 dx) 1/3 (b-b ' ) - ' /2  

< [. Clu(x ,b ' ) l ( Ix-c l+z)-3dx+C( [. lu(x,b')13dx) 1/3 (b-b ' )  -1/2. (3.19) 
R 3 \B(c ,  z) 
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If  we fix b such that  b > h 2, average (3.18) over  b'6 [ b - h  2, b-ha~2] ,  use (3.19) and 
e < q/2, and substi tute later b ' =  s, then we find 

t(u*O3(c,b)l< ~ Ce-31u(a,b)tda 
B(c,  ~) 

b 

< S ~ Clu(x , s ) l ( lx -c l+z)  - 3 h - 2 d x d s  
b - h  2 R 3 

b 

+ (C~/) max  {l(fi*0,) (x, s)t I(u*0) (x, s)l :(x, s)e K(c, b, t/, 1/2)} 
b 

+ ~ ~ Cl(fi*O~)(x,s)t IO(u*O~)(x,s)l ( l x - c l + ( b - s ) l / 2 + t l ) - 3 d x d s  
b - h  2 R3  

for a lmost  every b > h 2. N o w  the conclusion of the l emma follows in this case f rom 
the contunui ty  of  u*O~ (Lemma  3.3) and the subst i tut ion b =d .  

I t  remains  to examine the case c3<e, e>rl/2. I f  a~Uc~B(c,~), /?~ {1, 2, 3}, 
0 < b' < b, and 6, 1 ~ are as in L e m m a  3.4 then we conclude (3.14) just  as before. The  
function ¢ appear ing  in (3.14) was defined at the s tar t  of  the p roo f  of  L e m m a  3.4. 
Since (fi*O~)(x, t )=  0 whenever  x 3 < 2e [see (3.7) and Definit ion 3.1], p roper ty  (2.2) 
yields 

r)(x,s) (¢,,o,)(x, s) dx ds 

b 

<= ~ f Cl(((a~,O~)Oj(u,O~)),r)(x,s)l ( I x - a [ + ( b - s ) l / 2 ) - 3  dxds .  (3.20) 
b'  R 3 

Since a~ B(c, e) and c 3 < 8 we find a 3 __< 2~. If  I x -  a[ < ~ then x 3 < 3e, and hence (3.7) 
and  Definit ion 3.1 yield (~*0~)(x, t ) =  0. Hence  i x - a l  > 8 must  hold  when x is such 
that  the integrand on the right hand  side of  (3.20) is not  zero. Since we have 

3(Ix - at + (b - s)1/2) > Ix - at + 2e + (b - s)1/2 

>_ l x -  al + e + q/2 + ( b -  s) 1/2 

> I x -  al + l a -  cl + tl/2 + ( b -  s) 1/z 

> I x -  cl + rl/2 + (b - s) 1/2 

in such cases, (3.14) and  (3.20) imply 

](ua. r,O~) (a, b)l < j' C[(u* I0 (x, b')l (Ix - a[ + (b - b') 1/2) - 3 dx 
R 3 

b 

+ ~ ~ Cl(((fij,0,) Oj(u,O~)), r)  (x, s)l (Ix - cl + (b - s) 1/z + t//2)- 3 dx ds. 
b' R 3 

Using a sequence of functions 1 ~ converging to the Dirac  delta and a sequence of 
numbers  6 converging to zero, we find 

lu(a, b)l < ~ Clu(x, b')l (Ix - al + (b - b') ~/2)- 3 dx 
R 3 

b 

+ ~ ~ Ct(fi*0~) (x, s)[ lD(u*O~) (x, s)[ (Ix - c[ + (b - s) 1/2 + r//2)- 3 dx ds 
b' R 3 
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for a lmost  all a, b, b' such that  as  Uc~B(c,8), 0 < b ' < b .  P roper ty  (3.7) implies that  
the restriction a s  U is unnecessary. Integrat ing the above  over  a s  B(c, e), we obta in  
(3.18) wi thout  the "max"  term. N o w  the a rgument  that  follows after (3.18) gives us 
the conclusion of the l emma because the absence of a "max"  te rm makes  the earlier 
assumpt ion  e < ~//2 unnecessary. 

4. An Estimate for Approximate Solutions 

We continue working with the same number  s fixed in the previous section. Recall 
tha t  the functions u, fi are defined in terms of  e. Fo r  the remainder  of  this section, 
we fix ( a , b ) s R a x R  and z > 0 .  If  r > 0 ,  i e{1 ,2 ,3  . . . .  } and s s R  we set 

L(r)= {(x,t) : z -  r < = I x - a l ~  z + r , b -  ~2 <-t<-b}, (4.1) 

G(i) = K(a, b, z(1 - 2-~), z2(1 - 2 -  2i)), (4.2) 

D(s) = {(x, t) : t <=s} . (4.3) 

The  following assumpt ions  [(4.4) through (4.8)] will be in effect th roughou t  this 
section: 

a a = - 4s [where a = (a 1, a 2, a3)], z > 2~, b > z 2 ; (4.4) 

M 1 is a positive n u m b e r  such tha t  

S ]D(u*O~)(x , t )12+lD(u*O~)(x , t )12dxdt<Mtri fO<r<~; (4.5) 
L(r)  

if O<s<=z 2, t 1 = b - z  2, t2 = b - z 2  +s then 

t2 

t2 

~ ](f i*O~)(x, t) t[D(u*O~)(x, t)I([x-aI+'c)-3dxdtNMl"c-3s,  (4.7) 
t l  R 3 

t2 

~ lu(x, t)[ (Ix-- al + z ) -  3 dx dt < M t z -  is .  (4.8) 
t l  R 3 

Lemma 4.1. Suppose (c, d ) e R  3 x R, M 2 >0, and 

I(u*O~)(x,t)l<ME(Z2-i) -1 if  (x,t)sG(i)c~D(d), i s{1 ,2 ,3  . . . .  }. (4.9) 

Suppose also that [a-c[  < z, b - zE < d < b, and n, p are defined by 

2 - ( " + l ) < z - l ( z - l a - c l ) < 2  -", n i s a n i n t e g e r ,  (4.10) 

2 - 2 (P + l ) < z -  2 ( d -  ( b - z2 ) ) N 2 - E p, p is an integer. (4.11) 

Let  q = m a x  {n, p}. Then I(u*O~) (c, d)t <= C a M l ( z 2 - q ) -  1 + C1M2(z2-q)  - 1 for  some 
absolute constant C ~. 
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Proof. Using (4.10), (4.11), z > 0 ,  and d < b  we find 

2 -("+ t )<  z-1(z  - l a -  cl) <~r- ~r = t ,  

2 -  2(p+ 1) < "/7- 2 ( d -  ( b -  22)) < z -  2 ( b  - ( b -  22)) = r -  2.f2 = 1.  

Since n, p are integers and q = m a x { n ,  p}, we find 

n > 0 ,  p > 0 ,  q > 0 .  (4.12) 

Using (4.4), the resulting inclusion 

B ( a -  (0, 0, 4e), z(1 - 2-i)) CB(a, z(1 - 2-1))w{(xl, x2, x3) :x  3 < - 6e}, 

proper ty  (4.9), the fact that  (u,O~)(x, t )=0 when x 3 < - e ,  (4.2), and (4.3) we find 

I(fi*O~)(x,t)l<M2('c2-') - t  if (x,t)eG(i)nD(d), i~{1,2,3 . . . .  }. (4.13) 

Using (4.11) and q > p  we deduce 

d -  (b - r E) > 2 2 2  - 2(p + 1) ~ 222- 2(0 + 1) > .c22 - 2(q + 2) q_ rZ2- 2(q + 2) 

The  above and d < b yield 

b > d > d _  rZ2- 2(q+ 2) > b _  z2( l _  2-  2(q+ 2)). 

If fx-c]  =<22 -(q+2) then (4.10) and q>=n yield 

r x -  al < r x -  c[ + l c -  al <22  -(q+ 2)q_ Z-- 22 -("+ 1) 

< z2-(q + 2) + z -  1;2 -(q+ l) = "C - -  22 -(q+ 2). 

The above, (4.12), (4.2), and (4.3) yield 

K(c, d, "c2 -(q+ 2), .c22- 2(~+ z)) C G(q + 2)~D(d). 

Combining this with (4.9), (4.13) we find 

max {[(fi*O,)(x, t)l I(u*O)(x, t)l : (x, t)~ K(c, d, z2 -(q + 2), v22- 2(q+ 2))} 

< M~(z2- (~ + 2))- 2 (4.14) 

We define 
, /=  r 2 -  (q + 2), h = 22-  (p + 2). (4.15) 

Our  strategy is to use Lemma 3.5. Propert ies  (4.11), (4.12) yield 

b -  z 2 < d - h  i, h < z/4. (4.16) 

We have 2 ( t x - c l + z ) > t x - c t + z + z > l x - c I + I c - a t + z > _ _ l x - a l + z .  Hence (4.16), 
(4.11), (4.12), (4.8) yield 

d 

~ lu (x , t ) l ( l x -c l+z ) -3h-Zdxd t  
d - h  2 R 3 

d 

~ ~ C lu (x , t ) t ( l x -a I+z ) -3h -adxd t  
b -  ~2 R 3 

<= CMl'C- l ( d -  ( b -  z2))h - 2 ~ C M l z -  1.c2 2 -  2p h -2 ~ C M l h -  1 = C M l z -  12p+ 2 

< CMl z-12 q+ 2 . (4.17) 
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Also, Ic -a [  <~, (4.16), (4.6), and the argument  in (4.17) yield 

d 

d 

< M ~ ( d -  ( b -  zZ))h- 3 < M lz22- 2p h - 3 
<CMl~-12v+2<-_CM177 12q+2 (4.18) 

Now lc - al < v and (4.16) give us [x - a] + 1: ___< Ix - c[ + I c -  a] + ~ < Ix - c[ + 277 
< (21:h-1) ( Ix-c l  + h). Hence (4.16), (4.7) and the argument in (4.17) yield 

d 

S S I(fi*0~)(x, t)[ ID(u*O~)(x, t)[ (Ix - cl + ( d -  t) 1/2 + h)- 3 dx dt 
d - - h  2 R 3  

I1 

<(2zh-1)  ~ ~ f [(fi*O~)(x,t)[ ID(u*O~) (x, t)[ ( [ x - a l + z ) - 3 d x d t  
b - "c 2 R 3 

< (2zh- 1)3 M11:- 3 ( d _  (b - 772)) < C M l h -  31:2 2-  2p 

C M l h -  1 ~ Cliff 1 ~-12q+ 2 (4.19) 

If q = p  then h = t/[see (4.15)], (4.14)-(4.19), and Lemma 3.5 yield the conclusion of 
the lemma. Therefore, we may assume q>p. This implies [see (4.12)] 

q = n > p ,  n> l .  (4.20) 

We fix an integer k such that  p+2<=k<q+ 1. From (4.10) and (4.20) we obtain 
77-[a-ct<'c2-"<z/2,  and hence la-cl>='c/2. Then (4.t2) yields la-c[>='c/2 
>1:2-(P+Z)>---1:2-k. This implies that  we can define e k to be the point on the line 
segment joining a and c such that 

lek- cl = (3/4) 1:2- k, le k -  al = ia-- cl -- lek-- ct = la-- cl -- (3/4) 772- k. 

The above and la -c ]  < r yield 

B(% (1/4) 1:2- k) C B(a, 1:- 772 -(k+ a)). (4.21) 

Using (4.11) and p + 2 < k  we find 

d - (b  - 772) 7> t : 2 2 -  2(p+ 1) ~ z22- 2(k- 1) > 772 2-  2k + 1:2 2-  2(k+ ~) 

Hence we conclude d -  z22- 2k > b - -  772(1 - -  2 -  z(k+ 1)). Combining this with d < b, 
(4.21), (4.2), (4.3) we conclude 

K(e k, d, (1/4)1:2- k, ~2 2 -2k) 

C K(a, b, 1:(1 - 2-(k+ ,)), 1:2(1 _ 2-  2(k+ 1)))c~D(ar ) = G(k + t)nD(d).  (4.22) 

The definition of e k yields B(% (1/4)772 -k) C B(c, 772-k). This inclusion and the proof 
of Lemma 2.2 of [1] give us 

I([fi*O~[ 2, K(c, d, 772-k, 772 2-  2k)) 

< C(z2-k)s (max {l(fi*O~)(x, t)l 2 :(x, t)e K(% d, (1/4)z2-k, z22- 2k)}) 

+ C(1:2 -k)2 t([D(f**O~)12, K(c, d, 772 -k, v22 - 2k)). (4.23) 
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F rom (4.10) and k =< q + 1 = n + 1 [see (4.20)1 we conclude 

B(c, z2 -k) C {x : z - 22 -k+ 2 ~ Ix - a] < ~ + z2 -k+ 2}. (4.24) 

From d<b,  p + 2 < k ,  (4.12), and (4.11) we conclude 

b > d > d - - c 2 2 - Z k ~ d - ' c 2 2 - z ( P + Z ) > d - z Z 2 - Z ( P + l ) > b - z  2 . (4.25) 

Now (4.24), (4.25), (4.1) yield 

K(c, d, 22 -k, 222 - 2t¢) C L(z2-k  + z). (4.26) 

Using (4.26), (4.5), p + 2 < k ,  (4.12) we find 

I(IO(u*O~)l 2 , K(c, d, 22 -k, 222 - 2k)) 

< I(]D(u*O~)[ 2, L(z2-k+ 2)) < M l(z2-k+ 2). (4.27) 

The same argument  also yields 

l(ID(fi*O,)[ 2, K(c, d, 22-k, & 2 -  2k)) < M I(v 2-  k + 2). (4.28) 

Using (4.23), (4.22), (4.13), (4.28) we find 

I(]fi*O~l z, g(c,  d, 22 -k, 222 - 2k)) 
C('c2 - k) 5 m~(z2-  (k + 1)) - 2 + C(r2- k) 2 m 1 (z2 - k + 2) 

< c m l ( z 2 - k )  a + cm~(r2-k )  3 . (4.29) 

The inequality 

I~*0~l IO(u,O~)l <= (1/2)(22- k) - 1 [fi*0~12 + (1/2)(22 -k) [D(u*O~)J 2 

and (4.27), (4.29) give us 

I(lfi*0J ID(u*O~)l, K(c, d, 22- k, 222- 2k)) ~ CMI(z2 -  k)2 -t- CM~('c2- k)2 (4.30) 

when p + 2 < _ k < q +  1. Now (4.15), (4.20), the estimate 

d 
S I(~*0,) (x, s)l IO(u,O~) (x, s)l ( Ix-  cl + ( d -  s) ~/2 + ~ ) 3  dx ds 

d - - h 2  R 3 

d 

.( ~ l(~*O~)(x,s)tlD(u*O~)(x,s)[ (lx-ct--}-(d-s)l/2 +h)-3 dxds 
d - h  2 R 3  

q+l 
+ ~ C(~2-k) -3I(tfi*0~tID(u*0~)I, K(c,d, z2-k,'ca2-Zk)), 

k=p+2 

properties (4.14)-(4.19), (4.30) and Lemma 3.5 yield the conclusion of the lemma. 

Lem:ma 4.2. There exist absolute constants C2>0,  C a such that the following is 
true : I f  m 1 <= C z then I(u*O~) (x, t)I <= 2C32-1 for every (x, t)6 K(a, b, z/2, 322/4). 

Proof. We choose C 3 > 0  so that  C1C 2 <(1/4)C 3. Then we choose C 2 > 0  so that  
C1C 2 <(1/4)C 3. Let f :interior(K(a, b, z, & ) ) ~ R  + be a continuous function such 
that  

C 3 2 i z - l ~ f ( x , t ) > C 3 2 i - l z  -1 if ( x , t )~G( i )~G( i -1 )  (4.31) 
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for i~{1,2,3, ...}. Here G(0) is the empty set. In particular, we get 

f(x,t)<=C32~z -1 if (x,t)eG(i). (4.32) 

We will prove 

l(u*O,)(x, Ol<=f(x,t) when (x,t)einterior(K(a,b,'c, z2)). (4.33) 

Assume that (4.33) is false. Then the nature of f and the continuity of f and u.O, 
(see Lemma 3.3) imply the existence of (c, d)e interior(K(a, b, z, ~2)) such that 

t(u*O.) (c, d)l = f(c, d), (4.34) 

I(u*O~)(x,t)l< f(x,t) if (x,t)~O(d)~interior(K(a,b,% v2)). (4.35) 

Then c, d satisfy la-cl <~, b-z2<d<b. We define n, p, q as in Lemma 4.1 and set 
M 2 = C 3. Then (4.32), (4.35) imply that (4.9) is satisfied. All this implies implies that 
the hypotheses of Lemma 4.1 are satisfied and hence we get (using M 1 ~ C2) 

I(u*Oe) (C, d)[ ~ C 1 c22q'c- 1 at_ C1 c22q.c- 1 (4.36) 

The definition of p, n, q yields (c,d)¢interior(G(q)). Hence (4.34), (4.31) yield 
I(u*0~) (c, d)[ > C32qv - 1. Combining this with (4.36) we get C 3 <= C1C z + C1C ~. Now 
the definition of C 2, C 3 yields C 3 =<(1/4)C 3 +(1/4)C3, which is a contradiction. 
Hence (4.33) is true. Setting i=  1 in (4.32) and using (4.33), (4.2) we obtain the 
conclusion of the lemma. 

5. Isolating the Singular Set 

Once again, we fix ~ > 0 and consider the corresponding functions u, ~. Lemma 3.2 
and (3.2) yield 

~ [Du(x, t)l 2 dx dt<(1/2)II~[l~. (5.1) 
0 R 3 

A consequence of (5.1) and II0~111 = 1 is 

< (1/2) II ~1[ 2. (5.2) 

Using (3.1) we find 

s '  

S lu(x,t)]2dxdt<(s'-s)ll~]l~ when 0 < s < s ' < o e .  (5.3) 
s R 3 

This also yields 

i S s  R3 t(u*O)(x't)12dxdt<:ItO[12(iiSR~ Iu(x't)12dxdt) 

< (s ' -  s) II w I[ ~- (5.4) 
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Lemma 5.1. There exists an absolute constant C 4 > 0  with the following property: 
Suppose (a, b)e R 3 × R, tr > 0, b > a 2, 

b 

~ ID(u*O,)(x,t)[2+FD(fi.O,)(x,t)lZdxdt<_<_C4tr, (5.5) 
b - a  2 B(a, 2a) 

and 

b 

f ~ dt< (5.6) b_o (.,°2olu(x,t)13dx)" 
b 

J ~ I(~,O~)(x,t)llD(u,O~)(x,t)l(Ix-al+~r)-3dxdt<=C4cr -~,  (5.7) 
b-o-2 R 3 

b 

[. f. lu(x, t)l ( I x -  al + o')- 3 dx dt ~ C4 a . (5.8) 
b - i f 2  R 3 

Then there exists z such that a/2 < z < a and properties (4.5)-(4.8) are satisfied when 
M 1 = C 2. 

Proof. This is a consequence of the Hardy-Li t t l ewood weak-type inequality for L 1 
and the fact that  a/2 < z < a implies (Ix - al + z) - 3 __< 8(Ix - al + a ) -  3. 

Lemma 5.2. Suppose (a,b)e R 3 x R, a 3 = --4~ (where a=(al,a2,a3) ), a > 4e, b > a 2, 
and properties (5.5)-(5.8) are satisfied. Then 

I(u*O~)(x,t)l<4Caa-1 if (x,t)eK(a,b,e/4,3a2/16). 

Proof. This follows from Lemmas 5.1 and 4.2. 

Lemma 5.3. I f  (a,b)~R 3 xR ,  a 3 < 0  , and b>tr 2 then 

and 

b 

<(Ca3/2) S S IDu(x,t)lZdxdt) 1/2 
b a z B(a,4,r) 

b 

~ lu(x, t)l (Ix - al + a ) -  3 dx dt 
b--¢;2 R3 

<(Cal/2)(b_~2~R3lU(X,t)12(lx--al+a)-S/2dxdt)+(X/2)C4cr- 

Proof. F r o m  a 3 < 0  and (3.7) we conclude 

S lu(x,t)l 2( S IDu(x,t)l 2 dx) 
B(a, 4o') \B(a, 4.a) 
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for almost all t>0 .  Hence Lemma 2.6 of [1] yields 

b 

b 

--< b -J C(2~)-a/2a( ~ x~(o, ff 4~) IDu(x't)12dx) a/2dt 
b 

+ b - ~ C(2a)1/2 ~B(a, (~4~) IDu(x't)Iz dx) ~/2 dt 
b ~1/2 

<=Ca3/2  b ~ff2 n(a(4~) [Du(x't)[2 dxdt)  • 

In addition, 

lu(x, t)l ( Ix-  at + a)- 3 dx 
R 3  

~ Cy[u(x, 012 (Ix - a[ + a)- 5/2al/2 dx + ~ Cy- 1(Ix - a[ + 0-)- 7/2a- 1/2 dx 
R 3 R 3 

j C7[u(x, t)[ 2 ( Ix-  al + a)- 5/2ai/2 dx + C5v - l a -  i 
R 3 

for almost every t > 0 and every ? > 0. The second inequality of the lemma follows 
by substituting 7=(C~ 1(1/23C4)-1 and integrating over t. 

Lemma 5.4. There exists an absolute constant C 6 with the following property: 
Suppose (a,b)~R3x R, a 3 = - 4 e ,  o-> 4e, b>o  -2, 

b 

[. ~ IDu(x,t)t2 +lD(u*Oe)(x,t)I2 +ID(u*O~)(x,t)12 dxdt<=C6 ~, (5.9) 
b -  a2 B(a, 4 a )  

b 

j j [(fi*O¢)(x,t)l[D(u*O~)(x,t)[ ( [ x - a [ + a ) - a d x d t < C 6  a - l ,  (5.103 
b-rr 2 R 3 

and 

b 

S ~ lu(x,t)12(Ix-a[+G)-5/Zdxdt<=C6al/z. (5.11) 
b - o - 2  R 3 

Then [(u*0~)(x, t)[ _-< 4C3a- 1 whenever (x, t)~ K(a, b, a/4, 3cr2/16). 

Proof. This follows from Lemmas 5.2 and 5.3. 

Definition 5.5. For each o->0 we choose a countable set Z(a)CR 2 such that 

R 2 x {0} ( ~ interior of B((c D c 2, 0), ~r/4), (5.12) 
(cl,c2)~Z(a) 

Ic-c'[>~r/4 if {c,c'}CZ(cr) and c,~c'. (5.13) 

Lemma 5.6, There is an absolute constant C v with the following property: Let a > O, 
b > cr 2 and define 

S 1 ={(q,c2,  -4e) ' (c l ,c2)~Z(a  ) and (5.9) is false when a=(cl,  c2, -4e)}, 
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S 2 = {(q, c2, - 4e) : (cp c2)e Z(o-) and (5.10) is false when a = (cl, c2, - 4e)}, 

S 3 = {(q, c 2, - 4~) : (c l, c2)e Z(o-) and (5.11) is false when a = (c l, c z, - 4e)}. 

Then $1~$2uS3  is a set with at most Cvt[@l122o- -1 elements. 

Proof. Using (5.13), (5.1), (5.2) and Definition 3.1 we find 

(C6o-) (cardinality of $1) 
b 

<- ~ ~ ~ ]Du(x,t)I2 +ID(u*O~)(x,t)J2 +jD(fi*O~)(x,t)l 2 dxd t  
aeS1 b -  a 2 B(a ,  4 a )  

< c t l , ~ l t ~ .  

Similarly, (5.13), (5.4), (5.2) yield 

(C6o . -  i) (cardinality of $2) 
b 

< E Y f t(fi*0~) (x, t)I ID(u*O~) (x, t)l (ix-- aJ + o-)- 3 dx dt 
aES2 b - 0 .  2 R 3 

b 

< ~ ~ C[(fi*0~)(x, t)l [D(u*O~)(x, t)lo--3 dx dt 
b - a  2 R 3 

b b 

< ~ ~ Cl(f**O~)(x,t)lZo--4dxdt+ ~ ~ C[D(u*O~)(x,t)l 2o--zdxdt  
b - 0 . 2  R 3 b - t r 2  R 3 

< c o - -  ~11~11~ + co - -~ l l~ l l 2  2 . 

Using (5.13), (5.3) we find 

(C6 oa/2) (cardinality of $3) 
b 

< ~ Y y lu(x, t ) lZ(Ix-al+o-)-5/2dxdt  
deS3  b - 0 .  2 R 3 

b 

<- S ~ Ctu(x,t)l~o--~/~ < -1/~ - ~  _ d x d t = C o -  HwII2 .  
b -  0 .2 R 3 

Lemma 5.7. Suppose o->4e and b > o- 2. Then there exists a set of  points {(cll, ci2 ) : 
i = 1, 2 , . . . ,  N}  C Z(o-) such that N < C 7 tl w II 2(r- 1 and the following property holds: If" 
(cl, e2)eZ(o- ) and (cl, c2) is not one of the (cil,ci2) then 

[(u*0~) (x, t)[ <4C3o-- 1 whenever (x, t)~ K((Cl, C 2 ,  - -  4e), b, o-/4, 3o-2/16). 

Proof. Let { ( c w c j }  be an enumerat ion of all (cl,e2) such that 
( e p c 2 , - 4 e ) 6 S l w S 2 ~ S  3 (see Lemma 5.6). The conclusion follows from the de- 
finition of the S~ and Lemma 5.4. 

6. The Limit as Epsilon Approaches Zero 

We choose a sequence el, e2, %, .-. of  positive numbers  converging to zero, and we 
let u 1, u 2, u3, ... be the corresponding functions u constructed in Sect. 3 (with ~ -- %). 
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Using (5.3) (which is valid for every u = u ") and passing to a subsequence, we find 
u : R 3 x [0, oo)-~R 3 such that u"~u weakly in L 2 when the domain is restricted to a 
set of the form R 3 x [-0, T], T <  oe. In addition, (5.1) implies 

t[Ou.]lz2~(1/2) - 2 [Iwl[2, I[OulI2_~(1/2) [Iwt12.- a (6.11) 

For any fixed 6 >0,  a slight variation of the argument in the proof of Lemma 3.3 
shows that the functions u"*O~ are equicontinuous and uniformly bounded on 
compact subsets of R a x I-0, co). From the inequality I[(f,Oo)-f]lz<C6]IDf][2 
(used for f = u "  and f = u )  and (6.1) we conclude (using Ascoli's theorem and 
passing to a subsequence) that u" converges to u in L 2 norm when the functions are 
restricted to a compact subset of R 3 x [0, co). This implies 

lim ~ ~ (fi~*0~,) (x, t) (u~*O~,) (x, t) (D fli*O~,) (x, t) dx dt 
n-*oe 0 R 3 

= ~ ~ uj(x, t) ui(x , t) Dfli(x, t) dx dt 
0 R a 

if ge C~(R 3 x R, R 3) and e = e, is used in the definition of fi". Now the construction 
at the start of Sect. 3, (3.7), and (6.1) imply that u satisfies properties (1), (2) of 
Theorem 1.1. 

Lemma6.1. Suppose a>O and b > o  "2. Then there exists a set Y(a,b)CZ(a) (see 
Definition 5.5) such that the cardinality of  Y(a,b) is at most CTfI#IlE2rr -1 and the 
following property holds : I f  (el, c2)6 Z(a) and (ca, c2) ¢ Y(a, b) then 

[u(x, t)[ =<4C3•- i whenever (x, t)~K((c i, c 2, 0), b, ~/4, 3a2/16). 

Proof. This follows from Lemma 5.7 (which applies to the functions u") and a 
subsequence argument. 

Now we construct the (possibly empty) singular set S. For  is {1, 2, 3,...} and for 
every integer j we define b(i,j)= i-a j~8 and 

S(i) = {(xl, x2, O, t)~ R 3 x R : 0 <- t <- b(i, 8)} 

UjU---9 r~ K((cl'cz'O)'b(i'j)'i-~/4'3i-2/16)" 
'=  (c1,c2)~ /i,b(i,j)) 

o2 

Let S = (1 S(i). The set S is a closed subset of B(U) x [0, co) (see Sect. 1). We will 
i = l  

show that, for any fixed t>0 ,  the one-dimensional Hausdorff measure of 
S~(R 3 x {t}) is at most C71]~ll~. 

Let 6 > 0  and choose an integer i large enough so that i-1/2 <6  and i - 2 <  t. 
Then 

Sn(R ~ x { t } ) c S ( i ) ~ ( R  3 x ( t } )  

C 0 U K((cDcz, O),b(i,j),i-1/4,3i-2/16)n(R3x{t})" 
j =  9 @l,ez)eY(1/i,b(i,j)) 
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There  exists an integer J such that  i -  2 ( j _  1)/8 < t < i-  2j/8. The above implies that  
we can write 

S ~ ( R  3 × {t}) 

J + l  

C U Q) K((cl,c2,0),b(i, j) , i-~/4,3i-z/16)c~(R 3 x {t}). 
j= J (Cl,C2)eY(1/i,b(i,j)) 

Since Y(1/i, b(i,j)) has at  most  C 7 [I w 1I 2i elements (see L e m m a  6.1) and  the d iameter  
of  K(a, b, i-1/4, 3i-2/16)r~(Rax {t}) is at mos t  i -1 /2<~,  we conclude that  
Sc~(R3× {t}) can be covered by sets A1,A  2 . . . . .  A N where N<=2C7I[~[[2i and 
d iameter  (Ak) < i-  1/2 < 6. Since 

N 

d iameter  (Ak) <= (2C 7 II w I[ 2 2 i) ( i -  1/2) = C 711 ~ I[ 2 
k = l  

is valid in such cases, we conclude tha t  the one-dimensional  Hausdor f f  measure  of  
Sc~(R a × {t}) is at mos t  CT]]~[I 2. 

N o w  we prove  the last p roper ty  in the conclusion of T h e o r e m  1.1. Let 
(a,b)EB(U) x R + such that  (a, b)~S. Then there exists i such tha t  (a, b)~S(i). This 
implies (since the third componen t  of  a is zero) b > b(i, 8). There  exists an integer j 
such tha t  b( i , j ) -3 i -2 /16<b<b( i , j ) ,  and we mus t  have j > 9 .  F r o m  (5.12) and 
as B(U) we conclude 

a s  interior of  B((q,  c 2, 0), i-  t/4) 

for some (cl, c2)sZ(i-1).  Hence we get 

(a, b) s interior of  K((c 1, c 2, 0), b(i, j), i -  1/4, 3 i - 2/16). 

The  facts j > 9  and (a, b)~S(i) imply that  (cl, cz) is not  an element of  Y(1/i, b(i,j)). 
N o w  L e m m a  6.1 tells us tha t  u is bounded  on the open set 

interior of  K((c 1, c z, 0), b(i,j), i -  1/4, 3 i -  2/16), 

which contains (a, b). 
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