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1. Introduction

For the efficient numerical treatment of viscous flow problems it would be
highly desirable to work with solutions of the Navier-Stokes initial-boundary
value problem, which are as smooth as possible at least at the initial time t=0.
However in [6, p.243] Heywood has drawn attention to a compatibility
condition, which must be fulfilled by the initial value of any Navier-Stokes
solution being strongly H, - continuous at time t=0. In the joint paper [7,
p. 277] with Rannacher the authors pointed out, that because of its non-linear
and non-local nature, this condition “is virtually uncheckable for given data”.
A compatibility condition of this type has already been formulated in
Ladyzenskaya’s book [12, p. 168]*. Recently Temam [22] has shown this type
of a non-local condition to be not only necessary, but also (in the case of
initial values from H,) sufficient for strong Hj;-continuity at time t=0 for
solutions of a class of semilinear evolution equations.

The following note gives an answer to the question, how smooth a Navier-
Stokes solution can be at time t=0 without any compatibility condition men-
tioned above. For this aim (roughly spoken) we measure the smoothness of a
vector function u(t) by means of the exponent o of the highest fractional power
A®* of the Stokes operator A, which is applicable on u(t), the function A*u(z)
being strongly continuous at t=0.

We will see (Theorems 3.1, 4.1 below), that the exponents being possible
without the above compatibility condition are «<3. This follows with methods
from Fujita and Kato’s work [4] together with results on interpolation
spaces from Lions and Magenes’ book [14].

By the way we will find, that Heywood’s and Temam’s formulations of the
compatibility condition differ in so far, as Heywood’s condition follows from
the strong continuity of the external force f(z) itself at time =0, while
Temam’s condition is a consequence of the strong continuity of Weyl’s ortho-
gonal projection of f(¢) at t=0, c.p. Sect. 4 below.

1

c.p. also Solonnikov [20, p. 97]
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2. Local Strong Navier-Stokes Solutions. Notations

Let 2 be a bounded open set in the (x', x% x°)-space R, the boundary 0Q
being a compact 2-dimensional C,-submanifold of R>. The velocity vector
u(t, x)=(u', u* u*) and the pressure function p(t, x) of a nonstationary incom-
pressible flow in Q at times t=0 solve the Navier-Stokes initial-boundary value
problem
o
Eu—AujLVp:f—uVu, V.u=0 for t>0,

upe=0, u(0, )=u, (2.1)

with the prescribed (density of the) external force f(t, x}=(f* f2% f7), if we
assume the condition of adherence on 0Q, and if distance and time are
measured in the appropriate units.

A particularly adequate framework for (2.1) give the Hilbert spaces H,, of
vector functions (defined almost everywhere) on Q, which belong to Lebesgue’s
class I7(Q) together with their spatial derivatives up to the order m=0, 1, ....

We write the norm i
e, =( 2 J10ef ()2 dx)

Inlsm Q

on H, with the usual multi-index n=(n, n,, n,) containing the integers n;=0,
In|=n,+n,+n,, where |0% f(x)| stands for the Euclidean norm of the vector
(@ f (x)/(@x 1y (0x?)"2(0x>)*)eR 3. For the I2(Q)-norm we will write | /|| = | fla,-

By #, we denote the closure in H,, of the linear space D(£2} of divergence-
free C_,-vector functions having compact support in @, P being Weyl’s ortho-
gonal projection of H, on #,. Finally let A be Friedrichs’ selfadjoint extension
of the positive definite, symmetric operator - PA in 4, with D, (or D,.)
denoting the domain in 4, of the “Stokes operator” A (or of the fractional
power A% respectively, for any real «=0). We recall, that D . is a Hilbert space
equipped with the usual graph norm (|| f [+ | A*f |*)"?=|f1p ,.-

With these notations and since P commutes with the strong time derivative
0,, the Navier-Stokes initial-boundary value problem (1.1) leads to the evolu-

tion equation
@, +A)u=P(f—uVu), >0, u(0)=uyu, {2.2)

for the #-valued function u(t)=uf(t, -).

Because we are interested in Navier-Stokes solutions which are as reg-
ular as possible at t=0 without any additional compatibility conditions, we
assume uoeH;NH, for the initial value, the external force f:[0,c0)—H,
being uniformly Holder-continuous with Holder-exponent ve(0,1), ie.
fE Cv([on 00)7 HO)

More generally for any fixed interval J=RR' and any Banach space H with
norm |+, we will write C,(J, H) for the class of strongly Holder-continuous
functions f: J—H with

Lfl="sup  {fO—f)lg-ft—sI7"} <co0.

t,s€
O<ft—st<1
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By C,{J,H) we denote the usual Banach space of continuous functions
fiJ—H.

Then from Fujita and Kato’s work [4, p. 293, 303, 312] we know, that on a
(possibly small) time interval [0,T], T>0, the unique strong solution
u(t)est;nH, of (2.2) exists, u together with the associated gradient Vp repre-
senting the unique solution of (2.1) on [0, T]. For u, the inequalities

(@) |4*u@®)£c, for te[0,T] and (b) [4"u],=Zc,, (2.3)

hold with any ae[0,1), ue(0,1) if a+pu<1, the bounds c,, ¢, ,>0 depending
only on |ugly,, 2, T, « and u. In the following, by ¢, ¢c¢, ¢, ... we will denote
positive constants, the value of which may be different in different sections.

3. Strongly Continuous Navier-Stokes Solutions in D, ., e€[0, 1

Let u, Vp be the local solution of (2.1), u existing on a time interval [0,77], on
which (2.3) is valid. We prove

Theorem 3.1. Assume uy€D .., €€[0,7), PfeC,([0,00), D,) with Holder-
exponent pe(0,1]. Then ueC, ([0,T], Dji..) holds. If, in addition feC,
([0, c0), Hyy), then the unique pressure gradient from (2.1) is

Vp=(1—P)(f—uVu+AuweCy([0,T], Hy). 3.1)
For the proof, we use the integral equation
W) =euy— A1 (1 — e~ Y PVu—1)(0)
et AP (V=) - WTu—)0)ds

=Il+12+13’ (32)

which follows from the integral Eq. (1.11) in Fujita-Kato [4, p. 272] because of
the identity

T
femt=94ds=A"1(1—e"4),
0

[8, p.489]. Since the strong Holder continuity of PuVu—f)eC,([0,T], ;)
guarantees the existence and also a Holder estimate of 4*I, even for exponents
oell,1+v) [4, p.281, Lemma 2.13], the belonging of the projection PuVu)
from the second term I, in (3.2) to D, will be the decisive point for the
following estimates. The statement on P(uVu)eD,. for any positive e<Z will
follow in the framework of Lions and Magenes’ interpolation spaces [14].
Results in more general Banach spaces are due to Kielhofer [10] and v. Wahl
[23, 24].

The proof of Theorem 3.1 results from the following Lemmata 3.1-3.4 and
Corollaries 3.1-3.3. Firstly we state
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Remark 3.1. The equality #, nH,=D, holds, since the operator A4 is defined
on #; nH, with values in 3 and, due to Cattabriga’s Theorem [2], any
solution v of Av=ge#, belongs to #, N H,, c.p. [15, p. 299, 324].

Information on the existence of A°P(uVu) gives us

Lemma 3.1. Assume v, weD .
Then P(vVw)eD . holds for all e€[0,%), and the estimate

[A°PVw)| =cllAv|l |Aw] (3.3)
is valid.

For the proof, using Holder's inequality, the multiplicative inequality
Vol S eo IVVo|3* | Vol|Y* [13, p. 62, 63], Sobolev’s inequality |v];»<c, |vly,
and the special form

lv|g,Sc, llAv|  for veD, (34)

of Cattabriga’s inequality [2], we find vVweH, and
loVWlg, S0l IVWI+ Vol VWi + o). [VVW]
Sc3||PAv]l- [ PAw]

for any v,weD,. Therefore [21, p. 18] the projection P(vVw) belongs to the
Hilbert space H, n#,=PH,, and the estimate

|PVW)lg, ScilAvll- [Aw| (3.5)
holds.
The imbedding Theorems for fractional order spaces H (£2) with norm

|00 (x)— 05 ()| 1z
|x__y|3+2y(5—[S]) d dy)

9ln,= (10t ¥

in]=[s] 2x0

for the integer [s]<s<[s]+1 show, that the Hilbert space H, n#, is con-
tinuously imbedded in H(Q)n #, if se[0,1]. In the case se[O, 17 the space
H(Q) coincides with the closure H Q) in H|(Q) of the space of C_-vector
functions having compact support in €, Lions-Magenes [14, p. 55, Theorem
11.1].2

On the other side, H J(8) is (with equlvalent norm) the interpolation space
[H (Q) H,), _=Dgs: for sef0,1], s+, Lions-Magenes [14, p. 64, Theorem
11.6], DBI,Z—H (£) being the domain of the square root of the Laplacian B=
(—A) in H,. Finally, Fujita and Morimoto [25] have shown Dg..n#,=D .,
for se(0, 2). Therefore we have H(Q)nH#,=D .., thus P(uVw)eD,. for

s-——%e[o, 4 and in addition (3.3) holds because of (3.5) and the continuity of the

imbedding H, < H_. An immediate consequence is
Corollary 3.1. For any Hélder-continuous solution ue C ([0,T],D,) of (2.2) with

0 imat
V>0, the estimate ¢ . pgu)), < e, sup | Au()] [Aud,
holds. el0. 71

2 The proof of this Theorem in [14] is valid also under our assumption on 6Q
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For the proof, we only have to use (3.3) with v=u(t)—u(s), w=u(t) or w
=u(s), respectively, for ¢, se[0,T].
Remark 3.2. From Fujita and Kato’s result
vl SclA?ol,  |P@Vo)<clA o] |40,
IP@Vo—wVW)| Sc(|A7o] |42 (@ —w)]| + A2 w47 (—w)])  (3.6)

for any real number y>2, v, weD,, [4, p. 273, Lemma 12], the Holder
estimate
[PuVu)],=cq G.7)

follows for the local strong solution ueC ([0,T],D,,) of (2.2) for any ve(0,3),
ye2, 1) with y+v<1, ce=clc,cy ,teye, ), € denoting the constants from
(2.3).

Lemma 3.2. Assume u,eD .., PfeC,([0,0),D,.), €0, LY. Then we have
[Au],< oo for any v<min(e, 4, ).

a> Ca,/z

For the proof, firstly we remark, that we may apply the operator A on both
sides of (3.2). Namely, besides I, also the term I, in (3.2) belongs to D,, A
commuting with the exponential e~*# of this operator. Finally I,eD, follows
by [4, p. 281, Lemma 2.13] from the Holder continuity of P(uVu) and Pf,
which we have stated in Remark 3.2 or assumed for Pf, respectively.

Putting t=s+h for t, s€[0,T] and h>0 we find the estimates

IIA(Il(S+h)—11(S))II=IIe‘SA(e"‘A—l)Auollé%ll/l””uoll,

using [4, p. 280, Lemma 2.11], and

AT, LN (1 —e™ ) P(@Vu—/ )0 —@Vu—f) )
+le (1 —e ") PVu—£)(s)|

hE
S2([PuVwW], i +[Pf],1") +;(||A5P(HVM)(S)|I +[[A*Pf(s)])
<c,h if he[0,1]

for any v <min(e, &, 3) by Lemma 3.1, Remark 3.2 and the above Lemma from
[4] again. Under the same restriction, a bound for [41,], follows by [4, p. 281
Lemma 2.13] from the Hélder continuity of P(uVu) and Pf.

Lemma 33. Assume uyeD 1., PfeC([0,00),D,.), e€[0,3), u>0. Then
A u(t)|| is uniformly bounded on [0, T].

For the proof, by the same conclusion as above we see from Lemma 3.1 and
Corollary 3.1 with Lemma 3.2, that u from (3.2) belongs to D .., ¢€[0,%). For
any such ¢ we have uyeD, because of the continuous imbedding D ,;..<D,
following from the momentum inequality [3, p. 159].

(a) Therefore a uniform bound on [0,T] for |Au(t)| results immediately
from (3.2), if for the terms AI, and AI; we recall (3.6) or (3.7) and [4, p. 281
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Lemma 2.13], respectively, and because of
A2 L O S 1AM 2ug].-

(b) In the case ¢€(0,%), from Lemma 3.1 and the uniform bound for | Au(t)|
on [0,T7] just established we get

1A LI 11 —e” ) A" PVu—/)t)]

S2(| A PVu)(@)l| + |A°Pf @) Scg.
The estimate

|41 1,0 Sco-([A“P@Vu)],+[A°Pf 1) Sey

follows by means of Corollary 3.1 with Lemma3.2 and [4, p.281,
Lemma 2.13].
In addition, a consequence of this Lemma of Fuyjita and Kato is

Corollary 3.2. The Holder estimate [A**¢1],<c,, holds for all v<min(s, 11, %) if
€(0,%) and, additionally, for all v<min(y,%) if e=0.

Namely for the proof in case ee(0,1) we recall A*PuVu—[)eC,([0,T], #,)
for any 1 <min(e, ,4) by Lemma 3.2 and Corollary 3.1 and by our assumption
on Pf. Additionally recalling Remark 3.2 we find P(uVu—f)eC,([0,T], #4,) for
Ay, A<t

Lemma 34. Assume uy€D .., PfeC,([0,00),D,.), &€[0,5), p>0. Then
A eue Cy([0, T, #,) holds.

Because of the last Corollary, for the proof we only have to verify the
strong continuity of the terms A'*¢I, and A'**[, in the representation of
A'**y from (3.2): Since A'*® commutes with e~*4 the exponential being
strongly continuous on [0,T], we have

]|A1+£(11(5+h)"11(3))“ :H(e—hA_l)UH -0

if h}0 with v=e"44" "%y,
Finally, recalling Lemma 3.2 and Corollary 3.1 or Remark 3.2 in the cases
¢€(0,%) or e=0, respectively, we are lead to the inequalities
1A (s +h) =L, (s)]
S| —e YA P(Vu~f)s+h)—uVu—f)s)]
+(L—e ") e 4 A*PuVu~—f)s)]
Scpp M+ (1—e ) o] -0

for 10 with v=A°P(uVu—f)(s), and similarly for A'**(I(t) -1t —h)), j=1,2.
Corollary 3.3. (a) Under the assumptions of Lemma 34 we have
8,ue C,([0,T1, #5).

(b) If in addition feC,([0,T],H,), then also (3.1) Vp=(1—P)}f—uVu
+Au)e Cy([0,T], H,) holds.
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For the proof of (a) we state, that in the evolution Eq. (2.2) the terms
P{uVu) and Au are strongly continuous on [0, T] by Remark 3.2 or Lerama 3.4
with ¢=0, respectively {for the latter recall u,eD, because of the continuous
imbedding D...= D, mentioned in the proof of Lemma 3.3).

(b) By means of Cattabriga’s estimate (3.4) we see, that the unique solution
u(t)eH,, Vp(t)eH, of

—Au+Vp=g@®t), V-u=0, ul,,=0

with g=(f—uVu—0,u)eCy([0,T],H,) is strongly continuous. Therefore we
have

AueCy([0,T],Hy) and VpeCy([0,T],H,).

Finally the Eq. (3.1) follows by subtraction of (2.2) from (2.1) because of A=
—PA for u(t)e #,nH,.
Evidently, Lemma 3.4 and the last Corollary verify Theorem 3L

4. The Compatibility Conditions for Navier-Stokes Solutions,
which are Strongly Continuous in D, at =0, &>}

Let u, Vp be the local solution of (2.1) on a time interval [0, T], on which (2.3)
is valid. We prove

Theorem 4.1. Assume ueCy([0,T],D  :+.), ¢>%, PfeCy([0,77,D ). Then the
compatibility condition

(Pf(0)—P(ugVug)+PAug)l,o=0 [22, p. 20] 4.1)

holds in the sense of the fractional order space H,, ,(0Q). If, in addition,
feCy([0,T], H,,), then the compatibility condition

(= Aug+Vp(O)lse=rO)oo 17, p. 14] (4.2)
Sollows with Vp(Q) from (3.1).

For the proof, because of the continuous imbedding D ,.< D, for any S <o,
it suffices to consider the cases e€(3,3], thus
D ysp=[D g, #ly -, =H (@) Ay = H,

with s=2¢e(}, 1], [14, p. 64, Theorem 11.6] and [25].
Recalling the continuous imbedding H, < H,, we conclude the strong con-
tinuity in H, of the term P(uVu) in

du=Pf—PVu)+Au  (22) (4.3)

3 See footnote on p. 144
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from the estimate

|PVu(t) —uVuls)lg, Zcs- [ 4u() —M(S))i!ms[gpﬂllz‘lu(f)il

by Lemma 3.4 with ¢=0, the estimate above resulting from (3.5). The other two
terms on the right side of (4.3) being strongly continuous in D,.,<H_ on [0,T]
by our assumption, from (4.3) we get J,ucC,([0,7],H,) and therefore
O,ulz0€ Co ([0, T, H,_,(0Q)) on the boundary [14, p.41-42 Theorem 9.47].4
Since 0,ul;,=0 for t>0 because of the boundary condition ul,,=0, our
result is the compatibility condition

0=1im (2,0 og(t)=(P (0)~ Pty Vto)+ Pt oy (4.4)

If, in addition, feC,([0,T7, H,), we have
Pf(0)— P(uyVup)+ PAuy=P(f(0)—u,Vuy+ Au,) 4.5)
by definition of Weyl’s orthogonal projection P, which for the function g=f(0)
—uyVu,+AuyeH, reads
with the unique generalized gradient VgeH,. From this we conclude
Vg=(1-P)g=Vp(0) (4.7)

with Vp(0) from (3.1). Since due to [14, p. 41-42, Theorem 9.4]* the boundary
value f(0)],, belongs to H,_,(0Q) and because of uyVugl,n=0, the result of
the last Egs. (4.4)-(4.7) together is the compatibility condition (4.2).

The author thanks Professor v. Wahl for a hint to the special réle of the value s=1 for the
spaces H_.
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