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Abstract: This paper considers a model of society 5 a with a finite number of individuals, n, a finite set 
off alternatives, .Q, effective coalitions that must contain an a priori given number q of individuals. Its 
purpose is to extend the Nakamura Theorem (1979) to the quota games where individuals are allowed 
to form groups 0f size q which are smaller than the grand coalition. Our main result determines the 
upper bound on the number of alternatives which would guarantee, for a given n and q, the existence 
of a stable coalition structure for any profile of complete transitive preference relations. Our notion of 
stability, 6~-equilibrium, introduced by Greenberg-Weber (1993), combines both free entry and free 
mobility and represents the natural extension of the core to improper or non-superadditive games 
where coalition structures, and not only the grand coalition, are allowed to form. 

1 I n t r o d u c t i o n  

In his 1979 paper Nakamura determined the upper bound on the cardinality of 
the set of alternatives which would guarantee the existence of the core of the 
simple game associated with the society 5: for any profile of individuals' 
preferences. The purpose of this paper is to extend the Nakamura Theorem (1979) 
to the improper quota 1 games, where individuals are allowed to form groups of 
size q which are smaller than the grand coalition. We consider a model of society 
5: with a finite number of individuals, n, finite set of alternatives, ~ ,  where the 
effective coalitions 2 must contain, at least, an a priori given number q of 
individuals. Every effective coalition can impose any alternative for its members 
while every "ineffective" coalition, has no power whatsoever. 

The important distinction from the Nakamura model is that we allow for an 
effective coalition to contain less than a half of the individual (q < �89 which covers 
the case of improper or non-superadditive games. Thus, to define "stable 

1 There are several different ways in which the term "quota" is used in game theory. We use this term 
in the same way as in Moulin (1988). 

z We use the term "effective" coalition rather than "winning" for the simple reason that the winning 
coalitions are usually associated with proper games in which the complement of a winning coalition 
cannot be a winning coalition itself. In contrast, in our model of improper games it might be the case 
that both a coalition and its complement are winning or effective in the sense that they could choose 
any alternative for its members. 
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coalition structures" we use the concept of 5~ presented in Greenberg- 
Weber (1993), which represents the generalization of the core concept used by 
Nakamura and combines two properties, free mobility and free entry. Free 
mobility 3 implies that each individual is free to join any coalition which adopts the 
alternative she prefers, whereas free entry means that every effective coalition is 
allowed to form and tO adopt any alternative its members wish to choose. In 
equilibrium, the society is partitioned into effective coalitions each choosing an 
alternative in such a way that each individual belongs to a coalition whose offered 
alternative is the one that she likes best among all offered alternatives and there is 
no effective coalition which can choose to offer an alternative to make all its 
members better off than they currently are. 

Our main resul.t determines, for any number of individuals n and the quota q, the 
maximal number of alternatives which guarantee the existence of an 5:-equilibrium 
for any profile of individuals' preferences. It turns out that in almost all the cases it is 
possible to find an example of a society with the space of alternatives consisting of 
three or four alternatives, for which 5:-equilibrium fails to exist. Only in one case, 
with four individuals where all two-person coalitions are effective, there always 
exists an 5:-equilibrium for any arbitrary (finite) number of alternatives. 

The paper is organized as follows: In the next section we formally describe the 
model and state our main result, the proof of which is presented in Section 3. In 
Section 3 we prove some Lemmas which are used in the proof of our theorem. 

2 The Model 

Let /2 be a finite of potential alternatives and N = {1, 2 . . . . .  n} be a set of 
individuals. We assume that each individual is N has a complete, transitive, weak 
preference relation, -~i, over elements of g2 (we shall use >-i to denote the 
asymmetric component of _~). Let W be a set of effective coalitions where an 
effective coalition can choose any alternative in /2  while the choice set of a non- 
effective coalition is empty. In this paper we consider quota games, i.e. there exists 
an integer q, 1 _< q < n such that 

W={ScNIIS[~q} .  

The society 5: is represented by a quadruple (N, ~2, q, >_), where ~_ is the profile of 
individuals' preferences. 

Nakamura (1979) determined the upper bound on the cardinality of the set of 
alternatives which would guarantee the existence of the core of the simple game 
associated with the society 5: for any profile of complete and transitive individ- 
uals' preferences. In our paper we wish to generalize the Nakamura  Theorem by 

3 See Caplin-Nalebuff(1992) for a discussion on free mobility in voting models. 
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considering a natural extension of the core, which consists of alternatives adopted 
by the grand coalition N, which are not blocked by any effective coalition. We 
allow for more than one (pairwise disjoint) effective coalitions to be formed where 
every effective coalition can impose a different alternative for its members. For  
this purpose we use the concept of 5:-equilibrium offered in Greenberg-Weber 
(1993), which combines both Nash-like and core-like conditions. However, for 
q > �89 no two disjoint coalitions may be formed, hence only one alternative may be 
offered and the set of 5:-equilibria coincides with the core: In the case where q < �89 
the Nakamura Theorem implies that if the set of alternatives consists of, at least, 
two elements, there is always a profile of individuals' preferences for Which the 
core is empty, and we are able to characterize the class of societies which have an 
empty core but nevertheless admit an 5:-equilibrium. 

Let us introduce some notation and definitions. A collection P of pairwise 
disjoint effective coalitions Ca, C a . . . .  , Cj, is called an effective partition of N if 
U J= 1 c j  = N. The set of all effective partitions of N is denoted by 1-I. 

Definition 1: (P, A) is called an 5:-equilibrium, where P = (C1, C2,. . . ,  Cj )eH and 
A = {al . . . . .  a j} _ D (we will say that Cj offers aj) if 

(D.I.1) For  all j, h = 1 . . . . .  J, a~_~a h whenever ieCi. That is, each individual 
in Cj (weakly) prefers aj over all other alternatives in A. 

(D.1.2) There exists no C e W  and e~eD such that m ~ a  for all ieC and all 
a~A. That is, C does not block (P, A) via o). 

(D. 1.1) (free mobility) is a Nash-type condition: No individual can be made better 
offby migrating to another (existing) coalition. This condition is trivially satisfied 
for q > 1/2 as there is only one alternative offered by the grand coalition. For  the 
case where q < �89 it is however important to allow individuals to choose the best 
among the offered alternatives. (D. 1.2) (free entry) is a core-type condition: There 
is no (effective) group of individuals who can form a coalition and choose an 
alternative which makes each of its members better off than they currently are. 

In order to determine the cardinality of the alternative space which would yield 
the existence of an 5:-equilibrium for any profile of preferences, we shall use the 
following result: 

Lemma 1: If there exists a profile of individuals' preferences over the set of 
alternatives D with I.Q] = k o such that an 5:-equilibrium does not exist, then for 
any set of alternatives g~ with [~  ] > k o there exists a profile of individuals' 
preferences over .Q for which an 5:-equilibrium will not exist. 

Proof of Lemma 1: Let (n, q) be given and assume that k = ]DI is such that there 
exists an ordering _>- for which an 5<equilibrium does not exist. Let -Q be a finite 
set of alternatives which do not belong to D and let us extend the ordering ~ to 
D w g )  by requiring that for all i eN  a ~ b  for all aeD,  be.Q, and b~_~c for all 
b, ce-Q. Then if there exists an equilibrium for the "extended" society no alter- 
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native from ~ can be offered in equilibrium. Since there exists no 6e-equilibrium 
it follows that the addition of the "bottom" alternatives to $2 does not rescue the 
non-existence of an equilibrium. []  

Remark: Lemma 1 implies that for any pair of n, q there exists a positive integer 
K(n, q) (not necessarily finite) such that an 6e-equilibrium exists for all preference 
profiles if and only if k < K(n, q). In particular, if q = 1, i.e. every coalition is 
effective, each individual is allowed to choose her top alternative (which is not 
necessarily unique) and the partition of the set N into singletons will constitute an 
6e-equilibrium, yielding K(n, 1) = ~ for any number of players n. On the other 
hand, if q > (n/2) then the set of 6e-equilibria coincides with the core. It is 
well-known (see Moulin (1988) for references) that the core is nonempty if and 

only if the number of alternatives is less than v(n, q)=  ~ the smallest 

n 
integer greater than or equal to , which is the minimal number of effective 

n - q  
coalitions whose intersection is empty. 4 

The goal of this paper is, therefore, to determine the value of K(n, q) for any pair 
of n players and quota q which satisfy 2 _< q _ (n/2). Our result can be stated as 
follows: 

Theorem: Let 2 _< q _< (n/2). For  q = 2 

K ( n , 2 ) = {  4 i f  n = 4 i f  n > 4  

For  q > 3 

{34 i f  2 q < _ n < _ 3 q - 3  
K(n, q) -~- if  3q - 2 <_ n 

3 Proof of the Theorem 

Let us first introduce some additional notation. For  any pair x, y of alternatives in 
s denote by Wx,y(Sx,y ) the set of individuals who weakly (strongly, respectively) 
prefer x over y, i.e. 

wx,y = {i~NIx >'-iy} 
Sx,y = { i~N]x  ~ i y  ) 

For each alternative xsf~ denote by Wx(Sx) the set of individuals who weakly 

4 It is easy to verify (see Moulin (1988)) that v(n, q) = [n/n - q]~ where [x] denotes the smallest integer 
which is greater than or equal to x. 
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(strongly, respectively) prefer x over all other  alternatives in ~ ,  i.e. 

S~ = ~ S~,y 
y~o-{x} 

To prove the theorem stated in the previous section we shall use the following 
lemmas, the proofs of which are presented in the next section: 

Lemma 2: Suppose that  set of  alternatives .(2 consists of three elements a, b and c. 
If there exists an alternative x e O  which is weakly preferred over the other two b y  
at least q individuals, i.e. ] Wxl > q, then there exists an 5~ 

Lemma 3: If  ]g2[ = 4 and there is an integer r >__ q such that  v(n - r,q) = 3 then 
there is a profile ~ for which there exists no 5~ 

Lemma 4: Suppose that  n,q are such that  there exist three positive integers 
nl, n2,n 3 satisfying n 1 + n2 + n3 = n, max[n l ,  n2,n3] < q and min[nx + n2,n ~ + 

n3, n2 + n3] > q. Then K(n, q) = 3. 

Lemma 5: K(7, 3) = 4. 

Lemma 6: K(4, 2) = oo. 

Proof  o f  the Theorem: Let q = 2. By Lemma 6, K(4 ,2 ) - -oe .  For  n > 4 and 
I~1= 3 there exists an alternative which is a top choice for at least two 
individuals. Thus, by Lemmas  1 and 2, K(n, 2)_> 4 for n > 4. Moreover ,  since 
v(3, 2) = [3] = 3, Lemma 3 implies that  for all n > 4 and [D [ = 4 there is a profile 
of preferences ~ for which there is no 5~-equilibrium, yielding K(n, 2) = 4 for 
n > 4 .  

Let q -- 3. Since n = 6 and q = 3 sastisfy the condit ions of  Lemma 4, if follows 
that  K(6, 3) = 3. By L e m m a  5, K(7, 3) = 4. Let  now n > 8. Since v(5, 3) = [~] = 3, 
we can choose r = n - 5 >_ 3 so that  Lemma 3 would yield K(n, 3) _ 4. If the 
~2 consists of three alternatives, then, by  L e m m a  2, there exists an 5P-equilibrium 
for a society with at least eight individuals. Thus,  K(n, 3) = 4 for all n _> 8. 

Let q > 4. If 2q _< n _< 3q - 3 we may  choose n 1 = n - (2q - 2), n 2 - n 3 = q - 1 
which satisfy n 1 <_ n a = n 3, nl + n a + n 3 = n with nt + n z > q. Thus, L e m m a  4 
yields K(n, q) = 3. If  n > 3q - 2 and l g21 = 3, then there always exists an alter- 
native which is a top  alternative for at least q individuals. Then, by L e m m a  2, 
K(n,q)>_4 for all n > 3 q - 2 .  On the other hand, since v ( 2 q - 2 , q ) =  

[(2q - 2)/(q - 2)] = 3 for q >_ 4, we m a y  choose r ~-- n - (2q - 2) > q so that, by 
L e m m a  3, K(n, q)_< 4. Thus, together  with the previous inequality this yields 
K(n, q) = 4 for all n _> 3q - 2. [ ]  
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4 Proof of Lemmas 2 - 6  
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Proof of Lemma 2: Consider the set of alternaives O = {a, b, c} and assume, 
without loss of generality, that [{ieNla ~ico for all cocO} [ > q. Consider a parti- 
tion of the set N into three pairwise disjoint subsets, A, B and C, where 

A = W~ = W,,bc~ W,,c = {iENla~_ib and a~-ic}. 

B = Sb, ~ c~ Wb,c = {iEN] b ~--i c and b >-ia}. 

C = Sc = Sc,,c~Sc, b = { ieNlc>-ia  and c ~ i b  }. 

There are several cases to consider: 

(i) [ C[ -> q and I BI -> q: Then ((A, B, C), (a; b, c)) is an 5e-equilibrium. Indeed, 
each of the alternatives a, b, c is supported by coalitions A, B, C, respectively, and 
since JAr > q, every alternative is supported by the set of individuals who choose it 
as their top alternative. 

(ii) [B[ > q > [C[: Then ((Wa,b, Sb,a), (a,b))is an 5e-equilibrium. Indeed, since 
A ~ Wo,b and B ~ Sb,a, both coalitions W,,b and Sb, . are effective. Moreover, no 
individual would switch from W,, b to Sb, ~ and vice versa. It remains, therefore, to 
observe that the cardinality of the set C of individuals who strictly prefer c over 
other two alternatives is less than q. 

(iii) [C[ > q > ]B[: This case is similar to (ii). 
(iv) ]B] < q, [CI < q, I B w C[ > q: If ]Sb, al > q then, as in case (ii), ((Wa,b, Sb,a), 

(a, b)) is an 5e-equilibrium. Similarly, if [Sc, a I_> q then ((W,,c, So,,), (a, c)) is an 5~ 
equilibrium. If both ISb,.I and Isc,ol are less than q then there is no effective 
coalition which can block a via either b or c, yielding ((N), (a)) as an 5e- 
equilibrium. 

(v) IBwCl  < q: Then ((N), (a)) is an 5e-equilibrium. Indeed, the number of 
individuals for which a is not a top alternatives is less than q. Thus, a belongs to 
the core, and, therefore ((N), (a)) is an 5e-equilibrium. []  

Proof of  Lemma 3: Suppose that there exists an integer r >_ q such that 
v(n - r, q) = 3. We shall construct the preference profile over four alternatives for 
which an 5e-equilibrium does not exist. Let R = {1,2 . . . . .  r}. Since v(n - r, q) = 3, 
by the Nakamura theorem, there exists a preference profile of individuals in N \ R 
over alternatives (a, b, c) such that the core of N \  R is empty. Let alternative d be 
the (strictly) worst for all members of N \ R  and the (strictly) best for all 
individuals in R. (Note that I RI = r > q.) Suppose, in negation, that there is an 
5e-equilibrium. Then it should include two alternatives: d and one of the 
alternatives among a, b or c, say a. But, by the construction, there exists an 
effective subset of N \ R  which would block a via either b or c, a contradiction, 
showing that there is no 5e-equilibrium. []  
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Proof of  Lemma 4: Let g2 consist of three alternatives a, b, c and assume that there 
exists a partition of the set N into three pairwise disjoint sets N1, N2 and N 3, such 
that [Nil < q for l = 1, 2, 3 and I Nt w N,, I > q for all l, m = 1, 2, 3, l r  Let 
a >-ib >-ic for all ieN1, b >-ic >-ia for all i~N 2 and c ;>-ia >-ib for all i e N  3. Then it 
is easy to verify that an 5e-equilibrium fails to exist, yielding K(n, q) < 3. On the 
other hand, if I2 consist of two alternatives, the core is, obviously, nonempty, 
yielding K(n,q)> 2, which together with the previous argument implies 
K(n,q)= 3. [] 

Proof of Lemma 5: Lemma 2 implies that for n = 7, q = 3, 1s [ = 3 there exists an 
6e-equilibrium. We shall now show that there is a society with four alternatives 
for which there is no 5~-equilibrium. Define the preferences profile as follows (all 
the preferences are strict): 

1 2 3 4 5 6 7 
a a b  b c c d 
b c d d d d a 
c b a a a a b 
d d c  c b b c  

Since individuals 5, 6 and 7 prefer d over both a and b, neither ((N), (a)) nor ((N), 
(b)) is an 5P-equilibrium, and, moreover the pair (a, b) will be blocked via d and 
hence cannot be supported as an J-equil ibrium. Since individuals 1, 3 and 
4 prefer b over both c and d, it follows that neither ((N), (c)) nor ((N), (d)) is an 
5P-equilibrium, and the pair (c, d) will be blocked via b and, hence, cannot be 
supported as an 5e-equilibrium. 

We consider the four remaining pairs of alternatives and show that none of 
them can be supported in 5e-equilibrium. Individuals 1, 2 and 7 prefer a over both 
b and c, whereas 2, 5 and 6 prefer c over both b and d. Moreover, given the 
alternatives a and e, individuals 1, 2, 3, 4 and 7 prefer a over c and, given the 
alternatives a and d, individuals 3, 4, 5, 6 and 7 prefer d over a, implying that there 
is no 5e-equilibrium. []  

Before proceeding with the proof of Lemma 6 we need additional notation and 
definitions. Recall that Ol N denotes the Euclidean space of dimension n, and for 
xe9~ N and C c N, x c denotes the projection o f x  on C. For  x, ye91 c we denote 
x >> y if x i > yi for all ieC. Represent preferences of each individual i eN  by the 
positive-valued utility function u i and consider the following coalitional form 
game without side payments (N, V), associated with the 5 e, where the characteris- 
tic function of V is given by: 

~{xegtNlx i<0  VisC} if [ C I = I  
v(c)=[{xe~NI3coeo s.t. u,(m)>x'  VieC} if ICl>_2. 

Intuitively, the projection V(C) on C is the set of all C-attainable utility levels. The 
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coalition structure core (Aumann-Dreze (1974)) of the game (N, V) is defined as 
follows: 

Definition 2: Let P be a partition of N. The P-core of the game (N, V) is given by: 

CoreeV = {xe  (-] V(C)] ~ T c_ N and ye V(T) s.t. yr >> Xr}. 
CeP 

The coalition structure core of the game (N, V), Core rtV is given by: 

C~ V= U CorepV. 
Pe 17 

That is, the game (N, V) has a nonempty coalition structure core if there exists 
a partition P for which the P-core is nonempty. 

It is obvious that if the set of 5a-equilibria is nonempty then so is the coalition 
structure core, but the opposite is not necessarily true. Indeed, the coalition 
structure core requires only free entry, whereas 5e-equilibrium imposes both free 
entry and free mobility. It is convenient to introduce the super-additive cover game 
(N, ~) 

I/(C) = { V(C) = V(C) if C r N 
(.Je~n(~o~P V(D) if C = N. 

As shown in Greenberg-Weber (1986), the core of (N, ~') coincides with the 
coalition structure core of the game (N, V). 

Following Bondareva (1962) we define 

Definition 3: A collection of subsets of N, 6 = {B~, B 2 . . . . .  BK} is called balanced if 
there exist positive numbers 71, 72 . . . . .  7r, called balancing weights, such that 

7 k = l  for a l l i6M, 
BkeS(i) 

where 6(i) = {Cs6[i~ C}. A balanced collection of coalitions is minimal if none of 
its proper subcollections is balanced. 

The non-sidepayment game (N, v) is balanced if for any balanced collection 
6 = {BD... ,BK} and any xegt  N 

XeV(Bk) for k = 1, 2 . . . . .  K, imply x~v(N). 

Scarf's (1967) theorem implies that every non-sidepayment balanced game has 
a nonempty core. Although Le Breton (1989) has shown that, in general, 
the games of the type considered here are not balanced, we are able to show 
that: 
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Result: If n = 4 and q = 2, the game (N, ~') is balanced. 

Proof: Inorder to prove the balancedness ofthenon-sidepaymentgame(N, ~'),it 
suffices to consider only minimal balanced collections (see Shapley (1972)). Let 
6 = {Bi, . . . ,  Br} be a minimal balanced collection and xe V(Bk) for all k. If 6 is 
a partition then we are done. Assume, therefore, that 6 is not a partition. First, 
consider the case where 6 contains a three-person coalition. Without loss of 
generality, assume that B 1 = {1,2,3}e6, offers an alternative a. Balancedness 
implies that there is a coalition BkE6 which contains individual 4. Let b k offer an 
alternative b. Since 6 is not a partition, [Bkl > 1, and suppose B h contains also 1. 
Then we have a partition {{1,4}, {2,3}} where coalition {1,4} offers b and 
co~ition {2, 3} offers a to guarantee each individual i at least x i, which shows that 
x e  V(N). 

It remains to consider the case where ~ contains only one- or two-person 
coalitions. Using the result of Balinski (1970), the only minimal balanced 
collection that needs to be considered is that consisting of a singleton and the 
three two-person coalitions which do not contain this singleton. Consider, 
without loss of generality, the minimal balanced collection {{1, 2}, {2, 3}, {1, 3}, 
{4}}, where coalitions {1,2}, {2,3} and {1,3} offer the alternatives a,b and c, 
respectively. Then the partition {{1, 2}, {3, 4}}, where coalition {1, 2} offers a and 
coalition {3,4} offers c, guarantees to each individual i at least x i. Thus, 
x~ P(N).  if1. 

Proof of Lemma 6: The Result above guarantees that the core of (N, ~') is 
nonempty. If there is an element in the core of (N, V) where all individuals choose 
the same alternative co then the pair ((N), co) is, obviously, an 5P-equilibrium. 
Suppose, therefore, that in all elements of the core of(N, V) the individuals choose 
two different alternatives. Take an element in the core of (N, ~'), say u -- (ul(a), 
u2(a), u3 (b), u4(b)), and assume, without loss of generality, that it is Pareto efficient: 
there is no other element in the core of (N, ~'), which would guarantee all 
individuals at least the same level of utility and a strictly higher level of utility for 
at least one individual. If this is an 5~-equilibrium, we are done. Otherwise, 
assume, without loss of generality, that uz(b) > us(a). 

Since (being a singleton) alternative b is not in the core of the game (N, ~'), it is 
blocked by a two-person coalition C via alternative c. Since u is in the core of 
(N, V), by Pareto efficiency, C must include individual 1. Moreover, the Pareto 
optimality assumption also implies c r a. Assume that there is no alternative 
d and a two-person coalition D such that D blocks u via d, where d >- i c. Examine 
the following two cases: 

(i) C={1,2}:  Since c r  consider the vector (ui(c), u2(c), u3(b), u4(b)). It 
satisfies free mobility and if it is not an 5P-equilibrium, it should be blocked only 
by a two-person coalition including individual 1, a contradiction to the choice 
ofc. 
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(ii) C =  {1,3}: Since c r  consider the vector (Ul(C), u2(b), u3(c), u4(b)). It 
satisfies free mobility and if it is not an 6e-equilibrium, it should be blocked only 
by a two-person coalition including individual 1, a contradiction to the choice 
ofc. []  
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