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Abstract. The differential equations of motion of the elliptic restricted problem of three bodies with 
decreasing mass are derived. The mass of the infirfitesimal body varies with time. We have applied Jeans' law 
and the space-time transformation of Meshcherskii. In this problem the space-time transformation is 
applicable only in the special case when n = 1, k = 0, q = �89 We have applied Nechvile's transformation for the 
elliptic problem. We find that the equations of motion of our problem differ from that of constant mass only 
by a small perturbing force. 

1. Introduction 

The phenomenon of isotropic radiation or absorption in stars led scientists to 
formulate the restricted problem of three bodies with variable mass. The two-body 
problem with variable mass was studied by Jeans (1928) regardingethe evolution of 
a binary system. The restricted problem of perturbed motion of t vo bodies with 
variable mass was considered by Omarov (1963). Meshcherskii (1949) assumed that the 
mass is ejected isotropically from the two-body system at very high velocities and is lost 
to the system. He examined the change in orbits, the variation in angular momentum 
and the energy of the system. Verhulst (1972) has discussed the two-body problem with 
slowly decreasing mass according to Jeans, by a non-linear, non-autonomous system of 
differential equations. 

Shrivastava and Ishwar (1983) established the equations of motion of the circular 
restricted problem of three bodies with variable mass under the assumption that the 
mass of the infinitesimal body varies with respect to time. Singh and Ishwar (1984) 
considered the effect of perturbations on the locations of the stability of the triangular 
points in the above problem. 

2. Equations of Motion 

Let us suppose that the mass of the primaries, m 1 and m 2 is constant and that m, the 
mass of the infinitesimal body, varies with time. The primaries are moving on elliptic 
orbits. We consider a barycentric rotating coordinate system O X Y Z  rotating relative 
to inertial space with angular velocity ~. 
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We have taken the line joining m t and m 2 as the x-axis. The coordinates ofm 1 and m 2 

are (x 1, 0, 0) and (x2, 0, 0) and the coordinates of m are (x, y, z). Let the radius vector 

from m to m 1 be p 1 and m to m 2 be P2 and the distance between mx and m 2 be r. As the 
mot ion  of the primaries is known we have only to find the mot ion  of m. The kinetic 

energy in the rotat ing frame of reference O X Y Z  is give by 

T = �89 (~2 + )z  + s + mf,(x~ - yfc) + �89 z + y2)~2 (1) 

and the potential  energy o9 is given by 

09 K m  mx - - - ~  [- 

P2 

where K is the gravitat ional  constant  and 

p2  _. (X - -  X 1)2 ..~ y2 + Z 2  

0 2 - -  (X - -  X2) 2 -~- y2  + 72. 

(2) 

Now r = P/(1 + e cos v), where P = semi latus rectum for the elliptic orbit  o f m  2 relative 

to m 1, e = eccentricity, and v = true anomaly.  

The Lagrangian equations of mot ion  are given by 

dt \ Ox = O, 

d (~3L~ OL 
dt \Oy,]  Oy = O, 

(3) 

d (c~L'~ 8L 

d t \ O z J  a--z = 0 '  
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where L = T -  co, or 

/ 
L = 2Xm(~ 2 + .92 + ~2) + mg(x9 - yYc) + 2Xm92(x 2 + y2) + K m l m l  I 

\ P l  

The equations of motion can be written in the form 

m2). 
P2 

~h d~ 
--(2m - yg) + s - 2 9 9 -  y ~vv ~ - 1 ) 2 x  ~-- 

1 t~co 

m Ox' 

d9 2y 
(1~ + x~) + y + 2~2 + x dvv ~ - ~ = m 

1 c3co 

m ~y 
(4) 

1 c~co - : ~ + ~ =  
m m c3x' 

where f rom (2) 

~co 

c3x 
m2 ] 

- K m  (x  - X l )  + ~ (x  - x2) 

~co 

~y 
Era1 - K i n  p---~y (5)  

~CO 
c3z 

m 

M 

ml ] 
, 

P2 _l 

and we have 

F r o m  

(m I -F m2)x I = --m2r, 
(m 1 + mz)x 2 = m lr .  

Jeans' law 

(6) 

dm 
d--t = - - ~  (7) 

where ~ is a constant coefficient and n is within the limits 0.4 ~< n ~< 4.4 for stars of the 
main sequence. 

N o w  we introduce the following space-time transformation of Meshcherskii which 
preserve the dimensions of the space and time 

q=yqy ,  ( = y q z ,  

r l  P l ,  

d F  = y k d t ,  
(8) 

where 7 = m/mo, and m o is the mass of the satellite when t = 0. Therefore dT/dt = 
where fl = ~m~- 1. 

-/~7", 
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N o w  since r = 7qx, we have 

dt x = ~ y - q  ~ = y - k  
' d F  ' 

~' = 7~-kyc - -  q f l T " - k -  l ~, 

then ~ = 7 k - q  ~t -1L q f l 7 " - ~ -  1 ~. Therefore 

dye dF  ~" 7 k - q  + ~ ' ( k -  q)7 k - q - 1  d7  d t  
= dt dF  F qfl7 " - q -  x ~, + 

+ q f l~ (n  - -  q - - 1 ) 7  " - q - 2  
d7 dt 

dt dF  

i.e. 

~7 - k  = ~ " T k - q  - f l~ ' (k  - q ) 7 . - q  - 1  + q f l ~ ' 7 " - q  - 1  

- -  q f l2 (n  - q - 1)~72 . -k -q -2  

which implies that  

5~ = ~"72k-q + (2q - k) f l r  " + k - q - 1  - q f l2 (n  - q - 1)~72"-q-2 

Similarly 

__ q t T k -  q + qflT.-q- 1 rl 

33 = r/"7 2k-q + (2q - k ) f l r f 7  " + k - q - 1  - q f l 2 ( n -  q - 1)r/7 2"-q-  2 

__ ~ , 7 k - q  + q f l 7 n - q  - 1 

~ = ("72k-q + ( 2 q _ k ) f l ( ' 7 " + k - q  - 1  - - q f l 2 ( n - - q - -  1)(72"-q -2  

Put t ing  these values of ~, 5~, 3~, 33, ~ and ~ into the equat ions  of mo t ion  (4), we have 

r + (2q -- k - 1)fl~'7 " - k -  1 _ qf l2 (n  _ q)r 1) _ 027-2k r _ 20r/,7-k _ 

- r  - 1 ) 7 "  - 2 k -  I r l  
d~ 1 0o9 
dv Oy - 2kq = _ _  y 2 q -  2 k -  1 

m o  ~r 

Similarly, 

t/" + (2q - k - 1)f lrl '7 ~ - k -  1 _ q f l 2 ( n  _ q ) r l ~ 2 t n - k -  t ) _  ~ 2 7 - 2 k / ~  + 

df  1 t9o9 
+ 2V~'T -k  -I- 9 f l ( 2 q - -  1)~n-2k- 1~ -~ ~-~V Y y - 2 k ~  = _ _ ~ 2 q - 2 k -  1 

m o at/ 
(9) 

1 
~" + ( 2 q -  k -  1)fl~'7 " - k - 1  - - q f 1 2 ( n - - q ) ~ 7 2 ( " - k - 1 ) =  7 2~-2k- 1 

mo 

t~o9 

Here the pr ime denotes differentiation with respect to F. 
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In order to free the equations (9) from the factor which depends on the variation of 
mass, it is sufficient to set 

n - k - l = O ,  

2 q -  2 k -  1 = 0 a n d  n = 1, 

i.e., k = 0 and q = �89 
Hence the equations (9) can be written in the form: 

d f  1 009 

~ " - r' a ~ - z ~ 't'  - ~ gvv 't = m o ~ ~ + �88 f12 ~, 

dr, 1 t909 
rl " - ~, Z rl + 2 ~, ~ ' + ~, -~v ~ = m o O rl + �88 f12 rl , 

1 t9o9 ;"= ~�88 
mo 0 (  

Next let us introduce Nechvile's variables (Szebehely, 1967) by writing 

~=~-, ~=e#, ;=~-  

where 

(10) 

r 1 
~Tm 

p 1 + e cos v 

Also we know from the integral of area that 

r 2 f  = 6 o r  

r:  pZ fz- 

(11) 

Differentiating ~ = f~  w.r.t. F, we have 

~, d f  d ~ .  
= ~vv~-f + f ~vv v, and 

~ l !  - - . - -  

dv2~-+2~v v d v + e ~ v  ~2 + ~vv~- + - ~vvf 

Similarly 

d f  d# 

\ dv2 # + 2 -~vv -~vv + f -~vv2 ] f~z + -~v # + r -~vv f~ 
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df 
dv 

d~- 
~-~ + eUv 

Putting these values in the equations of mot ion  (10), we get 

_d2~-.2 d~-( df df~ ~ 
r-dv ~ v +-~v 2 -~v(~ 2 + ~r d v / I -  2r 

-0~ 2Tvv~+egv +~ ~ +  ) dv dv rv 
1 &o 

m o t3r 
+ � 8 8  

d20 2 d#( df d~ d( 
rd--~ ~) +dvv 2dvvV2+f~)dvj+2V2fdvv 

( df df~ (d2r__ - 
+ "(~' 2 ~v r + f dvJ + r \dv2 ~ q 

df df 
dv dv 

1 &o 
f9 = 

m o Or/ 

(12) 

dC(2d  dq d aq 
f -~v 2 v + dv \ dv ~2 + f~, dv f + vr ~ 4 dv dv f 

1 c3o9 

mo O( 

From the fact that /721)= ~_,/p2 

df d9 
2~vvV+fdv =0 

, we find by differentiation that 

(13) 

and 

d2r df dr 
dv 2v q dv dv rv p2 (14) 

Now using identities (13) and (14), the equations of motion given by (12) can be 
simplified to the form given as 

d2( d# t~  f4p4 f12 
dv ~ 2 d v = O ~  ! e: 

d2# d~- O~ f4p4 f12 
dv 2 F 2 d v -  c~# I ~2 4 #' 

d 2 (  - a ~  Fap4 f12 
dv ~ - 0(- I e2 Z~- ,  
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where 

I p4 j 
~v) __ f 22_( ~ .~_ ~ 2 ) _  �89 cos v ~  + ~ o3 , (16) 

~ = K 7 3 / 2 (  rnl m2)  (17) 

172 = ( ~ ' - -  ~'2)2 -+- ~-2 -~- ~2 ' 

~1 = m2PyX/2 , ~2 mlP71/2 
- = (19) 

m~ + m 2 m~ + m 2 

The set of equation (15) is known as the equations of motion of the elliptic restricted 
three-body problem with variable mass. 

Equations (15) differ from the equation of motion of restricted elliptical problem of 
three bodies with constant mass only by a factor �88 
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