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Abstract. The differential equations of motion of the elliptic restricted problem of three bodies with
decreasing mass are derived. The mass of the infinitesimal body varies with time. We have applied Jeans’ law
and the space-time transformation of Meshcherskii. In this problem the space-time transformation is
applicable only in the special case whenn = 1, k = 0, g = 1. We have applied Nechvile’s transformation for the
elliptic problem. We find that the equations of motion of our problem differ from that of constant mass only
by a small perturbing force.

1. Introduction

The phenomenon of isotropic radiation or absorption in stars led scientists to
formulate the restricted problem of three bodies with variable mass. The two-body
problem with variable mass was studied by Jeans (1928) regarding_the evolution of
a binary system. The restricted problem of perturbed motion of « vo bodies with
variable mass was considered by Omarov (1963). Meshcherskii (1949) assumed that the
mass is ejected isotropically from the two-body system at very high velocities and is lost
to the system. He examined the change in orbits, the variation in angular momentum
and the energy of the system. Verhulst (1972) has discussed the two-body problem with
slowly decreasing mass according to Jeans, by a non-linear, non-autonomous system of
differential equations.

Shrivastava and Ishwar (1983) established the equations of motion of the circular
restricted problem of three bodies with variable mass under the assumption that the
mass of the infinitesimal body varies with respect to time. Singh and Ishwar (1984)
considered the effect of perturbations on the locations of the stability of the triangular
points in the above problem.

2. Equations of Motion

Let us suppose that the mass of the primaries, m, and m, is constant and that m, the
mass of the infinitesimal body, varies with time. The primaries are moving on elliptic
orbits. We consider a barycentric rotating coordinate system OX Y Z rotating relative
to inertial space with angular velocity v.
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We have taken the line joining m, and m, as the x-axis. The coordinates of m, and m,
are (x,,0,0) and (x,, 0, 0) and the coordinates of m are (x, y, z). Let the radius vector
from m to m, be p, and m to m, be p, and the distance between m; and m, be r. As the
motion of the primaries is known we have only to find the motion of m. The kinetic
energy in the rotating frame of reference OXY Z is give by

T =4im (%2 + p? + 2%) + mv(xy — yx) + Im(x? + y*)v? (1)
and the potential energy w is given by

»= —Km(-"ﬁ#f&) )
P1 P2

where K i1s the gravitational constant and
pt=(x—x,)*+y*+2z?
p3=(x—x,)*+y* +z2

Now r = P/(1 + e cos v), where P = semi latus rectum for the elliptic orbit of m, relative
to m,, e = eccentricity, and v = true anomaly.
The Lagrangian equations of motion are given by

dfaLy_aL_,

de\ox/) ox

oL\ oL

(a‘y)"a‘y-“’ G)

d
dt
_d_a_L 6L_0
dt \ 0z oz
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where L =T — w, or

m m
L =3im(%? + p? + 2%) + mi(xy — yX) + tmv2(x? + y?) + Km(p—1 + f)
1 2

The equations of motion can be written in the form

e )+ m 20—y gy L OO
_ —_ — — —Yy -y —_— e
m Y Y=Y, m 0x’
' dv 10
P+ xi) 4+ 20% 4+ x 2 d—92y= —— 2, @)
m dv m 0y
m 1 dw
— 4= —— —
m m O0x
where from (2)
@— Kmrm1 (x—x )+'—n—2(x—x ):I
ox 3 Y p3 i
o Km_ﬂy#"zy] 5
0y piT p3 ]
0w ' m m
— = —Km| 2z + 22],
0z i P

and we have

(m, + m,)x, = —m,r,
(6)
(m; +m,)x,=myr.
From Jeans’ law
d
Ert'—l = —om” (7)

where a 1s a constant coefficient and » is within the limits 0.4 < n < 4.4 for stars of the
main sequence.

Now we introduce the following space-time transformation of Meshcherskii which
preserve the dimensions of the space and time

¢ = ,},qx, n=7yly, (= ,},qz, dI' = ykdt’ (8)

ry= yqpla r,= ')"qua

where y = m/m,, and m,, is the mass of the satellite when ¢ = 0. Therefore dy/dt = — 8y”,

where f=am}™ 1.
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Now since & = y9x, we have
_clt_
dI’
& =y % — gy 1,
then x = y*79¢" + qPy" 917 ¢, Therefore
dx dy dt

—k

x=¢&y ™Y, =95

n.k—q k—qg—1 n—q—1
ir ="y "1+ 8'(k—q)y 4 dr+qﬂv &+
dy dt
—ag—1Nyr"a"2 L
+qBpc(n—q—1)y dr dT

1.C.
TE=L T Bk~ qpy" T gLy T —
~qf*(n—q—1)¢&y?>7*7a72
which implies that
X=C"y" 14+ Qq—kBLy" T —qfP(n—q— 1)&y* T2
Similarly
y=n""1+qpy" " 1y
y=n"y*"1+Qq—K)pny"T T —gB*n— g — Dyy*" 7077
2=y 4 gy
E={"y*T14Qq—k)BLy T —qfPn—q—1){y*" T2
& + 29—k — l)ﬁé’v"""'l —qf*(n—q)&y*" 7 —v v‘z"f — 2y ~F —
ow

dv . 1 29-2k—1

3 _ n—2k-1_, " _
vB(2q — 1)y =,V mov 5

Similarly,

n"+Q2q—k—1Dpny" "1 —gB*n— gy TFTD — 9%y +

dv 1 ow
sz —k |  {\yn—2k—1 yHE = 2¢—2k—1 9
+2v&y T  +vB(2g — 1)y 6+d & mov o1 9)
" ’om—k—1 2 2(n—k—-1) 1 k-1 OO
"+ R2qg—k—1)By —qp (n—q)ly = ——y* =
m, 0¢

Here the prime denotes differentiation with respect to I'.
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In order to free the equations (9) from the factor which depends on the variation of
mass, it is sufficient to set

n—k—1=0,
2q—2k—1=0 and n=1,

ie, k=0and g=13.
Hence the equations (9) can be written in the form:

dv 1 dw

"N 52 _2- I _ 1 R2
5 V é vn vdv mo af+4ﬁ é)

. o, . dv 1 dw
7]”-—\’277"'2\)6 +V—dv6=—'rn—'a—n+%ﬁ2ﬂ, (10)

0
1 dw

"n_ __ 102

Next let us introduce Nechvile’s variables (Szebehely, 1967) by writing
E=rE, n=rq, (=7
where

_r 1
r=—= .
p l+ecosvy

Also we know from the integral of area that

r’v=¢ or
(11)
C c 1
v=——=—2—

re p*r¥

Differentiating £ =7& w.r.t. I', we have

. dr . _d¢&.
& —d—va+ra;v, and
d*r dr d¢ _d? dr dé\ dv
m__{ Z___ P 242 1y2 _ r— » | — v
¢ (dvzg-'_ dv dv+rdv§>v +(dv€+rdv dv’
Similarly
,_df_.+_d’7 .
{ T Ty

, (4% _ _dFdq _d*q\., (dF dn \ dv
L —(W"”a;a*’arz)” *
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o dr .. _dl.
C—d—va+ra—vv
o (d*F drdf _d*C\., [dr_. _dl\dv,
—(a;EZ-'FZE;d—v‘FTd—vE_)V +(a;z_+r—d—v- a;v

Putting these values in the equations of motion (10), we get

" T ale T a) T T
dr dv d*7 ., dr dv 1 ow
_—l 2— » ——_ - . __———o _ l 2—
nv( dvv+rdv>+v5<dv2v+dv dv rv) m, O +apire

A%, df( dF ., dv) ., dF
razv +a 251’ +rVa; +2V r—

dv
, (12)
dr dv d<r dr dv 1 dw
. 2_. = * — D ——_—. _ _1_ 2——
+fv( dvv+rdv>+w7(dv2v+dvdv rv) -~ 6n+4ﬂ 7
42, df(.dF dv 427 dF dv
__. s 2_~ 02 -—o— . —_o s
"2 +dv< &’ +rvdv>+vz(dv2v+dv dv)
1 dw
— _____+l 2'7
T P
From the fact that 7%v = ¢/p?, we find by differentiation that
dr . _dv
2—&;v+ra—;—0 (13)
and
d’r, drdv _ ¢
ai\"l‘aa—r\’:-p—i (14)

Now using identities (13) and (14), the equations of motion given by (12) can be
simplified to the form given as

28 _di 0 #pt B2
TS _ LI

o gt E S
&, ,dE_0
dv? “dv o5 ¢&? 4"
$27 o0 Fpt
a2t T 4%

+2

(15)
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where
Q=r‘[%2§7+n ecosvf’+§:-co:| (16)
& =Ky <':'—11 + %2) (17)
r'1=(€—51)2+ﬁ2+52, 8
Fi=(-5) 2 +n*+
gl._:_ﬁ?ﬂif_ g M’ (19)

my; +m, m, +m,

The set of equation (15) is known as the equations of motion of the elliptic restricted
three-body problem with variable mass.

Equations (15) differ from the equation of motion of restricted elliptical problem of
three bodies with constant mass only by a factor 152
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