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Summary. We show the Arnold conjecture concerning symplectic fixed points in the case
that the symplectic manifold is weakly-monotone and all the fixed points are non-degener-
ate. In particular, the conjecture is true in dimension 2, 4, 6, if all the fixed points are
non-degenerate.

1 Introduction

A diffeomorphism ¢ on a symplectic manifold (M, w) is called an exact
symplectomorphism, if ¢ is the time 1 map of a time-dependent Hamiltonian
vector field. A fixed point p is said to be non-degenerate, if 1 is not an
eigenvalue of the differential d¢p: T,M — T, M. From now on, we assume that
M is compact. Arnold conjectured that the number of fixed points of an exact
symplectomorphism is estimated below by the sum of the Betti numbers of M,
if all the fixed points are non-degenerate. It is well-known that there is
a one-to-one correspondence between fixed points of ¢ and 1-periodic solu-
tions of a certain Hamiltonian system ([C-Z]). The periodic Hamiltonian
¢quation is the Euler-Lagrange equation of the action functional on (a certain
covering space of) the loop space of M (see Sect. 2). Floer developed an
analogue of Morse theory for the action functional, which is now called Floer
homology theory.

A symplectic structure o determines an almost complex structure unique up
to homotopy and we denote by ¢, = ¢,(M) the first Chern class of TM.
A symplectic manifold (M, w) is called monotone, if there exists 2 > 0 such that
“1(4) = Aw(A) for any 2-homology class represented by a continuous mapping
from the 2-sphere. Floer [F] proved the Arnold conjecture for monotone
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symplectic manifolds. Hofer and Salamon [H-S] refined the argument and
proved the Arnold conjecture in the following cases:

(i) (M, w) is monotone.

(i) ¢; =0.
(iti) The minimal Chern number is at least 1/2.dim M.
Here the minimal Chern number is the least non-negative integer among
c1(4) for Aelm{n,(M) - H,(M;Z)}. A symplectic manifold (M, w) is
called weakly monotone (or semi-positive [MD-2]), if w(A4) £0 for any
Aeny,(M) with 3 —n £ ¢(4) <0. Actually Hofer and Salamon defined
Floer homology groups for periodic Hamiltonian systems on weakly mono-
tone symplectic manifolds. However it is necessary for computation of Floer
homology groups that all the connecting orbits of relative index less than
2 should be handled simultaneously. The weak-compactness argument re-
quires an upper bound of the energy functional and they avoid this difficulty
by assuming one of the conditions above.

In this note, we introduce a filtration on the Floer complex and define the
modified Floer homology group by a certain limit of relative Floer homology
groups such that we have an upper bound of the energy functional for each
stage, which yields the following

Theorem 1.1 Let (M, w) be a weakly monotone symplectic manifold, and ¢ an
exact symplectomorphism. If all the fixed points of ¢ are non-degenerate, the
number of fixed points of ¢ is bounded below by Y b,(M; Z/2), where b,(M; Z/2)
denotes the p-th Betti number of M with Z/2-coefficient.

If dimM £6, (M, @) is automatically weakly monotone and the Arnold
conjecture holds. We shall show this result by estimating the number of
contractible periodic solutions of a periodic Hamiltonian system whose time
1 map is ¢.

2 Preliminaries

We recall known facts on Floer homology of periodic Hamiltonian systems.
Details are found in [F], [H-S], [S-Z]. As for the weak-compactness argu-
ment for J-holomorphic curves, details are found in [M-S], [P-W], [Y}
We shall deal with a certain inhomogeneous Cauchy-Riemann equa-
tion which is not exactly the Cauchy-Riemann equation. However, it is
converted to the Cauchy-Riemann equation for the graph of the mapping
with respect to a certain almost complex structure on the product manifold ¢f
the domain manifold and the target manifold (see [G]). Hence we can apply
the weak-compactness result to our situation. (Note that we cannot apply the
transversality argument for J-holomorphic curves to our situation (sv¢
Sect. 4)).
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Let (M, w) be a closed symplectic manifold and H: S x M — R a smooth
function, called a periodic Hamiltonian function. Denote by 2(H) the set of
all contractible loops satisfying

X() + Xg(t, x(t)) =0, (2.1)
where Xy is the Hamiltonian vector field of H. If {(w, n,(M)> =0, the
equation (2.1) is the Euler-Lagrange equation of the action functional
ay: L (H) — R on the space of contractible loops in M defined as follows:

1
ag(x) = — [ u*ow + { H(t, x(t))dt , 2.2)
D2 0

where u is the bounding disk of x, i.e. ulsp: = x. If w, n,(M)) * 0, the first
term of the right-hand-side of (2.2) is not single-valued. However it is well-
defined over the covering space Z(M) of £ (M) corresponding to the
homomorpllism P T2 (M) = R: ¢(A) = jA . After [H-S], we introduce
the space (M) as follows:

PM) = {(x,u)|xe L(M),u: D> - M such that x = ulop2}/ ~
X =Yy
x,u) ~(y,v) = jDz u*w = jD; v¥ow

IDZ u*C1 = sz U*Cl .
The covering transformation group of Z(M) — £ (M) is

— 72(M)
ket ¢ nker¢,,

Geometrically, 7, (M) acts on .Z (M) by connected sum of 2-spheres with the
bounding disk. Denote by A, the completion of the group ring of I' over
a field Z/2 with respect to the weight homomorphism ¢,,: 7,(M) — R, i.e. the
set of all formal sums ¥ , 44+ 94, 44 € Z/2, satisfying that

{Ael|24%0,¢,(A) <c}is finite for all ceR .

We introduce a grading on A, by assigning 2c;(4) to J,. Fix an almost
complex structure J calibrated by o and consider the space
#([x",u"],[x*,u™]) of the-trajectories of the “(minus) gradient flow” of
4y from [x~,u~] to [x*, u*], ie. solutions of the following:

du Ju
Fy = — = = 23
Fu 05+J(u)8t+VH(t’u) 0 2.3)
lim wus, ) = x(1), liin u(s, t) = x*(1) (2.4)

xFHu tuy~x"ut). (2.5)
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This equation is invariant under translations in s-variable and R acts on
M([x",u”], [x*,u"]) freely unless [x~,u"] = [x*, u"]. The linearized op-
erator of & at u is

F.l=VeE+JuVE+ V,;J(u)% + V. VH(iu) . .6)

Denote by #(H) the inverse image of 2(H) by the projection Z(M) -
£(M), then there is the Conley—Zender index u: #(H) — Z (see: [H-S], [S5-Z]),
which satisfies

indexF, = pu([x ", u"]) — w([x*,u™]) for [x*,u*]ePH).

The Sard—Smale theorem [Sm] yields that #([x~,u~], [x*, u*}) is a mani-
fold of dimension u([x~,u"]) — u([x*,u"]) for a generic pair (J, H). The
energy of a solution u of (2.3), (2.4), (2.5) is defined as follows:

1 o 1
w03 1 1(

For ue #(X, y), we have

2
+

0
2 Xult, w)

ou
0 ot

2
) dtds . 7

E(u) = ag(X) — an(}) .

A 2n-dimensional symplectic manifold (M, w) is called weakly monotone
(or semi-positive} if it satisfies w(4)<0 for any Aemn,(M) with
3 —n<c(A) <0 [MD-2], [H-S]. This condition yields non-existence of
J-holomorphic spheres of negative Chern number for a generic almost com-
plex structure J. Denote by C, the Z/2-vector space consisting of
Z#(i)zké(i)-i, where the coefficients £(X) satisfy the following finiteness
condition.

{X)E(%) * 0, and ay(X) > c} is a finite set for all ceR..
The boundary operator is defined as follows:
x= ) mEy)7,
w(§) = pu(x) — 1
where n;(X, 7) is the modulo 2-reduction of the cardinality of #(X, 7)/R. The
complex (C,, ) is called the Floer chain complex associated to (H, J). Hofer
and Salamon showed 6% = () for weakly monotone symplectic manifolds
[H-S, Theotem 5.17. C, = @, C; is a graded module over a graded algebra

A, and 8 is A,-linear. Hence the homology group HF, (H, J) of (C,, )
a graded A,-module. Moreover they proved the following

Theorem 2.8 ([H-S, Theorem 5.2]) For generic pairs (H®, J*) and (H?,J").
there exists a natural A,-module homomorphism

HF?* HF,(H% J*) —» HF,(H", J°)
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which preserves the grading by the Conley—Zehnder index. If (H?, J7) is any
other such pair then

HF"oHF# = HF", HF* =id .
In particular, HF?* is a A,-module isomorphism.
For the proof of this theorem, they considered s-dependent analogue of the

equation (2.3). For generic pairs (H% J*) and (H?, J#), we choose a path
{(H,, J;)| s € R} which satisfies

(He, J) =(H% J*) for s< —R, (H,,J;)=(H" J")fors> +R (2.9)

for some pgsitive real number R. Let Z=(z,u")eP(H* and
W= (w,u)e PHF). #(Z w;{H,}) denotes the space of solutions of the
following

0
M w4 VH W =0 (2.10)
ds ot
lim us, 1) = z(1), lil;n u(s, t) = wip) 2.11)
w,u” $u) ~(w,ut). (2.12)
We define the energy of u: RxS! -» M as follows:

1*> L/ oul? |ou 2

By () =3 J@ g( ol Tzt Xuew )dtds (2.13)

Il u is a solution of (2.10), the energy of u is finite if and only if u satisfies the
asymptotic condition (2.11) for some £ = [z,u”] and W = [w, u*}. We also
have the following estimate of the energy.

+

|Egn,y (1) — {ag=(Z) — ap (W)} <

-~ o0

ds  (2.14)

d
5; Hs(ta .X)

max
xeM,teS!

Note that the condition (2.9) assures that the last term in the right hand side of
(2.14) is finite. The same argument for (2.3) yields that .#(Z, w; {H,}) is
4 manifold of dimension pys(Z) — uys(W) for a generic path {H,}. Since we
have a uniform bound of the energy, the weak compactness holds. In particu-
at, .4 (2, W; {H,}) is a finite set if py«(Z) = uyo(W). We define a 4,-module
homomorphism ¢#*: C (H* J%) — C,(H%,J*) by
PPH = Y, mEw)w,
pelE) = pys(®)

~here m, (%, W) is the modulo 2-reduction of the cardinality of .#(Z, w; {H,}).
‘nvestigating the end of 1-dimensional components of . (Z, w; {H,}), we get

‘hefact that ¢#* is a A,,-linear chain homomorphism. Once we fix a homotopy
“ctween two given generic paths in the space of paths satisfying (2.9) for some
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fixed R, we have a uniform bound of the energy, hence the weak-compactness,
of solutions of (2.10). Then we get a chain homotopy between two chain
homomorphisms which are obtained from two generic paths satisfying (2.9).
Hence the induced homomorphism HF#* between homology groups does not
depend on the choice of generlc paths satisfying (2.9).

Let (H", JV) and (H?, J&') be paths satisfying

(H", 1Y) = (H% J*) for s < — R, (H", J;") = (H’, J?) for s > + R
HP, JP)=H I fors < — R, (H®, JP)=(H", J") for s> + R

for some R. To show HF"™ = HF "o HF#* we have to consider the following
family of paths.

1
H:QRH for s< — 24

H,,={H* for —A1<s=gA
H;Z.)R.‘;' for s> 4

For the above family of paths, it is easy to see that the last term of (2.14) is
uniformly bounded with respect to A > 0. The gluing argument relates
M{HYY and 4 ({HP}) with #({H, ;}) for a sufficiently large 1, which
yields HF "o HF#* = HF ™,

Hofer and Salamon computed the Floer homology for a generic pair (H, J}
under certain conditions.

Theorem 2.15 ([H-S, Theorem 6.1]) Assume either that (M, w) is monotone or
¢1(m2(M)) = O or the minimal Chern number is N = n. Then for a generic pair
(H*, J%), there exists a natural isomorphism

HF*:HF,(H%, J*) > H,..,(M; Z/2)® A,,

If (H?, J*) is any other such pair, then HF® - HF#* = HF*,

3 Filtered Floer complex

In this section, we assume that the symplectic form  has integral periods, i.c.
[(w]eIlm{H*(M;Z) - H*(M;R)}. For a fixed Hamiltonian H, we can
choose an increasing sequence of real numbers {r;: j € Z} satisfying
(@ri->tooasj-o £ 0,
(i) {r;} does not contain critical values of ay.

Write Cy ; = {Y £(X)- X e C, | &(X) = 0 if ag(X) > r;}, which is a subcom-
plex of the Floer complex C,. We define the “relative homology” of the pa:"
(Cy.j» Cy.0) (i <J), 1. the homology group of C, ¢ j) = Cy.;/Cy it

HF, .5y = Hy(Cy j/Cy.i50) -
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The “relative” Floer homology was introduced in [F-H]. We have the follow-
ing commutative diagram:

{

HF*»(“‘U“U — HF, g 1-1) — HF*,(k+1,:—1) —

djll(,l)
— HF, 41y — HF, 4y —> HF, +1hy — (3.9

lplk.l)

v

v
HF*.(k—l.l+1) > HF*,(k,l+l) > HF*,(k+1,l+l) ?

We define the modified Floer homology group as follows:

HF,= lim lim HF, w1y -
«—

—
I->+x0 k-«

It is easy to see

Lemma 3.2 For a generic pair (H, J), I-TF* (H, J) does not depend on the choice
of {r;}.

As a module, A, is the completion of the group ring Z/2[I"] with respect
to the following filtration:

L2 = { Y A4-04€Z2[[]|Ag =0 for Ppo(d) > —ior ¢, (A) < —j}

Ael’

Ay = lim lim Z2[T'.; -
= “—

jo+w io—w

FOr a generic Hamiltonian function H, #(H) is a finite set. Since [w] is an
Integral class, we can choose the set {r;} = {j + ¢|je Z} for some ¢ = 0.
The I'-action on (C,(H, J),-0) satisfies the following

Z2[T ] 5 < HF 4, (H,J) > HF (maxqi+1,j+0),j+0(H, J),

vhich induces A,,-action on ﬁF*(H, J). Thus we get
iemma 3.3 Iﬁ’*(H, J) has a natural A,-module structure.

The following theorem is an analogue of Theorem (2.8).
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Theorem 3.4 For generic pairs (H® J*) and (H?, J*), there exists a A,,-module
isomorphism

HF": HF,(H* J*) — HF (H" J")
preserving the Conley-Zehnder index. If (H?, J} is any other such pair then
HF"oHF# = HF™ HF*=id .

Proof. Let {(H™, J*")| g € [0, 1]} be a path connecting (H? J*) and (H?, J¥).
Subdivide [0, 1] into [y, ¢+ ] such that there exists {r}k)} and ¢ > 0 satisfy-
ing

(1)r -+ w asj - + .

(ii) e-neighborhood of {r‘k’ } contains no critical values of ay_for s = sy, s,41.
Skt 1 J
(i) f 'a—H("’(t x)

5 XE€ MteS‘
43

do <¢/2.

This is possible, since [w] is an integral class and Lemma (3.5) below assures
that H'” can be chosen such that 2(H@) is finite for ¢ € [0, 1]. Then we can
choose a generic path {(Hs, Jy)|s € R} satisfying (2.9) with (H*, J*) = (H,,, J,,)
and (H?, J#) = ) and

Sk+1? Sk+1

L 8
(iii") nfw Lmax gHs(t, x)lds <¢ .

We shall consider the equation (2.10) with limits Z = [z, u~], w = [w, u*] which
satisfy ay«(%), ags(W) € [r¥, (")]. Let {u,} be a sequence of solutions. Since we
have a uniform upper bound for the energy functional (2.14), {u,} contains
a subsequence which converges to a solution of (2.10) with ' € 2(H*) and
W’ e P(H*), and possibly solutions of (2.3) with H = H*, #, 7" € #(H*) or
H H*?, W, Ww"eP(H*). The conditions (i) and (iii") 1mply that ag-(Z'),
ay«(Z"), aHp(w ), ags(W") e [r¥, (k)] Hence the proof of Theorem (2.8) yields
that ¢#* induces a chain homomorphism C, . ;,(H% J*) = Cy . ;(H?, J?).
In a similar way, we can show that ¢#* does not depend on the choice of
{H,,J,} and that ¢** induces an isomorphism between “relative” Floer
homology groups. It is also easy to see that homomorphisms @ ;,, ¥y ;) iD
the diagram (3.1) are compatible with the isomorphism obtained above. More-
over, the actions of A,, are preserved under the induced isomorphism between
modified Floer homology groups HF,(H® J*) and HF,(H® J*). [

Lemma 3.5 For a generic Hamiltonian functions H* and HP, there is a path
{H(s)} connecting them such that (H(s)) is finite for all s.

Proof. Let # be the Banach space of periodic Hamiltonian functions (sec
[H-S]) and {H,} a generic path in # connecting H* and H”. The implicii
function theorem and the Sard-Smale theorem [Sm] yield that ' ({H,}) =

{(x,s) e L(M)x[0,1]|x € #(H,)} is a 1-dimensional manifold with bound-
ary Z(Ho) x {0} OP(H,) x {1}.
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More precisely, let & denote the Banach space bundle over W '-2-comple-
tion of Z(M), which we shall also denote by (M), with fiber
&, = LTI (x* TM). We define a Fredholm mapping F: #(M)xR — & by

F(x,s) =% + Xy (t, x(1)) .
Then the linearization DF of F is
DF(é: 0) = V_@é + V{XHS(ta x(t)) + G'XQH (ta x(t))
at ds°

for (£, 0) € T, o (L (M) x R). For a generic path {H,}, DF is surjective, this fact
and the index computation imply that 2 ({H,}) is a 1-dimensional manifold.

Let p: & — [0, 1] be the projection to the second factor. To prove Lemma
(3.5), it suffices to show that dp: TZ — T([0, 1]) is transversal to the zero
section of T ([0, 1]) outside of the zero section of TZ, i.e. the differential
of the projection p, to the fourth factor pu(x, s, &, o) = ¢ is surjective if
£ +£0. Namely we have to get the transversality on 1-jets. We define
F L M)xRxH — & by

%_(X,S,H) =X +XHS+H(t,X(t)) .

Restricting the linearization of # to T(Z(M)xR)x#, we get
F . T(ZM)xR)x # — TE& as follows:

F'(x,8 &0, H)=(F1)(x, s, 0, H), F5(x, 5 0,H)),
where
Fiyx,s, &0, H) =X+ Xy 4+ u(t, x(8)),
F x50, H)= Vagé + VeXu, 4 u(t, x(0)) + UXaiH‘(t’ x(1)
for{¢, o) e Ty, o(F(M)xR), H é M. The linearization DF ' ;f?’ is given by
DF'(a,b,c, 1, h) =(DF (1y{a, b, ¢, 7, k), DF (5)(a, b, ¢, t, h))
where
DF\\(a,b,c,7,h) = Voa + V, Xy 4 u(t, x(1)) + bX oy, (¢ x(1)) + Xau(t, x(5))
and " ”
DF (5(a, b,c, 1, h) = VEQC + VoXy, 1 1t x(1)) + TXg-Hs(t’ x(t))
+t Ve X,(t, x(8) + bvixa%H,(t’ )Sc(t))
+ bana:zsz(t’ x(t)) + Vo Ve Xy, 4 ult, x(2))
+oV,X 2,6 X(0)
Pa: T(L(M)xR) x # — R denotes the projection to the fourth factor.

ﬁ4(x’ S, éa g, H) =0
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For H € # sufficiently close to 0, the operator
(a,b) — V;la + VoXy, 4+ ult, x(t) + bX;_aH (t, x(8))
ot s *

is surjective. Because of the term V. X,(t, x(f)) and the unique continuation
theorem, (¢, h) = Voc + V. Xy 4 ult, x(£)) + VX, (t, x(t)) is surjective, if £ % 0.
Hence, &' xp4 is attransversal to the zero section at points (x,5, &0, H)e
T (L (M)xR)x # satisfying ¢ + 0. By the Sard-Smale theorem, {(x, s, ¢, 0)e
T(LM)xR)|xe P(H;+ H), e T g ({Hs + H}), & + 0} is a 1-dimensional
manifold for a generic H. In particular, € = {(x,s)e L(M)xR|x e P(H, + H),
Pasl) =0 for all {e T Z({H;+ H})} is a O-dimensional submanifold of
Z(H, + H). By the assumption on H* and H”, € does not intersect the boundary
of X({H,+ H}) for H sufficiently close to 0. Moreover, there is a path
y:[0,1] —» # such that y(s)=0 near s=0, y(s)=H near s=]1,
Z({y + H**}) = {{x, )| x € Z(7(s) + H**"#)} is a manifold, and the projection
to the second factor Z'(y + #*°#)} — [0, 1] is a submersion. Then we define
H()=H*+p(e ' s)for0<s S H(S) = Hy g5 1s—n + Hfore s <1 —5,
and H(s) = H? +y(e"*(1 — s)) for 1 — ¢ < s < 1. This satisfies the property of
Lemma (3.5). O

4 Computation of the modified Floer homology group

In [F], [H-S], they compare the Floer complex of a generic pair (H, J) with
the Morse complex of a C2-small Morse function. An almost complex struc-
ture J calibrated by @ determines a Riemannian metric on M. For a Morse
functionf: M — R whose gradient flow is of Morse-Smale type, we denote by
C,(f) the Morse complex associated to f [Sa].

Under the assumption that (M, w) is monotone or ¢, (M)(n,(M)) =0, or
the minimal Chern number N 2 n, they proved that HF,(f, J) is isomorphic
to Hy+ (Ce(/NM® Ay, = Hy oy (M Z/2) ® A, are graded A,-modules. Here
H,(M;Z/2)® A, is the tensor product of graded modules. This result and
Theorem (2.8) yield Theorem (2.15).

In this section, we compute the modified Floer homology group of (H, /)
on a weakly monotone symplectic manifold (M, w) without the assumption
concerning the minimal Chern number.

First of all, we show the following

Lemma 4.1 For afixed C > 0, there exists a positive integer jo(C) such that for
%, § e P(f) satisfying ap(X) — ap(7) < C, up(X) — pup(y) £ 1, all solutions of
the following equation with & = 1/j are independent of t-variable for j > jo(!')
and a generic almost complex structure J.

du

Ju n
5;+J(u)-a—t+s-(\7f)(u)=0 42

lil}‘l u(s, t) = x(t), l{n u(s, t) = j(t) (43
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Proof. First of all, we assume that } /| < 1, fis sufficiently C2-small such that
all the 1-periodic solutions of the equation

X0+ X, (x(0) =0

are constant solutions at critical points of f and y,.((X) = pu,(X) for 0 <¢
< 1. If the statement is false, we can choose a sequence of integers j; diverging
to + oo and a sequence of solutions u; of (4.2), (4.3) with ¢ = 1/j,.

Firstly, we consider the case that ¢, (4;) < 0. (Note that c¢,(y,) does not
depend on [ as long as u; is a connecting orbit from X to j.) Since the energy of
, is uniformly bounded by C + 2, after choosing a subsequence if necessary,
u, converges, up to J-holomorphic bubbles, to a solution u,, of (4.2) with ¢ = 0,
i.e. a J-holomorphic mapping and u,, extends to a J-holomorphic mapping
from the Riemann sphere to M. The limit u,, may be a constant mapping. (If
¢ % 0, only constant solutions of (4.2) are constant mappings to critical points
of f. On the other hand, every constant mapping is a solution of (4.2)(4.3)
with ¢ =0) For real numbers o¢,, ¥, denotes the reparametrization
{s,t) = (s + g, 1) of the infinite cylinder R x S*. The above argument yields
that, after choosing a subsequence if necessary, u; oy, also converges to
a J-holomorphic sphere up to J-holomorphic bubbles. Let {S;} be the set of
all possible J-holomorphic spheres appearing as a limit of u,° s, or bubbles.

Claim 1 {S;} is not an empty set.

Proof of Claim 1 Let § be the injectivity radius of M and v: RxS' - M
a smooth mapping satisfying the following asymptotic condition.
lil_n v(s, t) = X, lil;n v{s,t)=y.

Denote by v the extension of v to $2 — M. If v satisfies |v, (s, t)(%)l < dforall
(s, t)e R x S*, v is homologous to zero. The condition that c; (1) < 0 implies
that u, is not homologous to zero, hence there exists (s,,t;) such that
(g sy, t,)(%)l > §. We reparametrize u, by u;(s, t) = u,(s + s;, t + t;), then u; is
still a solution of (4.2) with & = 1/j;, and satisfies

0,05

Since we have a uniform energy bound, the weak-compactness argument tells
as that u; converges to a J-holomorphic sphere possibly with J-holomorphic
bubbles, which are also J-holomorphic spheres. The condition (4.4) assures
that at least one of the J-holomorphic spheres above is not a constant
mapping,

For any J-holomorphic sphere S in {S;}, we can find a subsequence {I,} of
{1} and {6, e R} such that S is the limit of uy,°y;, or a bubble attached to it.

Choose subsequences successively and denote the subsequence by the same
symbol {I}.

> 6 (4.4)
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Suppose that each J-holomorphic spheres S; appears as the limit or
a bubble of (possible reparametrized) solutions u; of (4.2).

Claim 2 {S;} is a finite set.

Proof of Claim 2. Let {T;} be J-holomorphic spheres obtained as limits of
(reparametrized) solutions u, of (4.2) with ¢ = 1/, except finitely many points
in RxS! and {T;,|1 £ h £ d(i)} J-holomorphic bubbles attached to T.
Clearly, we have {S;} = {T;, T;,}. For any ¢ > 0, we can take [ large enough
such that there exist mutually disjoint intervals [R;, L;] (i=1, ... k) and
u,([R;, L;] x §1)is close to T; and possibly some bubbles T; ; enough to satisfy

d@)
dtds > E(T) + Z E(T.,) —¢.
=1

1L1

23]

(714,
o5

6u, + 1 X
o 4

Hence

E(w) 2 i {E(Ti) + 42(5) E(Ti,h)} — ke,
h=1

i=t

if {T;} contains at least k J-holomorphic spheres. On the other hand, we have
E(w)<C+2and E(S) = fw 2 1 for any J-holomorphic sphere S, because
[@] is an integral class. Since & is arbltrary, the cardinality of {S;} = {T;, Ti,,}
is bounded by C + 2.

Remark. Hofer and Salamon showed the estimate E(S) > % for some positive
constant 2 without assuming {«] is an integral class.

Claim 3 Cl(u,) = Zj Cl(Sj).

Proof of Claim 3. Let U be a regular neighborhood of |} {T;u(u T )}. For
a fixed ¢ > 0, there exists [ and sequence of real numbers — o0 =Ly < R; <
Li<Ry<L,< -+ <R, <Ly<Ryy; = + o0, such that

Imu([R;, L xSY) < U,

and

i u,(s, t)

i <¢gif s <[Ly Riy ) forsomei=0,...,k. 4.5

We choose ¢ < 4, then ug,, 4., bound disks D;, D;* in d-balls, which are
unique up to homotopy. It is easy to see that C; = D;” Uu,([R;, L,]x S1)u D/
is homologous to T;u(uT;,). The condition (4.5) assures that
DY juw([Li_y, R;] xSY)uD; is homologous to zero. Therefore we get

cilw) =Y ¢ (C)) = YTy + Y ei(Tiy))
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Since ¢, (4;) < 0, one of the J-holomorphic spheres S; has negative Chern
number. However the weak monotonicity excludes this possibility for a gen-
eric almost complex structure J. This is a contradiction.

From now on, we assume that the Chern number of u = u, is non-negative.

Case 1 rank du = 0 on an open subset U of Rx S'.

The unique continuation theorem [A], [J, Lemma 2.6.1] yields that u is
a constant mapping. However we assumed that u is t-dependent, and this is
a contradiction.

Case 2 rank du = 1 on an open subset U of Rx S,

In this case, the image of U by the mapping u is an immersed curve
y: (@, b) - M. Since y and Jy are linearly independent, we have

Ou ou, ,
&(Sa t) _a_s(s,t)

and
ou ou ,
5(57 t) =5—t(s 7t )

for (s, 1), (s', ") € U satisfying u(s, t) = u{s’, t'). This fact implies that u(s, t) =
y(As + ut) after a reparametrization of y and A and u are some constants in R.
In fact, we can show that the foliation given by the level sets of u is invariant
under translations in the s-direction and the t-direction, which implies that the

level sets are segments of parallel straight lines. Since y:(a, b) — M satisfies
the equation

. i J#
we can extend it to y: R — M as the integral curve of the equation above
which coincide with the original y on (a,b). We define a mapping
u,: RxR — M by u,(s, t):= y(4s + pt). Then u, is a solution of (4.2). Apply
the unique continuation theorem to u, and the composition of the projection
P:RxR - RxS! with u, we'get u, =u-pon RxR.
If u = 0, y is a gradient trajectory of f and u degenerates to y on the whole
domain R x S*. Since u is a t-dependent solution, we get u =+ 0.
HA=0,7() = y(ut) is a L-periodic solution for %(t) = X, (x(t)). However,
there are no non-trivial 1-periodic solutions by our assumption, hence 4 = 0.
We can assume that 2 = 1 and u(s, 1) = y(s + ut) with u =% 0. Since u is
"-periodic in t-variable, y(s) = y(s 4+ ). On the other hand, {}(s), Vf) =

~e{l/(1 + u®)} | Vf1|? <0, hence f(y(s)) # f(y(s + w)), which is a contra-
liction.
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A solution u is called multiple, if there exist an integer kK =2 and
v: RxS! - M such that u(s, t) = v(ks, kt). If u is not multiple, we call
u a simple solution.

Case 3 u is simple.

If u is somewhere injective, we can apply the same argument in [MD-1] to
prove that .# (%, §) is a manifold of dimension u,(X) — u,(#) around u for
a generic almost complex structure J. On the other hand, there is a 2-para-
meter family of solutions wu, ,(s,t)=u(s +0o,r+p) in #(X, 7). Hence
Up(X) — ps(¥) = dim A(%, y) 2 2, which contradicts our assumption that
%) — ) £ 1.

If u is not somewhere injective, there are open subsets U, and U, in R x '
such that w(U;) = uw(U,). We may assume that rank du = 2 on U, and U,.

If u satisfies the following condition:

du u
5;(51, t)= ’é;(sz, t2)

and

ou ou
'é;(sls ty) = 5?(52, t2)

for all (sy,t)e U, and (s,, t5) € U, satisfying u(s{, t;) = u(s,, t;), then the
unique continuation theorem yields that u(s, t) = u(s + o,t + t) for some
g,7€R. If ¢ % 0, the unique continuation theorem implies that the energy
E(u) is infinite, which contradicts our hypothesis. Therefore ¢ = 0, and u is
a multiple solution or degenerates to a gradient trajectories of f according to
cases that 7 is a rational number or not. However we assumed that u is
a simple solution. Hence these cases never happen.

We assume that u does not satisfy the above condition. Since u is not
somewhere injective, there is a diffeomorphism ¢:U; — U, between open
subsets of R x S! such that uc¢|y, = uly,. Since uc ¢ and u have the same
image on Uj, there are four functions a, b, ¢, d on U, such that

(a,b,c,d)+(1,0,0,1),

ou du Ju

'a—s(d)(ss t)) = a'_a;(& t) + b'a(sa t)
and

ou ou du

E;((b(s’ t)) = c'a(s’ t) + d"é{(& t) .
From the equation (4.2) for 4 on U; and U,, we get

ou ou
{(a - 1)+cJ}5;+{b+(d—1)J}b—t—Oon U, .
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Since (a, b, ¢, d) #£(1,0,0, 1), du/ds and 0u/Ot are linearly dependent over
complex numbers. Hence the gradient vector field Vfis tangent to a 2-dimen-
sional immersed surface u(U;) = u(U,). By the discussion in Case 1 and 2,
we can assume that u is an immersion on an open dense subset of R x §'.
Hence the image of u is swept by gradient trajectories of f. More precisely,
the gradient vector field Vf is tangent to the image of u on an open dense
subset.

If the statement of Lemma 4.1 is false, we can choose a sequence of integers
jidiverging to + oo and a sequence of (-dependent solutions u; of (4.2), (4.3}
with ¢ = 1/j). If ¢4(w;) > 0 or w(u) =* 0, y; is not homologous to zero. Hence
the argument in the proof of Claim 1 and 2 implies that at least one of the
J-holomorphic spheres appearing in the limit of u; is nontrivial. Since u, is
swept by the gradient trajectories of f, ie. the gradient vector field Vf is
tangent to the image of u; almost everywhere, the C'-limit of (reparametrized)
connecting orbits u, should also be swept by the gradient trajectories of f. This
also holds for J-holomorphic bubbles, since they are the C'-limit of rescaled
mapping of u;, to which the gradient vector field Vf is tangent. Since a
J-holomorphic sphere has only finitely many singular points, i.e. the points
where the differential of the J-holomorphic mapping is not injective, only
finitely many gradient trajectories of f contain singular points of S. On the
other hand, if a part of a gradient trajectory y: R — M of f'lies on § but the
whole image of y is not contained in S, y should pass one of the critical points
of S. Hence, there are gradient trajectories contained in § completely, so
§ should contain at least two critical points of f.

The Sard-Smale transversality argument [Sm] tells us that for given two
points p and q, we can choose a generic almost complex structure J such that
there are no J-holomorphic spheres containing p and g with the Chern
number less than n + 1. Since S contains at least two of the critical points of £,
we have ¢;(S) = n + 1. Then the proof of Claim 3 implies ¢;(u)) = n + 1,
because there are no J-holomorphic spheres of negative Chern number for
a generic almost complex structure J.

Recall that p,.;(£) — po.r(7) = (%) — (7) = ind, () — ind(y) + 21 (W)
where ind /(x) denote the index of the Hessian of fat a critical point x. Then we
get up(X) — pu,(¥) 2 2, which contradicts our assumption.

If ¢i(w) = o(y;) = 0, the argument in [S-Z, Theorem 7.3(2)] tells us that
there are no t-dependent solution of (4.2), (4.3) for a sufficiently small ¢ = 1/].

Case 4 u is a multiple solution.

In this case, u(s, ) = v(ks, kt) and v is a simple solution of the following

v ov ¢

-6—5 + J(U)E +E'(Vf)(l)) =0.

NOFC that the argument in [S-Z, Theorem 7.3(2)] does not require that u is
4 simple solution. Hence in the case that ¢,(u) = w(u) =0, we have no
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t-dependent solutions for a sufficiently large j. We assume that ¢,(u) &= 0 or
w(u) * 0. Since ¢, (M) and [w] are integral cohomology classes, the multipli-
city k of u is uniformly bounded as long as u is a connecting orbit from X to .
If ¢, (v) = 0, the argument in case 3 implies that there are no simple solutions
for a sufficiently small &, which implies that such a u does not exist.

If ¢y (4) > 0, the index of the linearization at the simple solution v is at most
~— 1. Hence such a v does not exist for a generic almost complex structure J,
which implies that such a u does not exist either. [

Remark. If a symplectic manifold (M, w) satisfies the condition that ¢,(4) =

A+ w(A) for any spherical 2-homology class A with A % 0, the condition that
as(%) — as(§) < C follows automatically from u,(X) — up(¥) =0, 1. There-
fore the conclusion of Lemma (4.1) holds for such symplectic manifolds
without assuming the energy bound. If 1 <0, the weak monotonicity is
equivalent to the condition that the minimal Chern number N > n —3 or
dimM = 6.1f ¢;(A) = 0 for any spherical 2-homology class A, the first part of
the proof yields that the same conclusion holds. Namely we get the following

Corollary 4.6 Let (M, w) be a closed symplectic manifold such that c¢(A) =

A-w(A) for any A € n,(M) and a real constant 1. Suppose that the minimal
Chern number N > n — 3 or dimM = 6 if A < 0. Then there exists a positive
integer jo such that for %, € P(f) satisfying (%) — p,(§) < 1, all solutions of
(4.2)(4.3) with ¢ = 1/j are independent of t-variable for j > j, and a generic
almost complex structure J.

We choose a C2-small Morse function f satisfying — 1/8 < f(x) < 1/8 and
{ri} =1{Jj+12]jeZ}. Let {{H,, J,)|0 < s < 1} be a generic path from (£, J)
to a generic pair (H, J,), which is sufficiently small in C*-sense. More precisely,
the set of critical values of ay_is disjoint from {j + 1/2+ 6|jeZ, — 1/16 <
& < 1/16} and

<1
16

0
—H
) 25 Hs(t: %)
for all x e M and s € [0, 1]. We prove the following
Theorem 4.7 HF,(H,,J,) = Hy 1 /(M; Z/2) ® A,,.

Proof. Let %, j € P(f) satisfy k + 1/2 < ay(%), ap(§) <!+ 1/2 and py (%) —
us(9) = 1. By Lemma (4.1), there exists a positive integer jy(k, [) such that all
solutions of the equation (4.2) with & = 1/j are independent of t-variable if
j >Jjolk, I). In particular, the equation (4.2) has no non-trivial solutions if
(%) = p,(7), and the chain complex C, ¢ (1/j<f,J) is isomorphic to
Cy+a(f) ® Z/2[ T}, . The argument in the proof of Theorem (3.4) yields
a chain homomorphism g1 Cu qn(H, J) = Cosnan(1/i-fJ) =
Cyinl /) ® Z/2[T 4.1y, which induces an isomorphism between homology
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groups. Moreover the argument in the proof of Lemma (4.1) yields that there
exists an integer j;(k, [} = jo(k, I) such that all the solutions of the equation
below

0
a—" + J(u) + o()Vf)(w) =

lm u(s, ) =xeP(f), limuls,t)=ye?(f)

(v, u” #u) ~(y,u”)

are t-independent, if u(%) = u(¥), where X = (x, u™), § = (y, u”), and a positive
function ¢(s) on R satisfies

1
jl(k! l) ’

lo@)| =

and

1 1
p(s)=—fors< —R, ¢(s)=—fors>R,
J2

J1

for some R > 0. t-independent solutions of the above equation are reparamet-
rized paths of the gradient trajectory of f. Since we assume that the gradient
flow is of Morse-Smale type, gradient trajectories are constant paths at
critical points of £, if the Morse indices at end points coincide. This observa-
tion implies that the induced homomorphism ¢ ;, between homology
groups does not depend on the choice of j > j, (k,I). Therefore homomor-
phisms { ¢ ;), } commute with homomorphisms @ 1), ¥, in the diagram
(3.1). Thus {dun,} induces a homomorphism ¢: HF,(H,J) —

H, (M; Z/2) ® A,,. Since { Py, ), } are isomorphisms, ¢ is an isomorphism.
By the construction, it is easy to see that ¢ is A,-linear. ]

Theorem (3.4) and Theorem (4.7) yield

Theorem 4.8 Let (M, w) be a weakly monotone symplectic manifold such that
lole Im(H*(M;Z) - H*M, R)). Then for a generic pair (H, J),

HF,(H,J) = Hy o n(M; Z/2) ® A,

Theorem (1.1) is equivalent to the following

Corollary 4.9 Let (M, w) be a weakly monotone symplectic manifold and
H a Hamiltonian function such that all periodic solutions of (2.1) are nondegener-
ate. The number of periodic solutions of (2.1) is bounded below by Y, boM; Z/2),
where b,(M; Z/2) is the p-th Z/2-Betti number of M.
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Proof. If [w] is an integral class, the conclusion is a direct consequence of
Theorem (4.8). The same conclusion holds if [w] is in H?(M; Q). We shall
show that the general case is reduced to this case. Let {x;} be all periodic
solutions of (2.1), N;(g) an e-neighborhood of the orbit of x;, and ¢; a cut off
function, i.e. ¢; = 1 on N;(¢/2) and ¢; = 0 outside of Ni(3¢/4). 5, ..., n, denote
closed 2-forms on M representing generators of H'(M; R). For a sufficiently
small & N;(¢) has the same homotopy type as the orbit of x;, hence
H?(N;(e); R) = 0. Thus nilng = dg;,; for some function g;; on Nie).
= n;— d(}, ¢i-g;,:) is cohomologous to n;, with support in M — u; Ni{&/2).
It is easy to see that there exists o > 0, such that the equation (2.1) has exactly
same number of solutions for symplectic forms ' = w + ¥ a,- n; if |ax] < 0.
Since H*(M; Q) is dense in H?*(M; R), there exist real numbers a, such that
o’ € H*(M; Q) and ja,| < 0. Moreover, there are no J-holomorphic spheres
for a generic J calibrated by w’ and tamed by w. This condition is the only
one we use in the proof of Theorem (4.8). Therefore we get the desired
estimate. [

Since the weak monotonicity is automatic in dimension 2, 4 and 6, we get

Corollary 4.10 Let (M, w) be a closed symplectic manifold of dimension 2, 4 or 6.
If all periodic solutions of (2.1) are non-degenerate, the number of periodic
solutions is at least Y b,(M; Z/2).

Acknowledgements. The author would like to express his sincere thanks to his friend Lé
Hong Van for stimulating discussion and encouragement. He is also grateful to Professor
Dietmar Salamon for discussion in the early stage of this work and comments on the
previous version of this paper. This work was carried out during the stay at Max-Planck-
Institut fir Mathematik, Bonn. He also thanks its hospitality.

References

[A] N. Aronszajin: A unique continuation theorem for solutions for elliptic partial
differential equations or inequalities of the second order. J. Math. Appl. 36,
235-249 (1957)

[C-Z] C.C. Conley, E. Zehnder: The Birkhoff-Lewis fixed point theorem and a conjec-
ture of V. I. Arnold. Invent. Math. 73, 33-49 (1983)

[F] A. Floer: Symplectic fixed points and holomorphic spheres. Comm. Math. Phys.
120, 575611 (1989)

[F-H] A. Floer, H. Hofer: Symplectic homology I (preprint)

[G] M. Gromov: Pseudo holomorphic curves in symplectic manifolds. Invent. Math.
82, 307-347 (1985)

[H-S] H. Hofer, D.A. Salamon: Floer homology and Novikov rings (preprint)

1 J. Jost: Two-Dimensional Geometric Variational Problems. John Wiley & Sons.
1991

[MD-1] D. McDuff: Examples of symplectic manifolds. Invent. Math. 89, 13-36 (1987

[MD-2] D. McDuff: Symplectic manifolds with contact type boundaries. Invent. Mat.
103, 651-671 (1991) .

[M-S]  D. McDuff, D. Salamon: “Chapter 11 Compactness” (preprint) in a book it
preparation



On the Arnold conjecture for weakly monotone symplectic manifolds 537

[P-W]  T.H. Parker, J.G. Wolfson: Pseudo-holomorphic maps and bubble trees,
J. Geom. Anal. 3, 63-98 (1993)

[Sa] D. Salamon: Morse theory, the Conley index and Floer homology. Bull London
Math. Soc. 22, 113-140 (1990)

[Sm] S. Smale: An infinite dimensional version of Sard’s theorem. Am. J. Math. 87,
213-221 (1965)

[S-Z] D. Salamon, E. Zehnder: Morse theory for periodic solutions of Hamiltonian
systems and the Maslov index. Comm. Pure. Appl. Math. XLV, 1303-1360
(1992)

[Y] R. Ye: Gromov’s compactness theorem for pseudo holomorphic curves (preprint)

Note added in proof

After finishing this paper, we showed that a natural homomorphism HF,(H,J)—
HF (H,J) is surjective. We also noticed that abuse of notation (H% J%), (H%, J*) may
cause misunderstanding in the proof of Theorem 3.4. Precisely, the 1somorph1sm

HF(H,, J,) = HF(Hj, J ) is obtained by composition of HF, (H,, J,) » HF (H, ,J, ).



