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Introduction

Let o denote the local ring Z[v],, where v is an indeterminate and s is the
maximal ideal in Z[v] generated by v — 1 and a fixed odd prime p. The residue field
& /m =F,is denoted by k.

To each Cartan matrix (a;;)} ;= Drinfeld [Dr] and Jimbo [Ji] have associated
a so-called quantum group U’, which is a Hopf algebra over Q(v) defined by certain
generators and relations. Following Lusztig [L 5, L 6] we consider an «/-lattice
U of U’ which is a Hopf algebra over &/, and also the “specializations”
Ur = U®T for various «/-algebras I

Firstly we introduce the coordinate algebra o/ [ U] as a suitable dual of U. Our
first main result says that .o/ [ U] is a free .o&7-module (Theorem 1.33). This relies on
the connection, established in [loc. cit.], betweeen U, and the hyperalgebra of the
semi-simple algebraic group G, corresponding to (a;;). Here k is made into an
of-algebra by sending v to 1. The point is—and this will be used repeatedly
throughout the paper—that this connection allows us to carry over information
from the representation theory of G, to that of U,.

Next we use the coordinate algebra to set up a general theory of induction.
A crucial result here is that induction from the trivial subalgebra as well as from U°
(see Section O for notations) is exact, see Theorem 1.31 and Proposition 2.11. Also,
we emphasize the study of induction from “generalized parabolic subalgebras”. We
check that our induction functors have the standard properties, e.g. Frobenius
reciprocity, transitivity and the tensor identity (Section 2). Moreover, we study
their behaviour under base change, thereby getting explicit connections to the
analogous functors in the representation theory of G, and Gy, see Section 3.

The above results together with a detailed examination of the rank 1 case
(Section 4) then enable us to obtain some deeper results about induction from
a “Borel subalgebra”. These include analogues of Serre’s theorem, Grothendieck’s
theorem, Kempf’s vanishing theorem for dominant characters and Demazure’s
character formula. Moreover, we show that the concepts and results about good,
respectively excellent filtrations carry over to the quantum case, see Section 5.
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Consider now a specialization of o/ into a field I We develop a Borel-
Weil-Bott theory for U, see Section 6. If the image { of v is not a root of 1 then the
theory is completely analogous to the classical theory for Gq (regardless of the
characteristic of I'} whereas if char(I') =0 and { is a root of 1 then we have
a situation resembling the modular representation theory for G,.

This latter situation is explored further in Section 8 where we prove a linkage
principle and a translation principle for U,. An important ingredient in the
arguments there is Serre duality (Theorem 7.3) which in turn requires a special case
of Bott’s theorem.

Everything has now been set up in a way which invites us to define a “Jantzen
type” fitration and prove a sum formula. In fact, we obtain several such filtrations
and corresponding sum formulas (see Section 10). Working over k this gives
filtrations of the classical Weyl modules and it is an interesting question to
compare these with the ordinary Jantzen filtration. We conjecture that if the
highest weight in question is in the lowest p2-alcove then the filtrations coincide. As
we point out a positive answer to this conjecture would settle Lusztig’s conjecture
relating the irreducible characters in the quantum and modular case ([L 3]). At
least in rank 2 and also for type A5 the conjecture is true. In fact, in these cases the
sum formula together with the translation principle and the Steinberg-Lusztig
tensor product theorem give all the irreducible characters, see Section 11.

So far most of our results concern the so-called integrable modules of type 1 (see
Section 1). In Section 9 we prove that finite dimensional U modules are integrable.
If v is not specialized to a root of unity, we just reproduce the argument given by
Rosso ([R 1]), whereas in the root of unity case we have to work somewhat harder
and use both results of Lusztig ([L 3]) and some properties of the Steinberg
module. In the course of the proof, we obtain the somewhat surprising result that
the category of finite dimensional Up-modules has enough projectives (injectives).

Also, in an appendix by the second author it is proved that for type 4, the
quantum coordinate algebra, defined in Section 1, coincides with the one studied
by Parshall and Wang ([PW 1-2]). The appendix is independent of the results in
Sections 2-11.

Some of the results in this paper are contained in the first author’s preprint
[A 5]. However, the proof of the exactness of induction from U? given in [A 5,
1.12] is not correct and also some of the steps in section 4 are incomplete. In this
paper we have overcome these difficulties by relying on the relation between U, and
the hyperalgebra for G.

Finally, we acknowledge our debt to G. Lusztig, whose preprints [L 1-6] have
both aroused our interest in quantum algebras and provided the start for our work.
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0. Notation

Throughout the paper we use the following notation, mostly following Lusztig

[L 1-6].

(aij)'i',j=1

is a Cartan matrix

dy,...,d, €{1,2, 3} such that (d;a;;) is symmetric

o

M/
k
r

[m]y

[ml;

&

Ul

= Z[v],, where v is an indeterminate and «: is the ideal in Z[v]
generated by v — 1 and an odd prime p. We assume p > 3 if (a;;) has
a component of type G,

= Q(v) the fraction field of .«

= F, the residue field of =/

an «/-algebra

Udm_v—dm
=—d————_—d—e=91where m,de]N
vt —0
m Udj_v—dj m
= H I B H []]deﬂ where m,dEN
j=1 V" — 0 j=1

vd(m—j+1) _ U—d(m—j+1)

P rF €./ where meZ, t,deN

S
=11
i=1

(We omit the subscript d if d = 1)

vy —o”

v —1
= D_led where le N

is the quantum algebra over &/ associated to (a; ;), i.e. the o/ -algebra
with generators, E;, F;, K;, K;',i=1,...,n and relations

K,KJ = KjKi, K,'K,'—1 =1= Ki_lKi
KiEj = Udia”EjKi, KiFj = U_dia(ijKi
Ki - Ki-l
vdg _ v"di

1—a.
) (—1)s[ s“"] EEE:=0 ifi+]
d;

r+s=1-ay

EiFj - FJ-E,' = 5ij
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1 - a ,
) (—1){ S“’] FIFF=0 ifi+]
d;

rts=1-—a,

E™
EMm =—form=0
{m]s,
Fm
Fm form=0
~ [ms,

K,-;C fl K z]d,(t s+1) Ki—lvﬂi,v(c—.w-l)
ol USd‘ __ U_Sd‘

U the quantum algebra over & introduced in [L 5, L 6], ie. the /-
subalgebra of U’ generated by EM, F™M K, K ', i=1,...,n,N=0
v+ (resp. U~) the /-subalgebra of U generated by E® (resp. FM),
i=1,...,,,N=>20
uU° the &/-subalgebra of U generated by
K;;
Ki,Ki‘l,[ tc],i=1,...,n,tgo
U’ =U-U°
Ut =yoU*

U, resp. U(I) the subalgebra of U generated by {E, F®, KX'liel,r, s = 0} resp.
by U’ and {E®Jiel,r = 0} where [ = {1,...,n}. When I = {i} we
simply write U; resp. U(j) instead of U, resp. U(I)

Ur = U@T for any o/-algebra I'. Same definition of Uf, U, U%, U}
and U%. By [L 5], U, identifies with U’

U’ is a Hopf algebra with comultiplication 4, antipode S and counit ¢ defined by
ME)=E®1+K,®E, AF)=F,®K'+1®F, 4(K)=K,®K;
S(Ey= — K{'E, S(F}= — FK,, S(K)=K{!

e(E) =0 =¢(F), K =

and U is a sub-Hopf-algebra of U’ (see [L5])

dy,. .-, 0 & set of simple roots associated to (ay), i.e. <oy, &; Uy =ay;

R (resp. R™*) the corresponding root system (resp. positive roots) Weset N =|R*|

X the set of weights, ie. X =2Z" If 1=(4;,...,4,)eX, we write
A’iz <Asaiv>a i= 1’~ R (2

Xt the set of dominant weights, ie. X* ={leX|<La )20,

i=1,...,n}
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W the Weyl group corresponding to R. There are two actions of W on X.
The first one is the natural one, given by s,{4) = 4 — {4, a" >, for any
aeR, Ae X. The second is the dot action given by w- 4 = w(d + p) — p,

for any weW, e X. Here p = %ZaeR“ o For i=1,...,n we set
S = S‘,,l
W, the affine Weyl group corresponding to W and a positive integer /.

It is generated by the reflections s,,:X — X,aeR*, reZ, where
SarA=SgA+rloAeX

1. The quantum coordinate algebra

The aim of this section is to define the quantum coordinate algebra as a suitable
dual of the quantum algebra.

We start with some generalities on characters. Since U° is a commutative Hopf
algebra, the set of characters of U? is a group, where multiplication and inverse are
defined as follows. If x, ' are characters, then yx' = (x ® x')°4 and x ~* = x°S.

Let X be the weight lattice, £ the group {+1}", and X the direct product
2 x X. Then:

Lemma 1.1. (i) For each (o, 1) e X, there exists a unique algebra homomorphism Yo, 4
U® — of such that:

a5 -o]]

K;; A
Moreover, x,, ; satisfies: ¥,z ( ; ]) (o;) [ + C] for all ceZ.
d.

@i1) If (o, A), (z, ,u)e)z S then Yo adew = Xov, a+ur Therefore,'the map: (6, A) > X, 118
a group homomorphism.

Proof. (i) U° is a subalgebra of U%., and the latter is a Laurent polynomial ring
over /', in the variables K;*!. Therefore, there exists an algebra homomorphism
Xo,2:U% — o', such that: y, 1(K;) = 6;0%*. Since:

I:KU C] li[ Kivdi(c-s+ 1) _ Ki—lv-d,-(c-.ﬁ-l)

dis —~dis

vt —v

we obtain that:

Ki; c , t vdi(li+c—s+ 1) v—di(‘-i"“c_s“' 1) l +c
= (55 t
Xa,a (I: ¢ :I) = (al) 5131 Ud's — v_,ji, = ( l) 4,

which belongs to /. Hence, by restriction, y, , induces an algebra homomorphism:
U®° - o with the required properties. Uniqueness follows from the fact that the
monomials:

H K"'[ :’, where 1;€N, ;e {0, 1} form an of-basis of U°. See [L 6]
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(ii) We have: A(K;) = K; ® K; and:

K; ¢ K; K
A ' = ' K- s Ki~s i i
(%)) 215 eronm [ 5]
Therefore:
K — t - A —sdydg (e —S)dip, | P
(5] 5 oo 2]

K's i - .
Now, by [L 5, 2.3 (g10)], the R.H.S. is equal to y,.,; <|: lt # }), which is:

PR .
(GiTi)t[ ' —: e :L. = Aot a+p ([fil)

Hence Lemma 1.1 is proved. [
We will sometimes denote ,, ; simply by: 4,.
Remark. Lemma 1.1 is implicit in Lusztig’s work.

1.2. If M is a U°module, and x a character of U°, the y-weight space of M is:
M, = {xeM|ux = y(w)x for all ue U®}. If M, N are U°-modules, then M ® N is
a U%module, and M,® N,, € (M ® N), .

1.3. Remark. The emphasis on the characters 4, comes from the following fact: If
of = I' is a specialization of &/ into a field I', then any finite dimensional U -
module is the (direct) sum of its weight-spaces M;,. This will be proved in
Section 9.

1.4. Let M be a U-module. Then EPM, ; S M, ;1ps, and FOM, ; S M, ;g .
Therefore, if we define:

0,(M)= @ M, , then we have the:

AeX

Lemma. Each 0,(M) is a U-submodule of M.

1.5. Now, we define: F,(M)={xeC,(M)|EPx=F’x=0,1<i<n,r»0}
Then, we also have the:

Lemma. Each F,(M) is a U-submodule of 0,(M).

Proof. Let xe F,(M). We want to prove that: E®x, F{xe€ 0,(M) for all j, s. For
this, we have to check that these elements are killed by all E{? and F{” when r>0.
But this follows from the commutation relations given in [L 6, Section 5, and
6.5]. O

1.6. For each g X, we introduce the category €, of those U-modules M such that
M = F,(M). These are called integrable U-modules of type 6. When ¢ = 1, we
denote the corresponding category simply by %, and we omit the subscript 1 in the
notation elsewhere as well.

We claim that the categories 4, are all isomorphic to 4. In fact, for each e X
the chatacter y, o of U° extends to a character of U, which we denote by e,.
Observe that g, is nothing but ¢, the co-unit of U. Let &, denote the U-module ¢,
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on which U acts by the character ¢,. Clearly, tensoring by &/, gives an isomorphism
of categories: €, ~ %.
Therefore, we can concentrate without loss of generality on the category %.

1.7. Let o — I be a specialization of of into a field I'. As we shall see in Section 9
the characters ¥, ; ® 1, (6, )€ X, of U are pairwise distinct. If M is a U &-module,
the weight spaces M, ; are defined in the obvious way and their sum is a direct sum.
If M is a Up-module then F(M) is defined as in 1.5, and the category % consists of
those M such that M = F(M). For M €% such that all weight spaces are finite
dimensional, we set as usual:

ch(M) =3 dimp(M;)e*.

ieX

Also if M €% is such that each M, is a finite free .&/-module, we set:

ch(M) = Y rank,(M;)e*.
ieX

1.8. We now define an induction functor H:{2/-modules} — ¥. Firstly, let .# be
the set of two-sided ideals I of U which satisfy the following conditions:
(1) U/I is a finite o/-module
(2) I~ U? contains a finite intersection of ideals Ker(y;), A€ X.

We shall define below a functor H, called induction from « to U, such that, for
an o/-module M, H(M) will coincide with

(*) {feHom,(U, M)if(I) =0 for some I€.#} .

and we shall define the guantum coordinate algebra /[ U] to be H().

Our aim is to prove that induction from .« to U is an exact functor, and that
H[U] is a free o/-module. The definition used in (*) above has the aesthetic
advantage of being intrinsic, and making no use of a particular U-module structure
on Hom_, (U, M). But in order to investigate the properties of H, we have to work
with a more explicit definition, which will be shown to be equivalent to the first one.

1.9. The o/-module # (M) = Hom, (U, M) carries two structures of (left) U-
modules, y and J, defined as follows:

ifuelU, Bes# (M), xeU then (y(u)8)(x) = 0(S(u)x) and (6(u)0)(x) = O(xu) .

Clearly, the subset considered in 1.8(+) is both a y and é-submodule of #(M). Now,
assume that 6e# (M) satisfy 6(I) = 0 for some Ie.#, see 1.8. Then the 6(U)-
submodule N generated by 0 is a finite «/-module, and is the direct sum of weight
spaces N;, where 4 X. From this, it follows that: (E®)0 = §(F )8 = 0 for all i,
and r>0. Hence, we obtain: 8 F;(#(M)). (Here, F is the functor defined in 1.5,
and the subscript  means that # (M) is considered as a 6(U)-module).

Remark. Of course, we also obtain 8¢ F,(5#°(M)).
1.10. Now, we take as a definition:

Definition. H(M) = F;(#(M)).
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(In fact, we shall see later (Corollary 1.30) that this definition coincides with the
one proposed in 1.8 (¥)).

Lemma 1.11. Let Me%, AeX, O+ xeM,. Set r,=Max{rlEPx +0} and
= Max{s|Fx = 0}. Then, for each i, we have: s; — r; = 1,.

Proof. We will use the following commutation relations (see [L 6, 6.5 (a2)]):

) EPFP = ¥ ng—r)[KiQ 2—r— S:| EC0
O0st=r,s ) t ’
(2) F(~3)E$r) — Z E(_r—t) I:Ki_1; 2%—r— s:l F(s—t)
Ost<sr,s t '

Set y = E"x. Then y has weight 1 + r,o;, and E®y = Ofor s > 0. Let s be large
enough so that F®y = 0. Then, by (1), we have:

K; A+ 2r;
0=E§"F?’y=[ ]y=[ M r] y
A S d;

From this we deduce that 4; + 2r; = 0. Now, let z = F{#**" %9 y We claim that
z % 0. In fact, by (1) we have: E#* 29z = y % 0. On the other hand, by (2) we have:

Ofz= ZEEri—t)IiKi_l; 2t : A — 3ri:|F£}-i+2"i—t)x
t

Hence A; + 2r; — t £ s; for some t < r,, and therefore A; + r; £ s;.

Now consider y’ = F®x. Then y' has weight A — s;0;, and F{® =0 for all
t>0. As before we obtain that A—2550, and z = E®~ xi Jy" 4+ 0, and
s; — A; < r;. Therefore, we conclude that s; — r; = 4;. O

1.12. Remark. Keep the notations of the lemma, and let U’ be the subalgebra of
U generated by U, E{, F{,r, s 2 0. From the commutation formulas 1.11 (1)-(2),
we deduce that the o/-span of the elements { FPEPx|0<r<r,0<s< A + 2r}
is a U'-submodule of M. This is the U’-submodule generated by x, and it is a finite
&/-module. This will be used in the proof of the next:

Lemma 1.13. Let Me¥€. If A is a weight of M, then so is wi, for any we W.

Proof. We can reduce to the case where w = s,, a simple reflection. Let 0 &= xe M.
By the preceding remark, the U'-submodule N generated by x is a finite o/-module.
Let N = N ® k. Then N is a finite dimensional Ui-module. Moreover, K; = K; ® 1
acts as the identity on N, hence N isa UL/(K; — 1}-module. By [L 5, 6.7, the latter

K;
algebra identifies with the hyperalgebra U,(SL,). Moreover, since each [ . ]

H)\ . -
corresponds under this isomorphism to the usual element ; ) of U (hyperal-

gebra of the torus), we obtain that the decomposition: N = @, N, induces the
decomposition N = @uN of N into SL,-weight spaces. Now, N; # 0, hence
N, # 0 by Nakayama. Then, by SL,-theory, N,,; # 0, and therefore N,; + 0. O
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1.14. In order to investigate the properties of the “universal .&/-finite highest
weight modules”, we need to develop the machinery of Joseph’s induction functors.
Define a category €" as follows.

If M is a Ut-module, set F(M) = {xe& Z;.x M;]EVx = 0 for all i and r»0}. We
say that M e %" if M = F(M). We denote by €5, resp. €, the category of s/-finite
objects in %%, resp. 4. Following Joseph [Jo] (see also [Do, section 12.3]), we
define a functor D: %%} — € as follows:

Proposition. Let N e‘g}. Set M = U @uuN and let & be the set of U-submodules
K of M such that M/K is a finite /-module. Then & has a unique minimal element
Ko. We define: D(N) = M/K,.

Proof. Since Ne®%, then the weights of N form a finite set Q < X. There is
a U -isomorphism M ~ U~ ® N, and therefore all weights of M belong to
€ = Q4+ NR™, and all weight spaces are finite .2/-modules. Observe that &' only
contains finitely many dominant weights, and therefore the set 2’ = W(X* n Q')
is also finite.

Now, let K € #. By the previous lemma, the set of weights of M/K is W-stable,
and is therefore contained in Q2". It follows that K contains the .«/-submodule
M = @,40-M,. Conversely, let K, be the U-submodule of M generated by M".
Then the set of weights of M/K, is contained in Q”, and is therefore finite. Since all
weight spaces in M are finite .«/-modules, we conclude that M/K, is a finite
of-module. It follows that K, is the unique minimal element of &. [J

1.15. Remark. For e X, we denote by o/ ; the U"-module .« on which U* acts by
the character y;. We simply write D(4) for D(s/;). Observe that if A¢ X * then the
dominant conjugate of 1 does not belong to 4 + INR ™. Hence, with the notations of
the above proof, we have 14 €Q". Therefore we conclude: if 1¢ X * then D(4) = 0.

1.16. We leave it to the reader to check that D is a right exact covariant functor.

1.17. For each Ne %", there is a natural U%-homomorphism 6:N — D(N). Then,
we have the:

Proposition. (Frobenius reciprocity.) Let Ne %%, Ec%,. For any ¢ e Homy:(N, E)
there exists a unique @ € Homy(D(N), E) such that ¢ <o = @. Moreover, Im(p) is
the U-submodule of E generated by Tm(¢p).

Proof. Clear. 11

1.18. Let E be a U-module, and let y be an anti-endomorphism of U. Then
Hom(E, «/) is made into a U-module as follows:

if feHom(E, o), ue U, xeE, then(u.f)(x) = f(y(u)x) .

If y = §, the antipode of U, then the resulting U-modaule is denoted by E*. But,
since S is bijective (see [L 6, 1.1 (c1)]), we can also take y = S~ !, and then the
resulting U-module is denoted by E*.

Now, assume that as an «/-module E is free of finite rank. Then we have
U-isomorphisms: (E*)' ~ E ~ (E")*, and also &/-isomorphisms: E® E* ~
End,,(E) ~ E* @ E. These, composed with the injection: o cEnd(E), a — a idg,
give injections: o/ GE®E* and o G E'@E. Then, regarding & as a U-module
via the co-unit ¢, we have the:
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Proposition. (i} The maps © and v’ are U-homomorphisms.

() The contraction maps: E*® E S and E ®E'i’>d are U-homomor-
phisms.
(i) For any U-modules M, N we have isomorphisms:

Homy(M, N ® E) ~ Homy(M ® E*, N)
and Homy(E* ® M, N) ~ Homy (M, E® N).
Proof. (iii) follows from (i) and (ii), which are easily checked. [

1.19. Proposition. (Tensor identities.) Let Ne %%, Ec% . Assume that E is a finite
free of-module. Then, there are U-isomorphisms: D(E® N)~ E® D(N) and
D(N® E)~ D(N)®E.

Proof. Denote by f and g the natural U%-homomorphisms N — D(N) and
E® N - DE®N). By 1.17, there exist U-homomorphisms
¢:D(E® N)—->E®D(N)and y':D(N)— E'® D(E® N) such that pog=1®f
and Y of=(1®@g)e(r'®1). By 118, ¢’ corresponds to some ¥:
E® D(N)— D(E® N) such that y°(1®f)=g. Then we have: Yyopog=yg,
hence by 1.17 i o ¢ is the identity on D(E ® N). Now, by 1.18 and 1.17 we have
isomorphisms:

Homy(E ® D(N), E® D(N)) ~ Homy(D(N), E* ® E ® D(N))
~ Homy:(N, E' ® E ® D(N))
~ Homy«(E ® N, E® D(N)) .

Therefore, the equality: @ o o(1 ® f) = pog = 1 ® fshows that ¢ oy is the ident-
ity on E ® D(N). Hence, ¢ and y are reciprocal isomorphisms.
The second isomorphism is proved similarly, using E* instead of E'. O

1.20. For each AeX, let M(1) = U ®y:o/,; be the Verma module with highest
weight . Observe that M (1) ~ U/I(A), where I(4) is the left ideal of U generated by
Ker(y,) when we regard here y, as a character of U*

A U-module M is said to be a module of highest weight A if it is generated by an
element x of weight 4 such that E{’x = 0 for all i and r > 0. Clearly, any such M is
a quotient of M(4). Moreover, if M is a finite »/-module then it is a quotient of
D(A), and necessarily Ae X * (see 1.15). Therefore, for e X *, D(J) is the universal
&/ -finite U-module of highest weight 1.

We have the following description of D{4). Let J ~(4) be the left ideal of U~
generated by all F®, where s; > 4; (recall Ae X *), take x; € M(4) of weight 1 and
let N(2) be the U ~-submodule J ~(4)x; of M(A). Then:

Proposition. (i) N(4)is a U-submodule of M (J). Equivalently, J(2) = J~ (1) + I(])
is a left ideal of U.
(i) M(A)/N(X) is the largest of-finite quotient module of M(A). In other words:

D(A) = M(A)/N(A) = U/J(4) .

Remark. 1t follows from (ii) that D(A) is the universal o/-finite highest weight
module with highest weight A.
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Proof. (i) Let s > 4; and r > 0. By the commutation formula 1.11(1), and since
x; has weight 4, we have:

Eﬁ”F?)xl - F§s~,) |:/1i +: - s]

Assume: 0 < s —r £ 4. Then 0 £ 4; — 5 + r < r and therefore

[li+r—s] -0
r d.

it follows that the U ~-submodule of M(A) generated by all {F®'x,|s; > 4;} is
actually a U-submodule.

(i) If K is a U-submodule of M(4) such that M(4)/K is «/-finite then, by
Lemma 1.11, F¥x, e K whenever s > 4;, and therefore K contains N(4). Converse-
ly, let Q = M(1)/N(A). By Lemma 1.5, F(Q) is a U-submodule of @, and since it
contains the generator x; we conclude that F(Q) = Q. Hence, by Lemma 1.13, the
set of weights of Q is W-stable. Then, as in the proof of 1.14, we conclude that Q has
only finitely many weight spaces, and is therefore </-finite. [

x, (this being 0 if r > ) .
di

1.21. The following criterion of freeness will be useful.

Lemma. Let A be a local domain, k the residue field and K the fraction field. Let
M be a finite A-module such that dimg(M ® K) = dim,(M ® k). Then M is a free
A-module.

Proof. Let x,,...,x,€M such that their images form a basis of M ® k. By
Nakayama’s lemma, the x;'s generate M and therefore the x;® 1’s generate
M ® K. But dimg(M ® K) = dim; (M ® k), hence the x; ® U’s are linearly inde-
pendent. It follows that {x,,...,X,} is a free A-basis of M. I

Proposition 1.22. Let Ae X *. Then D(4) is a free o/-module, and its character is
given by Weyl's formula.

Proof. We compare the dimension of D(1) @ &’ = D(4), and D(A) ® k = D(A).
Firstly, D(4),,- is a finite dimensional quotient of M (4),,.. After ([L 2]), M(J)., has
a unique such quotient, and its character is given by Weyl’s formula.

On the other hand, D(A) is a finite dimensional U,-module. Moreover, since
v is specialized to 1, then each K; acts as the identity on D(4),. By [L 6 8.15], the
algebra U, /(K; — 1) identifies with the hyperalgebra U, of G, hence we obtain that
D(A), is a finite dimensional U,-module, generated by a highest weight vector of
weight x;. As observed in ([ Ja 1, Satz 1]), this implies that D(A), is a quotient of the
Weyl module E(1);. (This uses Kempf’s vanishing theorem!). Therefore, we obtain:

dim(D() @ k) £ dim, (D() @ ') .

Then lemma 1.21 gives that D(4) is a finite free &/~-module. It follows that
chD(1) = chD(4),, = chD(A) is given by Weyl’s character formula. [

The previous results are needed in order to prove that the quantum coordinate
algebra is a free o/-module. Let us make a disgression in order to derive some
byproducts of our analysis.

1.23. Recall that Lusztig has defined an action of the braid group on U ([L 6,
Section 3]). Let Ae X *. For any we W, Let J (1) = T,,(J(1)). This is a left ideal
of U.
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Proposition. (i) For any we W, D(A)} is generated as a T,(U~)-module by its
wA-weight space.
(i) For any we W, there is a U-isomorphism @,,:D(1) ~ U/J,,(2).

Proof. (i) By induction on I/(w), we reduce to the case where w = s;, a simple
reﬂectior(l/.1 )We prove that D(4) is generated as a T(U ~ )-module by the element
X5 = Fi"'x;.

By [DL], the monomials F§ ... F§¥ form an «/-basis of U~, where
{B1,. ... PBx}is the ordering of R™ corresponding to an arbitrary reduced expres-
sion of the longest element w,. We arrange that By = ;. Let U® be the subalgebra
of U™ generated by all F{’, where § + «;. Then D(J) is generated as a U ®-module
by the elements {F®x;|0 < s < 4;}.

Clearly, T; maps U® onto itself, and T{F®)=E® for all 5. Since
Eg){?ﬁ‘“’xl = F*~5)x. we obtain that D(J) is generated as a T;(U ~)-module by
Fi™x;.

(i) By (i) we know that D(4) is generated by its wi-weight space, a free rank one
Z-module which is annihilated by T, (U *). (This follows e.g. from Weyl's charac-
ter formula). Since U/J,,(4) has the obvious universal property, we obtain a surjec-

tive U-homomorphism U/Jw(l)—‘gD(i). But the automorphism T, of U induces an
o -isomorphism from D(4) = U/J(A) onto U/J (). Therefore, the latter is free, of
the same rank as D(A). Then, by Nakayama, ¢ is injective, and is therefore
a U-isomorphism. O

Corollary 1.24. Let A = (4,,...,A,)eIN" and let J* (resp. J ) be the left ideal of
U* (resp. U™ ) generated by {EV9\r, > L} (resp. {F|s; > 4;}. Then U*/J " and
U~/J" are finite free o/-modules.

Proof. By 1.20 and 1.23 we have isomorphisms: U~/J~ ~ D(4) and U*/J* ~

1.25. Remark. Following [Jo], we have defined the functor D as induction from
U"® to U. This agrees with the tradition of privileging the dominant weights and
considering the Weyl modules as generated over U ~ by their highest weight vector.
But the tradition for algebraic groups (where induction replaces co-induction) is
still to work with dominant weights, but induce from the negative Borel subgroup.
Thus, we also introduce the functor D’, which is defined in the same way as D (see
1.14) with U* replaced by U’. Of course, all properties of D have their analogue for
D’. Observe that D’(u) # 0if and only if € X ~. In fact, for Ae X * we have by 1.24:

D(~2) = D(—wol) .

Proposition 1.26. For all A, uc X *, the U-modules D(2) ® D(u) and D(u) ® D(A)
are isomorphic.

Proof. Let I be the left ideal of U * generated by {E{?|r, > { —wop, a;" >}. By 1.24,
we have a U *-isomorphism U */I ~ D(u). Let J be the left ideal of U® generated by
I and Ker(y,), where v= A4 wou. Then we have a U *-isomorphism:
U*/1 ~ U%J. Now, as U%-modules both &/, ® D(u)and D(u) ® o are generated
by an element of weight v, which is killed by J. Therefore, we have surjective
U%-homomorphisms:

@:UJ—> o, @ D(p) and y: U*/J —»D(n) ® ;. .
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But all three are free o/-modules of the same rank, and therefore both ¢ and y are
isomorphisms. Hence we obtain a Uf-isomorphism: o/, ® D(u) ~ D(p) ® ;.
Since D(u) is free as .«/-module, we can apply the tensor identities 1.19 and get:

D(D)@D(p) =~ D(#;, @D(1)) ~DD(p)® ;)= D(p) ® D(4). T

Remark. Proposition 1.26 answers a question raised in [PW 2, 3.4.3]. (We shall see
that D'(— Ay* ~ H°(A), see Proposition 3.3).

1.27. We now compute the annihilator in U of the element
Xx=x_,®x,eD'(—~4)®D(n). Set v=p — A and let J(4, u) be the left ideal of
U generated by Ker(yx,), J " (—1) = Anngs(x_;), J (@) = Anny-(x,). Then, we
have the:

Proposition. (i) The U-module D'(— ) ® D(u) is generated by the element x.
(i) Anng(x) = J(4, p).
(iit) U/J(4, ) is a finite free <f/-module.

Proof. Of course, (iii) follows from (i) and (ii). We prove (i). The U *-submodule of
M = D’'(—2) ® D(u) generated by x is equal to D'(—4) ® x,. By 1.19 we have
M~DMD'(-A)®u), and therefore M is generated as a U -module by
D’'(—1) ® x,. Hence, M is generated as a U-module by x.

Now, we prove (ii). From the definition of comultiplication, we obtain that
J < Ann(x), and moreover:

A" )—u* ®1)x=0=Au")—1®u") x forany uteU* .
From this it follows that:

Anny: (x) = Anng+(x_;) = J*(— 1), and Anny-(x) = Anng-(x,) = J " (p) .

Set P = U/J(4, u). There is a surjective U-homomorphism P—» M. We prove
firstly that P is a finite .«/-module. By Lemma 1.5, F(P) is a U-submodule of P.
Since it contains the generator y = 1, we conclude that F(P)= P. Hence, by
Lemma 1.13, the set of weights of P is W-stable. Now, let N be the U’-submodule of
P generated by y. Since:

J7{(p) = Anng-(y) € Anny-(x) & J 7 (p)

we obtain that:N ~ o/ _; ® D(p).

Now, since P is generated as a U *-module by N, it follows that all weights of
P are bigger than — A4 + wyu, and all weight spaces are finite »/-modules. Finally,
since any weight of P is conjugate to some antidominant weight bigger than
— A + wou, and since there are finitely many of these, we conclude that P is a finite
o/-module.

Hence, by 1.17, the inclusion N < P induces a surjective U-homomorphism

D’(N)—i»P. Also, D'(N)~ M, by 1.19. Hence, we have two surjective U-

homomorphisms:

M—»P—wM.
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Since M is a finite free o/-module, it follows by Nakayama that 7o ¢ is injective.
Hence both ¢ and = are isomorphisms. This proves that J(4, &) = Ann(x). O

Corollary 1.28. Let M e%. Assume that M is a finite U-module. Then M is also
a finite o/ -module.

Proof. We may assume that M is generated by an element x of weight ve X. For
each ie{l,...,n} let r; and s; be the largest integers such that Efx 40 and
F®x £ 0. Define 4, ue X* by: 4;=r; and y; =s; for all i. Then g~ A= v by
Lemma 1.11, and J(4, 4) annihilates x. Hence M = Ux is a quotient of U/J{4, )
and is therefore «/-finite by Proposition 1.27 (iii). [

1.29. We can now derive the main properties of the induction functor H. Let M be
an o/-module. Then the «/-module 5# (M) = Hom, (U, M) carries two structures
of U-module y and § (see 1.9). Recall that H(M) = Fs(s#(M)) (see 1.10). As
a 8(U%)-module, H(M) is the direct sum of weight spaces H(M),, ve X, and as we
shall see in the proposition below these are y(U)-submodules of H(M).

For each ve X, let I(v) be the left ideal of U generated by the ideal Ker(y,) of
U®, and let U(v) = U/I(v). Then Hom(U(v), M) is made into a U-module as
follows: (4. 0)(x) = (S(w)x). Let () = {(L, weX* x X |u— A=}

For (4, u)eQ(v) recall that J(4, u) has been defined in 1.27. Note that
1) € J(A4, p). Set D(4, w) = U/J(A, w). Then Hom,,(D(4, ), M) is a U-submodule
of Hom,(U(v), M). Let H,(M) be the union of these submodules, for all
(4, u)e Q(v). Then, we have the:

Proposition. For each veX, there are isomorphisms of y(U)-modules:
Hom, (U, M), ~ Hom_(U (v}, M) and H(M), ~ H,(M).

Proof. The first isomorphism is clear, and identifies H(M), with a y(U)-submodule
of Hom(U(v), M). Let p € H(M),. For each i, let r; and s; be the largest integers
such that §(EY?)- @ #+ 0and 5(F®)- ¢ # 0. Define A, pe X * by: A; = r;and y; = s;.
Then y — A =v by Lemma 1.11, and we obtain that ¢ is zero on the left ideal
J(4, ). Hence, ¢ belongs to Hom(D(4, u), M). O

1.30. Keep the notations of 1.29

Corollary. Let o3¢ (M).
()) The following are equivalent:
{a) There exists a two-sided ideal 1€.# (see 1.8) such that o(I) = 0.
(b) peFs(#(M))
(0) peF,(#(M))
(i) If these conditions are satisfied and if moreover ¢ has weight v for the action of
S8(U°), then there exist 4, pe X ™ with u — A = v such that ¢ e Hom(D(2, ), M).

1.31. We can now derive the:

Theorem, (i) H is an exact functor.

(i)) H commutes with direct sum (possibly infinite).

(iti) For any of-module M, the natural map 0y:H(Z)® M - H(M) is an
s -isomorphism.

Proof. (i) Since H is left exact, we only have to prove that, if M ——» Q is a surjec-

tive &/-homomorphism, then H(M ):H(Q) is onto. So, let ¢ H(Q). We can
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assume that ¢ has weight v. Then ¢ e Hom (D (4, p), Q) for some 4, u. Since D(4, p)
is a free ./-module, then ¢ can be lifted to M. This proves that = is surjective.

(i) Let M= ®M; be a direct sum of &-modules. Then @ H(M;) =
H(M) < [IH(M,). Let pe H(M). Again, we can assume that ¢ belongs to some
Hom,_, (D (4, p), M). Since D(4, i) is a finite o/-module, then Im(g) is contained in
a finite direct sum of the Ms. Hence o € @ H(M,).

As for (iii), it follows from (ii) that H{o/"?) ~ H(o/ )P ~ H(oZ) @ oV for any
free o/-module o/'P. Now, consider an exact sequence 0 — K — F - M — 0 of
of-modules, where F is free. By naturality of 6, we get a commutative diagram:

H(#)®K->H(S)RF >H(F)®M -0
{6 Lo 1 0

0-» HK) - H{F) -» HM) -0
The bottom row is exact by (i), and 8 is an isomorphism since F is free. Hence,
0 is surjective. The same argument applies to K instead of M, and therefore 0k is
also surjective. From this it follows that 8, is bijective. Hence the Theorem is

proved.

We shall see below that H(s7) is a free o/-module. Note that we have already

obtained that H(/) is flat. Indeed, since 8 is also bijective, then the top row is also
exact, and therefore H(/) is a flat .o/-module. [J

Remark. 8, is both a y(U) and 6(U) isomorphism.

1.32. For future use, we record here the following lemma.

Lemma. (Kaplansky). Over a local ring, any projective module is free.
Proof. See [Mu, Theorem 2.5 p. 9].

Theorem 1.33. H(</) is a free o/ -module.

Proof. Since H() = ®,.xH(),, it is enough to prove that each H(s/), is free.
So, let ve X be fixed. Let (Ao, 1o) be the element of Q(v) defined by the conditions:

Ao, =Max{0,v;} and po,;=Max{0, —v;}.

For m = 0, set A,, = 4 + mp, py = to + mp, and J(m) = J (A, t)-
If (4, p) e Q(u), then J(4, u) contains some J(m) and therefore (U/J(4, u))* is
contained in (U/J(m))*. Hence we obtain

H(), = | (U/J(m))*.

mz0
Let m = 0. Since U/J(m) and U/J(m + 1} are free, there is an /-isomorphism:
UlJm+ 1)~ U/J(m) D J(m)/J(m + 1). Hence J(m)/J(m + 1) is a projective -
module, and is therefore free, by lemma 1.32. From this we deduce that

H(), = @ (Jm)/J(m + D)* is a free &/-module. (I

mz0

We call H the induction functor from & to U, and set H(«/) = #/[U], the
quantum coordinate algebra.
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1.34. The Hopf algebra structure of /[ U]. When H is a Hopf algebra over a field
K, it is well-known (and easy to prove) that the restricted dual of H (also called
space of representative functions) is again a Hopf algebra. The argument also
applies to our Hopf algebra U over the (base) ring &/, except that we may have
difficulties in checking the isomorphism: (M ® N}* ~ M* ® N*, when M, N are
sf-finite U-modules, and M * denotes Hom (M, &7 ). But this difficulty is overcome
by Corollary 1.30 (i) (taking M = .«/) by which we deduce that we only have to
consider U-modules which are finite free &/-modules.

Hence, we obtain that &/ U] is a Hopf algebra. It consists of the coefficient
spaces of all «/-finite (free) U-modules.

1.35. Tensor identity. Let M be any «-module. Then Theorem 1.31 gives an
£f-isomorphism H(M)~ H(«)® M. The action of U is defined as follows. If
0eHom (U, M), u, xeU then: (u-8)(x)=06(xu). Equivalently, if
o®mef[UJ®M, then u(p®m)(x)=e¢(xuym. In other words,
u (e ®m) = (up) ®m. Now, if M is already a U-module, then #[U]® M is
a U® U-module, and it becomes a U-module via the comultiplication
4:U - U@ U. In fact, we prove that these two structures of U-module are
equivalent, when M is an integrable U-module.

We need some notations. Let .# denote the &f-module M ® /[ U]. We shall
use the fact that .# ~ H(M) can be identified with an /-submodule of
Hom, (U, M). There are two actions of U on .#, defined as follows. Let
m® pe M, ueU. Write A@) = Y, u; ® u.

One action is defined by: u-(m ® @) = m ® (up). The resulting U-module is
called 4, .

The other action is defined by: u-(m ® @) = ), u;m ® u;¢. The resulting U-
module is called .#,.

We shall define an o/-automorphism of .#, which will be a U-isomorphism
from 4, onto M ,. Let m® @ e.#. We define a(m ® ¢)e Hom (U, M) as follows.
IfueU, Au) =Y, u; ® uj then:

a(m ® ) (w) = 3, wip(uiym .

We claim that a(m ® ¢)e .#. To see this observe that since M is integrable then the
map yr,.:U —> M, x — x-m belongs to .#. Then, a(m ® ¢) is nothing but ¥,, ¢,
which again belongs to .#.

We leave it to the reader to check that « is a U-homomorphism from .#, into
A 5. In order to prove that « is an isomorphism, we construct an inverse. Using the
same notations as above, if m® e # we define f(m® p)eHom, (U, M) as
follows:

B(m ® @) (u) =Y. S(u;) (u;)m, where S is the antipode of U .

Since the antipode S’ of &/ [ U] is defined by S'(¢) = ¥ S ( e /[ U ), we see that
B(m ® o) is equal to S’(¥,,)@, which again belongs to .#. Hence, p takes .# into
itself. Now, it is a formal manipulation to check that o and B are reciprocal
bijections. Hence, o: 4| ~ .#; is a U-isomorphism.

Therefore, if we denote .#, by M ® o/[ U], whereas .#, is denoted by
M, ® [ U] (here, t stands for: trivial action) and also by H(M) then the result
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reads as (i) of the proposition below. For the sake of completeness, we observe that
the «/-module &/[ U] ® M also carries two different structures of U-module, and
since the antipode S of U is bijective, these two structures can also be intertwined.
This gives (ii) in the proposition below.

Proposition. Let M be a U-module. Then we have U-isomorphisms:
() HM)~MQ «[U]
@) HM)~A[UJ®O M

2. Induction

In this section we study induction functors for quantum algebras. The functor
H considered in Section 1 corresponds to induction from the trivial subalgebra
o to the whole algebra U. Most of the results here are deduced via standard
arguments from the key properties of H developed in Section 1.

2.1. For two subalgebras U* < U! of U, we will define an induction functor from
U? to U*. Firstly, we only want to consider subalgebras of the following type. Let I,
J be subsets of {1, . . . , n}. We denote by U(1, J) the subalgebra of U generated by
U° and {E{, F®liel, jeJ, r, s 2 0}, and we simply write U, for U(I, I).

Note that U; is isomorphic (as an algebra) to the tensor product of the
subalgebra of U° generated by {KF*', [%/]|j¢, ¢ 2 0} with the quantum algebra
associated to the Cartan submatrix (g;,;);, jer, s0 that all the results from Section 1
apply to Uy.

Secondly, in order to have good properties of induction, we need induction
from .« to the given subalgebra U{(I, J) to be exact. We do not know whether this is
true for arbitrary I, J, but we prove it when I < Jor J < I.

2.2. Let 1, J as above. If V'is a U(I, J)-module, we set:

FlI(V) = {xe @ VEPx =0=FPx, for all iel, jeJ, r>>0}
ieX

Let €7 be the category of those U(I, J)-modules ¥ such that ¥ = F//(¥). The
modules in €"7 are called integrable U (1, J)-modules (of type 1, see 1.6). Observe
that ¢"7 is an abelian category, see the Note added in proof.

When [ =J = {1,...,n}, we have ¥/ = & (see 1.6).

When I = ¢ and J = {1,...,n}, we have U(I,J) = U’ and we write §" for
the corresponding category.

When [ =J = ¢, then U(l,J) = U° and the corresponding category is de-
noted by €°.

2.3. If of - I is a specialization of & into a field I', the categories €2, €7, etc. are
defined similarly (see 1.7).

2.4. We define a functor H"’:{</-modules} — %" as follows. For an .&/-module
M, we set (see 1.9-1.10):

H"'(M) = F}'(Hom(U(I, J), M)).
Also, we set: H"/(«#) = #[U(, J)].
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2.5. Assume that I,J < {1,...,n} satisfy: I = J or J = I. We denote by U*(I),
respectively U*(J) the subalgebra generated by U’ and {E®|iel, r = 0}, respect-
ively U" and {F{’|jeJ, s 2 0}, and call them: parabolic subalgebras. Essentially,
these subalgebras encompass all the subalgebras that we want to consider. Indeed,
if I  J (resp. J < I) then U(I, J) is the parabolic subalgebra U%(I) (resp. U¥(J)) of
U, (resp. U;), and might therefore be called a generalized parabolic subalgebra.

So, we see that there is no loss of generality in assuming that J = {1,...,n}.
We shall do this in the rest of this section, and omit the letter J everywhere in the
notation. Hence, U(I, J) becomes U"(I), and ¢/, H" are simply denoted ¥, H',
etc.

2.6. Let leX™*. As in 1.14 we define Dj(—A) as the largest </-finite quotient
Upmodule of U;®p/_;. Note that there is a Upisomorphism:
U@y~ U*(I) ® y» o _ ;. From this we deduce that the U,-module structure
on D7 (2) extends to a U"(I)-module structure.

Now, let also pe X+ and as in 1.27 denote by J(4, p) the left ideal of U*(I)
generated by Ker(y,_ ;) and {E{", F$’liel,1 <j < n,r; > A, 5; > p;}. Then, as in
1.27, we have the:

Proposition. (i} The U*(I)-module Di(—2) ® D(p) is generated by x = x_; ® X,.
(i) The annihilator of x is equal to J(4, u).
(it)y U'(1)/J (4, p) is a finite free of-module.

Remark. For this proposition, it is crucial for U"(I) to be a parabolic algebra, in
order to be able to apply the tensor identity 1.19, see the proof of 1.27.

2.7. Then, by 2.5-2.6 we obtain, as in 1.31-1.33-1.35, the:

Proposition. (i) H' is an exact functor. It takes free s/ -modules to s -free modules in
I

(i) L[U(I)] is a direct sum of weight spaces, and each of these is a free
o/ -module.

(iii) The restriction map: L [U] — o [U*(I)] is surjective.

(iv) For any <f-module M the natural map: /[U(I)J® M — H'(M) is an
& -module isomorphism.

(v) Tensor identities. If M is already a U *(I)-module (considered as an o/ -module
by restriction), then we have U*(I)-isomorphisms:

H (M) >M® L[U )] and HF (M) ~ L[U(1)]QM

where the terms on the R.H.S. are regarded as U*(I)-modules for the “diagonal”
action.

Proof. We have seen all of this already, except for the fact that o/ [U] - [ U"(I)]
is surjective. So, let p € o/ [ U"(I)]. We can assume that ¢ has weight v. Then there
exist A, pe X * with 4 — A = v such that ¢ (D(—4) ® D(u))*. Now, the sum N of
all weight spaces D(—4),, for ne —1 + NR}', is clearly a U’(I)-submodule of
D’(— A), generated by the (— 4)-weight space. Moreover, it is well known that N and
D)(— 2) have the same character, see e.g. [Ja 3, I 5.21]. Therefore Dj(— 1) identifies
with a direct summand (as .«/-module) of D'(— A). It follows that ¢ is the restriction
of some ye(D'(—A)@D(p))* < #4[U] O
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2.8. Now, we define induction from subalgebras. Let I' = I < {1,...,n}. We set
U' = U"(I), and take U? to be either U"(I') or U° and call ¥ and %? the
corresponding categories.

Induction from % to ¢ is defined as follows. Let M € ¥2. Then Homy:(U!, M)
is a (U ~!)-submodule of Hom, (U}, M)) (see 1.9) and we set:

H®(U/U?, M) = Fi(Hom(U', M)) .
Clearly, this is a left exact covariant functor. There is a natural U2-homomor-
phism &v:HO(U/U?, M) — M, defined by: &v(p) = @(1).
Note that H*(U'/U?, M) is the same as { fe H'(M)| fis a U?-homomorphism}.
We shall elaborate on this in the next subsection.

2.9. Homomorphisms and invariants for Hopf algebras. In order to push further the
analogy with algebraic groups, we recall some facts about Hopf algebras. In this
subsection, we denote by .o a commutative ring, and by U a Hopf algebra over ¢,
with comultiplication 4, co-unit ¢ and antipode S.

If M is a U-module, we set: MY = {xe M|u-x = gu)x for all ue U}. This is
called the space of U-invariants in M.

Let M, N be U-modules. Then Hom (M, N) is made into a U-module as
follows: let 6e Hom,,(M, N), xe M, ue U. Write A(u) = Y, u; ® u;. Then:

) (x) = 3, u:B(S@wi)x) .

If N = o, with trivial action, i.e. u.y = g(u)y for all ue U, ye .o, we obtain:
(u6)(x) = 6(S(u)x). This is the usual action on M*. Now, for general N, the natural
&/-homomorphism N ® M* - Hom (M, N) is a U-homomorphism.

Proposition. Let M, N be U-modules. Set Y= Hom_ (M, N). Then:
Homy(M, N) < YV < {#e Y |0(S(u)x) = S(u)0(x) for all ue U, xe M} .
Therefore, if' S is surjective then Homy(M, N} = Hom_ (M, N)Y.

Proof. Let OeHomy(M,N),xeM, ueU. Write A=), u;®u;. Then
Y uB(S(ui)x) = >, u,S(u;)0(x) = &(u)6(x). Hence 8 Hom (M, N)V.

The proof of the reverse inclusion is a little harder. We make Hom_, (M, N) into
a U ® U-module as follows:

((u ® v)0)(x) = ub(S(v)x) for all u,ve U, e Hom (M, N),xe M .
Let #cHom,(M,N)’. Then we have: (z® &(1))0 = 3 ,(zt; ® 1;)0, for any
z,te U, with 4(t) = Y, t; @ t}.
Now, let ueU, A@)=3Y,u;®uj. Since u=>3 ue(u), we have Su)=
Y8 (u;)e(us). Therefore:
S D= Z (S(u:) ® £(u))8 = (m ®id)(S @ id @ id) (id @ 4)4(u)0
' = (m®id)(S ®id ®id)(4 ® id)4(u)8
= (m(S ®id)4) ® id) A(w)8
= (®id)AwWs = (1 ® w6

The proposition follows. []
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2.10. Let M e %2 In analogy with induction for algebraic groups, we obtain from
2.8-2.9 that:

HUYUL M) =M ® A[U' )

2.11. The formula in 2.10 is of particular interest when U2 = U®. In that case we
obtain:

HUYUS M) =(M®A[U'])" = @ (M, ® A[U']-;)

AeX

From this we deduce the:

Proposition, Induction from €° to € is an exact functor. It takes s/ -free modules in
%° to of-free modules in 6*.

Proof. Let 0 —» N — M — P — 0 be an exact sequence of modules in ¥°. Then, for
each 1e X, the sequence 0 - N, - M, » P, - 0 is exact, and remains so after
tensoring by «/[U!]-, which is a free .o&/-module by 2.7 (ii). This proves that
HY(U/U®, —) is exact.

Now, assume that M e%° is a free o/-module. Then each weight space M,
being a direct summand, is projective and therefore free, since & is a local ring (see
1.32). It follows that HO(U*/U®, M) is a free .o/-module. [J

2.12. We shall prove that induction satisfies Frobenius reciprocity, i.e. is right
adjoint to restriction. Let the notation be as in 2.8.

Proposition. (Frobenius reciprocity.) Let M e%* and Ve%*. Then, the map &:
[ Evefis an isomorphism of </-modules:

Homy:(V, H*(U/U?, M)) = Homy:(V, M)

Proof. To each heHomy:(V, M) one can associate Y(he
Homy:(V, HY(U'/U?, M)) defined as follows. For xeV, ¥(h)(x) is the map
sending ue U' to h(ux)e M. It is easy to check that @ and ¥ are reciprocal
isomorphisms. [

Corollary 2.13. (i) The induction functor: €* — € takes injective objects to injective
objects.
(i) The category €' has enough injective objects.

Proof. Assertion (i) is a standard consequence of Proposition 2.12. As for assertion
{ii), we consider first the category %°. Let M e%°. For each ie X, let Q; be the
injective hull of the .«/-module M;. We let U° act on Q; by the character ¥;. Then,
J\'{) = @ M, is a U%-submodule of 0 = @ Q,, and the latter is an injective object in
€°.

Consider now the category €. Let M e%*. As a U%-module, M belongs to %°
and is therefore a U°-submodule of some injective object Q € ¥°. By Frobenius
reciprocity, we obtain an injective U*-homomorphism: M 5 H®(U'/U°, M); and
the latter is an injective object in #*, by assertion (i). Hence, (ii) is proved. O

2.14. Since the category %2 has enough injectives, we can define the right derived
functors of induction. We denote them by: H}(U'/U?, ).

2.15. Suppose we have three subsets I” < I' < I < {1,. . ., n}. Take U? to be one
of the following subalgebras: o, U°, U(I”), and let ¥° be the corresponding
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category. Then we have the:

Corollary. (Transitivity of induction.) Let M e %3.
(i) There is a natural isomorphism of U'-modules:

HY(UYU3, M)~ HY(U'/U?, H*(U?/U3, M))
(i) There is a spectral sequence:
H(UYU?, HI(UYU3, M))= H'"I(UY/U3, M)
Proof. Again (i) is a standard consequence of Proposition 2.12. The spectral
sequence is the usual one associated to the composite of two functors, the first of

which takes injective objects to objects which are acyclic for the second functor.
This property is satisfied here, thanks to Corollary 2.13 (i). O

2.16. We shall now prove that induction satisfies the “tensor identity”. The key to
this result is Proposition 1.35 which might be called the tensor identity for
induction from the trivial subalgebra. Let the notations be as in 2.8.

Proposition. (Tensor identity.) Let Ve®'.

(i) For all Me%° there is a natural Ul-isomorphism: V® H°(U'/U° M) ~
HO(UYU®, ¥ @ M)

(ii) Assume that V is flat as an /-module. Then, for all M e €? there is a natural
U'-isomorphism: V @ H(U/U% M) ~ HO(U'/U%, V ® M).

Proof- We will prove both assertions simultaneously. So in the following U?
denotes either U® or U?. First, we consider the case where M = H!'(M") for some
&/-module M'. In this case we get via Propositions 2.15 (i) and 2.7 (v):

Ve H(UY/UL M) = V@ H(UYULH' M)~ VR HI(M )~ H(V Q M') ~
~ HOUYU2 HY (V ® M’)) =~ HYUY U2, V ® H' (M) ~ HY(U'/U%, V® M) .

This proves the proposition for such M. For a general M we note that M is
a UZ?-submodule and a direct o/-summand of H''(M)=M ® «[U?]. Set
R = H"(M)/M. From the short exact sequence: 0 -~ M — H' (M) > R -0 we
obtain the commutative diagram:

0 V@ H(UYU? M)~ V® HO(UY U2, HY' (M) » V ® HY(UY/U% R)

i ! 1

0 HY(UYU2, ¥ ® M) — HO(UYJU2, v ® H'' (M) » H(UY/U?, V ® R)

Here the bottom row is clearly exact and we claim that so is the top row. In case
(i) this is because HO(U'/U° M), being the zero-weight space of H'(M) =
H°(UY/U?, H" (M), is a direct summand. In case (ii), this follows from the flatness

assumption on V. Now, we have seen that the middle vertical map is an isomor-
phism, and the proposition follows. [

Remark. Just as for the tensor identity in the case of algebraic groups, assertion (ii)
is false without the flatness assumption on V (in spite of [ Ja 3, Proposition 1.3.6]).

217. Let Me%'. Then M is a Ul'-submodule and U°summand of
Qo = H(U'/U®, M). The same is true for Qo/M and Q, = HO(U'/U°, Q,/M), etc.
It follows that we obtain a resolution in %*:

0->-M-Qe—Qy—...
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which is «/-split (and even U°-split) and such that each @; equals H*(U'/U°, Q;) for
some Q;e%°. We shall call this the standard resolution of M.

Lemma 2.18. If M is a free o/-module then the standard resolution of M consists of
free of -modules.

Proof. Since M is free, then Q, is free, by Proposition 2.11. Then, Qo/M is a direct
summand of the free .«/-module Q,, and is therefore projective, hence free, since
&/ is a local ring (see 1.32). Repeating this argument, we obtain that each Q, is a free
&/-module. ]

Proposition 2.19. Keep the notations of 2.8 and let M e 2. Then:

(i) The standard resolution of M (in 6?) consists of modules which are acyclic for
HO(UY/U?, ).

(i) If Ve®?' is a flat of/-module then there is for each i 20 a natural U'-
isomorphism: V ® H(U'/U%, M)~ H(U'/U* V@ M).

Proof. Let Q; = H°(U'/U?, Q}) be the ith term in the standard resolution of M. By
Corollary 2.15 (ii) and Proposition 2.11 we get:

HI(UY/U?, Q) ~ H/(U'/U®, Q) = 0 for j > 0

This proves (i). Moreover, V® Q; ~ HY(U'/U®, V' ® @) for all i and hence
V' ® Q. identifies with the standard resolution of V' ® M. This together with the
flatness of V gives (ii). [

3. Base change

In this section we study the relations between U-modules and U -modules, where
Ur=U®T for some s/-algebra I'.

If Vis a U-module we write V- for the Up-module V@ I'. Also, U = U°® T,
Ul=U®T, etc.

Although our results remain true for more general inductions, we shall state
most of our results only in the case of induction from U’ to U. We write H'(V)
instead of HY(U/U’, V), resp. HL-(V), instead of HY(U/UY%, V), when V is a U’-
module, resp. Uf-module.

Lemma 3.1. For any Me%°, there is a natural isomorphism of Up-modules:
HO(U/U®, M)y ~ HO(U /U, Mr).

Proof. This is the special case V' = I' (with trivial action) in Proposition 2.16 (i). [

3.2. Induction from U’ to U has the special property that it takes .«/-finite modules
to «/-finite modules. Let us denote by 7 (resp. € ;) the subcategory of objects in €*
(resp. ¢) which are finite .o/-modules. Then we have the:

Proposition. Let M %Y. Then H*(M)e .

Proof. Let ¢ e H°(M). By Corollary 1.30 we know that ¢(J) = 0 for some right
ideal J such that U/J is a finite .«7-module. We prove that all ¢ € H°(M) are zero on
some fixed such ideal J. Consider the larger o/-module # (M) = Hom_ (U, M).
This is a p(U) x 8(U)-module (see 1.9), and H°(M) is contained in
Fs(#(M)) = F,(5£(M)) (see 1.10-1.30).
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Since M € 6%, then the set £ of weights of M is finite and there exists s> 0 such
that F®M =0, hence y(F)M =0, for all i, and 5= s,. Assume now that
@€ H°(M) has weight v for the action of y(U®). This means that:

(W (x) = (YW o) (x) = ¢(S(w)x) for all ue U, xe U .

Then, any ¢(x) + 0 is an element of M of weight — v. Hence the weights of the
y(U°)-module H®(M) are contained in the (finite) set — Q. Together with Lemma
1.11 and the fact that y(F®®)H%(M) = 0 for all i, and s 2 s, this implies that there
exists ry such that y(E{")M =0 for all i, and r = r.

We conclude that all ¢ e H®(M) are zero on the right ideal J generated by
(VeoKer(x-,) and {EP,F®lrzry, s2=so). It follows that H®(M)c
Hom ,(U/J, M). Since U/J is a finite .&/-module and since ./ is noectherian, we
conclude that H°(M) is a finite .«/-module. 3

Remark. The proposition remains valid for induction from U(J, J)to U(I, J), for
any I € J; and in particular for induction from U’ to any U"(l).

3.3 Let Ae X ™, let J be the right ideal of U generated by Ker(y;) and {F,
E{|s > 0,r; > 4;}. Then the proof of Proposition 3.2 shows that H°(4) = (U/J)*.
The reverse inclusion is easily checked, and therefore we get: H°(4) = (U/J )*. Now,
U/J is a right U-module. We leave it to the reader to check that there exists an
anti-automorphism ¥ of U, defined by the conditions:

Y(E)=—E Y(F)=-F YK)=K' (1sisn)

and that ¥ restricts to an anti-automorphism of U. This allows us to make U/J
into a left U-module. Then it identifies with D'(—A). Therefore, we obtain the:

Proposition. Let Ac X *. Then H%(A) = D'(— Ay* ~ D(—wyA)*.

Corollary. (i) H°(1)is afree o/-module, and its character is given by Weyl's formula.
(i) If M is a U’ (resp. U?) submodule of H®(2) then M,,; + 0 (resp. M, + 0).
(it)) HO(A)® k ~ HY(A).

Proof. (i) follows from the proposition above together with Proposition 1.22; and
(ii) obtains since D(—wg4) ~ D’'(—A) is generated as a U® (resp. U*) module by its
—wpA (resp. —4) weight space. As for (iii), the Uf-homomorphism H®(1) ® k — k;
induces by Frobenius reciprocity a U;-homomorphism ¢:H®(A) ® k — HR(4)
which is injective on the A-weight space. Since H°(1) ® k is isomorphic to the
k-dual of D'(—2) ® k and since the latter is generated by its (— ) weight space, we
conclude that ¢ is injective. Since the two modules have the same character we
obtain that ¢ is an isomorphism. [

3.4. Let I' be an «7-algebra. Since .« is a regular local ring (of dimension 2), then it
has finite global homological dimension (equal to 2) and therefore there exists
a finite resolution:

0-P*5P' 5P 5T 50

where the P! are free «/-modules (and P’ = 0 for i > 2). We regard this resolution as
an exact sequence of trivial U-modules.
Let now M €%’ and consider the standard resolution of M (see 2.17):

0-M->Q,—0y—...
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Assuming that M is free as «/-module, each Q; is also free, by Lemma 2.18. Hence,
for each j, we have a free resolution Q; ® P of Q; ® I'. Moreover, for each i the
resolution Q. ® P' of M ® P is H-acyclic. Since the complex P’ is finite, then the
double complex Q. ® P° gives rise to a spectral sequence:

E% ™) = Torl(H'(M), I') = H{ /(M)

3.5. Instead of the spectral sequence in 3.4 we can formulate the relations between
the functors in question as a six-term exact sequence.

Keep the notations in 3.4. Set M’ = H°(Q;) and let d':M'—>M'*! be the
differential in the complex M". Setting B’ = Im(d') and R’ = Coker(d’) we obtain
the exact sequences below, where i = 0. (Note that (3) is the special case i = 0 of (2)).

4} 0B ->M*™" R0
2) 0 HM)-»R " '-»B -0
3 0-H°(M)>M°—>B°>0

Note that M’ is a free «/-module. In fact, Q; = H°(U*/U°, Q;) for some o/-free
U%module @} so that M' = H°(U/U®, @;) is free by Proposition 2.11. Therefore (1)
and (3) respectively give:

4) Torf(B, I') ~ Torf,; (R, I') and Tory(H°(M), I') ~ Tor{, ((B° I')
iz0,j=1
Since gldim(sf) =2 we get Tory(B,I')=0 for all j=2, i=0, hence
Tor?(H°(M), I') = Ofor all j = 1. Since we can take I" = o//1, for any ideal I of </,
we conclude that H°(M) is a flat o/-module. If moreover M is a finite »/-module,
then so is H°(M) by Proposition 3.2, and therefore in that case we conclude that
H°(M) is a free «/-module (since & is a local ring).

Taking the isomorphisms (4) into account, the long exact sequences coming
from (1) and (2) respectively give:

) 0-Torf(R\T) 5 BRI > M*' @ >R @I -0

0 - Tor{(H'(M), I') » Tor{ (R'"!, I') » Tor§ (H"" (M), I')

©) S HMOT SR SB®r-0

Note that Q. ® I' is the standard resolution of M so that H-(M/) is the ith
cohomology of the complex HX(Q. ® I'). By Lemma 3.1 we have:
Q:®I'=H'(U"/U% Q)@ T = H(U}U}, Qi ®T)
Therefore, we find:

HYQ:® )=~ HY(U/U}, Qi@ T) = H'(U/U’, @)@ = M'® '
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It follows that H (M) is the kernel of: R — M !, Thus combining (4) and (5)
we obtain a commutative diagram:

0
i
Tor{ (R, T)
. i
HiM), RL B -0
1 . [ . !
0—+H§~(Mr) RL M}—“

By the Snake Lemma, we obtain Coker(y;) ~ Tor? (R_", I'). Together with (4),
this gives a six-term exact sequence relating H'(M); and H(M/). Summarizing, we
have obtained the:

Theorem. Assume that M €%’ is a free of-module. Then:
() H°(M) is a flat o/-module. If moreover M is finite free then so is H°(M).
(@) For each i = O there is an exact sequence:
0 — Tor¥ (H (M), I') - Tor(R\~1, I') - Torg (H'* {(M), I') —
— H{(M) — H- (M) —» Tor{ (R, [') - 0
Remark. Assume that H/(M) = 0 for all j > i. Then (7) with i replaced by i + 1

gives Tor{ (R}, I') = 0, hence we obtain H'(M); ~ H:-(M;). Of course, this also
follows from the spectral sequence in 3.4.

™

3.6. Two special cases are worth recording. Suppose that the «/-algebra I' is flat
over .«/. Then 3.5 (i) simply reads: H'(M); ~ H(M/) for all i = 0.

The other case is when the .&/-module I" has projective dimension one. Then
Tor?(B;,I')=0 for all i20, j=1, hence the exact sequence 3.5(2) gives
Torf (H* (M), I') ~ Tor{ (R, T') for all i = 0. Therefore the six-term sequence
3.5(6) simplifies to the short exact sequence:

®) 0 H(M)r — Hr(Mr) - Tor{(H** (M), ') > 0

3.7. Now, assume that ¢:s/ — I is a specialization of o into a field I such that
o) = 1. Let M e %". We identify the cohomology groups H-(M ) with the sheaf
cohomology on the flag variety Gr/By.

Proposition. H:-(M[) ~ H'(G/Br, M;) for all i 2 0.

Proof. By [L 6, 8.15] the hyperalgebra of G identifies with the quotient of U by
the ideal generated by K; — 1,i = 1, ..., n. Hence any Gr-module is a U~module,
and conversely any locally finite Ur-module on which the K/’s act as the identity is
a Gr-module (in characteristic zero this is well known, and for positive character-
istic see e.g. [CPS 2, 9.2]). Similarly, the category of Uj-modules in #? identifies
with the category of Br-modules. In positive characteristic, this is proved in [loc.
cit, 9.4]. On the other hand, in characteristic zero it is well known that
HO(U% U, I') identifies with the coordinate algebra of the unipotent radical of B.
It follows that the injective modules in the two categories coincide, hence the result
follows as in [loc. cit.]. From this we deduce: HY(M) ~ H%(G/By, M), e.g. because
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both satisfy Frobenius reciprocity (see 2.12). Moreover, the standard resolution is
acyclic for both functors, so that the derived functors also coincide. [

3.8. All that we used about the base change ./ — I' is that the o/-module I" has
finite projective dimension, equal to two. Therefore the same argument applies to
another base change I' — I'", if the projective dimension of I'’ as a I'-module is at
most 2. We will use this in the following cases.

39 TakeI’ = Q ® & and I'' = Q where Q is made into a I'-algebra by taking v to
1. Then, we have:

Corollary. Let M € €} be I'-free. Then for each i = 0 we have a short exact sequence:
0— Hi(M) ®r Q - H'(Gg/Bg, Mq) = Tor{(H (M), @) -0
Proof. This follows from 3.6(8) together with Proposition 3.7. [

3.10. Let o be a prime ideal in o7 distinct from (0) and yn. If I is either the residue
field of o, or &/ or the quotient field of the latter, then we have for any .«7-free
M e®%"® an exact sequence:

© 0 H'(M)r > Hp(My) - Tor{(H""}(M), ) - 0

As an example, let | = p® for some e = 1 and let ¢, be the corresponding
cyclotomic polynomial. Then the fraction field of «//(¢;) is Q[{] where { is
a primitive I root of 1.

3.11. Letfinally I' = k, the residue field of . Then I' is an «/-module of projective
dimension 2, and we can apply Theorem 3.5.

Suppose that M €%” is «/-free and has the property that H(G,/By, M;) = 0
whenever i>iy,. Then it follows from 3.5 and 3.7 thatt H°(M)®k ~
H*(G,/By, M,). If M is a finite .o«7-module then so are all H/(M), as we shall see in
the next section. Hence the above isomorphism gives via Nakayama that: if
HYG/B,, M,) = 0 for i = iy, then Hi(M)=0for i = ig.

4. Rank one

In this section, we assume n=1 and write F, K*!, E for the generators of U’. We
compute the structure of H'(1) for Ae X, i = 0.

4.1. For meZ let A,,:U° - o be the character defined by:

An(K) = 0™, /lm([K;c]> = [m :” c],cel,te]N

Proposition. Let meZ.

i) H°(A,) # 0 if and only if m z 0.
(i) If m = 0 then H%(A,) is a free s/-module of dimension (m + 1), with a basis:
{eo,. .., en} such that: e; is of weight Ap—4;, and:

EWe, = [J‘] ey FPe = ["’J_ l:leH,,O <ijsm.
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Proof. (i) f H®(A..) % O there exists fe H°(4,,) such that f(1) = 1. Then, using 1.11
(1), we have:

(FIFY(ED) = f(EVFP) = f( FU=n [K; 2= 2j] EU“’)

120 t

- Z FU-9 |:m + 2: - ZJ]f(E(j—t)) - [:T:l

t20

If m <0 then [r}n} %+ 0 for all j =0 and since FUf=0 for j»0 we must

therefore have m = 0.
(ii) Conversely, if m = 0, we prove that H°(4,,) has dimension (m + 1). Define
e;: U — o by:

e (FOUE®) = §0,0:5Am(u), ue U% 1,5 20
Then, using 1.11 (1) again we get:

(F(r)ei)(E(s)) —_ ei(E(s)F(r)) = z ei<F(r—g) I:Ki; 2t —r— S:| E(s_t))

P t

= 6i,r+s l:m B l:‘
¥

In particular, if i > m then F + 0 for all j = 0 and, if i < m then we read off the
stated action of FV) on ¢; (note that F''¢; = 0 for j > m — i). Similarly, we compute:

(EWe,) (EM) = ¢,(EWEM) = [j + M] e EU+MD)
J

It follows: EYe; = I:l} e_;. O
J

Proposition 4.2. Assume m = — 1. Then H'(4,) = 0 for i > 0.

Proof. Set I(m) = H°(U"/U° 4,) and observe that the weights of I(m) are
{Am+2:]i Z 0}, each occurring with muitiplicity one. Moreover, for each r = 0 there
is an inclusion: H°(L)® A,om S I(m). In fact, the U°-homomorphism
H(4,) ® Ay em = Am (see 4.1, (ii)) gives by Frobenius reciprocity a U’-~homomor-
phism H°(%,) ® A,4m — I(m).

We set Q, = (H%(4,) ® 4,4 m)/An 2and claim that the induced sequence:

(B) 0~ HO(4y) > H(4) ® HO(Ay 4+ m) = H*(Q,) -0

is exact. (We have used the tensor identity for the middle term).

In fact, by Theorem 3.5 (i) all terms are finite free «/-modules. Hence it is
enough to prove that the sequence (E ® k) is exact. By Proposition 4.1 we have:
dim(H%(A,)) =m+ 1 for all m= — 1, and so we are done if we check the
inequality:

dm(H®Q)) S+ Dr+m+ ) —m+D=rr+m+2).
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But the weights of Q, are: {A,+2]1 < i <r} and therefore:

dim(HY Q) < Y rank (H'Aps2))= > m+2i+ D=r(r + m+2)
i=1 i=1
Since I(m) = | J,20H%(4,) ® A+ (by weight considerations) we conclude that
the map HO(I (m)) > H or (m))/Ay,) is surjective. It follows that H i) = 0.
Moreover, H(A,) ~ H " 1(I(m)/4,,) for i > 1, and since all weights 1,&1(m)
satisfy: t = m = — 1, we conclude by induction on i that H'(4,) =0for all i = 1,
mz=z-—1 0

Proposition 4.3. The derived functors H' are zero for i > 1.

Proof. 1t is enough to prove that H(4,,) = O for all i > 1, me Z. We already know
this whenm = — 1, so we assume m < — 1. It follows from Proposition 4.1 that the
kernel of €v:H®(A-n)— A_,, can be identified with H°(A-,-,)® 1. Hence,
tensoring by 4,, we get the exact sequence:

OAHO(A—m—1)®Am—1 "’HO(’{-M)®j’m_)/10_’O

Then, the tensor identity together with Proposition 4.2 applied to 1, give:
HO(A_py-1) ® H(Ap—1) = H°(A_,,) ® H'(4,) for i > 1. Thus, the proposition fol-
lows by induction on |m|. []

Remark. The proofs of Propositions 4.2-4.3 are copied from Donkin’s analogous
results for SL, ([Do, Section 12.2]).

Proposition 44. Let m=0. Then H'(A_,-,) is a free o/-module of dimension
(m + 1), with a basis { fo, . . . ,fu} such that f; is of weight — m + 2i, and:

. i+j . m—i+j

o= s po=["

Proof. From the description of H%(4,), we obtain, for all m = 0, the exact sequence:
0= A im0z HY(A) @Ay = Ay >0

When m =0 this gives H'(1_,) ~ H%(4o) = &, and in this case we take
fo = ey, the generator of H%(4,). Now suppose m > 0 and assume the proposition
for smaller values of m. Denote by { fo,. . . ,fm—1},1e8p. { fG,. . ., fm—2} the basis
for HY(A_,-1), resp. HY(4_,,) given by this induction hypothesis. From the above
exact sequence we obtain via Propositions 4.1 and 4.3 and the tensor identity 2.16
the exact sequence:

¢
0~ H'(Aem-2) > H' () @ H' (A_pp—1) > H' (A-pp-1) 0
Consider the map ¢. Since it is a U%-homomorphism, there exists elements
a;, b;e o/ such that;
pleo®f)=af! and ¢(e:®f)=bifi.,, 0siz=m—1.

(Here {ey, ey} is the basis of H®(A,) described in Proposition 4.1) Since
E.¢(eo ®f1) = ¢(E.(eo ®f1)) We get:

a[i+ 11fl1 = ¢(Keo ® Ef?) = v[i + 1]a;4 {41, hence a;=v""a,.
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Likewise the relation F. (e, ® 1) = ¢(F.(e; ® f1)) gives b;y = b, for all i.
Each of the two previous relations gives then ap = — v 'b,. Since ¢ is surjec-
tive we see that up to a unit in & we have:

Pleo®f)=—v7"" 7 and @le;®fi)=fi-y foralli
It follows that H'(A_,,—,) = Ker(¢) has a basis consisting of the elements:
fi=eo®fi_; +v e, ®f; where 0 <i<m, (withf_, =f},=0)

It is now straightforward to check that the action w.r.t. this basis is given by the
formulas stated in the propositions. [

Corollary 4.5. Let m > — 1. Then the map T,,:H(A_,,_,) — H®(1,,) which takes
each f; to |:r:1t| en—; is a U-homomorphism. Moreover, any U-homomorphism
HY(A_pm_3) - H°(J,) is proportional to T,,.

Proof. This follows from Propositions 4.1 and 4.4. [

4.6. Let o — I be a specialization of &/ into a field I'. Let { € I" denote the image of
v. For m 2 0 we denote by L;(4,) the simple Uy-module with highest weight 4,,.
The following corollary was proved by Lusztig in the case I' = € ([L 3, Proposi-
tion 9.2]).

Corollary. (i) Suppose that either { is not a root of unity or { = 1 and char(I'} = 0.
Then for all m 2 0O there is a U-isomorphism:

H(A-p-2) > H}(4n)

(i)) Suppose that { is a primitive I'* root of unity, and char(I') = 0. Let m = — 1.
(1) The map TY:HMNA_ - 3) — H(Ay,) is an isomorphism if and only if m < l or
m=al — 1 for some a = 0.
@) If m=myl +my withmy; >0,0<mg <! — 1, then:

I(Th) = Li(An) and Coker(Th) = Lr(A,i-mo-2)

(iii) Suppose that { = 1 and char(I") = p. Then the statements in (i) remain true
with 1 replaced by p as long as m < p>.

Proof. Assertion (i) follows from Corollary 4.5 (the conditions in (i) ensure that for
any i <m, rln does not specialize to 0 in I').

Assertions (i) and (iii) also follow from Corollary 4.5: write i =il + iy,
0 <ig < I Then, by [L 3, Proposition 3.2.(a)] we have:

m my\ . . . . .
m] = ["?0] ( . 1) where ( ) 1) is an ordinary binomial coefficient. [J
I ¢ o fe\h 131

4.7. Let the notations and assumptions be as in Corollary 4.6. For uniform
notation we take [ = p. We set: x(m) = ch(H2(A,,)) — ch(H }(1,,)), me Z. Then an
easy computation (compare [A 2]) gives:
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Corollary. Let m = myp + mg, my; 20,0 < mg < p — 1. If char(I') = p we assume
that m < p?. Then:

) ch(Er(in) = 3. 10m—2i)
(i) There are exact sequences of U'-modules:
0-K,—>H A1) ®A_{ > Ap—0
0-ip-2—>K,»V,>0
0-Cp—>V,—1,-0
0-1,-HY2 )®A_ - C,—0

where C,, has weights: J 24255, 1 £j S my.

5. Vanishing theorems

In this section we study further the functors H', i = 1. Using both the detailed study
from section 4 of the behaviour of these functors for n =1 and the relation
obtained in section 3 to the much studied H we prove that H' takes a finite object
in €” into a finite object in €, that H' = 0 for i = |R*|, that Kempf’s vanishing
theorem holds, that there is a Demazure character formula and that in fact a lot of
the results in the modular theory carry over to the quantum case.

5.1. Recall that for ie{l,...,n} the (minimal) parabolic subalgebra U®(i) was
defined in 2.5. The induction functor HO(U"(i)/U’, —) and its derived functors will
be denoted H'(s;, —), and sometimes simply H?.

Let we W and let s =5, ... s; be a reduced expression for w. Then we set
H°(@s, —) = HY ... HY and view it as a functor from %" to itself. The j’th derived
functor is denoted H/(s, —) and we let H{(s, —) be the analogously defined functors
on #.. (We shall see later that these functors only depend on w and not on the
reduced expression).

Theorem. Let Ae X * and we W. Then:
(i) The natural map H(s, o/,) ® k — H{(s, k;) is an isomorphism.
(i) The natural map H°(2) — H°(s, ) is surjective.
(i) HY(H (s, A)) =0 for r > 0.

Proof. We proceed by induction on I(w). If w = 1 the statements are trivial. So we
let w > 1 and assume the theorem for all w’ e W of length smaller than I/(w).

(i) Set s’ =s;, . ..s,. This is a reduced expression for w’' = s;, w. By induction
hypothesis H},(H°(s’, A)) = 0 for r > 0. Then the Remark following Theorem 3.5
together with the induction hypothesis gives the isomorphisms:

Ho(s: A) ® k = Ho(sin HO(S’5 )')) ® k ~ Hl(c)(siu Ho(slx '1) ® k)
=~ HY(si,, H(, A)) ~ HY(s, 1)

(ii) The evaluation map H°(1) - A induces a U°(i,)-homomorphism H°(1) -
HY(A). This in turn gives a U’(i, -, )-homomorphism H®(4) » H? _ H{(1) and the
natural map H°(A) - H®(s, A) is obtained by repeating this procedure r times. Let
Q denote the cokernel of this map. From Proposition 3.2 we deduce that H%(s, 1) is
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a finite «/-module. Hence so is Q and by Nakayama we are done if we prove that
0 ® k = 0. But we have the commutative diagram

H(AQ®k->H’5)Rk->Q0®k—0

| 1
HY(D) - HYs A

By (i) the second vertical map is an isomorphism, and so is the first one, by
Corollary 3.3. Also, the bottom horizontal map is a surjection by [A 4, Theorem
3.2], [RR, Theorem 2]. It follows that Q ® k = 0.

(ii) Let Ao € X denote the trivial character. Then by the tensor identity 2.16 and
Proposition 4.2 we have:

H(H°()) ~ Hi ()@ H(1) =0 forr>0
Since also Hj, = 0 for r = 2 (Proposition 4.3) we see that (iii) follows from (ii). [

5.2. In order to study further the functors H"(s, —) from 5.1 we need the following
general lemma on composite functors

Lemma. Let F: 9, > D, and F,: D, — D5 be left exact additive covariant functors
between abelian categories. Suppose 9, and 2, have enough injectives.

G) If Me9, is acyclic for Fy and F{(M)e 9, is acyclic for F, then M is acyclic
for FyoFy.

(i) Suppose M € %, has a resolution

O-M-Ig—I,—...

where 1; satisfies the assumptions in (i) for all j. Then RI(Fy°F,){(M) is the j*
cohomology of the complex F, o F(I).

Proof. (i) Imbed M into an injective object [€2; and denote by Q the quotient
I/M. By assumption we get exact sequences:

0->F M—>FI-FQ->RFM=0
1—>F2F1M""F2F11—>F2F1Q—‘>R1F2(F1M)=0

It follows that R*(F, o F,)(M) = 0. Since RI(F,°F,}(M) ~ RI"1(F,° F,)(Q) for
j > 1 and since Q also satisfies the assumptions in the lemma we get by induction
that R¥(F,oF()(M) =0 forj > 1.

(ii) is an obvious consequence of (i). O

Lemma 5.3. (Compare [CPS 2, Proposition 5.5]). Let pe X. Then HO(U*/U°, p)is
the directed union for m 2 0 of submodules isomorphic to H%(mp) ® (mp + p).

Proof. Set H®(U’/U% @) =1 and V(m)= H°mp)® (mp + u) for m=0. By
Frobenius reciprocity the U°homomorphism ¥(m) — u induces a U*-homomor-
phism ¢: V(m) — I which is injective on the p-weight space. By Corollary 3.3 (ii) it
follows that ¢ is injective. Therefore ¥(m) identifies with a U’-submodule of I. The
same proof shows that V(m) ® k identifies with a U}-submodule of I ® k. Now, let
v be an arbitrary weight of 1. Since ch(¥(m) ® k) is known by Corollary 3.3 (i), we
obtain by Kostant’s multiplicity formuia (see [CPS 2, Lemma 5.3]) that:

dimy, (I, ® k) = dim,(V(m), ® k) for m large enough .



32 H.H. Andersen et al.

By Nakayama Lemma we conclude that I, = V(m), for any such m. It follows that
I= Umgo V(m). [}

Theorem 5.4. Let we W and s a reduced expression of w. Then:

() (Demazure vanishing). H'(s, 4) = 0 for any Ae X *,r > 0.

(i) H™(s, HO(U"/U V)) =0 for any Ve%€°,r > 0.

(ii)) If s;w < wand if s’ is areduced expression of s;w, then for any M € €’ there is
a spectral sequence:

Hi(H'(s', M))=H""'(s, M) .

Proof. We use induction on I{w). We can assume /(w) > 0 and assertions (i) and (ii)
proved for strictly smaller lengths. Let M e%®. We have seen in 2.17-2.19 that
M has a resolution 0 — M — Q. where, for each j =0, Q; = H°(U"/U®, Q}) for
some Qe %°. By assertion (ii) applied to s’ we get H'(s’, Q;) = Ofor allj 2 0, ¢ > 0.
Therefore, in order to apply Lemma 5.2 it is enough to prove that, for any Q' € %°,
Q = H°s', HY(U"/U®, Q")) is acyclic for H?.

Since Q'€ ¢°, we can reduce to the case where U’ acts on @’ by the character
1. for some ue X. Moreover, taking a finite resolution of Q' by free o/-modules on
which U” acts by y, (recall gldim(s&/) < o0), we see that we can reduce to the case
Q' = o/,. Then, by Lemma 5.3 and the tensor identity 2.16, H°(s', Q) is the directed
union of the submodules H%(mp) ® HO(s’, mp + pu), m = 0. Note that mp + pe X+
when m>0. Since cohomology commutes with directed unions, we obtain via the
tensor identity 2.16 and Theorem 5.1 (iii) that H{(H°(s’, 0)) = O for r > 0.

Hence the conditions of Lemma 5.2 are satisfied and therefore we obtain
a spectral sequence:

HYH'(s', M))=H"""(s, M) .

Then, using assertion (i) for s’ and the argument above, we obtain, for any Ve %°
and r> 0O

H'(s, HY(U"/U®, V)) ~ Hi(H(s', HO(U"/U%, V))) = 0.

Hence assertion (ii) is satisfied for s. Finally, let A X *. By assertion (i) applied to s',
we have H'(s', 4) = Ofor t > 0 and therefore for all r = 0 the spectral sequence gives
H'(s, }) ~ H{(H(s", 4)). By Theorem 5.1 (iii) the latter vanishes for r > 0. O

Corollary 5.5. Let we W, and s a reduced expression.
() If Ve ¥’ is a finite of-module then so are all H'(s, V), r 2 0.
(i) H'(s, =) = 0 for r > l(w).

Proof. For any ie{l,...,n}, Propositions 4.1, 4.3 and 4.4 ensure that, H} takes
& -finite modules in ¥’ to «/-finite modules, for r = 0, 1, and vanishes for r > 1.
Therefore the Corollary follows from Theorem 5.4 (iii). O

5.6. Let s, be a reduced expression of the longest element w,. For Ve €’ we denote
by @, the natural map H°(V) - H%(so, V).
Proposition. (i) If Ae X ™, then ®, is an isomorphism.

(i) If peX and V = H°(U*/U®, y) then By is an isomorphism.

(i) For any A€ X, i 2 0 there is an isomorphism H'(1) ~ H'(sq, A).
Proof. (i) Say s¢ = s - . 5;,- By Frobenius reciprocity, the U’-homomorphism
H°(%) - A induces a U’-homomorphism H®(1) - H{,(1), which in turn induces
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a U’-homomorphism H®(1) —» H{,H? (). Repeating this argument N times, we
obtain a U’-homomorphism H®(A) - H%(so, A). The same argument applies to
HY(4) and H?(so, 4}, and we obtain a commutative diagram:

HY (D) ®k—H 0, ) ®k

l |
HYA) - HR(so,4)

The first vertical map is an isomorphism by Corollary 3.3 (iii), and so is the second
one by Theorem 5.1 (i). Moreover, by [CPS 1, Theorem 3.1], the bottom map is
also an isomorphism. This gives (i).

(ii) Since both functors commute with directed unions, then (ii) follows from (i)
via Lemma 5.3 and the tensor identity 2.16.

(iii) Recall that in the standard resolution of 1:0 —» A — Q., each Q; is equal to
H°(U*/U®, Q) for some Q;e%° which is a free s/-modules (see Lemma 2.18).
Hence Q; is a direct sum of modules of the form considered in (i), hence (ii) gives an
isomorphism between the complexes H°(Q.) and H(so, Q.) and (iii) follows. [J

Corollary 5.7. (Kempf’s vanishing.) Let ie —p + X ™.

(i) H(A) =0fori>0.

(i) Let M be a finite o/-module on which U acts by the character y,. Then
H'(M) =0 fori>0.

Proof. If Ae X ™ then (i) is an immediate consequence of Theorem 5.4(i) and
Proposition 5.6 (iii). Now, if ¢ X * then there exists a simple root «; such that
{4,0”> = —1. Then, by 4.1 and 4.2 we have H'(s;, /) = 0 for all ¢ = 0. Also, by
corollary 2.15 we have a spectral sequence

H'(U/U" (i), H'(si, )= H"*'(4)

and therefore we conclude that H™(4) = 0 for all m = 0.

(i) If M is free then (ii) follows immediately from (i). Now in any case M has
a finite resolution by free .o/-modules, P° — M. Making the P/ into U’-modules via
¥ we get a resolution of M in %". By (i) H(P’) = 0 for i > 0 and this implies the
same vanishing for M. [J

Theorem 538. (i) For all Ve®$®, ®,:H°(V)— H®(so, V') is an isomorphism.
(i) (Serre’s theorem) HY takes finite s/-modules in %" to finite of-modules in 6.
(i) (Grothendieck’s theorem) H' = 0 for j > N.

Proof. Note that (ii) and (iii) follow from (i) by Corollary 5.5 and Proposition 5.6
(iii). Also we have already proved (i) for ¥ = 1€ X *, see Proposition 5.6 (i). An easy
induction on the rank shows that then @ is an isomorphism for all V€%’ such that
V is a finite free &/-module and all weights of ¥ are dominant (to carry out the
induction step we employ Corollary 5.7 (i) and Theorem 5.4 (i)). This in turn implies
the result for any finite «/-module ¥ on which U’ acts by the character y;, Ac X *
(take a finite free resolution). Now for a general V'e¥ * which is a finite .«/-module
we pick m > 0 such that for all weights of V' ® mp are dominant. Then the exact
sequence in %"

0=V ->Hmp)@mp®V)—Q -0
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gives via the tensor identity the commutative diagram
0- H(V) - H°(mp)®@H°mp®V) — HQ)
L e }1®0qr A
0— Hso, V) = H%(mp) ® H (50, mp ® V') = H (50, Q)

By the above @,,, ¢ v is an isomorphism. Hence @y is injective. As @ is also finite we
must as well have that @, is injective. But then the diagram shows that &, is
surjective. [J

5.9. We can now derive the:

Proposition. (Braid relations.) Let we W, and s, s’ two reduced expressions of w.
Then, there exists a natural isomorphism of functors: H°(s, —) ~ H°(s, —).

Progf. We only have to check that the functors H%(s;, —),i = 1,. . ., n satisfy the
braid relations, i.e. that if s and s” are the two possible reduced expressions of the
longest element of a rank two subgroup, then H%(s, —) ~ H(s’, —). But this
follows from Theorem 5.8 (i). O

Let s be a reduced expression of we W. It follows from Proposition 5.9 that
HO(s, —)can be denoted by H%(w, —), or simply HY. We shali do this in the sequel.

The induction functors H%(w, —), we W compose according to the
Proposition 5.10. Let we W, s; a simple reflection. Then:
HY, ifsw>w
H()Ho - Siw i
e {H o ifsw<w

Proof. The first case just follows from the definitions. In the second case we can
take a reduced expression of w starting (from the left) with s;, and therefore for any
M %", H°(w, M) belongs to %”(i). Hence, by the tensor identity 2.16 together with
Proposition 4.1 (ii) we obtain:

HYH(w, M)) ~ HY(0) ® H%(w, M) = H°(w, M) .
This proves that H? H% ~ HY in that case. [

5.11. For aeR* we let A2:Z[ X1 — Z[X] denote the Demazure operator, see
[De 1]. If o — I' is a homomorphism into a field I" then it follows from the results
in Section 4 that for all Ae X, ie{l,...,n} we have:

Agi = ChH?'(si’ 1’) - ChHll"(sh A) .
It is then standard to derive the following formula from Theorem 5.4

Proposition. Let Ve%y, we W, s=s;, ... s, is a reduced expression of w. Then:
Y (—1)/chHqw, V)= A%, ... A2(ch V)
i

Corollary 5.12. (Demazure’s character formula.) Keep the notations of 5.11, and let
reX*. Then:
chHYw, 1) = A ... Al(e")

Proof. This follows from Proposition 5.11 and Theorem 5.4 (i). O
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Remark. Taking w = w, we get via Theorem 5.8 (i) a character formula for
H®(A), leX*. As is well known this is equivalent to the Weyl character formula
(see [De 1, 5.6]).

5.13. Let M € %. We say that M has a good filtration if there exists a filtration in ¢
O0=Fyc F{c...

with U F; = M and F,/F;_, ~ H%(4,) for some ;e X *.
Note that if M has a good filtration then M is a free &/-module.

Lemma. (Compare [Do, 11.5.3]). Let M €% be a finite free of-module. If M ® k
has a good filtration (in €;) then M has a good filtration.

Proof. We use induction on the rank of M. Choose Ae X * such that 1 is maximal
among the weights of M. The U"-homomorphism M —» 4 arising from this situation
gives by Frobenius reciprocity a U-homomorphism M — H°(1). Let M’ be the
kernel and Q the cokernel of this map. Tensoring by k we see from [W, Lemma 3.1]
that M @ k — H°(1) ® k ~ HP(J) is surjective. Hence Q ® k = 0, i.e. Q = 0. We
thus have an exact sequence

0-M ->M->H’(H—-0

which remains exact upon tensoring by k. Moreover, M’ satisfies the hypothesis of
the lemma (use [loc. cit.] again) and we are done by induction. [J

Corollary 5.14. Let , pe X *. Then H°(1) ® H®(u) has a good filtration.
Proof. This follows from Lemma 5.13 and [Do], [Ma]. O
5.15. As a preparation for the next result we need the:

Proposition. Suppose M,Ne% are finite free of-modules. Then Ext,(M, N) is
a finite sZ-module for all i and vanishes for i>0.

Proof. By Kempf’s vanishing theorem 5.7 and the tensor identity 2.16 we get
Exti,(M, N) ~ Exti,(M, H°(N)) ~ Ext}{,,(M, N)

This shows that the proposition follows if we prove that for any leX,
H{(U", A) = Extiy(of, A) is of-finite for all i and vanishes for i»0.
In the standard U’-resolution (2.17) of 2

Ooilolyoi, >, ..

we have ht(p — ) Z j for all weights u of I;. Here ht is the usual Z-linear function
on the root lattice whose value is 1 on simple roots. Hence Homys (s, I;) < (I;)o is
of finite for all j and vanishes for j > ht(—1). OJ

5.16. Let M e%’. We say that M has an excellent filtration if there exists a filtration
in ¢’
O=FOCF1CF2C...

with UF; = M and F;/F;_, ~ H%w, ;) for certain w;e W, L,e X *.
Note that if M has an excellent filtration then M is a free «/-module.

Lemma. Let M %’ be a finite free of-module. If M ® k has an excellent filtration
{in 6%) then M has an excellent filtration.
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Proof. We use induction on the rank of M. Let Ae X * be a weight of M ® k of
maximal norm. By [P 1, Proposition 3.1], there exists a surjective Uf-homomor-
phism ¢ : M,—» H?(w, ), for some we W. By [loc. cit., Corollaire 2.5], H2(w, 1) is
injective in the category of B-modules whose weights have norm at most equal to
the norm of 4, hence Ext} ur (Mg, H2(w, 1)) = 0fori > 0. Via Proposition 5.15 we get
using base change arguments (like in Section 3) that

Homy» (M, H%(w, 1)) ® k ~ Homy:(M,, HY(w, 1))

Therefore, there exists € Homy (M, H(w, 4)) such that ¢/, = ¢. Now, ¢ is sur]ec—
tive, hence so is §, by Nakayama. Set K = Ker(y). Since H%(w, A) is free, then K is
a direct summand of M, and is therefore free. Also, K ® k identifies with Ker(¢),
and the latter has an excellent filtration by [loc. cit., Proposition 3.1]. Since K has
smaller rank than M we conclude by induction hypothesis that K has an excellent
filtration. OJ

Corollary 5.17. Let A, uc X * and we W. Then H%(w, ) ® p has an excellent filtra-
tion.

Proof. This follows from Lemma 5.16 and [Ma], see also [P 2]. [J

6. Borel-Weil-Bott theory

In this section we study the modules H'(1) = H(U/U", A), A€ X, i = 0 as well as the
corresponding modules for Up, I' an «/-algebra.

Proposition 6.1. Let le X.

@) H°(H)*O0ifand only if ie X *.

(@) If AeX™* then H°(AV" is a free s/-submodule of rank 1. In fact,
HO(W)Y" = H°(A)s.

(ii) If e X then A is the unique maximal weight of H°( ).

Proof. Suppose pe X is a weight of H°(4) and let fe H°(1), be non-zero. Then
there exists r; Z 0 such that

FEEY .. Ef9) %0
for some iy,...,i;e{l,...,n},ie.
Euo(ESY ... EfOf) *0

Since E{V ... E{*)f has weight u + Y j_, r;a;, and since Ev is zero on all but the
A-weight space we conclude that p < A. This proves (ii) and (iii).

To prove (i) assume first H°(4) + 0 and pick fe H°(4);\{0}. Using 1.11. (1) we
get for r = O:

(FONE) = ﬂwwm.(iF'{Kﬂa qmm»
=0

A
=[f]mﬂn
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Since [a + Ofor all 7 if a < 0 we conclude that F&f = 0 for r>0 implies 4; = 0.

rla
On the other hand suppose 4; =0 fori=1,...,n and define f:U — o by

(1m0 1 )

feR* i i BeR*

N A

[ vt [ tl:| if Mg=Mjy=0forall g
= {i=1 ild

0 otherwise

(we use that the elements of the given form are a basis of U, see [L 6]).

We claim that fe H°(A). It is clear that fe Homys(U, 1) so that the only thing we
have to verify is that F®’f= Ofor r»0,i = 1,. .., n Noting that f has weight 1 we
see that

Fﬁ"f(Eﬁ")=[ﬂ fW)=0 forr>1
d:

The proposition follows. [J

Remark. Of course (i) could be also deduced from the corresponding classical
result via Theorem 5.1 and 5.6 (iii).

6.2. In the rest of this section I will be a field and ./ — I' will be a homomorphism
into I'. The image of v is denoted by {. We write Hy: = H{(U/U%, ).

Corollary. Let Ac X *. Then HY(A) contains a unique simple U -module, Lp(A). It
has highest weight A.

Proof. Exactly as in the proof of Theorem 6.1 we see that H2(4) has a 1-dimen-
sional U%-socle, namely H2(4),. Hence H2(J) has also a simple U -socle and this
socle contains H2(4),. O

Proposition. 6.3. Assume that Se € is a simple U p-module. Then S ~ Lp(A) for some
leX™.

Proof. 1t follows from Corollary 1.28 that § is finite dimensional. So, let 1 be
a maximal weight of S. Then there exists a non-zero U-homomorphism S — 4, and
by Frobenius reciprocity (2.12), this gives a non-zero Up-homomorphism
S — H2(4). By Proposition 6.1 (i) and Corollary 6.2 we obtain ie X* and
S~Lr2). 0O

Theorem 6.4. Suppose { is not aroot of 1. Then we have for all Ae X with i + pe X ™
and all we W

HYA) ifi=1lw)
0 otherwise

Hi(w- ) :{

Proof. The theorem is proved in the standard way via Theorem 5.8 (iii) from the
lemma below. O

Remark. The theorem is also true when { = 4+ 1 and char I’ = 0 (the same proof
applies). In that case it is equivalent to the classical Borel-Weil-Bott theorem (see
e.g. [De 2]).
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Lemma 6.5. Let (eI be as in 6.4 and suppose pe X, ie{l,. .., n} such that y; 2 0.
Then

HI s m) = Hi(p), j20

Proof. For convenience we drop I' from the notation.
As in 5.1 we set H{ = Hi(U"(i)/U°, —). We can apply the rank 1 results from
section 4 to get

~ H(p) ifj=1
Hi(sy, p) = {0 i)+ 1

and
Hi(p)=0 forj>0
Since H® = H°(U/U"(#), —)° H? we conclude from Corollary 2.9 (ii} that
HI" sy, ) > Hi(p) O

Lemma 6.6. Let { be the image of vin I'. If{ & 1 is a primitive I root of 1, then | = p*
Jor some positive integer e.

Proof. Denote the homomorphism ./ — I' by ¢. Then { = ¢(v). Suppose {' = 1
and {™ = 1 for any integer 0 <m < I Then the polynomial v' — 1 belongs to
@ =ketgp. We can assume that [=p°q where ¢ is prime to p. Then
o' — 1 = (0" — )R(v) for R(v) = Y924 v"”". Since R(1) = g, then R(v)¢» hence
R(v)¢ p. Since p is a prime ideal, v** — 1e p and {*° = 1 and hence [ = p*. O

Theorem 6.7. Let char I' = 0 and suppose { + 1 is an I'th root of 1 where | = p® for
some e > 0. Then for all e X with A+ pe X" and all we W we have
@) If{A+p,a¥>=ZIforall ucR" then

HA) ifj=1w)
0 otherwise

Hiw-2) ~ {

(@)
HYUA+Up—1) ifj=1w

J . — ~
Hi(lw-2+ (I —1)p) = {0 otherwise

Proof. The same proof as in 6.4 applies appealing this time to Corollary 4.6 (ii). CJ

7. Serre duality and complete reducibility

Preserve notation from section 6 and let I still denote a field. Here we prove that
the cohomology modules H%, i =0,1,..., N satisfy Serre duality. The Serre
duality combined with the results from Section 6 easily gives the irreducibility of
HY(A), Ae X * when { is not a root of unity. It is also needed for the proof of the
linkage principle in the next section.
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Lemma 7.1. HY¥(~2p) ~ of and H¥(~2p)~T

Proof. By Theorem 5.8 (iii) and Theorem 3.5 we have HY¥(—2p) @ I' ~ H¥(—2p)
for any .«/-algebra I'. Taking I' = k and recalling 3.11 and Serre duality over G; /B,
we obtain: H¥(—2p) ® k ~ H®(G,/By, 0)* = k. Taking now I' = o/’ and applying
Theorem 6.4 we get: H¥(—2p) ® I' ~ H2(0) = I'. Then, by 1.21 we conclude that
HM(—2p) is a rank one free .«/-module. The lemma follows. O

7.2. Let V, V,e%’. By Frobenius reciprocity the evaluations H°(V;)— ¥, and
H°(V,)— V, give a homomorphism H°(V1)® H°(V,)— H*(V,; ® V,) which is
functorial in both ¥, and V,. If V; (say) is flat as an «/- module we get therefore
corresponding natural homomorphisms

H(V)@HI(V,))»H™ (V@ V)), i,jz0

In particular, if we denote by F* and V' the two U-module structures on
Hom,,(V, o) (see 1.18), we obtain for any flat Ve %’ a pairing

0 H'(V) x HY'(V'® —2p) > o
by composing the above homomorphism
H(V)®@HY(V'® —20)->H'(V®V'® - 2p)

with the map H¥(V® V'® —2p) > H¥(—2p) ~ «/ induced by the natural
homomorphism ¥ ® V' — o/. Likewise for Ve %% we have a pairing

b) r(V)x HY'(V'® —2p) T
Theorem 7.3. Let V %" be finite dimensional. Then the pairing 7.2 b) is non-singular,
i.e. it induces for each i Z 0 an isomorphism in Gr

F(V)=HIT(V'® — 2p)*

Proof. We shall first observe that if AeX* then the homomorphism
H°(4) - H¥(~ 1 — 2p)* coming from 7.2 a) is an isomorphism. This follows from
Serre duality in the classical case via the commutative diagram (compare
[A 3, Proposition 2.10]))

HO)®k—H(~A—20*®k
1 12
HY(A) =~ H{(—4-2p*

Hence the theorem holds for i = 0 and ¥ = Ae X *. An easy induction gives then
that it also holds when the weights of V are all dominant.

For a general ¥ we then choose m = 0 such that ¥ ® mp has only dominant
weights. The short exact sequence

0-V-oHmp)@mp@®V->0—-0
gives rise to the commutative diagram (using the tensor identity)
0- HAV) - H(mp)® HYmp ® V) - HY(Q)

| ! |
0->HY(V'® —2p)* - H}mp) ® HY(—(m + 2)p @ V')* > H}Q'® —2p)*
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By the above the middle vertical map is an isomorphism. Hence the left vertical

map is injective. The analogous diagram for Q then gives that the right vertical map

is injective and the diagram then implies the surjectivity of the left vertical map.
Fix i > 0. We get via Corollary 5.7 (i) the commutative diagram

H(mp) ® HF '(mp ® V) > Hmp) ® HY "1 (=(m + 2)p @ V')*

! l
HF'(Q) - HY Y Q'® —2p)*
! l
Hy(V) - HY7T'W(V'® —2p)
\
0

from which the theorem follows by induction on i. [l

Corollary 74. Let AeX™. Then up to a scalar there is a unique non-zero
U r-homomorphism HY(wg - A) — H2(A) and its image is Ly(J).

Proof. By Theorem 7.3 there is an isomorphism H¥(wg-1) ~ HR(—woA)*. It
follows that HY¥(w,-4) has a unique maximal submodule M, and
HY¥(wo- A)/M ~ Lp(A). Since any composition factor of M has highest weight less
than A and since HY(1) has socle L(4) it follows that M is killed by any
Ur-homomorphism HY¥(wq-4) -» HY(A). O

Corollary 7.5, Let Ae X *. If HY(wq- A) >~ HY(A) then H2(J) is irreducible.

Corollary 7.6. Assume that { is a primitive I root of unity. Let A = (I — 1)p + Iy, for
some pe X ™. Then HY(A) is simple.

Proof. Note that wo: A = (I — 1)p + lwy - p. Hence, by Theorem 6.7 (ii} the hypo-
thesis of Corollary 7.5 is satisfied. O

Remark. Let H2((I — 1)p) be denoted by St. Then St* is also a simple U-module
with highest weight (I — 1)p. Hence St* ~ St by Corollary 6.2.

Corollary 7.7. (Lusztig [L 6, 7.2], Rosso [R 2, Partie C], Xi [X, Theorem
2.47). Suppose { is not a root of 1. Then

(i) For any Ae X ™, HY(4) is irreducible and isomorphic to HY(—wgA)*.

(i) Any finite dimensional Ur-module in €r is completely reducible.

Proof. (i) follows from Theorems 6.4 and 7.3 and Corollary 7.5.
Let us prove (ii). By (i) it is enough to prove that for 4, ue X * any extension

M 0— HP(4)~> M — Hp ()~ 0

in € is split. Assume firstly that g # A. Then A is a maximal weight of M, and it
follows that there exists a non-zero U’-homomorphism M — H}(A), (when u = A
we have to use the hypothesis that M €%, namely that M is the sum of its weight
spaces). By Frobenius reciprocity 2.12 this gives a Up-homomorphism M — H2(4)
which splits the exact sequence.
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Assume now that u > A. Dualizing the exact sequence (1) and taking into
account the isomorphisms in assertion (i), we obtain an exact sequence

@ 0 H(—wop) > M' > Hy(—~woh) > 0

which is split since —wod # —wou. Taking duals again we obtain a splitting of
Q). O

8. The linkage and translation principles

In this section I' denotes a field and o/ — I' a homomorphism which takes v into
a (primitive) I’th root of 1 where via Lemma 6.6 [ has to be some p* for e a positive
integer. We prove that the linkage and translation principles for semi-simple
algebraic groups over a field of prime characteristic have direct analogues for Uy.
The arguments, however, follow the very same paths as in the modular case. We
give only brief indications of proofs.

8.1. Let A, ue X. We say that u is strongly linked to A if there exist 44,...,4,€X,
Bi,...,B-1€R", my,...,m_,eN such that

p=A S A tmlif =2, 2. Ssp_ Ao trm =l =14

Theorem. Let y, A + pe X * and we W, i 2 0. If Ly(p) is a composition factor of
Hi(w-A) then u is strongly linked to A.

Proof. Apply the rank 1 case in section 4 together with induction on A and
Corollary 7.4 (compare [A 2]). O

Corollary 8.2. Let Ve%, and suppose V is indecomposable. If 2, ue X* such that
Lr(A) and Lp(u) both are composition factors of V, then pe W;- A

Proof. It is enough to verify that any extension
0> Lp(A) = V—>L(n)—0

with Ve%, and A, pueX™*, ué W, 4 splits. To see this we may assume u % 4
(dualize if necessary). Then 1 is a maximal weight of ¥, ie. we have a U’-
homomorphism ¥ — A which by Frobenius reciprocity gives a Up-homomorphism
V — H2(J). Since p ¢ W, A we see by Theorem 8.1 that Lp( ) is not a composition
factor of H2(A). Hence the map V — H2(A) has image L;(4) and the sequence is
split. O

8.3. Let C denote the bottom alcove in X ¥, i.e.
C={leX|0<<{A+p,aY)<lacR"}
and set
C={leX|0<{A+pa')<laeR"}

Note that C + & if and only if I = h (the Coxeter number).
For A, ue C we define the translation functor 7%:%, — % as follows

T4V = pr(V® HY(z(p — 2)))



42 H.H. Andersen et al.

Here pr,:€r — %r is the projection onto the biggest submodule (summand accord-
ing to Corollary 8.2) whose composition factors have highest weights in W;., and
te W is chosen such that t(u — J)e X *.

We have (compare [Ja 3], Chapter 11.7)

Theorem. Suppose LeC, peC.
() ThHr(w-2) =~ Hr(w-p), i 20, we W,.
(i) If we W, such that w-Ae X" then

Lr(w-u) if w-p is in the upper closure of w-C

W ) =
TiLe(w-4) {0 otherwise

(iii) Suppose {ye W)|ly-u=p} = {1,s} and let we W, such that w- i < ws- 4.
Then there is an exact sequence

0> HYw-A) - TAHY(w-p) - HY(ws- 2) —
— Hi(w-A) > TAHy(w- p) > Hi(ws- 2) -

Proof. (i) and (iii) follow from the linkage principle 8.1 and the tensor identity
2.16 via a close analysis of the weights of w-A® HJz(u — A)), resp. w-u ®
HY(t(A — w)). (i) follows from (i) by recalling that L,(w-1) is the image of
H¥(wow- 2) - HY(w- 4), see Corollary 7.4. O

8.4. As in the modular case we get the following corollary, sometimes called the
translation principle.

Corollary. (i) Let 2, eC,w, ye W,. Then
[Hiw-A):Le(y-A)] = [Hyw-2):Le(y- V)] forall i

p (i;'l) Let AeC, ueC, ye W, If y-u is in the upper closure of y-C = X* then
or all i

[Hr(w-A):Lr(y- )] = [Hrw-p):Le(y- )] = [Hr(ws A): Lr(y- )]
for all se Wy with s-u = p.

9. Finite dimensional U-modules

Let o/ 4 I’ be a specialization of .o into a field I', and let @ = Ker(f). Let { be the
image of v in I'. If { is a root of unity, then it has order I = p® for some ¢ = 0, by
Lemma 6.6. In particular, if char(I') 0 then { = 1.

9.1. By abuse of notation, we still denote by y, ; the character x, ; ® 1 of U,
Then, we have the:

Lemma. The characters ¥, ; of U are pairwise distinct.

Proof. Assume that ¥, ; = x.,. If { is not a root of unity, then clearly p = A and
T = ¢. Assume now that { = 1. Then t = g, and for each i, and ¢ = 0, the integers
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A' i . . .
( tl > and <'lj ) are equal, modulo g N Z. It is well known that this implies 4; = y;.

Assume finally that { &1 is a root of unity, of odd order I = p¢ (e > 0).
Necessarily, char(I") = 0. From o;{%% = 1,{%*, we obtain {?%(*~#J = 1. Since 2d;
has no common factor with [, we conclude that I divides A; — p;. It follows that

K. .
g; = 1;. Then the equality: X,,,,1<|i ll:|) = xw<|:1j'}> implies, by [L 3, 3.3. (b)]
that Ai=p O

9.2. If M is a Up-module, we set: 0,(M) = @;.x M, ;. This is a Ur~submodule of
M (see 1.4). Our aim in this section is to prove the:

Theorem. Let M be a finite dimensional Up-module. Then M = @ ,0,(M).
The proof splits into three different cases.

9.3. {is not a root of unity. Then all E; and F; are nilpotent on M. We reproduce
the argument given in [R 17. From the equality K; ' F,K; = {2%F,, it follows that, if
z is an eigenvalue of F; on M then so is {2z, Since M is finite dimensional and ¢ not
"a root of unity, this implies that 0 is the only possible eigenvalue. Hence F; is
nilpotent on M.
Say F®M = 0. For t = 1, set

2t—1

P = l"[ (Kl_cr—s_ Ki—le—r) i

s=1

Using the commutation formula 1.11 (1) we prove by induction on ¢ that
7. F¢OM = 0. Therefore, []227! (K? — {2*") annihilates M. Since the poly-
nomial [[2 (X — ¢2¢7") has distinct roots, we obtain that K ? is diagonalizable.
Hence, so is K;, with eigenvalues + {*, |¢| < r — 1. But U2 is generated by the K,
since { is not a root of unity, and therefore we conclude that M is the (direct) sum of
weight spaces M, ;. OJ

9.4. In view of 9.2, Corollary 7.7 can be restated in the form:

Theorem. (Lusztig [L 6], Rosso [R 1-2], Xi [X]). Assume that { is not a root of
unity. Then any finite dimensional Up-module is completely reducible.

9.5. { = 1. In that case, each K, is in the center of U, and satisfies K? = 1. It
follows that M = @®,.; M,, where M, is the Ur-submodule of M on which each
K;actsby o, = + 1.

Following ([L 3]), we say that M is of type ¢ if M = M,,. Recall that we denote
by I, the Ur-module I" on which U acts by the character &, (see 1.6). If M is of type
o then M ® I', is of type 1, and conversely. Therefore, we can assume that M is of
type 1. In that case M is a module for the algebra Ur/(K; — 1). By [L 6, 8.15] this
algebra identifies with U, the hyperalgebra of the algebraic group G;. Moreover,
U%/(K;— 1) identifies with the hyperalgebra U} of a maximal torus, and
% corresponds to the usual character y; of UY. Therefore, the weight spaces of M,
considered as a Ur or Up-module, are the same. But, as a Ul-module, M is the
(direct) sum of weight spaces M, with A€ X. If char(I') = 0, this is well known, and
for char(I') > 0 this was proved in [S], [CPS 2]. O
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9.6. { is a primitive I'* root of unity, where | = p°, e > 0. The rest of this Section will
be devoted to that case.

Necessarily char(I') = 0, and we can follow the arguments in [L 3]. Each K!is
in the center of U, and satisfies K#' = 1. Then M is the direct sum of the
Ur-submodules M,, 6 € X, where M, is the subspace on which each K! acts by o;.
Following [loc. cit.], we say that M has type o if M = M,,. Again, by tensoring with
I',, we can reduce to the case where M has type 1.

9.7. So, let # be the category of all type 1 finite dimensional Ur-modules, and let
%/ be the subcategory consisting of those M € % such that M = @,y M,. Ob-
serve that #f is closed under formation of submodules, quotient modules and
tensor products.

Our aim is to prove that in fact any Me %, belongs to L. By [loc. cit.,
Proposition 6.4], it is so if M is simple, because in that case M is isomorphic to
some L(A), le X ™.

9.8. We follow the ideas of the proof of [CPS 2, 9.4]. Let St denote the Up-module
HY(( — 1)p)e%L. Note that St is self-dual and simple, see Remark 7.6. But St has
an even more striking property:

Theorem. St is a projective object in Fr.

Proof. 1t is enough to prove that Ext{ (St, L(4)) = Oforall Le X *. From the exact
sequence: 0 — L(4) - H°(1) » Q(4) — 0 we get an exact sequence:

Homy, (St, Q(4)) — Ext}, (St, L(4)) —» Ext} (St, H°(4)) .

If (| — 1)p is not linked to 4, then St is not a composition factor of H°(4), by 8.1,
and therefore Homy,, (St, @(4)) = 0. On the other hand, if (I — 1)p is linked to A then
A=(— Dp + lufor some pe X *, and then Q(4) = 0 by Corollary 7.6. Hence it is
enough to prove that Ext} (St, H°(4)) = 0. Since St is self-dual, this will follow
from the:

Lemma 9.9. Let 4, ue X *. Then Ext} (H°(u)*, HO(4)) = 0.

Proof. By proposition 3.3, what we have to prove is that Ext};, (D(4), D(u)) = 0 for
all 4, pue X *. Note that the highest weight of D(u) is — wou = u*. Assume firstly
that A £« u*, and consider an exact sequence:

) 0—-D(uf=>M->D(4)—~0.

Since the extreme terms belong to ¥}, we obtain that M = @,.x M,,), where
M,,) denotes the generalized eigenspace:

M, = {xeM|(u — x,u))*x =0 for all ue UP} .

From the commutation relations in [L 6, 6.5. (a3—5)] we deduce that for all
je{l,. .., n},reN there exists a bijection ¢,,: U® ~» U° such that uE( = E\” ¢, (u)
and x,(¢;r (1)) = Lv+re, () for all ueU®, ve X. Let xe M,,,. Then, for all ue U}

0 = EP(@;r() — x(Dse))*x = (4 — Xy ra, )Y Ex .

This proves that EY' M) € M+ - By maximality of A among the generalized
eigenspaces of M, we conclude that E{’ M, = 0 for all j, and r > 0. Also, we can
take s>»0 such that FPM,, = 0. From the commutation relation 1.11(1), we
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K,
deduce that [ sj :I M, = 0. Take s to be a multiple Ir of I. Since M is of type 1, then

any K; acts semi-simply on M, with eigenvalues {™, 0 < m < L. Therefore, by [L 3,
([ K; . . .

4.2-3], we conclude that [] lj] - t) annihilates M ;. Since the polynomial
t=0

[T:Za(X —t) has distinct roots, we obtain that the action of | ~ 7 [ on My, is

1
diagonalizable. Since the K’s are also diagonalizable, we conclude that M ;) con-
sists of vectors of weight 4. Therefore, a highest weight vector v, € D{4) can be lifted
to a highest weight vector x; € M;. Let N be the U -submodule of M generated by
x;. Then N maps onto D(A). On the other hand, by 1.20 (ii) we have
dim N £ dim D(4). It follows that N maps isomorphically onto D(4), and this gives
a splitting of the exact sequence (1). Hence the lemma is proved in the case A ¢ u*.

Now, assume that A < y* and consider an exact sequence: 0— D(u) —
M-—-D(2)—-0. Then we obtain an exact sequence: 00— D(A)*—
M* — D(u)— 0, which is split by the previous argument, since u £ 1*. Then taking
t-duals we obtain a splitting of the original sequence. Hence Lemma 9.9 is proved,
as well as Theorem 9.8. (1

9.10. Since St is self-dual, then it is also an injective object in # . Then, the lemma
below produces more projective and injective objects.

Lemma. Let E be a finite dimensional U -module. Then St ® E and E &® St are both
projective and injective objects in Fr.

Proof. By 1.18, for any Ur-modules M, N there are isomorphisms:
Homy (M ® E, N) ~ Homy (M, N ® E*)
and Homy, (E ® M, N) ~ Homy (M, E' ® N)
The lemma follows. [l

Lemma 9.11. Let Ac X *. Then there exists an imbedding of L(2) into St ® E for
some Ee %Y.

Proof. By Lusztig’s tensor product theorem [L 3, Theorem 7.4] and Lemma 9.10,
we can reduce to the case where A is restricted. In that case, u=(I— 1)p — 4
belongs to X *, and then the U-homomorphism L{2) ® L(u)— (I — 1)p induces
by Frobenius reciprocity a non-zero Up-homomorphism L(4) ® L(u) — St, which
in turn corresponds to an injective Up-homomorphism L(4) ¢ St ® L(p)*. O

Theorem 9.12. (i) Any M € % belongs to L. In other words, Fr = €.

(ii) The category Fr has enough injectives. Moreover any indecomposable injec-
tive is a direct summand of some St ® E, Ee %Y.

(iti) Injective modules in F are projective, and conversely.

Proof. Let M e Zr. Since the socle S of M is a direct sum of L(4)'s, ie X ¥, then by
9.11 we can imbed S into some St ® E, Ec%f. By 9.10, the latter is an injective
object in %, hence we obtain an imbedding of M into St ® E. Since the latter
belongs to ¥£, we conclude that M also belongs to €.
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This proves (i) as well as (ii). As for (iii), it follows from (ii) and 9.10 that any
injective is also projective. Now, if M € % is projective, then M * is injective, hence
also projective, and therefore M is also injective. O

9.13. Assertion 9.12 (i) concludes the proof of Theorem 9.2. O

10. Sum formulas

In this section we define some filtrations of the cohomology modules for quantum
algebras following the method used by the first author in the modular case and we
prove sum formulas analogous to the Jantzen sum formula by using exactly the
same arguments as in Jantzen’s book [Ja 3]. Moreover, since the usual case is also
a specialization of the quantum case, we get something new for modular repres-
entations. However, we expect that in the lowest p2-alcove the new filtrations
coincide with Jantzen’s filtration. For this, we formulate some conjectures.

Lemma 10.1. Any prime ideal in o/ other than » is principal.

Proof. Since o has dimension 2 then any prime ideal p =% » has height at most
one and is therefore principal, since .«7 is a unique factorization domain. [J

Lemma 10.2. Let g be a prime ideal in o/ other than » and 0. Then

() , is a discrete valuation ring.

(i) /g is a discrete valuation ring if and only if the generator of g can be
written as a linear combination of p and (v — 1) with at least one of the coefficients
invertible in o, i.e. g = (a1p + a,(v — 1)) with a,, a,€ s/ such that either a, or
a, (or both) is a unit of .

Proof. (i) This is clear from Lemma 10.1.

(i) The “if” part is easy because in that case »/¢ is generated either by p + @
or by (v — 1) + . Now suppose /g is generated by g + @ with ge.«#. Then g is
in # and we can write g = a,p + a,(v — 1). If a, and a, were both in » then g € >
and m/gp = (m/p)?, in contradiction with Nakayama’s Lemma. So at least one of
them is not in », hence a unit in «/. O

Remark. In fact the prime ideal in (ii) is generated either by ep + (v — 1) or by
ep' + (v — 1) where ¢ is a unit in &/ and ¢ is a positive integer.

10.3. For a positive integer I,

' —1

v—1

=" 40t 4o+ lem

if and only if p{l. Moreover we have that for any positive integer e,

v —1

v —1

if and only if p|l.

=) '+ ) 4.+ "+ lem
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vF —1
Lemma. (i) Let ¢,(v) = ———. Then ¢, (v"°)em and it generates a prime ideal g
p 1 4

& satisfying the condltwn stated in Lemma 10.2 (ii).
(i) Let g be a prime ideal of o/ different from » and those in (i). Then the
Borel-Weil-Bott theorem holds over A" = s /¢ (see Theorem 6.4).

Proof. () ¢,(v") = @)~ = (v — 1P**"Y mod(p). We can write ¢, (") =
(v — 1)7""~Y 4 a(v)p for some a(v)e.of. Specializing v to 1 we get a(l)p = p, ie.
a{l) = 1. Hence a(v)¢» is a unit in </,

(i) The homomorphism o - A does not take v to a root of 1. [T

—1—[1 0 FUF)

10.4. Let I denote either o/, for g a prime ideal of .o/ given in Lemma 10.3 (i) or
of /g for a prime ideal of o satisfying the condition in Lemma 10.2 (ii) but not
those appearing in Lemma 10.3 (i). Then I' is a discrete valuation ring with unique
maximal ideal here denoted by q. Denote by v, the valuation on the fraction
field I"'.

If ae I then we set v(I'/(a)) = v4(a). Extending v by linearity, to each finitely
generated torsion I'-module V' we get associated an element v(V)eZ.

Let ¢:M — M’ be a homomorphism between two finitely generated I'-mod-
ules. Suppose 0 ® 1:M @ I'" - M’ ® I'’ is an isomorphism. Then the cokernel of
the induced map ¢: M — M’; on the free parts of M and M’ is a torsion module.
We set

Remark. In fact

v(p) = v(coker(gy))
If in the above setting Ve €Y (resp. M, M’ e €?), then we define

(V)= Y v(V)ereZ[X]

neX

respectively

V() = v°(coker @)

10.5. Fix Ae X * and we W. Let wy = s;, . . . s; be a reduced expression for w,y. By
the vanishing theorems 5.7 and 5.8 we have H¥(wg-A) = HY(wo- )@ T and
H(A) = H°(J) ® I'. Using this also in the rank 1 case we get by Corollary 4.5
a natural homomorphism (compare Lemma 6.5)

Hi (55,0 -85 )= His;, . .. s

J1
for j, r = 0. Denote by T, the composite of
H”(wo-l)—aH”“(st e SjA) > L o> Hisy A > HO(A)

Let M, denote the torsion submodule of a I'-module M. We see from Lemma
103 that Hi(w-1), = H-(w-4) for i+Iw) and T,,® L:H{(we- )@, -
HY(A)®rI" is an isomorphism. Hence v*(T,,,) is defined, and we find

1

Proposition.
{A+p,a¥)—1

V(Two) = — . Y vllmr(d — ma)

acR* m=1
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<Recall that [m] = LZ—”:—)

v—v
Proof. Let Tp:H}(A_py-2) = H2(4,,) be the homomorphism considered in Corol-
lary 4.5. Since

m i , .

Vg ([ ; D = 2, Vo([m —j + 11) = v([j])
ji=1

we easily get v¥(T,) = — ;.';1 Vq([iDx{Am-2;). This proves the proposition in

case n = 1. The general case then follows just as in the modular case, see [A 3], by

noting that H}(4), = 0= H}(wo'4), for all j when le X* (Kempf vanishing

theorem 5.7 and Serre duality 7.3). (I

10.6. Remark. For each ue X, let D, denote the determinant of the restriction of
T., to the p-weight space of H¥(wo-A). Also, for ve X let (v:u) denote the
coefficient of e* in y(v). Set

(A+p,a¥>—~1
A“ — H 1—[ [m](s,-2.+ma:u)
xeR* m=1

By proposition 10.5, D, and 4, have the same g@-valuation, for any height one
prime ideal g contained in » = (v — 1, p). Since p is an arbitary odd prime (distinct
from 3 if (a;;) has a component of type G,), it follows that D, and 4, only differ by
a unit in §~'Z[v, v~ '], where § denotes the complement of | J,, , ;v — 1, p). We
are indebted to G. Lusztig for this observation.

10.7. By the vanishing theorem we know that both H¥(wq - 1) and H () are free I'-
modules. Define a filtration of HY(w, - 4) as follows:

HY(wo 2 = {xe Hr (Wo )| Tw,x e ¢’ HY(A)}

This is clearly a Up-filtration of HY(wo- 4) and if we let I denote the residue field
of I' and H¥(wq-A)’ the image in H¥wq- 1) = HY(wo*A) ® T, then this gives a
Up-filtration of H¥wq - A).

Note that H¥(w, - 4)* is the kernel of the homomorphism

T,,® 1:HXwo- 1) —» HXA)

Hgnce by Corollary 7.4 we see that H¥(w, - 4)! is the maximal proper submodule of
From Proposition 10.5 by using standard arguments (compare [A 3]) we have
the following sum formula

Theorem.

Y chH¥wo 2= ¥ ¥ vo([m])x(se" A + may)

jz1 aeR* n

0<m<{(i+p,aVv)

Remark. If we W, then there are similar filtrations of H{™(w- 1), ®r I, compare
[A 3]. The sum formulas for w % 1, w, will in general involve non-zero contribu-
tions from the torsion in H'(w-4),i > 0.
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10.8. Notations are as above. By 10.3 and an easy calculation we have

Lemma.

m__ | pe_l e~-1 .
va([m) = vq( S >= v.,(”v — )= IRACKT)

i=0
Jfor any positive integer m, where e = v,(m).

10.9. Let @:of - & be a homomorphism into a feld » which takes v into
a primitive p”’th root of 1 where e is a positive integer (see Lemma 6.6). Then
ker ¢ = (¢,(v*°")). Denote .., by I' and the residue field of I' by I'. Then
¢ factors into o - I' > I' > . By Lemma 10.8, we have:

vp(l)—1

V(¢p(ul"~n))([l]) = i;() V(¢p(vp.,|))(¢P(vp"))

(1 i plle () 2 o)
)0 otherwise

Therefore, we get the following sum formula for the filtration of H N{(wo" 4) (where
we define HY (wo' A = H¥(wo )/ ® o)

Y chHY(wo A/ = Y > (2" A + mp)

jiz1 aeR*Y 0<mpe<{A+p,aVv)
10.10. Suppose I' is o/ /g where g is a prime ideal of o7 generated by an element in
» which can be written as the combination of p and (v — 1) with at least one of the
coefficients a unit in &/ but is not generated by any ¢,(v*°) for e a positive integer.
Then the (unique) maximal ideal of I" is q = »/p and the residue field I' is k.
Moreover HAw- A} = Hi(w- ) is just the usual cohomology module for the alge-
braic group over k. Since there are (infinitely) many such prime ideals we (in 10.7)
get many filtrations and sum formulas for HY (w, ' A). However, HY (w, - A)* defined
by any ¢ will always be the same (in fact, it is the maximal proper submodule).

10.11. If we take p = (v — 1), then &//p = Z,and we get exactly the usual Jantzen
filtration and sum formula for HY (we - 1). Moreover we have

Proposition. Assume g is generated by (v — 1) + &p* where ¢ is a unit in of and t is
a positive integer. Then (q = #e/©)
1

@) vq<%——;T = v,(I) and the sum formula of { HY (wo - )’} associated to g is the
Jantzen formula.

(ii) If t is large enough (with respect to (A + p,ag >) then the filtration of
HY(wq " 4) defined by g is the Jantzen filtration

Proof. Denote v,(v) by e and write [ = pl’. Then
V=1 o -1 (@) -1

v—1 p—1 ov*—1

-1 -1 . 1
Hence vq<l;_1>=vq<vv_l) since (—";—pi—_—rw. Note  that
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(v — 1) = ¢p’mod(p). So

v -1 o e 1) ;
- —1 pe—1 1*1
v—1 v ) * 121 tp® —i)! =D
P (pf — 1) . .
=(—g)P* " 1ppre—1 _pNi—1 - 1)+e d
(=g 1p + i=Z1 I mod()

Since p > 2 then p* — 1 > e. We get v, <%> = ¢ which proves (i).
(i) Denote the natural map
H(wo-4) - H(wo - )
by m; where I' = .&//¢ and
Hﬁ,(wo-/l) —»ng(wo'l)
by =,. By definition
HY(wo- 1)) = {xe Hf (o 1)| T',(x) €@’ H}(2)}
HE,(wo 2 = {xe HY,(wo" )| To(x)€p' Hg, (1)}
and then
1 H(HE (wo  )Y) = {xe Hwo" A)| T,y ()€ P’ H() + (0 — 1) + ep")HO(A)}
3 HHZ,Wo- A)Y) = {xe H(wo )| Ty, (x) e p’ H() + (v — HH (A}
Soforj<t,
wy H(HY (wo" 2)Y) = n3 1 (HE, (wo " 2))

Looking at the image of them in HY(w,-A), we get that the two filtrations of
HY(wq %) have the same top t submodules. If ¢ is large enough, e.g. t is larger than
the length of the usual filtration, (i) forces that the two filtrations are the same. O

Corollary. (of the proof). In the filtration of HY (wq - 1) defined by g the first t terms
coincide with the corresponding terms in the Jantzen filtration.

Remark. We think that it is reasonable to conjecture that all the filtrations above
are identical with the Jantzen filtration.

10.12. Let us take the opposite case by assuming @ = (p). Then I' = of/p =
,,/[v](,, 1 4= (v —1) and we get a filtration of HY¥(wo- 1) denoted here by
Hf(wo* ), in order to distinguish it from the usual one. Also there is a sum
formula which looks a little different
Y. chHY(wo Hlpy= 3. ) (PP ~ 1)x(s,- A + mpa)

jz0 acR* 0<mp<{iA+p,aV)

-1
=1 ) = p»® — 1 over F,[v}p-1)-

But if 1 is in the lowest p2-alcove, ie. {1 + p,ay > < p? then the formula is

>, chHY(wo = Y ) (p — Dx(sa 4 + mpa)

jz0 aeR* O<mp<{i+p,av)

because here v, _ 1,(
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So we would like to conjecture that this filtration is in fact the Jantzen filtration
“magnified” by p — 1. That means, this filtration consists of the same submodules
as in the Jantzen filtration, each repeated p — 1 times.

10.13. Let p be a prime ideal of 7 generated by e(v — 1)’ + p for ¢ a unit in & and
t an integer. Let I' = o//p and q = »/p.

Lemma. (i) Ift<p—1, vq<—lij—__~11> = Vo(@p(v)) = 1.

(@) If t > p— 1, v(¢,(0) =p— 1.
(i) If t = p — 1, v(¢,(v)) = p — 1. In this case v (¢,(v)) depends on e.

Proof. Note that
e (-

S0 =0 =P+ X e P

- P ST k) L
=(v—1) i§0 G+ DHp—i—1!

and q is generated by (v — 1) + . So (i) and (ii) are clear. For (iii) we must look at
{1 + &)(v — 1)~ ! which depends on v,(1 +¢). O

w-1

e(v — 1) mod(p)

Proposition. Suppose A is in the lowest p>-alcove.
(i) The filtration of H{f (wy- ) defined by (e(v — 1)’ + p) with ¢ a unit in o/ and
t an integer different from p — 1 has sum formula

Y chH¥(wo A= Y Y min(p — 1, Dy(s,* A + mpw)
iz0 aeRt 0<mp<{A+p,aV)
(i) If t > p— 1 then the top t terms of the filtration in (i) coincide with the
corresponding terms of the filtration defined by (p) (through F,[v]i,-1)).

10.14. X I' is a Dedekind domain (or even a p.i.d.) we can always find a basis for
H¥(wgy-A) and another for HP(4) such that the matrix of T,,,: H¥(wo- 1) = HY(J)
with respect to these bases is diagonal. Since .« is not Dedekind we don’t know
whether T, can be diagonalized or not. Assuming that this can be done, we have
the

Proposition. Let ¢ be a unit in o/ and t an integer. Assume T, can be diagonalized
over /. Then

(i) The filtration of HY (wqo - 4) defined by g = ((v — 1) + &p*) coincides with the
Jantzen filtration.

(i) Suppose A is in the lowest p*-alcove. The filtration defined by
@ = (e(v — 1)' + p) is the Jantzen filtration “magnified” by v,,,,(¢,)-

Proof. Let {x;}'-, and {y;}'-, be basis of H¥(w," 1) and H°() respectively such
that T,,,(x;) = a;y; for a; = a;(v)e . Then det(T,,) = H:; 1 @; which is the prod-

m

uct of polynomials of the form EU'_:;UTT together with a unit in .« by Corollary 4.5,

and hence each g; is a product of polynomials of the form ¢,(v*°) and some unit in
&. So by Proposition 10.11

Vemitio— 1y +ep (8} = V-1 (@1) = vp(ai(1))
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and if 4 is in the lowest p>-alcove, the only factor of 4; belonging to » is ¢ ,(v) which
occurs v,(a;(1)) times, and we have

Vomftew— 1)+ ) (8) = Vimptetw— 1)+ (@ (0) 7 41))

V(@ (1) Viuseto— 13+ p1y (P5(0))

Let 7 be the natural map HY(w,-4) = Hy (wo-4) and denote the filtration of
Hf(wo- 4) defined by @ by H{(wo " 1)),

For (i) it is easy to see that both HJ(w,- 1), and HY(we- 1)’ have a basis
consisting of those n(x;) with v,(a;(1}) 2 j. So they are equal.

() Let I=v,.,($,) where p=(e(v—1)+p). For i=12...,1
HY(wg- HY~ 1" have the common basis consisting of those n(x;) with v,(a:(1)) = j
which is a basis of HY (wy- 4). O

10.15. Let us formulate the

Conjecture. T,,,: HY(wo - A) = H¥(4) can be diagonalized over </

Let ¢:.of — A be a homomorphism into a field " which takes v to a primitive p*
root of unity. Let {HY{(wqo-A)’} resp. {H Y(we- 1)’} denote the filtration of
HZY(wy- A) resp. the Jantzen filtration of HY (wq-4). If 4 is in the lowest p?-alcove
then the two sum formulas of the above two flitrations coincide. Moreover we have

Remark. (i) If we assume the conjecture, then
ch HY.(wg- 1)/ = ch HY (wq - 1)
foreachj=0,1,...,.

Indeed take bases {x;} for H¥(wo-1) and {y;} for H°(.) such that
T,,(x;) = a;y; and each x; lies in a weight space. Let ¢ = ker ¢ which is generated
by ¢,(v). The same argument as in Lemma 10.3 shows that v, (a;) = v,(a;(1)) over

If we denote the natural maps HYwg- /1) —-H Jf(wo A) and
Hﬁ(wo A)— HY¥(wo-2) by n, and =, respectively, then HY-(wo-A)’ has a basis
consisting of those m, (x;) with v,(a;(1)) = j while H}'(w, - 4)’ has one consisting of
75(x;) with the same i’s. So (i) follows.

(ii) Since HY (w(, ), resp. HY(wo- 4)!, is the maximal proper submodule of
HY (wq - A), resp. HY(wg - 1), the theorem implies in particular

ch Ly(2) = ch Ly(4)

where L(A), resp. Li(4), is the irreducible module for Uy, resp. U,, with highest
weight 4. That is, our conjecture implies Lusztig’s conjecture [L 3].

11. Examples

Once the linkage and translation principles are established and the sum formula is
proved, we can easily obtain the results analogous to those in the modular case
which are consequences of the corresponding principles and formula. In this
section we illustrate this by showing that it gives the characters of all simple
U-modules when U corresponds to a Cartan matrix of rank 2 or of type A;. The
result verifies Lusztig’s conjecture [L 3] for these types.
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11.1. Let U be the quantum group corresponding to the Cartan matrix of type 4,.
Let I = p° for p > 2 a prime and e a positive integer. Let &/ — X" be a homomor-
phism into a field 2" taking v into a primitive Pth root of 1. Let Ae X *. From
Theorem 10.7 it follows that

) If <A+ p,a +ay > =<1 then Ly(1) = HS(A).

QU A+p0)><li=1,2 and {1+ p,ay + a;y ) > I, then we have the
exact sequence

0 LylSq, +ay A + 0t1 + 23)) > Hy(Wo* 2) > Ly (1) > 0

Either from the translation principle 8.3—8.4 or directly from Theorem 10.7, this
gives us ch L, () for all l-restricted Us (ie. for {Ae X *|<4 o’ > <li=1,2})
Now by Lusztig’s tensor product theorem [L 3] we can find ch L,(4) for general
AeX*. It is immediate to check that the results agree with Lusztig’s conjecture.

11.2. Consider now type Aj.
The set of l-restricted weights divides into 6 alcoves, Cy,. .., Ces, which are
ordered in the usual way as follows:

Cs

In this diagram we have also included the 2 non-l-restricted alcoves C; and
Cg which are less than Cg. If A, € C,, we let A; be the W-conjugated element in C;,
i=2,...,8 Then we have

chLy(4y)=x(41)

ch Ly (4;) = x(42) — x(41)

ch Ly (43) = x(43) — x(42) + 2(41)

ch Ly(4s) = x(Aa) — x(A2) + x(41)

ch Ly(4s) = x(4s) — x(4e) — x(43) + x(42) — 2x(41)

ch Ly(46) = x(d6) — x(A7) — x(4s) — 2(4s) + 2x(L4) + 2x(43) — 4x(42) + 5x(41)

This is obtained by combining Theorem 10.7 and Corollary 8.4 (compare [ Ja 2]).
Asin 11.1, we then get all ch L, (4) for 4 l-restricted by applying Theorem 8.3 and
finally all ch L,(4), e X* from the tensor product theorem.

Again it is easy to check that the results agree with Lusztig’s conjecture [L 3]. It
is enough to verify this for A [-restricted because by Kato’s result {K] the conjecture
“respects” the tensor product theorem.

11.3. The same argument can be given in the case of a Cartan matrix of type B, or
G,. In summary, we have
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Theorem. Assume U corresponds to a Cartan matrix of type Ay, By, Gy or A3, A is
as above and k = F . Then for all j

ch HY (wo- 4) = ch H¥(wq - 2)

for A l-restricted. And for & = 1° + pA! such that A% X | and 1, is in the lowest alcove
we have

ch Ly (4) = ch Ly(2)

Proof. 1f ) is restricted then all the irreducible factors of HY-(wq - 1)’ have multipli-
city 1. So the sum formula tells us exactly how ch HY-(wg - 4)/ looks when expressed
as a linear combination of ch L,(A)’s, which is in fact the same as ch HY (wy- 1)/
expressed in terms of chZ,(4)s. Now by induction one gets easily that
chLy,(u)=chL,(p) and chHY(wo'4)) = chH(wy-A)’ for A restricted and
u strongly linked to 4 (when u is not restricted we use the tensor product theorem).

For A = A° + pA! with A%e X, and /' in the lowest alcove, we use the tensor
product theorem and get the result easily since it is true for 4 restricted.

12. Appendix: quantum SL, (by P. Polo)

In this section we prove that for a Cartan matrix of type A,., the quantum
coordinate algebra defined in Section 1 coincides with the one studied in [PW
1-2].

12.1. Coefficient spaces over &/. Let V be a U-module. As usual, Hom(V, &) is
denoted by ¥ *. This is made into a U-module as follows: if pe V*,ve U, xe V then
(u-@)(x} = @(S(w)x). Then, there is a U @ U-homomorphism ¢:V*®@ Vo> U*
defined by:

¢ ® x)}(u) = @(ux), for peV* xeV,uel.

If several modules are involved, we will write ¢, etc. in order to avoid confusion,
The image of ¢, is denoted by ¢(}V') and called the coefficient space of V. If Ve &,
then ¢(V) is a U ® U-submodule of &/ [U].

Let E be a U-submodule of V. Set Q@ = V/E, and let 7 be the projection V' — Q.

We assume that Q is a free .&/-module, so that the transposed map V* —» E* is
surjective. Let x€ E, o€ E*, and Y € V* such that o(y) = ¢. We claim that the
element ¢, (¥ ® x)ec(V) only depends on x and ¢ and not on the choice of . To
see this, let ue U. Then c(y ® x) () = y(ux). But E is a U-submodule of ¥, hence
uxeE and therefore y(ux) = @(ux). This proves our claim. Hence, there exists
a well-defined .o/-linear map B:E* ® E — ¢(¥) such that:

Bl ® x)(u) = @(ux) for all pe E*, xeE,ueclU .
Observe that f is a U ® U-homomorphism: if u,, u,, ue U, ¢ ® xe E* @E then:
Blx1 0 ® uzx)(u) = (u, @) (uu,x) = @(S(uy Juuyx) = (U @ u)Ble @ x)) (W) .

Finally, it is clear from the definition of # that Ker(8) = Ker(cg). Hence f factors
through an injective U ® U-homomorphism ¢(E) G ¢(V).

Now, let yeQ, 6€0*, and ze V such that n(z) = y. We identify Q* with the
subspace: EX = {ne V*|y(E) = 0}. Again, ¢, (f ® z) only depends on § and y, and
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not on the choice of z. Indeed, let ue U. Then ¢, (60 ® z)(u) = O(uz). But this only
depends on the image of uz in V/E = Q, namely uy. Hence, there exists a well-
defined of-linear map y:Q0* ® Q@ — ¢( V) such that:

(0 ® y)(u) = B(uy) for all 0eQ*, yeQ,ucU.

Then it is immediate that y is a U ® U-homomorphism, and that Ker(y)=
Ker(cg). Therefore, y factors through an injective U & U-homomorphism
c(@) s e(V)

We record the results in the following:

Lemma. Let 0 — E —» V — Q — 0 be an exact sequence of U-modules, such that Q is
a free of -module. Then ¢(E) and ¢(Q) are U @ U-submodules of ¢( V).

12.2. For any Ae X *, we denote D(/) by E(4), and denote by c(J) its coefficient
space. If pe o/ [U] is an element of weight v, then by Corollary 1.30 there exists
A,peX ™, with A + wopu =v, such that ¢ belongs to the coefficient space of
E(4) ® E(u). But the latter is nothing but ¢(A)e( ) (multiplication in ./ [ U]), and
therefore we obtain that o/ [ U] is generated as an algebra by the coefficient spaces
c(4), Ae X ™.

12.3. From now on, we assume that the Cartan matrix A is of type 4,-,. Let
;€ X * be the fundamental weight such that E(w,):= V is the natural representa-
tion of U. We will prove that &/[ U] is generated as an algebra by the subspace
c(V).

The dual module V* is isomorphic to H%(w,_,). Let Ae X ™. Since w,_, is
minuscule, then all weights of the U’-module H°(w,-,)® </, belong to
—p + X *. By the tensor identity 2.16 and Kempf’s vanishing 5.7 we conclude that
H%w,.,)® H°(A) ~ H°(H%(w,-,)® </;) has a good filtration. From this we
easily obtain the:

Lemma. Let M be an sf-finite U-module with a good filtration. Then
H%w,_,)® M has a good fltration.

From the lemma it follows that (¥*)®™ has a good filtration, for all m = 1.
Taking *-duals, we obtain that V'®™ has a Weyl filtration, ie. a sequence of
U-submodules: 0 =My M, c...< M,=V®™" such that each M;/M;_, is
isomorphic to some Weyl module E(4;). Observe that each V®™/M; is a free
o/-module, and therefore by Lemma 12.1 each ¢(4;) is a U ® U-submodule of
e(Vem) = (e(V)™

12.4. Hence, in order to prove that ¢(¥') generates the algebra o[ U], we only
have to prove that any E(1), ie X * appears as a subquotient in some ¥"®™, This
reduces to a statement about characters, and therefore can be checked in the
classical case. Namely, let G = SL,(€) and let ¥ be the natural representation of G.
Then the coordinate algebra €[ G] is generated by the functions x;;, 1 £i,j<n,
which are the coefficients of the representation of G on V. Therefore, any finite
dimensional subspace of C[G] is contained in ), ¢(¥ ®%), for some t = 0. But
each V' ®*is completely reducible, and if m,( ) denotes [ V' ®*: E(u)]for pe X *, it is

easily checked that:

c(V®)= @ E(u)* ® E(n), where Q(s) = { u|lmy(p) > 0} .
nef2s)
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On the other hand, C[G] = ®,.x+ E()* ® E(4), by the Peter-Weyl theorem.
Since the E(v)* ® E(v), where ve X *, are pairwise non-isomorphic simple G x G-
modules, it follows from the above decomposition of ¢(¥®%) that any E(J) is
a subquotient of some ¢( ®*). Hence, we have proved the:

Proposition. Assume that U is associated to a Cartan matrix of type A,_ . Then
[ U] is generated as an algebra by the coefficient space ¢(V) = ¢(wy).

Remark. In fact, the Proposition is true for any Cartan matrix A, if we take V' to
correspond to a faithful representation of the simply-connected semi-simple alge-
braic group G associated to 4. If 4 is of classical type, or Eg or E, we can take V'to
be a direct sum of minuscule representations, and then Lemma 12.3 still holds. For
types Eg, Fa, G,, we take V = E(w), where we X * is the highest short root. Then
Lemma 12.3 can still be proved by elementary ad hoc methods ([P 1, Propositions
3.6-8]). In fact, the lemma is a particular case of a general result on good
filtrations, (see [Do], [Ma], and 5.14).

12.5. The quantum symmetric and exterior algebras

Following [ PW 1] we define the quantum symmetric and exterior algebras of V as
follows. As usual, let 7(¥') denote the tensor algebra of the free «/-module V.
Consider the following «/-submodules of V' ® V-

M=o-span{x; @ x; —vx;® x;|1 Si<j=<n}
N=ol-span{x; @ x;, x; @ x; + v 'x; @ x;[l S i<j<n}.

Let (M, {N) be the two sided ideals of T(V) generated by M, N, respectively.
Then set: S,(V) = T(V)/{M) and A, (V) = T(V)/{N>.

Since v + v~ ! is a unit in 57, we easily obtain that V® ¥V = M @ N (direct sum
of o/-modules). From this it follows that the union of the given generators of M, N
form an .«/-basis of V' ® V. Hence, they respectively form an .«/-basis of M, N,
which are therefore free.

12.6. U-module structures. Clearly, T(V)is a graded U-module. We leave it to the
reader to check that both M and N are U-submodules of V' ® V. Therefore, both
S,(V) and A,(V) are graded U-modules.

12.7. Some relations. Now, we describe some relations among the elements of
c(V), which generate the algebra o/ [ U]. Firstly, we observe that since V* ® ¥V is
a simple U ® U-module, then the non-zero U ® U-homomorphism e¢:V* ®
V = ¢(V) is an isomorphism. Let x, be a generator of the o&/-module V,,,, and set
xi+1 = Fix;forall 1 £i £ n— 1. Then, x; has weight w; — ;- (with the conven-
tion wo =, =0), E;x;oy =x; forall 1 <igsn—1,and {xy,...,x,} is an o~
basis of the o/-module V (free of rank #n). Let {J,,...,d,} be the &/-basis of V'*,
dual to the basis {x,, . . . , x,} of V. For all i, j we denote by X ; the image of §; ® x;
ine(V)c HLU]
Observe that, by definition of multiplication, we have:

(X X1m) (W) = (6; ® 3;) (A(u) (x; ® X)) for all ue U .

From the direct sum decomposition: V® V=M @ N (as U-modules), we
obtain relations among the Xi;s. Firstly, we observe that the elements
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{6:®9; — vd;® ;|1 i< j<n} form an o-basis of the orthogonal M+ of M.
Similarly, the elements {§;®6;,0,®%; +v '5;®|l <i<j<n} form an
o-basis of N!. Again, both are U-submodules of V*® V* and
V¥ V*=M'® N

Clearly, if o e M* (resp. N*) and xe M (resp. N), then ¢(p ® x) = 0. Applying
this to: ¢ = 6; ® §; — v5; ® §;, x = x; ® x;, we obtain:

1 XuXy—vXpXy=0foralli<j

Similarly, we obtain the relations:

2) XuX;j—vX;X;=0forall ,i<j

3) Xy Xpj— XpjXy=0ifl<mandi>j

@) Xy Xpj— Xpi Xt — @ = 0" )X ;X =0if I<mandi<j

12.8. The determinant. Now, consider the U-module L = Aj(¥). From the defini-
tion of A,(¥), we obtain that L is generated as an «/-module by the image of the
element x; ® ... ® x,, which we denote by x; A ... A x,. Moreover, we claim
that L is a free (rank one) «/-module. For this we observe that by [PW 1, Theorem
3.3.1] both L® ¢’ and L ® k are 1-dimensional. By Nakayama’s lemma, this
shows that L is a free, rank one, o/-module (see 1.21). Now, we claim that U acts on
L via the character . In fact, since V' €%, then V®", Le%. But L has rank one, hence
the only weight ve X that can occur in L is &.

Also, by definition of the “coordinate” functions X; we have:
ux; =i X;wx; for all ueU, 1 <j<n Combined with the fact that
Xo) A« oo A Xy = (=) %y A ... A X, for all 68, this gives, for all ue U:

U (Xg Ao AX,)= ( ¥ (=X a1 (M) .- X,,(,,),,(u))xl Ao A Xy,
ageSn
Since L is a free /-module, we conclude that: Y .o (—0)'“ X, ...
X, mn = € Let us denote the L.H.S. by D. Since ¢ is the identity element of the
algebra o/[ U], this can be rewritten as:

(5) D= Z (_U)I(J)Xu(l)l e Xa(n)n =1

aeSy
12.9. The isomorphism. So far, we have obtained that o« [ U] is a quotient algebra
of the algebra .#, defined by the generators X;;, 1 £i,j < n and the relations
(1)—(5) above. This latter algebra is the one introduced in [ PW 1] (up to the change
v vl

Now, we prove that the surjection Jl—z—»d [U] is actually an isomorphism.
We know already that ¢, . # ®k—-k[U] is an isomorphism, since
k[U] ~ k[SL,] is generated by the coordinate functions X; subject to the sole
relation det(X;;) = 1. Let " = Ker(o). Since &/ [ U] is free &/-module by Theorem
1.33, then: # ~ A[U] D X

Our immediate goal is to prove that .# is also a free &/-module. For this, we
introduce the algebra .#, only subject to the relations (1)—(4). By the arguments of
[PW 1, Theorem 3.5.17 we obtain that .4 is a free «/-module with a basis
consisting of the monomials H,..X ii» 1y 2 0, where the product is taken in some

fixed total order on the set {1, j ., n}% Also, # is a graded integral domain.
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We fix some total order on {1,...,n}? and define Z to be the set of all
monomlals H ;X {¥ such that at least one of d,,,. .., d,, is zero. For r = 0, let
E, be the set of such monomials of degree <7, let .#(r) be the o/-span of all
monomials of degree < r, and let A47(r) be the &/-span of E,. Then, we have the:

Lemma 1210. .Z(r) = (D — V). (r — n)@® N (), and A (r) is a free s7-module with
basis E,.

Proof. Set Y, = {(D— )x,|1 £s<t}UE, where {x,}i-, is an /-basis of
M (r — n). We claim that Y, is an o/~ “basis of M (r). Indeed, .# (r) ® k is generated by
the image of Y;. Hence by Nakayama M (r) is generated by Y,. Moreover:

rank ;4 (r) = dim (A () ® k) =

It follows that Y is an </-basis of M (r), and therefore M (r=
(D—DAMr—n® A (), and E, is an of-basis of A (r). [

12.11. Let .#(r) denote the_image of M (r) in . Since M is a graded integral
domain, we have: #(r) ~ #(r)/((D — 1).#(r — n)). From this we deduce the:

Corollary. (i) .#(r) is freely generated by the image of Z,.
(i) A is a free s/-module, with basis E

12.12. Finally, we obtain the:

Proposition. ¢ is an isomorphism. In other words, of [ U] identifies with the quantum
SL, introduced in [PW 1].

Proof. As a direct summand of .#, the o«/-module " is projective, and is therefore
free, since <7 is a local ring (see 1.32). On the other hand, # ® k = 0 since ¢, is
injective. It follows " = 0, hence ¢ is an isomorphism. (]
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Note added in proof

The categories €77 of 2.2 are abelian categories. One has to check that if M e 4™/ and N is
a submodule of M, then N = @ ; N ;. This obtains by the usual argument, as follows. If x € N then
X=X, +...+x,wherex;e M, and A; + 4;if i % j. One proves that all x; € N by induction on t.
For each u € U° one has ux — A(u)x = Z:;:(/l,- — A)(u)x;. By Lemma 9.1 the characters 4; remain
pairwise distinct after reduction modulo . Hence there exists uge U° such that, for all

iefl,..

.ot — 1}, (A4 — A)uo) ¢ #e. Then each (4, — 4,)(uo) is invertible in &, and by induction

hypothesis one obtains x;e N forall i =1,...,t — 1, and then also x, e N.



