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Summary. The main goal of this paper is to establish finiteness properties of local
cohomology modules in characteristic O that would be analogous to those proven
by C. Huneke and R. Sharp in characteristic p > 0. Our method, based on the
theory of algebraic D-modules, seems to be the first application of D-modules to
Commutative Algebra.

0 Introduction

Throughout this paper R is a commutative Noetherian ring. If M is an R-module
and Y a locally closed subscheme of Spec R, we denote by H' (M) the i-th local
cohomology module of M with support in Y. If Y is closed in Spec R with defining
ideal I = R, H, (M) is denoted by H%(M). These local cohomology modules have
been studied by a number of authors. See, for example, Faltings [F1, F2], Grothen-
dieck [G1, G2], Hartshorne [Hal, Ha2, Ha3], Hartshorne and Speiser [Ha-Sp],
Hochster and Roberts [Ho-R], Huneke and Koh [Hu-K ], Huneke and Lyubeznik
[Hu-Ly], Huneke and Sharp [Hu-Sh], Ogus [O], Peskine and Szpiro [P-Sz] and
Sharp [Sh]. Yet despite this extensive effort, the structure of these modules is still
full of mystery. In most cases one cannot even tell if a given local cohomology
module is zero. When it is non-zero, it is rarely finitely generated, even if M is. The
more finiteness properties one could prove about them, the better understanding of
their structure one would achieve.

In the case that dim R/I = 0, the structure of H; (M), for a finitely generated M,
has been extensively studied by Grothendieck [G2] and is well-understood. Al-
though not necessarily finitely generated, it is Artinian. In particular,
Hompg(R/I, H:(M)) s finitely generated. This lead Grothendieck to conjecture that
Homg(R/I, H{(M)) is always finitely generated, if M is [G2, Exp.XIIL, 1.1].
Grothendieck’s conjecture was shown to be false by Hartshorne [Ha2, Sect. 3],
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who gave an example of a (non-regular) three-dimensional local domain R and an
ideal I = R such that H}(R) is supported only at the maximal ideal, but is not
Artinian, so even Homg (K, H?(R)), where K is the residue field of R, is not finitely
generated.

If R is regular, Homg (R/I, H: (R)) need not be finitely generated either. In fact,
Huneke and Koh [Hu-K, 2.3i] proved, that if R is any regular ring and r is bigger
than the height of all minimal primes of I, Homg (R/I, H}(R)) is finitely generated
for all i = r if and only if H;(R) = 0 for all i > r. Huneke and Koh also proved
[Hu-K,2.3ii], that if R is a regular ring containing a field of characteristic p > 0 and
i is any integer bigger than the height of all minimal primes of I, then
Homg (R/I, H;(R)) is finitely generated if and only if H{(R) = 0. In this paper we
extend this latter result to the case of a regular ring containing a field of any
characteristic (see (3.5) and (3.6¢)).

On the bright side, the finiteness of Homg (K, H} (R)), where R is local and K is
the residue field of R, has been known in some important cases. Ogus [O,2.7]
proved that if R is regular local, contains a field of characteristic 0, and H;(R), for
all i > r, where r is some integer, are supported only at the maximal ideal, then
Homg (K, H}(R)) are finitely generated for all i > r, while Hartshorne and Speiser
[Ha-Sp, 2.4] proved, that if R is regular local, contains a field of characteristic
p > 0, and H}(R) is supported only at the maximal ideal, then Homg (K, H;(R)) is
finitely generated and, moreover, H:(R) is injective.

Huneke and Sharp [Hu-Sh] made a remarkable breakthrough. They generaliz-
ed the above-mentioned results of Hartshorne and Speiser by proving that if R is
any regular ring containing a field of characteristic p > 0, the local cohomology
modules of R have the following properties:

(i) H. (H}(R)) is injective, where m is any maximal ideal of R.

(i) inj.dimg H;(R) < dimg H: (R). ‘

(iii) The set of the associated primes of H}(R) is finite.

(@iv) All the Bass numbers of H L(R) are finite. )

Here inj.dimg H(R) stands for the injective dimension of H;(R), i.c. the length of
its minimal injective resolution, dimgH}(R) stands for the dimension of the
support of H;(R) in Spec R and the j-th Bass number of H;(R) with respect to
a prime ideal P of R is defined as u;(P, H}(R)) = lengthy g, (Ext, (K(R/P),
(H (R))p)), where K(R/P) is the fraction field of R/P (see [Ba]). In particular, (iv)
implies that if R is local with residue field K and maximal ideal m, then
lengthg (Homg (K, H;(R))) = po(m, H;(R)) is finite.

The main purpose of this paper is to obtain characteristic 0 analogs of these
results of Huneke-Sharp. We prove, in particular, that if R is any regular ring
containing a field of characteristic 0 and Y < Spec R is a locally closed subscheme,
the local cohomology modules T(R) = H L(R) have the following properties:
(0.1) HL(T(R)) is injective, where m is any maximal ideal of R (see (3.4a)).

(0.2) inj.dimg T(R) < dimg T(R) (see (3.4b)).

(0.3) For every maximal ideal m of R, the number of associated primes of T(R)
contained in m is finite (see (3.4c)).

(0.4) All the Bass numbers of T(R) are finite (see (3.4d)).

Our results are more general than all the previous ones not only in that we
assume Y to be just locally closed, rather than closed ((0.1) and (0.2) hold even more
generally, for T(R) = H ;, 1 (R) where @ < y are two arbitrary families of supports
on Spec R). In fact, we prove that (0.1)-(0.4) hold for a considerably larger class of
functors. Namely, if ¥; <« Y, are closed subsets of Spec R and T is either the kernel,
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or the image, or the cokernel of any of the three natural transformation HY, (—) —

(=) Hy(— )—»H,,2 n{—) or HY2 n(— )—>H'“( ), then T(R) satlsﬁes
(O.I)f(0.4). So does a composition of a finite number of such functors. In particular,
if ¥;,Y;,...,Y are locally closed subsets of SpecR, the module T(R)=
HY (HE(... Hy(R) .. .)) satisfies (0.1)-(0.4).

Our method is completely different from that of Huneke and Sharp [Hu-Sh]
and is, in fact, quite new in Commutative Algebra. While Huneke and Sharp use
the Frobenius morphism, we use D-modules. Our results (0.1)—(0.4) proven in
Theorem 3.4 follow from our results on D-modules proven in Theorem 2.4. To the
best of our knowledge, this is the first application of D-modules to Commutative
Algebra.

Our results together with those of [Hu-Sh] imply that if R is any regular ring
containing a field, then all the Bass numbers of H}(R) are finite. In the last section
of this paper we show that this fact enables one to define a new set of numerical
invariants of any local ring A containing a field (of any characteristic). Namely, we
prove, that if 7: R — A is a surjection with R a regular local ring of dimension
n containing a field and I = Kern, then p,(m, H}™ (B)), the p-th Bass number of
H7'(R) with respect to the maximal ideal, depends neither on R, nor on 7, but is
an invariant of 4, p and i.

1 Preliminaries

Throughout the whole paper R is a commutative Noetherian ring. In this section
we introduce functors 4 and T that are the main objects of study in this paper.

A family of supports  on X = Spec R is a set of closed subsets of X such that
every closed subset of every Z ey belongs to  and Z', Z" e implies Z' v Z" e
For an abelian sheaf S on X the group of the global sections of S whose support is
contained in ¥ is denoted by I'y(X, S). If ¢ c ¢ is another family of supports,
I'y(X, 8)/I,(X,S) is denoted by I'y, (X, S). The i-th right derived functors of
Iy(X, —)and F,,,,(,(X —) are denoted respectively, by H, (X, —) and wa X, —).
Clearly, H! 4 (X, —) is a special case of H y vo (X, —) with (p (I) These functors are
related by the following long exact sequence [Hal, IV.1]:

0->Ho(X, —)>Hy(X, —)> Hy, (X, —)
(1.1 S>HMUX,—)>Hy,(X, -)>H} (X, -) ...

One of our main objects of study in this paper will be composite functors .7~
of the form 7 =9 ,05,0.. ‘oJ,, where each 7 is either H,‘; 10, (X5 —), or
the kernel of any arrow appearing in (1.1) with ¢ = ¢; and ¥ = ; where Q; Y
are two families of supports on X. Since (1.1) is exact, allowing J; to be the
image, or the cokernel of any arrow appearing in (1.1) produces the same class of
functors.

If Y is a closed subset of X and ¢y is the set of all closed subsets of ¥, the
functors I', (X, —) and H (X, —) are written as I'y(X, —) and I';(X, —). More
generally, if Y is a locally closed subset of X,ie. ¥ = Y” Y’,where Y’ < Y" are
two closed subsets of X, the functors I';, ,,, (X, —)and H}, ,,, (X, —) are written
as I'y(X, ~)and Hy(X —); they depend only on Y, butnoton Y', Y" [G1, p. 1-2].
Clearly, HY(X, —) is a special case of H,",,,(,,(X, —). If Y < Y” are two
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closed subsets of X, (1.1) takes the following form:
0> H}.(X, =)= Hy (X, —) > Hy_y (X, —)
(1.2) —Hy (X, =)>Hy (X, =)= Hyo_y (X, =) . ..

A special case of functors J are composite functors 7 of the form
T=T,°T,o...T1;, where each T is either Hiyfj(X, —) with Y; a locally closed
subscheme of X, or the kernel of any arrow appearing in (1.2) with ¥’ = Y, and
Y"=Y7, where Y c Y are two closed subschemes of X. Since (1.2) is exact,
allowing T; to be the image, or the cokernel of any arrow appearing in (1.2)
produces the same class of functors.

If M is an R-module, we denote by M ~the associated quasicoherent sheaf on X.
If G is a functor from the category of abelian sheaves on X to the category of
abelian groups, we denote G(M ™) by G(M). For every re R, the multiplication by
reR on M induces a map M ~— M ", which, if G is covariant, in turn induces a map
G(M) - G(M) which we also call the multiplication by r. If G is both covariant and
additive, the multiplication by elements of R thus defined gives G{M ) a structure of
R-module. In particular, 7 (M) and T(M) are R-modules, since J and T are
covariant and additive. Every natural transformation #: G — G’ with both G and G'
covariant and additive, induces a homomorphism of R-modules ' : G(M) — G'(M).
In particular, since all arrows appearing in (1.1) and (1.2) are natural transforma-
tions, (1.1) and {1.2), applied to M ™, become exact sequences of R-modules and
homomorphisms of R-modules. We denote Lyo(X, M7, Hiy(y (X, M), Ty(X, M7)
and Hy(X, M ™) by, respectlvely, Iy(M,), H,,,(M), I'y(M) and HY(M) IfYis
closed in X and I < R is the defining ideal of ¥, we denote I'y (M) and H%(M) by,
respectively, I';(M) and Hi(M).

(1.2)with ¥’ = Yand Y” = X and the vanishing of H(X, M ~) for i > 0, imply
an exact sequence 0 —» Hy(M) > M - H*(X — ¥, M~) - Hy(M) - 0 and isomor-
phisms Hy(M)=H"Y(X —Y,M~ ) for i22. Let f,...,f,eR generate the
defining ideal of Y. Since H¥*(X — Y, M 7 are the cohomology modules of the Cech
complex of M~ |(X — Y)for the covering of X — Y by Spec R, splicing the above
exact sequence with this Cech complex and considering the above isomorphisms
we get a complex

(L.3) 0-M-> OM; > DM, ;> ®M; ;> ..

whose i-th cohomology module is Hy(M) for all i 2 0. Here the map M 5
M;, ;. induced by the corresponding differential is ‘the natural localization (up to
sign) if {i;,...,i;} is a subset of {ky,...,k;+} and is O otherwise,

Let P be a prime ideal of R. By deﬁnit_ion, the i-th Bass number of M with
respect to P is p;(P, M) = lengthg ge)(Extr, (K(R/P), Mp)), where K(R/P) is the
fraction field of R/P. We need the following lemma.

Lemma 1.4 Let P be a prime of R and let M be an R-module such that (H»(M ))p are
injective for all i. Let J* be a minimal injective resolution of M. Then all the
differentials in the complex (I'p(J*))p are zero, (Ho(M))p = (Tp(JH))p ~and
Extg, (K(R/P), Mp) = Homg, (K(R/P), (Hp(M))p) = Homg, (K(R/P), (I'p(J*))p).
Hence p;(P, M) = po(P, Hp(M)).

Proof. If J is an injective R-module, J ™ is flasque, so J* ™ is a flasque resolution of
M ", Since flasque sheaves are acychc for the functor I'y (X, —) [Hal, IV, 1], the i-th
cohomology module of I'p(J*) is Hs(M), so the i-th cohomology module of
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(Fp(J*))p is (H5(M))p. Assume s is the smallest integer with non-zero
dy: (Tp(J%))p = (Tp(J*71))p. Then Kerd, = H*(Ip(J*))p) = (H3(M))p is injective,
so (I'p(J*))p =Kerd,®J'. Since J* is minimal, the map Homg (K(R/P),
{Ip(J*))p) > Hompg, (K(R/P), (I'p(J*1))p) induced by d,, is zero, so the map
Homg, (K (R/P),J') - Homg, (K(R/P), (I'p(J**'))p) is zero as well. Since J' is
supported only at the maximal ideal of Rp and the map J' - (Ip(J"1))p is
injective, J' = 0. So (I's(J*))p = Ker d; and d, = 0. This contradiction proves that
all the differentials in the complex (I'n(J*))p are zero. Hence (Hp(M))p =
H((T'p(J*))p) = (I'p(J*))p. Since Exty,(K(R/P),(Mp) = H'(Homg, (K(R/P),(J*)p
= H'(Homg, (K(R/P), (I'v(J*))p) = Homg,(K(R/P), (I'p(J?))p), the lemma is
proven.

2 D-modules

The main result of this section is Theorem 2.4 that gives information about the
injective dimension, the associated primes and the Bass numbers of D-modules. It is
of independent interest plus it will be used in the next section to obtain similar results
about modules of the form & (R) and T(R), which is the main goal of this paper.

Let K be a subring of R. We denote by D(R, K) the subring of Homg(R, R)
generated by the K-linear derivations R — R and the multiplications by elements of
R. By a D(R, K}-module we always mean a left D(R, K)-module. The injective ring
homomorphism R — D(R, K) that sends r to the map R — R which is the multipli-
cation by r, gives D(R, K) a structure of R-algebra. Every D(R, K)-module M is
automatically an R-module via this map. We denote by M ~the associated
quasicoherent sheaf on Spec R.

Examples 2.1(i) The natural action of D(R, K) on R makes R a D(R, K)-module.

(i) If M is a D(R, K)-module and § = R is a multiplicative system of elements,
Mg carries a natural structure of D(R, K)-module. Namely, for reR we set
r(m/s) = (rm)/s, for a derivation d we define d(m/s) using the quotient rule, i.ec.
d(m/s) = (sd(m) — d{s)m)/s> and this uniquely extends to an action of D(R, K) on
Mg. In particular, D(R, K)s has a natural structure of D(R, K)-module. This
implies that D(R, K)g has a natural ring structure and M has a natural structure of
D(R, K)g-module.

(iii) Let M be a D(R, K)-module and let G be any covariant additive functor
from the category of sheaves of K-modules on Spec R to the category of abelian
groups. We claim that G(M ) has a natural structure of D(R, K)-module and every
natural transformation #: G — G’ induces a homomorphism of D(R, K)-modules
7' G(M)— G'(M). Indeed, for all fe R, M carries a natural structure of D(R, K)-
module, so there exists a natural ring homomorphism h,:D(R, K)—
Homg(M,, M) that sends each deD(R, K) to the action of § on M,. Since
Spec R, form a base for the topology of Spec R, the h,’s patch up to give a ring
homomorphism h: D(R, K) —» End(M ~), where the endomorphisms are taken in
the category of sheaves of K-modules. Since G(M) has a natural structure of
End (M ~)-module, h gives it a natural structure of D(R, K)-module. Since 7’ is
a homomorphism of End (M ~)-modules, it is a homomorphism of D(R, K)-mod-
ules via h.

(iv) Let M be a D(R, K)-module. Since J and T are additive and covariant,
(iii) implies, that 7 (M) and T(M ) have a natural structure of D(R, K)-modules.
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All functors involved in (1.1) and (1.2) are additive and covariant and all arrows are
natural transformations. So, (1.1) and (1.2) applied to M ™, become sequences of
D(R, K)-modules and homomorphisms of D(R, K)-modules.

(v) If R=K[[X,,...,X,]]is the ring of formal power series in n variables
over K, the K-linear derivations form a free R-module on the n generators
dy,...,d,, where d;: R— R is the partial differentiation with respect to X;.
D(R, K)is generated by d,, . . . , d,as an R-algebra and is a free left (as well as right)
R-module on the monomials d}* ...dJr, with i; =0 (we set dY,...,dy = 1).
D(R, K) may be thought of as the associative non-commutative R-algebra with
generators dy, . . . ,d, and relations d;d; = d;d; and d;r — rd; = 0r/0X; for all i, j
and all reR.

In general, the ring D(R, K) does not have too many good properties. But if K is

a field of characteristic 0 and R is a ring of formal power series in a finite number of
variables over K, then D(R, K) is left and right Noetherian [Bj, 3.1.6]. This implies
that every finitely generated D(R, K)}-module is Noetherian. In addition there exists
a remarkable class of finitely generated D(R, K)-modules, called holonomic D(R, K)-
modules [Bj, p. 100]. Some of the properties of holonomic modules are as follows:
(2.2a) R with its natural structure of D(R, K)-module is holonomic [B;j, 3.3.2].
(2.2b) If M is holonomic and f R, then M, is holonomic [Bj,3.4.1].
(2.2¢) The holonomic modules form an abelian subcategory of the category of
D(R, K)-modules, which is closed under formation of submodules, quotient mod-
ules and extensions. (A proof of this is completely analogous to the proof of
[Bj, 1.5.2].)
(22d) If M is holonomic, then T7T(M) is holonomic. Indeed, as
T=TyoTio...oT,, by induction on ¢ it is enough to prove that T,(M) is
holonomic. It follows from the definition of T, that T,(M ) is a D(R, K)-submodule
of Hy(M ), where Y is locally closed in Spec R. So by (2.2¢) it is enough to prove that
Hy(M) is holonomic. By (1.2), there exists an exact sequence

LMY HY(M)— HY Y (M), where Y and Y” are closed. So, by {2.2¢) it is
enough to prove that Hy(M ) is holonomic, where Y is closed in Spec R. By (2.2b)
all modules appearing in (1.3) are holonomic. All the maps M, —~M; ;.
induced by the differentials of (1.3) are either O or the natural localizations (up to
sign), so every arrow in (1.3) is a homomorphism of D(R, K)-modules and by (2.2c)

(M) is holonomic.
(2.2¢) A holonomic module is semisimple, i.e. has a finite filtration with simple
quotients [Bj,2.7.13]. (Of course, a simple D(R, K)-module is one with no non-
trivial D(R, K)-submodules.)
(2.2f) A simple holonomic module M has just one associated prime [Bj, 3.3.16-17].
Let Q be the associated prime of M and let My = {meM|Qm = 0}. Then there
exists a non-zero element he R/Q such that (M,), is a finitely generated (R/Q);-
module. This is because, by Noether normalization, there exists a linear change of
variables such that R/Q is finite over R' = K{[X,. .., X;]] where k = dim R/Q,
and by [Bj, p. 109, lines 3-6] there exists a non-zero he R’ such that (M), is
a finitely generated Rj-module.

Proposition 2.3 Let K be a field of characteristic 0, let R = K[[X,,...,X,]1] be
aring of formal power series in n variables over K and let m be the maximal ideal of R.
Then as an R-module, D(R, K)/D(R, K)m is isomorphic to Ex(K), the injective hull of
the residue field of R in the category of R-modules.
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Proof. Since R is regular, Ex(K) = Hp(R). Since m is generated by X4,..., X,
it follows from (1.3) that Ex(K) is the vector space over K spanned by the
monomials X§ ... Xi» with all i; £ —1 and with a natural R-module structure
(that is, if X*= X% ... X%eR and X% = X% . X eEp(K), then X*X% =
Xp+be L X@*Pn if g, 4+ B; < Oforall i and X*X? = 0 otherwise). It follows from
(2.1v) that D(R, K)/D(R, K)m is a free K-module on the monomials 4% ... d"
with i;=20. The K-linear map D(R, K)/D(R, K)m— Eg(K) that sends
di . .odyto (=1t L GDXET L X7 s an isomorphism of
R-modules. g.e.d.

Our main result in this section is the following.

Theorem 2.4 Let K be a field of characteristic 0, let R = K[[X4,...,X,]] be
a ring of formal power series in n variables over K, let m be the maximal ideal of R and
let M be a D(R, K)-module.

(a) If dimg M =0, then M is a direct sum of copies of D(R, K)/D(R, K)m.

(b) inj.dimz M < dimgz M.

(©) If M is finitely generated, the set of the associated primes of M is finite.
(Of course, by an associated prime of M we mean a prime of R associated to the
R-module M).

(d) If M is holonomic, all the Bass numbers of M are finite.

Proof. (a) The socle of D(R, K)/D(R, K)m is the one-dimensional vector space
over K spanned by 1. (The socle of an R-module is the submodule annihilated by
m). Let {e;},; be a K-basis of the socle of M. There is a homomorphism of
D(R, K)-modules (D(R, K)/D(R, K)m)! — M, that sends the element 1 of the i-th
copy of D(R, K)/D(R, K)m to e;. This map is injective, because it induces an
isomorphism on the socles and (D(R, K)/D(R, K)m)' is supported only at m. By
(2.3) (D(R, K)/D(R, K)m)! is an injective R-module, so M = (D(R, K)/ D(R, K)m)*
@® N, where N is an R-module supported only at m. Since the map on the socles is
an isomorphism, N = 0, so M = (D(R, K)/D(R, K)m)’. This proves (a).

(b) Let P be a minimal prime of M and let (Rp)” be the completion of the local
ring Rp with respect to its maximal ideal. We claim that M, has a natural structure
of D((Rp}", K')-module, where K’ < {Rp)" is a suitable coeflicient field of (Rp}".
Indeed, M, has a natural structure of Rp-module and since every element of M, is
annihilated by a power of P, Mp has a natural structure of (Rp)"-module. Let the
height of P be h. By Noether normalization, we can assume, after a possible change
of variables, that R/P is finite over S = K[[X,+1,. .., X,1]. Let Q be the module
of continuous S-linear differentials of R and let d : R — Q be the canonical S-linear
derivation. So, 2 is the free R-module of rank hon dX,,. . .,dX,. We denote the
R-module of S-linear derivations R - R by Derg R. The universal property of
Q implies that the map Homg (€, R) — Derg R that sends fe Hompg (€, R) to the
derivation fd : R — R is an isomorphism of R-modules. Since Q and R are finitely
generated, (Ders R)p = (Hompg (2, R))p = Homyg, (25, Rp). Let K(S) be the fraction
field of S. Then d : R ~» Q extends via the quotient rule to the K(S)-linear derivation
dp:Rp—> Qp.LetZ,,...,Z,eR generate Pp < Rp. Since Q5 is a free Rp-module
of rank % on dZ,,...,dZ,, we get K(S)linear derivations &; = fidp: Rp — Rp
(i=1,...,h), where fieHomg, (Qp, Rp) is defined by fi(dZ;)=0 if i +j and
fidZ;) = 1. Since §;((Pp)) = (Pp)'~!, the §s uniquely extend to derivations
88 H(Rp)” - (Rp)". Let K’ be the algebraic closure of K(S) in (Rp)". Every
K(S)-linear derivation (Rp)" — (Rp)”" is automatically K'-linear. Hence the 6{’s
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are K'-linear. By Cohen’s structure theorem (Rp)" = K'[[Z},. .., Z,]]. The only
K'-linear derivation (Rp)" — (Rp)" that sends Z; to 1 and Z;to O for all j # iis the
partial differentiation with respect to Z;. Hence & is nothing but the partial
differentiation with respect to Z;. So 6,8, =67 6 and 6" r" —r" 6, =4, (r)"
for all i,j and all re(Rp)", where we denote by r’\ (Rp)" = (Rp)" (resp. 6 (r)
(Rp)” — (Rp)") the multiplication by r (resp. ;" (r)). By (2.1ii) D(R, S)p forms a ring.
By restricting the above relations to Rp < (Rp)” we see that J,0; = 9;6; and
O;r —rd; = 8;(r) in D(R, S)p for all i, j and all re Rp. Since D(R, §) is a subring of
D(R, K) and M, is a D(R, K)-module, Mp is a D(R, S)}-module, hence also
a D(R, S)p-module. So, §FdF = 6*5* and §Fr* —r*5F = §,(r)* for all i,j and all
reRp, where 6} MP—>MP, : Mp— Mpand §;(r)*: M, —» Mp are induced by the
D(R, S)p-module structure. Note that r*: Mp— M, (resp 8;(r)*: Mp— Mp) is
nothing but the multiplication by r (resp. J;(r)) induced by the Rp-module struc-
ture. For each re(Rp)" and ve Mp there exists ¥ € Rp such that ¥ *(v) = §¥r* (v),
r*é¥(v) = r*s¥(v) and 5;(F)*(v) = &7 (r*(v), so 6Fr* —r*¥é¥ = 6/ (r)* for all
re(Rp)". Since 6{ (r) = dr/dZ;, (2.1v) implies that by letting d; act on Mp via 6} we
get a well-defined ring homomorphism D((Rp)", K') » Endg.(Mp). This makes
Mp a D((Rp)", K')-module and proves the claim.

So, by (a) and (2.3), Mp is a direct sum of copies of Eg,)- ((Rp)"/P(Rp)"). But as
an R-module Er,,«((Rp)"/P(Rp)") is isomorphic to Ex(R/P), so Mp is an injective
R-module.

Now we use induction on d = dimz M. The case d = 0 follows from (a) and (2.3).
Assume d > 0 and let M’ = I',(M), where ¢ is the family of all closed subsets of
Spec R of dimension < d. This is a D(R, K)-module by (2.1iv), so, by induction inj.
dimg M’ < d. The resulting short exact sequence 0 > M’ - M - M"” — 0 shows
that it is enough to prove that inj. dimy M " < d. In other words, we can assume
that M = M ", i.e. that all the associated primes of M have dimension d. Let {P;} be
the associated primes of M. Since M has no embedded associated primes, the
natural map M — @ M, is an injective homomorphism of D(R, K)-modules and
its cokernel has dimension < d. Since this cokernel is a D(R, K)-module, its
injective dimension is < d by induction. Since @ Mp, is injective, inj. dimg M < d.
This proves (b).

(c) We claim there is a finite filtration of M by D(R, K)-submodules
0=MycM,c ... «M;=M such that M;/M;_, has only one associated
prime. For let P, be a maximal element in the set of the associated primes of M.
Then I'p, (M) = M is non-zero and has only one associated prime, namely, P, . Set
M, = I'p,(M). By (2.1iv) this is a D(R, K)-submodule of M, so M/M, is a D(R, K)-
module. Let P, be a maximal element in the set of the associated primes of M/M ;.
Then I'p,(M/M,) is a non-zero D(R, K)-submodule of M/M, and has only one
associated prime, namely, P,. Set M, to be the preimage of I'p,(M/M ) in M. Since
M is Noetherian [Bj, 3.1.6], this process eventually stops. This proves the claim.
The set of the associated primes of M is contained in the union of the sets of the
associated primes of all M;/M;_,. This proves (c).

(d) Let P be a prime 1dea1 of R. By (2.1iv) Hy (M) is a D(R, K)-module. Since
P is a minimal prime of H:(M ), it follows like in the proof of (b) that (H L(M))pis
an injective R-module. So, (1.4) implies that j;(P, M) = o (P, H: »(M)). By (2.2d)
HL(M) is holonomic, so it is enough to prove, that if N is holonomic
and Supp N = V(P), then uo(P, N) is finite. By (2.2¢) there is a finite filtration of
N with simple quotients. By (2.2¢) these quotients are holonomic. A short exact
sequence 0 — N’ — N — N” — 0 gives an exact sequence 0 —» Homg, (K(R/P), Np)
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— Homg, (K(R(P), Np) > Homg, (K(R/P), N3), hence, if po{P, N') and po(P, N”)
are finite, so is o (P, N). So by induction on the length of the filtration, it is enough
to consider the case that N is simple. By (2.2f) N has just one associated prime Q. If
Q+ P, then Np=0 and po(P,N)=0. So, assume Q=P. Set No=

{ve N|Pv = 0}. By (2.2f) there is a non-zero element he R/P such that (N,), is a
finitely generated (R/P),-module. Since Homg, (K(R/P), Np) ={Ng)p = ((Noh)e,
we are done.

Corollary 2.5 Let R be a ring of formal power series in a finite number of variables
over a field of characteristic O and let G be any additive covariant functor from
the category of abelian sheaves on Spec R to the category of abelian groups.
Then inj. dimg (G(R)) £ dimg(G(R)). In particular, if dimg(G{R)) = 0, then G(R) is
injective. For example, inj.dimgpJ (R) £dimg.7 (R) and, in particular, if
dimg (7 (R)) = 0, then F (R) is injective.

Proof. This follows from (2.1iii) and (2.4b).

Remark 2.6 In [Ly] we prove that a result completely analogous to (2.5) holds if
R is a ring of formal power series in a finite number of variables over a field of
characteristic p > 0.

Corollary 2.7 Let R be a ring of formal power series in a finite number of variables
over a field of characteristic 0. Then the set of the associated primes of T(R) is finite
and all the Bass numbers of T(R) are finite.

Proof. This follows from (2.2d) and (2.4.¢,d).

Question 2.8 If R is a ring of formal power series in a finite number of variables
over a field of characteristic 0 and K, K’ = R are two different coeflicient fields of
R (of course, K is isomorphic to K'), then D(R, K) is isomorphic to D(R, K’). Call
this ring D. A priori D(R, K) and D(R, K') give T(R) two different structures of
D-module. In other words, the structure of D-module on 7(R) depends on the
choice of a coefficient field. To what extent is this structure independent of the
choice of a coefficient field? For example, is the length of T(R) as a holonomic
D-module independent of the choice of a coefficient field?

Remark 2.9 Properties (2.2a)—(2.2f) are valid also in the case that K is an algebraic-
ally closed field of characteristic 0 and R is a regular domain finitely generated as
K-algebra [Bj, 3.2]. In this case results analogous to (2.4) and (2.5) also hold and
their proofs are practically the same as above.

3 The main result

The main result of this section (and the whole paper) is Theorem 3.4. Tt establishes
properties of the injective dimension, the associated primes and the Bass numbers
of modules of the form 7 (R) and T(R), that are analogous to those proven in the
above Theorem 2.4 for D-modules. Our method is to reduce to results of the
preceding section by localization and completion. We begin with a few preliminary
remarks concerning the behavior of the functors 4 and T under ring homomor-
phisms.

Let R” be another commutative Noetherian ring and let g: R -+ R” be a ring
homomorphism. For a locally closed subscheme ¥ of X = Spec R we denote by
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Y " its preimage in X~ = SpecR". If ¢ is a family of supports on SpecR, we
denote by ¢ " the family of supports on Spec R" consisting of all the closed subsets
of all the Y", where Ye@.If 7 = H},, (X, —) (resp. T = Hy (X, —)), we denote by
" (resp. T" ) the functor H}j-,-(X ", —) (resp. Hy. (X", —=)). If 7 (resp. T) is the
kernel of an arrow appearing in (1.1) (resp. (1.2)), we denote by 7 " (resp. 7" ) the
kernel of the same arrow with X replaced by X * and ¢ and ¢ (resp. Y” and Y’}
replaced by ¥" and ¢" (resp. Y'" and Y'") If I =F,0F,0...9,
(resp. T=TyoTy0...2T), we set T "=F{cF30...9, (resp.
T"=T{T50...oT)).

Lemma 3.1 If M is an R"-module which is flat over R and N is any R-module, then
there are isomorphisms 7 "(M®@gN)=M Qg T (N) and T (M ®QzN)=
M ®gz T(N) which are functorial in N.

Proof. Since T is a special case of 7, it is enough to prove that there is an
isomorphism 7 " (M ®g N) = M ®x J (N) which is functorial in N. If P is a prime
ideal of R, then Eg(R/P) is divisible by every re R\P. Since M is a flat R-module,
M ®g Eg(R/P) also is divisible by every reR\P. Since Supp(M ®x
Er(R/P)) = V(P), the sheaf (M ®g Eg(R/P))~ is constant on its support, therefore
it is flasque. So, (M ®g J)"~ is flasque for every injective R-module J, because J is
a direct sum of modules of the form Ex(R/P). Hence if J * is an injective resolution
of an R-module N, then (M ®zJ*)~ is a flasque resolution of (M ®xN)".
Since  flasque sheaves are acyclic for I,,(X,~) [Hal,1V,1],
H,,,,(P(X (M ®gN)")=H([y;,(M ®gJ*)). Since M is flat, the functors
Ty,(M ®g —)and M ®gI,,(—) are isomorphic, so

(6.2 Hyyo(M ®gN) = M ®g Hy,, (N).

Every map N — N’ lifts to a chain map of injective resolutions which is unique up

to homotopy. This implies that (3.2} is functorial in N. If L is an R"*-module, we

denote by gL the same L regarded as an R-module via g. If J is an injective

R"-module, J~ is flasque, hence so is (=J)". So, if J* is a resolution of L by

injective R"-modules, H W( rL) is the i-th cohomology moduie of the complex

T, ,W(RJ ). Since H. vo (L) is the i-th cohomology module of the complex
Ty o (J*), and since Iy, (g~) = yrjpr (—

(3.3) Hi,(xL) = H;A 1o (D).

(3.2) and (3.3) with L = M ®g N imply (3.1) in the case that 7 is Hi,, (X, —). Since
M is flat over R, (3.1) also follows in the case that 7 is the kernel of any arrow
appearing in (1.1). The general case follows from these special cases by induction on
t. qed.

Now we are ready for our main result.

Theorem 3.4 Let K be a field of characteristic 0 and let R be any regular K-algebra.
(a) Let m be a maximal ideal of R. Then H, (7 (R)) is an injective R-module.
(b) inj. dimg (7 (R)) < dimg(Z (R)). In particular, if dimgx(J (R)) =0, then
T (R) is injective.
(c) For every maximal ideal m of R the set of the associated primes of T(R)
contained in m is finite.
(d) All the Bass numbers of T(R) are finite.
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Proof. (a) Let R” be the completion of R with respect to m. Then (3.1), applied to
the functor H. (7 (—)) shows that Hi,. (7 "(R")) = R* @z H{ (7 (R)). Since
H},(7(R)) is supported only at m, R ®zH}(7 (R))=H}(7 (R), so

Too (7 (R")) = Hi(T (R)). By one of Cohen’s structure theorems R" is a ring
of power series in several variables over a coefficient field K’ of R*. By (2.1iv)
Hig (T " (R")}isa D(R", K')-module, and since its dimension is 0, (2.4a) and (2.3)
show that Hjz-(Z " (R")) is a direct sum of copies of Ex.(R"/mR") = Ex(R/m),
hence injective. This proves (a).

(b) inj. dimg(7 (R)) £ dimg(Z (R)) if and only if inj. dimg (7 (R)p)
< dimg, (7 (R)p) for all primes P of R. Since (3.1) with N =Rand M = R" =R,
implies that 7 (R)p = 7 "(Rp), we can assume that R is local. Let m be the
maximal ideal of R and let J* be a minimal injective resolution of 7 (R). By
induction on dimg J (R)) we can assume, that for all non-maximal primes P of R,
inj. dimg, (7 (R)p) £ dimg (7 (R)p) < dimg(7 (R)). Hence all J' with
i = dimg(J (R)) are supported at m, ie. I, (J}) = Jifor i = dimg (J (R)). Now (a)
and (1.4) imply that all the differentials J' — J'*! are zero for i = dimg (7 (R)).
Since J* is minimal, J! = 0 for i > dimg(Z (R)). This proves (b).

(c) If P is an associated prime of T(R) contained in m, it is necessarily the
restriction to R of an associated prime of R" ®g T(R), where R" is the comple-
tion of R with respect to m. By one of Cohen’s structure theorems
R*" =K'{[X,...,X,]] where K'=R/m. By (3.1) with N=R and M =R",
R ®gT(R)=T"(R"). By (2.2d) this is a holonomic D(R", K')-module, so by
(2.4c) it has finitely many associated primes. This proves (c).

(d) Let P be a prime ideal of R. By definition (P, T(R))=
lengthg. Extk,(K’, T(R)p), where K’ is the field of fractions of R/P. By (3.1) with
N=R and M=R"=Rp, we get T(R)p=T"(Rp), so ui(P,T(R))=
1i(Pp, T" (Rp)). Therefore, we can assume that R is local and P is the maximal ideal
of R. By (a) and (1.4), u;(P, T(R)) = lengthg. Homg (K', H:(T(R))). Let R" be the
completion of R with respect to its maximal ideal. Then R" = K'[[X,,..., X,]]
and PR" =(Xy,...,X,). Lemma3.1 applied to Hp(T(—)) shows that
Hpp-(T"(R")) = R" @rHp(T(R)). But R” @z Hp(T(R))=Hp(T(R)) as
dimg Hp(T(R)) = 0. So, lengthy Homg(K', Hp(T(R))) = length, Homg. (K,

pre (" (R™))), that is, w(P, T(R)) = puo(PR", Hpe-(T"(R"))). By (2.2d)
Hug- (T"(R")) is a holonomic D{(R", K')-module. So (2.4d) implies that
uo(PR”, Hop. (T (R"))) is finite. This proves (d) and the theorem.

It is worth pointing out that for any maximal ideal m of R (3.4) implies that
H,,(T(R)) is a direct sum of a finite number of copies of Ex(R/m). Indeed, by (3.4a)
H,,(T(R)) is injective, hence a direct sum of copies of Ex(R/m). The number of those
equals po(m, H.,(T(R)), hence is finite by (3.4d).

Corollary 3.5 Let K be a field of characteristic 0, let R be any regular K-algebra, let
I be an ideal of R and let i be an integer bigger than the height of all the minimal
primes of 1. Then Homg(R/I, H;(R)) is finitely generated if and only if H;(R) = 0.

Proof. Assume H’(R) # 0. Let P be a minimal prime in the support of H(R). Then
dimg, ((H{(R))p = H'iz,(Rp)) = 0,50 by (3.4b) Hig, (Rp) is injective, i.e. a direct sum
of copies of Eg_ (Rp/Pp). Since Hig (Rp) + 0,1 = dim Rp, so dim R is bigger than
the height of the minimal primes of 1. So dimg, Rp/IRp > 0, which implies that
Homg (Rp/IRp, Eg,(Rp/Pp)) is not finitely generated. Hence, neither is
Hom, (Rp/IRp, HiR,(RP))' Since  Homg,(Rp/IRp, Hig, (Rp)) = Homg,(R/I,
Hi(R)))p, 1t follows that Homg(R/I, H;(R)) is not finitely generated. q.e.d.
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Corollary 3.6 Let R be any regular ring containing a field (of any characteristic) and
let I be an ideal of R. Then

(a) HL(H {(R)) is injective for every maximal ideal m of R.

(b) inj.dimg (HY(R)) £ dimg (H}(R)). In particular, if dimg (H{(R)) = 0, then
HE(R) is injective.

(c) For every maximal ideal m of R the set of the associated primes of H;(R)
contained in m is finite.

(d) All the Bass numbers of H;(R) are finite.

(e) If'i is bigger than the height of all the mmlmal prlmes of I, then Homg(R/I,
Hi(R)) is finitely generated if and only if HL(R) =

Proof. (a)—(d) follow from (3.4) in characteristic 0 and from [Hu-Sh] in character-
istic p > 0, while (e) follows from (3.5) in characteristic 0 and from [Hu-K, 2.3ii] in
characteristic p > 0.

Remarks 3.7 (i) It follows from (2.9) that if R is a regular ring which is finitely
generated as an algebra over a field of characteristic 0, the set of the associated
primes of T(R) is finite. In [Ly] we prove that if R is a regular ring containing
a field of characteristic p = 0, the set of the associated primes of T(R) also is finite.
Of course, one expects that for every regular ring R the set of the associated primes
of T(R) is finite, but this remains to be proven.

(ii) The set of the associated primes of 7 (R) need not be finite. For example, if
@ is the set of all 0-dimensional subsets of Spec R, then the associated primes of
H ';,(R) are precisely the maximal ideals of R height A.

(iii) Of course, one expects that the statement of (3.4) is valid for every regular
ring R. We can prove this provided R contains a field of characteristic p > 0 [Ly].

Questions 3.8 Let R be any regular ring.

(i) Are all the Bass numbers of  (R) finite?

(i) Let G be any additive covariant functor from the category of abelian
sheaves on SpecR to the category of abelian groups. Is it true that
inj. dimg (G(R)) < dimg(G(R))? (CE. (2.5), (2.6) and (2.9))

We do not know the answers to these questions even in the case that R contains
a field.

4 New numerical invariants of local rings
The goal of this section is to prove the following.

Theorem-Definition 4.1 Let A be a local ring which admits a surjective ring
homomorphism 7: R — A, where R is a regular ring of dimension n containing a field.
Set I = Ker n and let m be the maximal ideal of R. Then u,(m, H7™ *(R)) is finite and
depends only on A, i and p, but neither on R nor on n. We denote this invariant by
Ap,i(A).

Proof. Tt follows from (3.6d) that u,(m, H7~'(R)) is finite. It remains to prove that it
depends neither on R nor on 7. We need a couple of lemmas.

Lemma 4.2 p,(m, H; '(R)) = p,(mR", Hiz/(R")), where R" is the completion of
R with respect to m.
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Proof By definition p,(m, H}~ ‘(R)) lengthg (Extk (K, Hi '(R))) and p,(mR",
=~ (R™)) = lengthg (Ext}. (K, Hiz- (R"))), where K is the residue field of both
R and R". By (3.4a) and (1.4), Ext"(K, H77'(R)) = Homg(K, HQ(H?_"(R).)) and
Ext- (K, Hig~ (R")) = Homg. (K, Hop- (Hig'(R"))). By (3.1) Hpe (Hyz: (R7))
= R" ®RH,’;,(H ‘(R)). But HL(H (R)) is supported at m, so R" ®RH” (HY ' (R))
_H" (H7'(R)). Hence lengthg(Homg (K, H: (HY™ ’(R))))— lengthy (Hompg- (K,
H?Y». (H S(R™)))). This proves (4.2).

Lemma 4.3 Assume R is complete and let g: R’ — R be a surjective ring homomor-
phism, where R’ is complete local ofdimension n'. Set I' = Ker (ng) and let m’ be the
maximal ideal of R'. Then u,(m, Hi '(R)) = p,(m', H}. “HR).

Proof. Since R is regular, Ker g is generated by n° —n elements that form part of
a minimal system of generators of the maximal ideal of R’. By induction on n' —n
we are reduced to the case that n’ —n = 1, so Kerg is an ideal generated by one
element fem\m'2. By Cohen’s structure theorem R’ = K[[X,,...,X,+:1] and
by a change of variables we can assume f= X, ;. We identify R with the subring
K[[X;,...,X,]Jof R.If M is an R-module, we set g* (M) = @2, MX,}, and
we make 1t 1nto a R’-module as follows: rX,,HvXn+1 = rv X" ,if j, < j; and
rXiL  vX 2 = 0 otherwise (here re R, rXI,,eR, ve M and vX i eMX,,H) i)
h: M — N is a homomorphism of R-modules, we deﬁne g*(hy:g*(M)—>g*(N) by
g* (WX 7)) =h(X{,. This gives us a covariant exact functor g¢*:R-
mod — R’-mod. Note that socle (g*(M)) = (socle(M)) X, 1. In particular, the
socles of M and ¢g#(M) have same lengths. The composition of functors
I'i(—) = TI'1(I,.,)(—)) leads to the spectral sequence ER% = HYHY,, ,(R)) =
HE*4(R). It follows from (1.3) that HYy, H)(R ) is the q -th cohomology module of
the complex 0 — R’ — Ry, ., —» 0. Hence Hfx, , ,(R) = gR) and H(Xn+1 (R )=

for g = 1. So, the above spectral sequence implies that H7: s HR) = (g (R))
Let fi,..., f;,eR generate [. It follows from (1 3) that
HY {(g*(R)) =g*(H}"'(R)). If J is an injective R-module, then g*(J) is an
injective R’-module, because Homg(—, g*(J)) = g*(Homg(—, J)), so, if
Homg(—, J)is exact, HomRr(— ,g”(J)) also is exact. So, if J* is a minimal injective
resolution of H} *(R) in the category of R-modules, then g*(J*) is an injective
resolution of g* (H" {(R)) = HY' ' 7H{(R’) in the category of R’-modules. Since J * is
minimal, the differentials induce zero maps on the socles of J*. Hence the differen-
tials induce zero maps on the socles of g*(J*). Since u,(m, Hj “i(R)) equals the
length of the socle of J?, and u,(m', Hj*' ~'(R’)) equals the length of the socle of

g*(J?) and since the two lengths coincide, (4.3) is proven.

Letn’:R' - Aand n”: R" — A be surjections with R" = K[[X,,..., X, ]]and
R'=K[[Y;,..., Y]] Let I' = Kern and let I"” = Kern". Let R = R' ® R"
be the complete tensor product, ' = 7’ &k R ®x R’ > Aand I'"" = Ker .
Let ', m” and m"”’ be the maximal ideals of R’, R” and R". Since "’ factors
through 7, (4.3) shows that p,(m"”, H7.5" "’(R”’)) = u,(m’, H}.7*(R’)). Since "
factors through =", (4.3) shows that ppm”, Hp ™ “HR'")) = pp(m”, HY. THRY).
So, p,(m', HY. "' (R)) = w,(m", H}~'(R")). This proves (4.1).

A complete local ring containing a field is always a surjective image of a regular
local ring containing a field. So, if 4 is a local ring containing a field, but not
necessarily a surjective image of a regular local ring containing a field, one can set
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Api{A4) = 1,:(A"), where A" is the completion of A with respect to the maximal
ideal. Lemma 3.2 shows that this coincides with our original definition in the case
that A is a surjective image of a regular local ring containing a field.

Set d = dim A. Here are some elementary properties of 4, ;(4):
(4.4i) 4,,(4) =0if i > d (because H? R)y=0 for i > dim(R/I)).
(4.4ii) A,;(4) = 0if p > i (because inj. dimg H} *(R) < dimg H} '(R) < i).
(4.4iii) 44 4(A) =+ 0. Indeed, in view of (1.4) and (3.4a) all we have to prove is that
HL(HTY(R)) % 0. Let I = I' ~ I”, where all the minimal primes of I’ have dimen-
sion d and all the minimal primes of I" have dimension < d,so H%.(R) =0 for all
i = d. All the minimal primes of I’ + [” have dimension < (d —1), so H7!;(R)
= 0 for i = d — 1. Hence Mayer—Vietoris implies that H “(R) = H7. %(R), so we
can replace I by I', i.e. we can assume that I is equidimensional. There exists
a spectral sequence E5? = HL(H%(R)) = H% %(R). Since H} '(R) = Oforalli > d,
E3" "=0foralli>d If P > Iisa prime ideal, (H} '(R))p = H} '(Rp) = 0 for
n —i> dim Rp, i.e. for i < dim R/P. If i = dim R/P, Hartshorne’s local vanishing
theorem [Ha3, 3.1] implies that (H] *(R))p = H} '(Rp) = 0 if dim Rp/I; > 0. So,
a prime of dimension 2 i belongs to the support of H} '(R) if and only if it is
a minimal prime of I of dimension i. But all minimal primes of I have dimension
= d,soifi < d, then dimg H} {(R) < iand so H,,(H? *(R)) = 0.So, E5"~' = 0 for
i % d. Since H%(R) + 0, we conclude that H%(H? ?(R)) % 0.
(4.4iv) If A is analytically normal, 14 4;(4) = 1. To prove this it is enough to show in
view of (1.4) and (3.4a), that all the differentials that come into and go out of
E*""%are 0, s0 E4" "¢ = HA(H" *(R)) = H%{R). The outgoing differentials land
in E4*""47¢=1 which vanishes because H? (R) = 0 for all i > d. The incoming
differentials come from EZ ""74*¢~1D 50 it is enough to prove that
E4 rnodr-l) _ pgdorpgn- are- D(R)) =0 for all »r 2 2. We can assume R and
A complete and, in particular, excellent. If P is a minimal prime of H?~2**~Y(R),
then Rp /I is normal and excellent, so its completion is normal and by [Hu-Ly, 4.4]
Ip is formally geometrically irreducible [Hu-Ly, 3.6], so [Hu-Ly, 2.9] implies that
H; 4" D(Rp) =0 for n —d + (r —1) = dim Rp — 1. This inequality reduces to
dim R/P = d —r. Hence dimg H? ***"D(R) < d —r and we are done.
(4.4v) If A is a complete intersection, Ay 4(4) =1 and 2, 4(4) =0 for all i < d.
Indeed, H{(R) =0 if i + n —d, so the spectral sequence E5?= HL(HYR))=
HZ2*4(R) shows that HL (HY 4(R)) = HY**Y(R). Hence HL,(H? " 4(R))=0ifi+ d
and Hy(H7 *(R)) = H(R).

Question 4.5 Is it true that A, 4(4) = 1 for all A7

Finally, it is worth pointing out that if V' is a scheme of finite type over the complex
numbers C and A is the local ring of V at a closed point ge V, then 4, ;(4) are
related to the singular topology of ¥ in a neighborhood of g. For example, it
follows from [0, 2.3] and [Ha4,IV.3.1] that if q is an isolated singular point of V,
then Ao, :(4), for all i < dim A4, equals the dimension of H: (¥, C) as a complex
vector space, where H (V, C) is the i-th singular local cohomology group of ¥ with
support in g and w1th coefficients in C.
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