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Summary. We consider two equivalent density concepts for the unit disk that
provide a complete description of sampling and interpolation in 4 ~" (the Banach
space of functions f analytic in the unit disk with (1 — |z|?)"| f(z)| bounded). This
study reveals a ‘Nyquist density”: A sequence of points is (roughly speaking) a set of
sampling if and only if its density in every part of the disk is strictly larger than n,
and it is a set of interpolation if and only if its density in every part of the disk is
strictly smaller than a. Similar density theorems are also obtained for weighted
Bergman spaces.

1 Introduction and main theorems

In this paper we introduce a notion of density that enables us to describe com-
pletely what we call sets of sampling and interpolation for Bergman type spaces on
the unit disk. There appears in these results a critical density that resembles the
familiar Nyquist density. We reveal thus a basic similarity between spaces of
bandlimited functions and Bergman type spaces, not recognized in previous treat-
ments on decomposition and interpolation problems for such spaces [5, 11,1,
12,3]. We find also a corresponding resemblance with Bargmann-Fock type
spaces, in view of the papers [14, 15].

A main inspiration for this research are two theorems of Beurling for band-
limited functions [2], or more precisely, for the Banach space of functions of
exponential type at most a, bounded on the real line. We say that a discrete set of
real numbers is a set of sampling if the associated restriction operator has
a bounded inverse, and that it is a set of interpolation if the interpolation problem
associated to the set has a solution for all bounded sequences of complex numbers
(we adopt here Landau’s terminology from [10]). Roughly speaking, Beurling
proved that a discrete set is a set of sampling if and only if its density in every part
of the line is larger than a/=, and a set of interpolation if and only if its density in
every part of the line is smaller than a/x; here ‘density’ in an interval means the
number of points in the interval divided by its length. These two theorems give, in
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a remarkably precise manner, meaning to the engineers’ notion of the Nyquist
density.

The natural counterpart in the unit disk to Beurling’s class of bandlimited
functions is the L* version of the weighted Bergman space, i.c., the Banach space
A~"(n > 0), which consists of all functions f analytic in the open unit disk U with

I =1 lla=sup(l = zPY'|f@@)| < 0.
zelU
We say that a sequence of distinct points I' = {z;} is a set of sampling for A™" if
there exists a positive constant L such that

£l < Lsup(1 — 12,1/ (z;)]

for all fe A" If for every sequence {a;} for which {(1 — |z;|*)"a;} is bounded, there
is an fe A 7" with f(z;) = a; for all j, we say that I' is a set of interpolation for A™".
We shall focus our attention on 4 ™", leaving the last section of the paper for some
remarks on the corresponding L? problems. The L? density theorems are not less
interesting, but their proofs rely on our work on A4 =" or on arguments very similar
to those used for 47"
Let now

z—=¢{
1 -2

E

p(Z, C)zy

which is the pseudo-hyperbolic distance function on U. We say that a sequence
I' = {z;} is uniformly discrete (or separated) if

d=inf p(z;,2)>0.
jtk
For a uniformly discrete set I' = {z;} and <7 < 1, let

1

O —
y2<izl<r 12l
e
1l —r

D(I,r)=

log

For every z € U, we form a new sequence

Z; - Z
r,={ 22\
’ {1'521}

The lower and upper uniform densities of I' are defined, respectively, as
DIy = lim inf inf D(I",, r)
r—1 zeU
and
DY (') =lim supsup D(I,,r).

r—1 zel

Our main theorems are given below. Besides the connection to Beurling’s work,
Theorem 1.2 appears as a natural counterpart to Carleson’s interpolation theorem
for H* [4].
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Theorem 1.1 A sequence I" of distinct points in U is a set of sampling for A" if and
only if it contains a uniformly discrete subsequence I'' for which D™ (I'') > n.

Theorem 1.2 A sequence I' of distinct points in U is a set of interpolation for A™" if
and only if T is uniformly discrete and D" (I') < n.

An interesting example of a ‘typical’ sequence I' is the following. For a > 1, b>0,

let I' denote the image of {a’(bk + i)}; «c, under the Cayley transform of the upper

half-plane to the unit disk. Then, using the results of [13], it is easily verified that
2n

bloga

D (I)=D*(I) =

This is an analogue of the standard sampling sets (multiples of the integers) for
band-limited functions. [13] was in fact the first paper clearly suggesting the
above-mentioned resemblance between spaces of bandlimited functions and
Bergman type spaces.

One may define the uniform densities in a slightly different manner, that makes
the connection to Beurling’s density concept more transparent. For each z, let n,(r)
denote the number of points from I', contained in the disk |{| < r, and put

N.(r) = [ n,(x)dr.
0
The hyperbolic area of the disk |{| <r is a(r) = 2r*(1 — r*)~! (suitably nor-
malized). If we put

r

A(r) = [ alp)dp,

0

we easily find that

_ . NP
D~ (I') = lim inf inf
( ) r—1 zel A(r)

and

. N. (1)
D™ (I') = lim sup su .
( ) r—1 p zelIJ) A(r)

Beurling’s approach suggests that we should consider n,(r)/a(r}. The reason that it
is natural to divide averages instead, is that the main contribution to a(r) comes
from points that lie ‘close’ to the boundary of the disk; this gives rise to an
instability which is removed by taking averages.

1t is a relatively simple matter to verify Theorem 1.1 using Beurling’s method of
proof from [2]. The most difficult part is to prove Theorem 1.2. The crucial
ingredients in our proof of this theorem are, in addition to Beurling’s techniques,
the following. We prove (see Sect. 3) that our density concept is equivalent to one
based on Korenblum’s description of the zero sets for A ™" [9], and we improve (see
Sect. 4) Korenblum’s main theorem concerning the zero sets.

2 Preliminaries

In this section we describe some notational conventions and introduce some tools
to be used in the proofs.
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We let
1A= 1,111, = SUF(I = 2P f D).

For any sequence I', L(I") = L(I', n) will denote the smallest number L such that

IfI= LIS

for all fe A™". I is consequently a set of sampling for 4 ™" if and only if L(I') < 0.

If I = {z;} is a set of interpolation for 4 ™" a standard argument based on the
closed graph theorem {8, p. 196], shows that the interpolation can be performed in
a stable way. This means that there exists a positive number M such that for every
bounded sequence {a;} we can find fe A™" with f(z;) = (1 — |z;|*) "g; for all j,
and

If s MIfIT).

The smallest such M is denoted M (I'} = M (I, n), and we put M(I') = oo if I'is
not a set of interpolation for A™".
We recall the transformation rule of the Bergman kernel:

(1) (1 -2()P(2) P ()P)=1—-{2)77,

& a Mobius self map of U; z, { arbitrary points in U. Using (1) with { = z, we see
that the transformations

(Te)N2) = (To f)(2) = (P (2))" f(P(2)),

act isometrically in A~" This Mobius invariance implies immediately that
L(I') = L(®I') and M(I') = M(®I), and it will permit us to transfer our analysis
around an arbitrary point z to 0.

An important feature of 4 ™" is the following compactness property: If { £} is
a sequence in the ball

{feA ™| fI <R},

then there is a subsequence { f;, } converging pointwise and uniformly on compact
sets to some function in the ball. This is immediate from the definition of 4" and
a normal family argument.

A sequence Q; of closed sets converges strongly to Q, denoted Q;— @, if
[0,0;1-0; here [-,-] denotes the Hausdorfl distance (with respect to pseudo-
hyperbolic distance) between two closed sets. Q; converges weakly' to @, denoted
Q;—Q, if for every compact set D, (Q; n D} u 0D —(Q n D} v dD.

Following Beurling, for a closed set I', we let W(I') denote the collection of
weak limits of the sequences @I, & ranging over the MGbius self-maps of U. The
compactness property and the Mdbius invariance of A ™" make W(I') an important
tool in our analysis; as in [14], we find that most of Beurling’s arguments
concerning W(I') can be carried over to our situation.

The following lemma will play the role that Bernstein’s theorem does for
bandlimited functions.

! Note that in this definition we have eliminated an obvious error in Beurling’s notes. Unfortu-
nately, the same error appears in [14], where a corresponding correction is required.
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Lemma 2.1 For fe A™" we have for S(w) = (1 — |w|*)" f(w),
HSE) = SOOI = ulplz, DS,

where

u)= min {1 —r)""=1+@/p)l =+ p*) "}

O<p<l-r
Proof. We consider
S¢w) = (1 — (Wi (T fYw) = (1 — [w|?)" f(w),
where &, is the Mobius transformation that interchanges 0 and ¢, ie.,

{—z

D (z) = et

Observe first that |S(z)| = | S;(®(2))], in view of (1) and the fact that &, is in-
volutory. Thus,

HSE@ = SO =11S(Pe(2D] = IS (O)] | < [S¢(P(2)) — S0
= (=1 = oz OML(PLD] + 1 fe(D(2) — £ O)].
From this the result follows by an application of Cauchy’s formula. ]

Note that u(r) = O{rjas r - 0.
Let A, " denote the class of functions f for which

(1= 1zPY1f(2) -0

as |z| - 1; it is easily seen that Ay " is a closed subspace of 47", We may as well
consider sets of sampling and interpolation for 45"; a sequence of distinct points
{z;} in U is said to be a set of interpolation for A, " if for every sequence {a;} for
which (1 — |z;|®)"|a;| > 0 as |z;| - 1, there is an fe Ay " with f (z;) = a; for all j. We
may replace the numbers L(I') and M (I") by the corresponding numbers for 45",
which we denote by Lo (") and My(I'). It is then easy to check that all that was said
above is also true for A5".

Bruna and Pascuas proved that the sets of interpolation for Ay " and for 47"
are the same [3]. This follows from an argument based on the fact that A ™" is the
second dual of A" [16]. We shall at a certain stage find it convenient to make use
of this result. (It may likewise be proved that the sets of sampling for 45" coincide
with the sets of sampling for A", but this will not be needed.)

The following simple fact will be used repeatedly. Let » denote Lebesgue
mfasure onC, and foradomain § < U,let S* = {z: p(z, S} < 6}. If fis analytic in
S™ and

0 = inf p(Zj, Zk) > 0,

Ik

we have

@ 2 A =1zPPFIfE)IF = CO) | (1 =121 2 f(2)]* dw(2)
s

z;€8
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whenever s > 0 (both sides may be infinite). This is easy to see, e.g., as a conse-
quence of the Cauchy-Schwarz inequality and the following reproducing formula,

f@=CGs) [ (=07 fO0 =07y 2 do);

pz,0)<d

for z = 0 this formula is a consequence of the mean value theorem, and for general
z it follows from this special case by a change of variables by a M&bius self-map of
the unit disk. Note in particular that (2) yields the estimate

3 > log

z,e8 | Jl .

= CO) I (=1L dao Q).

3 An equivalent density concept

In this section we introduce another way of measuring density, based on Koren-
blum’s description of zero sets of functions in 47", We shall prove that this density
concept is equivalent to that introduced above.

For an arbitrary finite subset F of the unit circle dU, let {I,} denote the set of
complementary arcs of F. We put

A |1k|( 2 )
Fy=) ——\lo 1
R ST

which is called the Carleson characteristic of F. The normalized angular distance on
0U is defined by

o t— 2nk
d(e", ¢*) = min |__s+“7_t_|
keZ n

For a finite set F < ¢U and parameters 0 < a < 1/2, 1 < g, define

1
GF;q,az{zeU 1)z >ad"<|——~l F>, |z|>2}

For a sequence of points I' from U we put

1
UZ(F’ q, a) = Z ]og"’
el mGry. IC
and define
m; (% q, a) = inf (0. (F, g, a) — ar(F))
F
and

m; (o4, a) = sup (0, (F, g, a) — ak (F)).
F

The lower and upper uniform Korenblum densities are then

Dg (I} =sup{ainfm; (x1,a) > — 0}
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and
D (IN) = inf{a: supm; (;1, a)< + o0 }.
It is easy to see that these definitions are independent of a.

Korenblum’s notion of k-area suggests that there is a close connection between
our two density concepts. The k-area of a measurable set S = U is

1 . do(z)
KA(S) = E%S -——“—1 _ |Z|

We observe that

r

H

kA({|z] < r})=10g1 — -

while on the other hand, we easily verify that
4) lkA(GF;1,0) — R(F)I = C,

C independent of F.
We now prove:

Proposition 3.1 If I' is uniformly discrete, we have Dx(I')=D (') and
DE(I)Y=D*(I).

Proof. To see that D™ (I') 2 Dg (I')and D*(I') £ D ('), let F consist of N equi-
distant points on 0U. Then K(F) = logN + 1, and we see that G, , contains the
disk Uy = {|z| < 1 — (C/N)}, with C a constant depending on a. We also find that

supkA(Gr,1,.\Un) < ©,
N
and therefore, by (3), that
1
Y log—=C,
2,€Gp1,.\Uy |Zj|

With C depending only on é and a. Thus the estimate holds for all I',, C indepen-
dent of z. Hence,
_a.(F. 1, a)

D(I;,1—(C/N)) = —F) T O((logN)™1),

from which the stated inequalities follow.
We next prove that D™ (I'} £ D¢ (I'). Let e = D™ (I') and for any ¢ > 0, let r be
so large that

5 D(l',,s)za—c¢

forall zand s 2 r. Choose also a sufficiently small a > 0 so that for each F and each
{€0GF..4,1] < 1, we have

(6) P, Griya) Z 13

it is easy to check that this is possible.



28 K. Seip

Consider an arbitrary F, fix z, and put {z;} = I', n Gf.; ,. Let

. 1—r\*
1+r)_ 1+
1

k
rkztanh<§10g1 — <1 —r)"’
+
1+r

k a nonnegative integer, so that

(7 P, Tker) =1
We put 4, = {r, < |{| <re+2}, k=0,1,2, ..., and correspondingly we define
z;— ¢
LO =11 =—.

z,eAkI - ZjC

We apply Jensen’s formula to f; in the disk |{] < rpyq:

121:

®) Y loglzj= 3 = log = '+*510glﬁc(rk+le'”>ld9

zjedk 26 Ax N A -1 k+

Let
Jk(x) = {9: rk+1eioeGF;1’x }
From (8) we deduce that
©) % 10g 2 [Ji(1/4)[(« — e)llog(l — r)| — C|Jx-1(a)l,
zj€ A+ 1N Ax I }'

with C depending on J, but not on r. Here we have applied (5) to those points
re+1€? in the integral in (8) with @eJ,(1/4); this is possible by (6) and (7). One
arrives then at (9) after checking that

log Y 1 £ CiJy-1(a)],

Ph+1 zjedun di-
which is a consequence of (2).
Note next that

1+r 1+r
(10) log(1 — ) — log(1 = ris ) = log—— — log— +"r:‘.

Hence, upon summing (9) over k, we obtain
0.(F;1,a) 2 (@ — &)k A(GF;1,14) — Cllog(1 = )] "' kA (Gp;1,0) — C
C’ depending on a, and thus on r. In view of (4), this implies
o, (F;1,a) 2 (x — ¢ — C(8)|log(l ~ r)] " HYR(F) — c(3, r).

Since the estimate is independent of z, we conclude that D™ (I') < D¢ (I).
We follow the same pattern in order to prove that Dg (I') 2 D* (I'). Choose r so
large that

(11) D(T,,s)Sa+se
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for all z and s = r. Let a be as above, and make the same definitions with one
exception: Now {z;} =TI, " Gp,; 14 Jensen’s formula applied to f, as above is
again our starting point:

2n

z; 1 .
(12) Y loglz;| = ¥ log 121 +£§ log| fi(re+1€®)|do.
0

z,e Ak z2ye A0 Ar—1 Pt 1

Apply first (11) to those points r, 4 ; € in the integral in (12) for which 0 € J, (a).
We see that we also need a bound on the contribution to | f;(rx+ ( €®)| from those
points z; for which p(z;, r,+1€%) 2 ¥ and p(z;, 141 2°) < 1/2. To treat the points

for which p{z;, 7 +1€®) = 1, put

. {wl +r
Sw,r_{C'p(Caw)>r9‘C|§1+’W|r}’

and check by direct computation that

(13) J (@ =plwh( ~ L% 2 do(l) £ Co,
S

C, an absolute constant. This can be done by transporting w to 0, so that we get

J (1 =p@wp =1L 2do@) = [ (1 =111 do()),

S, z,

where Z, = {{:|{] > r, |{ — 55| < 137|}. It is easy to show that the latter integral
is bounded by a constant which does not depend on r. Applying (2) in an
appropriate way, we find by (13) that

1

7 [ log|filrir1€)d0 2 — Ji(a)((« + ¢)|log(l — )| + Co + C),

Ji (a)

where C corresponds to the contribution from the points for which
p{z;, re+1€®) £ 1/2; this bound depends on 6.

As to the integral along the remaining part, J¥ = 0U\J,(a), an elementary
computation, using (6), gives

1 .
3 [ log| fi(ris1e”)1d0 2 ~ CLI(1/4)](1 — r)(log(l — re) — log(l = ric+2)).
"k

We sum (12) over k, use (10), and obtain

o, (F;1,a) £ (¢ + ¢ + Cllog(1 — r)|" N kA(Gp.1..) + C,
C’ depending only on a, and hence,

o, (F;1,a) £ (o + & + C(8)|log(1 — r){ "HR(F) + ¢(3, 7).
The estimate is independent of z, and so D* (') < D (). O

4 A density theorem for zero sets

In this section we add an argument to Korenblum’s analysis in [9] in order to
obtain a sharp density theorem for the zero sets for 47"
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We first recall Korenblum’s theorem [9, p. 192]: For I' (a sequence of not
necessarily distinct points with no accumulation point in U) to be the zero set of
a function in A™", it is necessary that m¢ (a;1, a) < oo for all & > 2n, and sufficient
that m¢ (¢;1,a) < oo for some o < n/2. We prove now that the latter condition can
be sharpened to read « < n. More precisely, we prove the following (to make our
result fit into the rest of our exposition, we disregard the points close to 0, which are
of no interest in any case).

Lemma 4.1 Let I be a sequence of not necessarily distinct points from the annulus
1< |z| < 1. Then if mg (a;1;a) < oo, we can, for every q > 1, find an analytic
function g vanishing on I' with g(0) = 1, and

lg(2)| < C(g, mg (3 1;a)(1 — |z|) 72

Proof. The lemma is proved by modifying Korenblum’s proof of the sufficiency
part of Theorem 1 in {9, p. 192].

Korenblum’s starting point is the assumption that mg (x;1;a) < oo (which is
the condition (T, ) in his terminology) and that g > 2. He then constructs (see Sect.
3.51in [9]) a function g as required by our lemma. We show now that Korenblum’s
proof can be modified to work when assuming g > 1 instead of g > 2.

Consider Korenblum’s proof that his function fdefined by (3.5.2) in [9, p. 198]
satisfies condition (ii), i.e., the growth estimate

If@) < C—|z) .

Let I" denote a finite part of I', and for every z e U, put { = z/|z|, G, = Gigyqa- Let
a < 1/4 and define

S(z):exp{ Y log]szCjii},

zief,zléG; Cj

where (; = z;/|z;|. Korenblum shows that

1 —
zonfe, 3 G0

14
9 e TG

[Sz)]7" [ 22—

z;el b — 252

and he proves that the right-hand side is bounded by a constant whenever g > 2.
The idea is now to multiply the left-hand side of (14) (and thus ) by a suitable
auxiliary function in order to deal with the expression on the right-hand side. To
this end, put
1
wi = (1+ (1 —1z1)2){;,
and introduce the function
(1 =z
o0 =L
; [w; — z|?
v(z) is well-defined in U, in fact subharmonic there, since mg (2; 1, a) < oo implies
that

(15) (L =1z)' "= Cle,mg (31, a)) < o
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for every & > 0 (see [9, p. 193]). A straightforward computation shows that
2n

1
Tw = ref|? SC(1—z)?* 9,
0 j

C an absolute positive constant, and thus
lim j v(re®®)df < CZ (1 -z l)z__
r=1 ¢

By (15) and the assumption that g > 1, the functlon

2n

u(z) = lim L j P(z, re®)u(re®®)do

rv'l

(P(z, {) denotes the Poisson kernel) is therefore a harmonic majorant of v(z) in U.
It is easily verified that

(16) y U= 'Z’Q < C,u(2),
w76, 16—zl

C, a positive constant depending on a. We replace the function f(z), defined by
(3.5.2) in [9], by the function

- C 2n
g(z)zf(z)exp{—lim 1Cs (re ks
r-1 271? 0

with C; as in (14) and C, as in (16), and see that our job is to estimate

z;—z C.C, % re® + 2
NE " exp{ —lim z
[ ( )] z!;lf —E}Z p{ r—1 2n i re

re'

v(re“’) — v(re"’))d@}

v(re"’)d@}

instead of the left-hand side of (14). In view of (14) and (16), this expression is
bounded by 1.

The rest of the work needed to obtain g as a limit of the functions § (modulo
a constant depending on mg (o; 1, a)) is verbatimly as that done by Korenblum in
Sect. 3.5 in {9], to which we refer for details. (]

S Proof of Theorem 1.1

We first make a simple observation.

Lemma 5.1 Let I' and I’ be two sequences of distinct points from U. Then
|L(r)™' ~ L)~ s u([T, ]

Proof. This follows from Lemma 2.1 (see Theorem 2 in [2, p. 344]). (I

An immediate consequence of this lemma is the following.

Lemma 5.2 If I' is a set of sampling for A", then I' contains a uniformly discrete
subsequence that is also a set of sampling for A™".

In the sequel, we therefore assume that I' is uniformly discrete.
We turn to the proof of Theorem 1.1.
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Proof of the necessity. Puta = D™ (I'), and assume L(I") < o .Let¢; — 0, and pick
a sequence of points z; such that

17) D(l;,,r))So+g,

with, say, r; > 1 —¢;. For each z;, put I', =TI'; = {z{/’}, and construct a new
sequence of points I'; " = {{{"} by letting

|ZU)| + 50 Z(j)

(P =
T+ oz 1207
where é, > 0 is chosen such that u(6,)L(I') < 1. By Lemma 5.1, this implies that
L(r
(18) L(F})§#< 0.

1 — L(Mu(dy)
An elementary computation shows that
(19) D(I,r;) £(1 = 80)D(Ly,r) + Cllog(1 —rj)| ™
On the other hand, consider the function
1 C(J.) —

fa= 1 w7, o

157 < 7,
We have | f;|| = 1, and
1 1
||f,-|F}||§exp< Y, log—m —nlogl 2).
@i, P =1}
Thus, by (19), (18), and (17), we have
(1 = do)a + ¢;) + Clloge;] " = n,

C depending only on L(I') and J,. Since g; —» 0, we have proved that a > n. [J

Proof of the sufficiency. We first note that if every I'g € W(I') is a set of uniqueness
for A" ie, f(z)=0 for all zeT'y and feA™" imply f= 0, then I' is a set of
sampling for 4 ™" This follows by an argument based on the compactness property
(see the proof of Theorem 3 in [2, p. 345]).

We assume then that « = D ~(I') > n. Pick an arbitrary I'o = {{,} € W(I'), and
suppose there exists an fe A" with f({,) = 0 for every {, € I'y. We may assume
that 0¢ I'y and f(0) = 1. Since

D™ (I'g) 2 o,
it follows that
DTy, 1)z a—¢,

¢ = 4(a — n), for all sufficiently large r. But then, by Jensen’s formula, we have

. 1
sup log|f(re®| = (n + e)log1
p _

for all sufficiently large r. This contradicts fe 47", and so Iy is a set of uniqueness
for A™". Since I', was arbitrary, we conclude by the first observation that I is a set
of sampling for A™". O
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6 Proof of Theorem 1.2

We first note the following.
Lemma 6.1 Every set of interpolation for A™" is uniformly discrete.

Proof. Let {a;} be a sequence with |a;| < 1, and |a;| — |a.| = 1 for some given
k and m. Then the inequality

1= |ay — au| = |5(z) — Sw)| £ M({z;})ulp(zk, z0)),
deduced from Lemma 2.1, yields the result. [

In proving the necessity part of the theorem, we will make use of Bruna and
Pascua’s result that the sets of interpolation for 4 ™" coincide with those for 45 ".
We collect first a few auxiliary results

Lemma 6.2 I';— I implies My(I') < liminf Mo (I;).

Proof. We may assume that the right-hand side is bounded, and even that
sup|Mo(I';)| < oo by picking an appropriate subsequence. The result then follows
by the compactness property. [l

Lemma 6.3. Let I' = {z,} and T'' = {z;} be uniformly discrete sets such that
p(2x, 21) £ h for each k, where Mo(I)u(h) < 1. Then

IMo(I) ™! = Mo(I'") ™| S uh).

Proof. The proof is a slight modification of the proof of Lemma 2 in 2, p. 351],
where Lemma 2.1 is used instead of Bernstein’s theorem. We omit the details. [

Thus, in particular, we have

. M,(I')
(20 Mo(r)ém-

We remark that the contents of Lemmas 6.1 and 6.3 were also verified in [3]
(Theorems 9 and 8) by some other (less direct) arguments.

For a certain technical reason, we shall need to consider the following notion of
Beurling’s. For ze U, let

po(z, I') = sup (1 — |z{*)"| f ()1,
s
where f ranges over those functions fe Ag " for which f({) =0, (el and | f}| £ 1.
The following analogue of Lemma 3 in [2, p. 352] is in our context trivial.
Lemma 6.4 My(I') < oo implies po(z, I') >0 when z ¢ I'.
Lemma 6.5 For zo¢ I', we have

{ + 2Mo(T)
HO(ZOa F)

Proof. We assume, by Mébius invariance, that zo = 0, and proceed as in the proof
of Lemma 4 in [2, p. 353]. O

Mo(I'v {zo}) £
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Lemma 6.6 Given d,, ly, and n, there exists a positive constant C = C(Jy, ly, ot} such
that if Mo(I') < 1y and p(z, T') 2 ¢, then

Ho (Za F) g C.

Proof. As the proof of Lemma 8.4 in [14] (which is a slight modification Lemma 5
in [2, p. 353]; here it is crucial that we work in Ag” and not in A7"). O

One part of the proof of Theorem 1.1 can now be completed.

Proof of the necessity. Put « = D*(I'), and assume My (I') < oo0. Let g;— 0, and
pick a sequence of points z; such that

@1) D(T.,, r~)2a—s

with, say, r; > 1 —¢;. For each z;, put I',, = {z{’}, and construct a new
sequence of points F . = {{} by letting

C(” |20 — 8oz
130z 28]

where é, > 0 is chosen such that u(5,)My(I') < 1. An elementary computation
then shows that

(22) D(Ij,r;) 2 (1 +80)D(Ly, ;) — Cllog(1 —ry)| 1.

On the other hand, by Lemma 6.6 and the choice of §4, we can find a function
J;» vanishing on I'j n {]z| > ¢}, with £;(0) = 1, and

-1z C,

C depending only on My(I') d,, and &. Jensen’s formula in conjunction with (21)
and (22) then yields

(1 + 8o)(@ — &;) — Clloge,)| ™ < n.
We let ¢; — 0, and conclude that « > n. [
Proof of the sufficiency. Put « = D¥(I') and & = 4(n — ). Since D (I') = D™ ('),
we may for each z, € I' construct a function g, with the properties:
gil(z) = (1 — |z )?) 7",
g(z;) =0, j+k
lge(2)] < C(1 — |z[*)7",

C independent of k. This is an immediate consequence of Lemma 4.1 and the
Moébius invariance. The interpolation problem is then solved explicitly by the
formula

n—e 'Z |2 ¥
(23) S =L all —al?) gz )( =,
1 -2z
where s > 1 + & To see that fe A™", we observe that

1 12ys—¢
If@)] = sup (A = z)"al} (1 ~ [z|2)nte Z(__|L

i 1 =z;zf
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by the uniform bound on the functions g, . In order to estimate this sum, we recall
that for 1 <t < s, we have

j(l —|zI?) 2
v 1=z
{see Lemma 4.2.2 in [18, p. 53]). Thus, by (2), we have

(24) dw(z) £ C(1 —|{|2)7°

(A —lz?)
LT
11—z
C depending only on 4. We conclude that

(L= 1z1?)"f@)] < Csup {(1 — |z[*)"|axl},

SC~[57) s,

which is the desired estimate. O

7 L? density theorems for sampling and interpolation

We may now with some extra effort obtain similar density theorems for the
weighted Bergman spaces. These results should be compared with the theory of
nonharmonic Fourier series; see [17], and in particular [7]. It is remarkable that
our description in terms of densities is complete (as it was for the Bargmann-Fock
space in [14, 15]), while for the Paley-Wiener space the necessary and sufficient
density conditions do not coincide, and correspondingly there is a rich theory of
Riesz bases of complex exponentials.
Define for each n > 0 the weighted Bergman space,

A% = { fanalytic in U: f|f(z)| 1=z 'dw(z) < o}

(we use this somewhat unusual notation to obtain a natural correspondence to
Korenblum’s work). We say that a sequence of distinct points {z;} of U is a set of
sampling for A~™2 if there exist positive constants K, and K, such that

25 Kiflf@PA = z1?)" Hdaz) S R ifE) P = (g2
v j
SKJIf@1P0 - 1z1?) 7 do()
v

for every fe A™™2. {z;} is a set of interpolation for A" 2 if for every sequence {a;}
for which {(1 — |z;]*)"*%a;}el?, there exists a function fed~™? such that
S(z;) = a; for all j.

Our theorems are the following.

Theorem 7.1 A sequence I of distinct points in U is a set of sampling for A™™ 2 if and
only if it can be expressed as a finite union of uniformly discrete sets and it contains
a uniformly discrete subsequence I'' for which D™ (I'’) > n.

Theorem 7.2 A sequence I' of distinct points in U is a set of interpolation for A~ ™2 if
and only if I' is uniformly discrete and D* (I') < n.

The main difficulty consists in proving the sufficiency of the condition in Theorem
7.1. This proof, which rests on an application of Theorem 1.1, will be given in detail
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below, but we start by indicating how the other statements follow from previous
results and the arguments used above. Note that the “Mdbius invariance” of 4 ~"2
is provided by the isometric transformations

@)= (@) f(2(),
which for 4 ™2 play the role that the transformations 7% do for 47"

The necessity part of Theorem 7.2 The fact that a set of interpolation is uniformly
discrete is well known (see [12]). The rest of the proof follows along lines very
similar to those of the proof of the necessity part of Theorem 1.2; we omit the
details of making the necessary modification.

The sufficiency part of Theorem 7.2 1t is relatively easy to see that (23) solves the
interpolation problem for 4 ~" 2 as well; the technique of estimation is a variant of
that used in 4 ™" case and in fact the same as that of the proof of Theorem 1.2 in
[13], where the details can be found.

The necessity part of Theorem 7.1 1t is easy to see that a set of sampling can be
expressed as a finite union of uniformly discrete sets; see Lemma 7.1 of [14]. It is
likewise easy to adopt the proof technique of Lemma 7.2 of [14] in order to see that
a set of sampling will contain a uniformly discrete set that is also a set of sampling.
The rest of the proof can be performed essentially as the proof of the necessity part
of Theorem 1.1; again, we omit the easy details.

The sufficiency part of Theorem 7.1 The basic ingredient in the proof is a formula
which we deduce from Theorem 1.1. It is an analogue of Beurling’s linear balayage
operator [2, p. 348-350].

The difficulty consists in verifying the left inequality in (25), since the right
inequality holds trivially by the assumption that I is a finite union of uniformly
discrete sets. We may assume that I' is uniformly discrete and thata = D™ (I') > n.
Then by Theorem 1.1, I' is a set of sampling for Ag"*?, where, say ¢ = (x — n)/2.
This means that the linear transformation

Tf={( =1z f@z)}s,er

is a bounded invertible mapping from 45" onto a closed subspace of the
sequence space ¢q (i.e., the closed subspace of I” of sequences {w;} for which
w; —0). Denote this subspace by a,. Then any bounded linear functional ¢ on
Ag ™" induces a bounded linear functional on a, by

$(&) = d(T ™18,
with | § || < K| ¢ |l. Foreach {e U, let ¢, denote the normalized functional of point
evaluation at {, ie,
oc(f) = (1= 1L12) e £ ().

Trivially, |j ¢,|| = 1. By the above reasoning, and since the dual space of ¢q is L
there exists for each { a sequence of numbers {g;({)} such that

(26) A =12 f(O= 3 A =1z f(z;)9;(0)

zjel’
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with
27 2lg; O K.

j

In fact, if we apply (26) to the function f(2)({(1 — |{1?)/(1 — {z))*, s an arbitrary real
number, we obtain the more general formula

2\s
@ PO =Tl )( 'Q) 0,0

It is possible to improve the convergence of (28) even more. Fix an arbitrary
positive number ¢, and define for each {,

1 1 —[C1P)1 —|z,12
A<={z,-er: 0z, 0> 3 19,01 > L 12 )}
=5

It is clear that A, satisfies the Blaschke condition so that we may apply (28) to
B,(z) f (2), where By(z) is the Blaschke product associated with A,, and fe Ag" 9.
Thus

2\s
(1= KPP BOS© = 50~ |51 e )(~i§—‘> 50

where
4;(0) = Bi(z;)g;(0).
Note that for p(z;,{) < 3, we have
4 (=10 — 1z

d; <=K=2:=-K
OIS K S3K— s
since by (1),
29 ] N (4 1

So for all j we have
(=13 = 1z]%)
11—z
C independent of {. Observe also that by (29), the definition of A, and (27),
|B({) 2 C,
C independent of {. We have therefore

2\s
(30) (= 240 = S~ 12 (#)h(o

19;(01=C

>

where h;(() = §;({)/B.({), and the following estimates:
(31) S IS €,
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and
C(l — 130 _|Zj|2).
It —z|?

(30) holds for functions in Ag ®*%, However, since A5 ™" n 47 ™2 is dense in
A~™2 it is now easy to see that (30) is in fact valid for all fe 4 "2

(30) seems interesting in its own right. It is an alternative to an expansion based
on the theory of frames [7, 6]. Note that in [13] we obtained a similar but more
explicit formula by the calculus of residues. For our present purpose we could have
made it with s = 0, but we find the formula interesting enough to write down this
general version.

We apply the Cauchy-Schwarz inequality to (30) with fe 4™ 2, yielding

(32) IO =

2 2s
(= P91 S CE 0~ 520 e 2 s i
j k
For h;({) in the first sum we use the estimate (32). Hence, in view of (31), we obtain
2s—2¢
= PP O S T = 51t )12—»—%’%«

When now integrating over U, we make use of (24). Thus we choose s so that
2s — 2¢ > — 1 to obtain the desired norm estimate.
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