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Abstract. This paper discusses the problem regarding the existence of optimal
or nearly optimal stationary strategies for a player engaged in a nonleavable
stochastic game. It is known that, for these games, player I need not have
an ¢-optimal stationary strategy even when the state space of the game is
finite. On the contrary, we show that uniformly e-optimal stationary strategies
are available to player II for nonleavable stochastic games with finite state
space. Our methods will also yield sufficient conditions for the existence of
optimal and e-optimal stationary strategies for player II for games with
countably infinite state space. With the purpose of introducing and explaining
the main results of the paper, special consideration is given to a particular
class of nonleavable games whose utility is equal to the indicator of a subset of
the state space of the game.
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1. Introduction

Let S be a countable nonempty set of states, 4 and B two finite nonempty sets
of actions for players I and II respectively and ¢ a law of motion which assigns
to each triple (x,a,b) € S x A x B a probability distribution defined on the
subsets of S. On § define a bounded, real valued function u called the utility
function. Consonant with Maitra and Sudderth [1992] S, 4, B, g and u define a
zero-sum, nonleavable stochastic game whose dynamics we can describe as
follows. Given an initial state x € S, player I chooses, possibly at random, an
action a; € A4, player II chooses, possibly at random, an action by € B and the
game moves to its next state X; according to the probability distribution
q(:|x,a1,b1). The new state X is announced to both players along with their
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chosen actions. By iterating this procedure a random sequence of states
x, X1, X2, ... is produced and the payoff from player II to player I is fixed to
be the expected value of

u* = lim sup u(X,).

n— o0

Maitra and Sudderth [1992] proved that any nonleavable game has a
value, but the question about the existence of good stationary strategies for one
or both players is still open in its complete generality. Our main result asserts
that in any nonleavable game with finite state space there is a uniformly e-
optimal stationary strategy available to player II. An example of Nowak and
Ragahvan [1991] implies that this result cannot be extended to nonleavable
games with countably infinite state space. However our methods will also
yield sufficient conditions for the existence of good stationary strategies for
player II: for example, we will show that a uniformly optimal stationary
strategy is always available to player II when the value function V' of the
nonleavable game is greater than or equal to its utility function u. If
V(x) < u(x) for some x € S there need not be an optimal strategy for player I1
even when the state space of the game is finite.

The same results do not hold for player I since Maitra and Sudderth [1996]
showed with an example that, even when S is finite, there need not be an &-
optimal stationary strategy available to player I for a given initial state of the
game.

The techniques used in the paper are those of Maitra and Sudderth [1992,
1996] and, in general, of the theory of gambling. In the next section we will set
notation and terminology, which will follow that of Maitra and Sudderth
[1996], and we will recall a few general results about leavable and nonleavable
stochastic games. Section 3 examines the question as to whether stationary
strategies exist for one or both players with respect to a special class of non-
leavable games, namely those with utility function equal to a subset of the
state space S: the section should be considered as an introduction to the main
results of the paper which are presented in Section 4. A concluding remark
will close the paper.

2. Preliminaries

Let Z=Sx A x B and define H=Z x Z x --- to be the space of histories
or sequences i = (zj,z3,...) of elements of Z. For n=1,2,... a partial
history of length » is a sequence p = (z1,...,z,) of n elements of Z. A strat-
egy o for player I is a sequence oy, o, ... such that o is an element of 2(A4),
the collection of all probability distributions defined on the subsets of A4, and,
for n=1,2,...,a, is a mapping which assigns to each partial history p of
length n an element of 2(A). Strategies f for player II are defined in the
same way with B in place of 4. A family of strategies & for player I is a map-
ping from S to the collection .o of all available strategies for player I; that
is, for every x € S, a(x) is a strategy for player I. A family of strategies & for
player I is called stationary if there exists a function x from S to 2(4) such
that
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a(x)o = u(x),
O_C(x)n(zh s aZl’l) = /u(xn)

for any integer n,x € S and z; = (x1,a1,b1),...,2y = (Xu,dn, by). We write
& = u”. Analogous definitions and notations hold for player II.

Given an initial state x € S, the law of motion ¢ along with a strategy o
for player I and a strategy /5 for player Il determines a probability distribution
P, , 5 on the sigma-field of subsets of A generated by the coordinate functions

Zn(Z1,22y -y Zny - o) = Zn

forn=1,2,.... The expected value of a bounded, Borel measurable function
g from H to the reals will be indicated with f gdP., g or E., gg.

If o is a strategy and p = (zy,...,z,) is a partial history of length n, the
conditional strategy o[p] is defined by

[ ply = a(p),
alpl (21, z) = Onm(Z1s oy Zny 21y oo o5 20y)
forallm > 1and (z,...,z).

A stopping time 7 is a mapping from H to {0, 1,...} U {co} such that if &’
agrees with /i in the first #(#) coordinates, then #(h’) = t(h). A stopping time
which is everywhere finite is called a stop rule. Let ¢ be a stop rule and
p=(z1,...,z,) a partial history of length #; if #(zy,...,z,,2{,2},...) = n for
any history 4’ = (z{,z5,...), we define the conditional stop rule 7[p] by setting

1pl(z1, 25, ) = t(z1, . Zny 21, 25y ) — I
When ¢ is a non-zero stop rule, define on H the function p, by setting, for
every history & = (z1,22,...),p:i(h) = (z1,...,zyn). If g is a bounded, Borel

measurable function from H to the reals, we will make frequent use of the
following conditioning formula,

Eva0 = [{Ext s sipi a0} dPrp @)
where, for every h e H, gp,(h) is defined by

gp,(h)(ZQ,ZQ, ) =9z, 7Zz(h)721,2§> co)

The same formula holds even when ¢ is a non-zero stopping time such that
vaa,/}[l < OO] =1.

Finally we introduce the one-day operator G defined, for every bounded,
real-valued function ¢ on S and for every x € S, by

(G¢) (X) = inf sup E,mf,,u¢a (22)
Voo
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where ¢ and v range over 2(A4) and 2(B) respectively and

Ex,,u.,v¢ = Z Z Z ¢(x1)q(x1|x,a,b)u{a}v{b}.

acA beB x €S

By von Neumann’s Theorem [von Neumann and Morgenstern, 1947],
(G@)(x) is the value of the one-day game .o/(¢)(x) where x is the initial state,
players I and II choose, possibly at random, actions a € 4 and b € B respec-
tively, and the game moves according to the law of motion ¢ to the new state
X); finally II pays I the expected value of ¢(X;). The same result by von
Neumann proves also the existence of optimal randomized actions u € 2(A)
and v € Z(B) for players I and II respectively.

We are now in the position to define the notions of leavable and non-
leavable stochastic game. Given S, 4, B,u and ¢ the leavable game % (u)(x)
with initial position x € S is a game where player I chooses a strategy o € ./
and a stop rule ¢, player II chooses a strategy f € 4, and II pays to I the
quantity E., su(X;). When I is not allowed to stop, the game ./"(u)(x) where
the payoff from II to I is E, gu* is called nonleavable.

Maitra and Sudderth [1992] proved that, for every x € S,

inf sup E,, pu(X;) = sup i%f E,, pu(X;) = U(x)
ot ot

and

iIﬁlf sup Ey, pu* = sup iIﬁlf E.,pu* = V(x).

The functions U and V are the values of the games ¥ (u) and A (u) re-
spectively. Given an initial state x € S, a strategy o € ./ is optimal (e-optimal)
for player I for A" (u)(x) if

Evppu* =2 V(x) (Exgpu’ = V(x)—¢),

for any strategy S of player II. By reversing the inequalities we obtain analo-
gous definitions for optimal (¢-optimal) strategies for player II.

In Section 3 we will be concerned with a special class of nonleavable
games, namely those where u is the indicator function of a subset W of S. In
this case the expressions above have a particular meaning. It is in fact easy to
check that if, for every x € S, u(x) = I[x € W], then

U(x) = ir/}f sup Py, g[reach W] = sup ir/}f P, , g[reach W]

where [reach ] is the event that is true if X,, € W for some n > 0. The ex-
pression of V'(x) becomes instead

V(x) = i%f sup Py, g[X, € W infinitely often|
o

= sup i%f P, 3| X, € W infinitely often]
o
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since, for every history & = ((x1,a1,b1), (x2,a2,b2),...) € H,

{ 1 if x, € W infinitely often,

u*(h) = lim sup u(x,) =
() P u(x) 0 otherwise.

n—oo

Considerable use will be made of the following lemma, due to Maitra and
Sudderth [1992], which characterizes the value function of a leavable game.

2.3 Lemma. The value function U for the leavable game ¥ (u) solves the opti-
mality equation

U=uv GU,
and is the least, bounded, real valued function ¢ defined on S such that
(@) p=u and (b) G¢ < ¢.

In order to introduce a similar characterization for the value 7 of a non-
leavable game ./"(4) we need to define an operator 7 which maps every
bounded, real valued function u defined on S to the bounded, real valued
function Tu defined, for every x € S, by

Tu(x) = (GU)(x)

where U is the value of the leavable game .#(u). The operator 7 has many
properties for which we refer to Maitra and Sudderth [1996, Chapter 7]. In
this paper we will need the following two properties of 7.

2.4 Lemma. Let u,u; and u, be bounded, real valued functions defined on S and
let ¢ be a nonnegative real number. Then

(1) Iful <up, Tu; < Tuy.
(i) T(cu) = cTu.

The proof of (i) and (ii) above is trivial and follows immediately from the
definitions of the operators 7 and G. By means of the operator 7" Maitra and

Sudderth [1992] characterized the function V7 as it is shown in the next lemma.

2.5 Lemma. The value function V for the nonleavable game N (u) is the largest,
bounded, real valued function ¢ defined on S such that

T(u A §) = ¢.
Here is an immediate consequence of Lemma 2.5.

2.6 Lemma. The value function V for the nonleavable game N (u) is also the
value function for the nonleavable game N (u A V).
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Proof- Let V' be the value of the nonleavable game A" (u A V). Clearly
V' < V since u A V < u. On the other hand,

V=TunAV)=T{(uAV)AV)
so that V' < V' by Lemma 2.5. <

Before concluding the section we want to recall a formula which is due
to Sudderth [1971]. Let x € S and o and S be strategies for player I and II
respectively. Then for every bounded, real-valued function u defined on S

Ey, pu" =inf sup E, gu(X;) (2.7)

Sty

where s and ¢ range over the set of stop rules.

3. Reaching a set infinitely often

In this section we will consider a special class of nonleavable stochastic games
with utility function equal to the indicator of a subset of the state space.

Let S be a countable nonempty set of states and assume that ¥ is a non-
empty subset of S. For every x € S, set u(x) = I[x € W]. Define, as before, U
to be the value function of the leavable game #(u) and V to be the value
function of A" (u). In the game .4"(u) the aim of player I is to choose a strategy
which maximizes her probability of reaching the set W infinitely often, while
player II seeks a strategy which minimizes the same quantity. When W has
only one element, we will prove that player II always has an optimal station-
ary family of strategies, whereas player I need not have a stationary strategy
which is ¢-optimal for a given initial state. However if W has more than one
element there need not be an optimal strategy, and hence not even an optimal
stationary strategy, for player II even when the state space of the game is
finite.

We will begin with a zero-one result which states that, if « is the indicator
of a subset W, then either sup, ., V(x) =1or V =0.

3.1 Theorem. Let W be a nonempty subset of S and, for every x € S, set
u(x)=I[xeS]. If sup,.y V(x) <1, then V = 0.

Proof: Let p = sup,.y V(x) < 1 and consider the nonleavable game A4 (pu)
which has the same state space, action sets and law of motion as .4"(u), but

utility pu. Write V' for the value of A" (pu).
We claim that

V' =pV. (3.2)
In fact note that, for every history & = ((x1, a1,b1), (x2,a2,b3),...) € H,

(pu)*(h) = lim sup(pu)(x,) = p lim sup u(x,) = (pu*)(h).

n—oo n— o0
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For every ¢ > 0 and x € S, let a,(x) be an ¢-optimal strategy for player I in the
game ./ (u)(x). Then

Ex o (0,p(p)" = PEx a0 ptt" = p(V(X) —¢)

for all x € S and all strategies 8 of player II; therefore V'(x) > pV(x). Anal-
ogously, by considering the game from player II’s point of view, one can show
that V'(x) < pV(x) for all x € S and this proves that V' = pV.

However it is also true that

since, by Lemma 2.6, V" is the value of A" (u A V) and u A V < pu because
V(x) <pforallxe W.

Equations (3.2) and (3.3) imply that V' =pV and thus V' =0 because
p<l. &

When the set W is finite, the previous theorem asserts that either there is
an x € W such that V'(x) =1 or ¥ = 0. In particular if ¢ is an element of S,
which we may call the goal, and W = {g}, then either V'(gy) =1 or V' =0. In
both cases there is an optimal stationary family of strategies available to
player 1I: this is the content of Theorem 3.6 below. Before proving it we want
however to show a result which conveys the idea that, in order to reach a goal
g infinitely often, one must first reach g and then return to ¢ infinitely often.
The same result was proved by Sudderth [1969] for nonleavable gambling
problems with a goal.

3.4 Theorem. Let g€ S and set, for every x € S,u(x) = I[x =g|. Then, for
every x € S,

V(x) = Ux)V(9): (3.5)

Proof: Since W = {g}, Theorem 3.1 implies that either =0 or V(g) = 1.
If V' =0, then (3.5) is obviously true.
If V(g) = 1, then proving (3.5) reduces to showing that V' = U. Since it is
always true that V' < U, we need to prove that in the present situation it is
also V' > U. Notice first that V' (g) = u(g) = 1 implies that V' > u. Therefore

V=TunAV)=Tu=GU
and thus

GV =G6(GU)<GqU =V
where the inequality is true because GU < U, by Lemma 2.3, and because it is
trivial to show that Gu; < Gu, if u; < up are two bounded, real valued func-

tions on S. But then, by Lemma 2.3 again, V' > U. <&

Let v be a function which maps every x € S to a probability measure be-
longing to #(B) which is optimal for player II in the one-day game .«7(U)(x)
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and consider the stationary family of strategies v*. Maitra and Sudderth
[1992] proved that v is always optimal for player II for the leavable game
% (u). The next theorem shows that v* is also optimal for player II for 4" (u)
when u is the indicator function of a point.

3.6 Theorem. Let g € S and, for every x € S, set u(x) = I[x = g|. Then v* is an
optimal stationary family of strategies for player II for N (u).

Proof: Once again, because of Theorem 3.1, there are only two mutually ex-
clusive cases to be considered.

Case 1: V(g) = 1. Fix x € S and a strategy o for player 1. Then the sequence
{U(X,)} is a bounded supermartingale with respect to P, = (y). In fact U is
bounded between 0 and 1, and, for any n > 0,

Ex,oc,v’f*(x) [U(A/n+1)|X17 o vXn] = E)(,“ot[p”]o,v()(”) U
< (GU)(Xy)
< U(X,)

where the first inequality is true because v(X),) is optimal for player II in the
one-day game <7 (U)(X,) whose value is (GU)(X,), whereas the second in-
equality follows from Lemma 2.3. By Doob’s Optional Sampling Theorem
[Doob, 1953] we thus have that, for any stop rule ¢,

Ex,a,v‘* (x)u(Xt) < Ex,oc,vf(x) U(Xl) < U(X) = V(X)

where the first inequality holds because u < U while the last equality is true
because of (3.5). Applying formula (2.7), we get

Ex.a,v‘x (x)u* = lnf sup Exﬁoc,\f"‘(x)u(Xt)
Sot=s

< sup Ey gy (qu(X7)

>0

< V(x).

Since this is true for every x € S and for all strategies o of player I, we have
proved that v is optimal for player II in this case.

Case 2: V = 0. In order to prove that v* is optimal for player II we will show
that, for every x € S and for all strategies o of player I,

Py (x)[Xn = g infinitely often] = 0.

First notice that, since V' (g) =0, then (GU)(g) < 1. In fact, set V=
Tu = GU. By way of contradiction, assume that V(g) = 1. Then ¥ > u, so
that

T(u/\ V())ZTL!Z Vo
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and thus Vy < V' by Lemma 2.5. But this implies that V' (g) = 1 contradicting
the assumption that ' = 0.
Set

5 1= (GU)(9)

0.
3 >

Then, for all 1 € 2(A4),

(GU)(9) = Ey ) U

J U(Xxy) dPg_’;y’v(w
{U(x)<(GU)(9)+0}

+ J U(X1) dpg.,/lV(g)
{UX1) = (GU)(9)+9}

> ((GU)(g) +0)Py v U(X1) = (GU)(g) +6].
Therefore

Pg./l,v(g)[U(Xl> <Il- 5] = Pg.,/l,v(g)[U(Xl) < (GU)<g) +5]

_,__(GU)g)
— (GU)(9)+96
ZILM>0 (3.7)

for all 2 € 2(A). This says that, if player II uses v*, whenever the process
{X,} reaches the goal ¢ there is a strictly positive probability that the follow-
ing state of the game will belong to set {x e S: U(x) < 1 —J}.

Now fix x € S and a strategy o for player I; for the sake of simplicity we
will write P for the probability P, () and E for the expected value com-
puted according to P. Notice that, as in Case 1, the sequence {U(X,)} is a
bounded supermartingale with respect to P and therefore converges almost
surely with respect to P.

Equation (3.7) and the almost sure convergence of the sequence {U(X,)}
imply that P[X, = g infinitely often] = 0 since, if this was not the case, the
supermartingale {U(X,)} would downcross the interval [l —4, 1] infinitely
often with positive probability and therefore would not converge on a set of
histories of probability greater than zero.

To make the argument more precise let

D ={he H: X,(h) = g infinitely often}
and define a sequence of stopping times {#,} by setting

ty=inf{n>0:X, =g}
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and, for any n > 1,
ty=1inf{n > t,1 : X, = g}.

Then D = (),2,{ti < c0}. For any n > 1, define the set
A, = {he H: UX,(h) < UK, (h)) -6}

Ifh= (h17h27"')€D’
Z P[AH+I|X17"'7XI’I](}Z) = ©
n=1

since, for every j > 1, X, 4y (h) = g, U(X, (1)) = 1 and thus, by (3.7),

0
PlAya| Xy, - Xyl (h) = Py (i) o) [U(X1) < 1= 0] = 155" 0.

Therefore
o0
Dci{heH:Y PlAlXi,.... X,)(h) = o}
n=1
and

P[D] < P PlAyi1|X1,..., X,] = 0] = P[4, infinitely often]

n=1

where the last equality holds because of the Extended Borel-Cantelli Lemma
[Breiman, 1968]. However, if & € {4, infinitely often}, then {U(X,(h))} does
not converge. Hence

P[A, infinitely often] = 0
and P[D]=0. <

3.8 Remark: When u is the indicator of a finite subset W of the state space S,
the result of the previous theorem is still true in the sense that an optimal
stationary family of strategies is available to player II if V(x) =1 for all
x € W orif V=0. When the former hypothesis is true, ¥ > u so that the re-
sult becomes a special case of Theorem 4.1 which will be proved in the next
section. If V' =0, then W = {xe S: V(x) < u(x)} and thus, for games with
finite state space, the result follows immediately from part (i) of Lemma 4.9 of
the next section. If S is countably infinite, W is finite and V' = 0, it is still true
that player II has an optimal stationary family of strategies. To prove this
claim one may follow the argument which will be sketched in Remark
414 &

The previous theorem settles affirmatively the question about the existence
of an optimal stationary family of strategies for player Il when W = {g}. The
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situation is different for player I. Obviously, if V' = 0, any strategy is optimal
for player I. However Example 7.13.4 of Maitra and Sudderth [1996], a vari-
ation of an example of Kumar and Shiau [1981], shows that, even when S is
finite, player I need not have an e-optimal stationary strategy at a fixed initial
state of the game if V(g) = 1.

When W has more than one element, there need not be an optimal strategy
for player II even if the state space S is finite. This follows from Example
7.13.5 of Maitra and Sudderth [1996] which is another variation of the exam-
ple of Kumar and Shiau. In the next section we will prove however that in
nonleavable games with finite state space, for any ¢ > 0, player II has a sta-
tionary family of strategies which is ¢-optimal. This result cannot be extended
to games with countably infinite state space since, by modifying an example of
Nowak and Raghavan [1991], Maitra and Sudderth [1996, Example 7.13.6]
got a nonleavable game with countably infinite state space in which no &-
optimal stationary family of strategies exist for player II.

4. Stationary strategies for player II

Let us now return to the general nonleavable stochastic game 4" (u) where u is
a real valued bounded function defined on a state space S, player I chooses a
strategy o, player II chooses a strategy 8 and the payoff from II to I is E, , pu*
when x is the initial state of the game.

The main property of the stationary family v, which in the previous sec-
tion we showed to be optimal for II when u is the indicator of an element
g € S, is to keep the value V of A" (u) from increasing along the way. To make
this idea more precise given the initial state x € S of /(1) and a real valued,
bounded function ¢ defined on S, say that a strategy f of player II conserves ¢
at x if, for any strategy o of I, Ey,, p,¢ < ¢(x) and, for any n > 1 and any
partial history p = ((x1,a1,b1), (x2,a2,b3),...) of length n, Ex, ) sp¢ <
#(X,). When u is the indicator of a g € S, the stationary family v* conserves
the value V' of A (u) at every x € S. However this property alone was not
sufficient to prove optimality of v*. In fact if V' = 0 any strategy of II con-
serves V; optimality of v* followed in this case from the fact that, no matter
what the strategy of player I is, the set {g} is reached infinitely often on a set
of histories of probability zero, as we proved in Case 2 of Theorem 3.6. Note
that, when V' = 0, {g} coincides with the set of states where V' < u while this
latter set is empty if V(g) = 1.

For a general nonleavable game ./"(u) define a partition of the state space
S by setting

Wo={xeS:V(x)<u(x)}and W' ={xeS: V(x)>u(x)}.

When W is empty, we will prove with Theorem 4.1 that v is still optimal
for II. When W is nonempty and the state space of ./ '(u) is finite, for
any ¢ > 0 we will construct a stationary family v for II such that, regardless
of the strategy of I, the probability of reaching W, infinitely often is zero and
v conserves at every x € S a function ¢ whose distance from V is less than
¢/2. It will follow from Theorem 4.16 that v is an e-optimal stationary family
for II.
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4.1 Theorem. If W° = 0, v* is optimal for player II.

Proof: When W° =0, V(x) > u(x) for every x € S. Since GU = V, > V, this
implies that GU > u. But G(GU) < GU since GU < U by Lemma 2.3 and it
is trivial to show that Gu; < Gup if u; < u, are two bounded, real valued
functions defined on S. Hence, by Lemma 2.3 again, U < GU and thus
U = GU. Notice that

TunU)=Tu=GU=U

and thus, by Lemma 2.5, U < V. Since it is always true that V' < U, this
proves that V' = U when W° = 0.
Now note that, for every x € S and for every y € #(A4),

E,m),v(x) U< (GU) (x) < U(X)

where the first inequality holds because v(x) is optimal in the one-day game
o/ (U)(x) whose value is (GU)(x) and the second inequality is true because of
Lemma 2.3. This is enough to prove that {U(X,)} is a bounded super-
martingale with respect to P, = (y) for every x € § and for all strategies o of
player L.

Now fix x € S and a strategy o for player 1. By Doob’s Optional Sampling
Theorem [Doob, 1953] we have that, for any stop rule ¢,

Exﬁaﬁ‘,m<x)u(Xt) S Ex"x_’v”/\:(x> U(Xt) S U(X) == V(X)

where the first inequality follows from the fact that u < U. Therefore,
applying formula (2.7), we get

Exﬁa’vm(x)u* = inf sup Ex_“’vf (x>u(Xt)

Sty

< sup Ey gy (qu(X7)

10
< V(x).

Being this true for every x € S and for all strategies o of player I, we have
proved that v* is optimal for player II. <&

4.2 Remark: Assume that u is the indicator of a subset W of S. Then W° = ()
if and only if 7(x) =1 for every x € W; therefore the theorem proves that,
when this last condition is satisfied, an optimal stationary family of strategies
is available to player II. This covers, for example, Case 1 of the proof of
Theorem 3.6. <&

Define a sequence of functions {V,} by setting Vo = Tu and, for any
n>1,V,=T(u A V,_1). By the definition of the operator T, V) = GU where
U is the value of the leavable game #(u). For any n > 1, let U” be the value
ofothe leavable game % (u A V,_1). Then, for any n > 0, V,, = GU" if we set
U’="U.
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For any given x € S, {V,,(x)} is a decreasing sequence of numbers bounded
between V' (x) and U(x). The same is true for the sequence {U”(x)} as the
next lemma implies.

4.3 Lemma. For alln > 1,

UANV,y U<V, =GU" ' <U" .
Therefore

U"(x) = Vot (x) = (GU" ) ()

if Vie1(x) < u(x).

Proof: For all n > 1,V, | = GU"! < U""!, where the first equality is true
by definition whereas the second follows from Lemma 2.3. Since V, | >
unV,iand GV,_; = G(GU" ") < GU"! = V,_|, from Lemma 2.3 again
it follows that U” < V,,_;. But U" is the value of #(u A V1) and thus
Ur>unV,_.

Note that, if x € S and V,,_;(x) < u(x), then (u A V,,_1)(x) = V,,—1(x) and
thus U"(x) = V,—1(x). <

In general the sequence {V,} does not converge to the value function V" of
A (u). However, when S is finite, Maitra and Sudderth [1996] proved that

V = lim V,. (4.4)

n—aoo
In the rest of the section we will assume that S is finite and that the set W° is
nonempty.
For every x € W, define / = /(x) to be the first integer greater than or
equal to zero such that V;(x) < u(x).

4.5 Lemma. For every x € W9,

(GU")(x) < U'(x).

Proof: Let xe WO If I(x) =0, then (GU)(x) = Vo(x) <u(x) < U(x). If
[(x) = 1, then
Vi(x) < u(x) < Vi—i(x)

and thus

(GUN(x) = Vi(x) < (u A Vi_p)(x) < U'(x)

where the last inequality follows form the fact that U’ is the value of
LunVig) <
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4.6 Remark: If u is the indicator of a set W, then W° < W. In this case, let us
define

Wy ={xeW’: (GU)(x) < U(x)}
and, for any n > 1,

n—1
W, = {xe W — E)l Wi (GU)(x) < U"(x)}.

Then it is sufficient to assume that W is finite for proving that, when W? is

nonempty, there is a k > 0 such that W, ..., W are all nonempty and
k
W= w
j=1

even when S is countably infinite. <

We are now ready to define the stationary family ¥ which we will prove to
be e-optimal for player II when the state space S of the game is finite and W°
is nonempty.

Let

k = max{l/(x): xe W°}. (4.7

Fix ¢ > 0 and let m be an integer greater than k. Define m + 1 quantities
Ho, - - -, 1, DY setting

o :%[min{U(x) —(GU/)(x): xe W°, jef{0,...,m},
(GU/)(x) < U/(x)} A ¢]
and, for any i € {1,...,m}.
n = %[min{Ui(x) —(GU)(x):xe W° jedi,...,m},
(GU)(x) < U'(x)} A 1]
where we use the convention that min{()} = oo. Note that

&
0<n, <fp_1 <---<ny< =.

\S]

Now define a real valued, bounded function ¢ by setting, for every x € S,

$(x) =min{U'(x) —n, :ie{0,...,m}}.
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If xe W' let r = r(x) be such that ¢(x) = U’(x) — 7, but if x e W set
r(x) =max{0 <j <m: (GU)(x) < U/ (x)}.

Note that, for every x € W, r(x) is well defined and is greater than or equal to
I(x) because of Lemma 4.5. Note also that, if x € W° and r(x) < m, then

(GU™) () = U™(x) = (GU™)(x) = U™ (x)
= = (GUN(x) < U'(x) < -+ < U(x). (4.8)
In fact since / < r, for every i e {r+1,....m},
Vici(x) < Vi(x) < u(x)
and thus
U'(x) = Vi () = (GU) () = U (x)

where the first equality follows from Lemma 4.3, the second one is true by the
definition of V;_; and the last equality holds because of the way we defined

r(x).
Finally, for every x € S, let
A(x) = v (x)

where, for any 0 < j < m,v; is a function which maps every x € § to an ele-
ment of #(B) which is optimal for player II in the one-day game .o/ (U7)(x).
Note that the function / depends on the quantity ¢ and on the integer m > k
which were both chosen before. Define v = v, ;) = A7,

4.9 Lemma. For all x € S and for all strategies o of player I,
(1)

Py 50 Xn € W infinitely often] = 0

(ii)
Exuiu” < U™ (x) +§.

Proof: Let Vv =V,,;. In order to prove part (i) of the lemma we will show
that, for all x € S and for all strategies o of player I, the sequence {¢(X,)} is a
bounded supermartingale with respect to Py, 5 which does not converge
on a set of probability greater than zero if the process {X,} visits the set W°
infinitely often with positive probability.

Let M = sup,.. g |u(x)|.

Proving that {¢(X,)} is a bounded supermartingale with respect to
Py, 5x), for all xe S and for al strategies o of player I, is tantamount to
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showing that

Ex,y,v,(x)¢ < ¢(X)

for all x € S and for all y € #(A).
If xe W! then

Ex,y.v,.(x)¢ < Ex,y,v,v(x) U — n, < (GUr) (X) - =< U,‘(X) -, = ¢(X>
for all y e 2(A4), where the last equality follows by the way we defined
r=r(x).

Let now x € WO. Then

Ex,y.v,.(x)¢ < Ex,y,v,v(x) U — n, < (GUr) (X) - =< ¢(X)

for all ye #(4) where the last inequality is true because, for every
ief{0,...,m},

(GU")(x) =1, < U'(x) -1, (4.10)

In fact (GU")(x) < U"(x) so that, for ie{0,...,r}, we obtain (4.10) by
noticing that

i =1, S’?l
<min{U'(x) — (GU/)(x) : xe W°, je{i,...,m}, (GU)(x) < U’/ (x)}
< U'(x) - (GU")(x).

On the other hand, if r <m and i € {r + 1,...,m}, then equation (4.8) implies
that U’(x) = (GU")(x) and thus (4.10) holds in this case because 7, — 7; > 0.
Hence {¢(X,)} is a bounded supermartingale with respect to Py, ) and
thus converges with P, , 5) probability one, for all x € S and for all strategies
o of player 1.
Set now 7,,.; = 0 and let

I .
0 =min{y; —n;y :j€{0,...,m}} > 0.

2
We want to show that, for all x e W9,
0
Px,y,v,v(x) [¢(Xl) < ¢(X) —(5] = 2M+0 >0 (411>
for all y e 2(4).
Let x € W°. Then
(GU(x) =y, +0 < ¢(x) =0 (4.12)

since, for every i € {0,...,m},

(GU")(x) — 5, +3 < U'(x) —n; — 9. (4.13)
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In fact (GU")(x) < U’(x) so that, if i € {0, ..., r}, by the definitions of ¢ and
77[)

[U'(x) = (GU")(x)] = [n; — n,]
5 .

o< Im Mo
2 =2

On the other hand, if r <m and i€ {r+1,...,m}, we know from equations
(4.8) that U'(x) = (GU")(x) and thus (4.13) follows in this case from the fact
that
5 < iy — Wi < M — i
2 2

Now note that, since —M <u < M, then —-M <V < U < M and thus
0OSM+V<M+V=M+(GU)<M+U <M+U<2M.
Therefore

(GUr)(x) +M = Ex,y,v,(x) U'+M

(U'(X1) + M) dPx., ()

J{ Ur(X,)<(GU")(x)+0}

+ J (U)(Xl) + M) dPx,y.v,(x)
{Ur(X1)>(GU")(x)+d}

> ((GU)(x) + M +0) Py 0 [U(X1) > (GUT)(x) +9)]
for all y € 2(A4). Hence, by (4.12) and the definition of ¢.
Px,y,v,.(x) [¢(X1) < ¢(x) - 5} = Px,y.,v,‘(x) [¢(X1) < (GU")(X) — A +5]

= Px,y,v,.(x)[Ur(Xl) =< (GUV)(X) +5]

o (GUY™+M
= T GUYx) + M+

0
2M +90

>

for all y e 2(4).
Having proved that (4.11) holds for all x € W and for all y € 22(A4) we will
now show that, for every x € S,

Py o500 Xn € W infinitely often] = 0
for any strategy o of player 1.

Fix an initial state x € S and a strategy « for player I and write P for
Px.oc,ﬁ(x)‘
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Let
D = {he H : X,(h) e W° infinitely often}

and define a sequence of stopping times {z,} by setting
to=inf{n>0:X,e W'

and, for any n > 1,
tw=1inf{n > t, 1 : X, e W°}.

Then D = (,2,{ti < c0}. For every n > 1, define the set
Ay = {he H: §(X,(h) < $(Xuo1 (h)) — 6.

Ifh= (h],hz,...) e D.
Z PlA,1]X1,. .., X)) (h) = 0
n=1

since, for every j > I,y = X, ;)(h) € W and thus, by (4.11),

PlAyn| Xy, - Xy )(h) = Py, )0 [9(X1) < () 0]

0
>
2M +9o

> 0.

Therefore

n=1

DE{hEH:iP[A,,+1|X1,...A/”](/’l) OO}

and

o0
> PlAyalXy,. . X)) = o0

n=1

PD|<P = P[4, infinitely often]

P. Secchi

where the last equality holds because of the Extended Borel-Cantelli Lemma
[Breiman, 1968]. However, if /i € {4, infinitely often}, then {¢(X, (%))} does

not converge. Hence

P[4, infinitely often] = 0.

This proves that P[D] = 0 and concludes the proof of part (i) of the lemma.

Now define a function u; by setting, for every x € S,

up (x) = u(x)I[x e W' — MI[x e W°.
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Note that u; < ¢ + 7,. In fact, if xe W,

u(x) < V(x) <U"(x) < U™ '(x) <--- < U(x)

and thus, for every i € {0,...,m},

u(x) —ng = u(x) —ny < U'(x) =15y < U'(x) — 1

which shows that ¢(x) + 7, > u;(x). On the other hand, if x e W', ¢(x) >
=M =y = () = 1 o

Let uf =limsup,_, ., u;(X,). Because of part (i), which has already been
proved,

Proslu’ =u] =1

for all x € S and for all strategies o of player I. Therefore, for all x € S and for
all strategies o of player I, by applying formula (2.7), we get

Ex.a,ﬁ(x)u* = Ex,oc&(x)uT

= inf sup E , 5u1(X:)

Sty

< sup Ex,ot,ﬁ(x)ul ()(t)

t>0

< sup Ex,a,i(x)¢(Xt) + 1o

t>0
< ¢(x) +mo
< Um(x) =+ Mo — Nm

e
<g” —
<U (x)+2

where the third inequality holds because of Doob’s Optional Sampling Theo-
rem [Doob, 1953] and the last inequality is true since 7, < &/2. This proves
part (ii) and concludes the proof of the lemma. <

4.14 Remark: When u is the indicator of a finite set W, and V' = 0 there is an
optimal stationary family of strategies available to player II. In fact, in this
case W = I so that the result follows directly from part (i) of the lemma
above when S is finite. When S is countably infinite, one can partition the
set W in the way indicated in Remark 4.6 and then proceed with the same
arguments we used above to prove that (i) still holds. <&

4.15 Remark: 1f player II is a dummy with only one action, the game A" (u) is
a nonleavable gambling problem for player I and part (i) of the previous
Lemma implies that, whatever the strategy I plays, the probability of visiting
the set where V' < u infinitely often is zero. This corresponds to Theorem 3.7.1
of Dubins and Savage [1976] <
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We are finally ready to prove the main result of the section.

4.16 Theorem. Let S be finite. Then for every ¢ > 0 there is a stationary family
of strategies which is e-optimal for player II in the nonleavable game N (u).

Proof. Let V be the value of A (u) and S = W° U W! where, as before,
Wo={xeS:V(x)<u(x)} and W'={xeW:V(x)=>u(x)}.

If W0 =0, Theorem 4.1 states that there exists an optimal stationary family
for player II. So let us assume that W is nonempty. Fix k as in (4.7). Since S
is finite, equation (4.4) implies that there is an m > k such that

&
< —.
Vin <V + 7
Let player II use the stationary family of strategies v = V(,,;.1,). Then by part
(i1) of Lemma 4.9, for every x € S,

Eppsoottt < U (x) +2 < 1, (x) +

<V(x)+e

(S}
o] ™

for all strategies o of player II, where the next to the last inequality holds be-
cause of Lemma 4.3. This proves that v is ¢-optimal for player II. <&

4.17 Remark: The theorem implies the results derived in Everett [1957] and in
Thuijsman and Vrieze [1992] for recursive games. <

5. A concluding remark

Example 7.13.6 of Maitra and Sudderth [1996] implies that e-optimal station-
ary strategies need not exist for player II when the state space of the game is
countably infinite. However one can show that in the nonleavable game con-
sidered in that example, for any given initial state, there is an ¢-optimal sta-
tionary strategy available to player II. If this is true in general for all non-
leavable games is still unknown.
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