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The denominator function of  a generalized Kac-Moody algebra is often an 
automorphic form for the group Q.+2,2(R) which can be written as an infinite 
product. We  study such forms and construct some infinite families of  them. This 
has applications to the theory of  generalized Kac-Moody algebras, unimodular 
lattices, and reflection groups. We also use these forms to write several well 
known modular forms, such as the elliptic modular function j and the Eisenstein 
series E4 and E6, as infinite products. 
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I. Introduction 

The main result of  this paper is a method for constructing automorphic forms 
on Os+2,2(R)+ as infinite products. For example, a special case o f  theorem 10.1 



162 R.E. Borcherds 

states that if 241s and we define c(n) by q(v)-s = q-S/24 l-In>o(1 _ qn)--s = 
~ n c ( n ) q  n and p is a certain vector then 

~(1)  ) : e - 2ni(p'v) H (1 - e -  2ni(r'v) ) c(-(r 'r  )/2 ) 

r > O  

is an automorphic form for the discrete subgroup O[Is+2,2(Z) + o f  O16+2,2(R) + 
(or rather, its analytic continuation is an automorphic form, as the infinite 
product does not converge everywhere). We first describe some applications of 
this method, and then describe the proof. 

The simplest application is a product formula for the elliptic modular func- 
tion j ( z ) .  More precisely, 

j ( z )  = q- I  l-[ (1 - qn) a(n2) 
n > 0  

where the a(n) ' s  are the coefficients of a certain nearly holomorphic ("holo- 
morphic except for poles at cusps") modular form 3q -3 - 744q + .  �9 �9 of weight 
1/2 (see example 2 of section 14 for a precise description of the a(n) 's) .  There 
are similar product formulas for many other modular forms and functions, for 
example the Eisenstein series E4, E6, E8, El0 and El4 and the modular function 
j ( r ) -  1728. The usual product formula A(r) = q 1-[,>0(1 _qn)24 is the simplest 
case of these product formulas. More generally, theorem 14.1 gives an isomor- 
phism between a certain additive group of nearly holomorphic modular forms 
of weight 1/2 and a multiplicative group of meromorphic modular forms all 
of  whose zeros and poles are either cusps or imaginary quadratic irrationals. 
In particular, as an immediate corollary of theorem 14.1, we find a product 
formula for the classical modular polynomial 

1-[(j( z ) - j ( a ) )  = q -H( -n )  l-I (1 -- q") C0(n2) 
[a] n>0 

where a runs through a complete set of representatives modulo SL2(Z) for 
the imaginary quadratic numbers which are roots of an equation of the form 
aa 2 + ba + c = 0 (a ,b , c  E Z)  of some fixed discriminant b 2 - 4ac = D < 0 
(except that when a is a conjugate of one of the elliptic fixed points i or 
(1 + iv /3) /2  we have to replace the corresponding factor j ( Q  - 1728 or j (v)  
by ( j ( z ) -  1728) 1/2 or j(z)i/3). The exponents c0(n 2) are coefficients of the 
unique nearly holomorphic weight 1/2 modular form for F0(4) whose power 
series ~n~zCo(n )q  n is of the form qD + O(q) and whose coefficients co(n) 
vanish unless n - 0, 1 mod 4 (Kohnen's "plus space" condition). The product 
on the left, as a function of j ( r ) ,  is just the classical modular polynomial for 
discriminant D, whose degree is the Hurwitz class number H ( - D ) .  

This formula can be compared with the Gross-Zagier formula ([G-Z], for- 
mula 1.2 and theorem 1.3) 

I-I ( j (  vl ) -- j('~2 ) ) 4/wlw2 = -4- I I  n~:(n') 
[Zl ],['c2 ] xf:Z,n,n I > 0,x 2 +4nnt=dl d 2 
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where the first product is over representatives of equivalence classes of imag- 
inary quadratic irrationals of discriminants dl, d2, wl and w2 are the number 
of roots of 1 in the orders of discriminants dl, d2, and e(n ~) = +1 is defined 
in [G-Z]. It is also related to the denominator formula 

j(tr) - - j ( z )  ~- p - I  n (1  - pmqn)c(mn) 
m>O,nCZ 

of the monster Lie algebra (where p = e 2nits, q = e 2ni~:, and j(z)  - 744 = 
~nc(n)q,~ = q - l +  196884q+...). These 3 product formulas for I ] ( j ( a ) - j ( ' r ) )  
cover the cases when both, one, or neither of tr and r run over representatives 
of imaginary quadratic numbers of fixed discriminant, while the others can be 
arbitrary complex numbers with large imaginary part. In spite of the similarity 
of the left hand sides, there does not seem to be any obvious way to deduce 
any of these 3 formulas from the others. 

There are several strange results about Niemeier lattices (even 24- 
dimensional unimodular lattices) and the Leech lattice, which were proved 
by Niemeier, Venkov, and Conway [C-S]. For example, every Niemeier lattice 
either has no roots or the root system has rank 24, the number of roots is 
divisible by 24, and the Leech lattice is the Dynkin diagram of I125.1. We will 
find generalizations of these results for all 24n-dimensional even unimodular 
lattices K in section 12. For example, K either has no vectors of norm at most 
2n (i.e., it is extremal) or the vectors of norm at most 2n span the vector 
space K | R, and if Ox(z) is the theta function of K, then the constant term 
of O(r)/A(T) n is divisible by 24. We also use properties of one automorphic 
form to give a very short proof of the existence and uniqueness of the Leech 
lattice. 

Many examples of automorphic forms on Os+z,2(R) which are modular 
products are the denominator formulas of generalized Kac-Moody algebras. The 
simplest example is the product formula for the denominator function j ( a ) - j ( r )  
of the monster Lie algebra given above. This function obviously transforms 
under a group of the form (SL2(Z) x SL2(Z)) . (Z/2Z) ,  which is isomorphic to 
the congruence subgroup 0112.2(Z) + of O1~2.2(R). (Strictly speaking, this is an 
automorphic function rather than an automorphic form because it has weight 
0 and is not holomorphic at the cusps.) A second example is the denominator 
formula for the fake monster Lie algebra 

crP(v) = ~ ~ det(w)z(n)  e-2mn(w(p)'v) --- e-2ni(p'v) H (1 - e-2gi(r'v)) p24(l-r2/2). 
wEWn>O r > o  

This function is obviously antiinvariant under the group 01125,1(Z) +, but also 
turns out to be an automorphic form of weight 12 under the group OII26,2(Z) +. 
This is equivalent to saying that q~ satisfies the functional equation 

�9 (2v/(v, v)) = - ( (v ,  v)/2)12clg(v). 

We can construct many new examples of generalized Kac-Moody algebras from 
automorphic forms on Os+z,2(R), 'and conversely we can find many examples 
of such automorphic forms using generalized Kac-Moody algebras. 
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There are close connections between automorphic forms on Os+2,z(R) and 
hyperbolic reflection groups. For any such automorphic form with a modular 
product we will define its "Weyl vectors". These often turn out to be the Weyl 
vectors for some hyperbolic reflection group. One example given in section 
16 corresponds to the reflection group of the even sublattice of Izl,1; this is 
the largest dimension in which the reflection group of a hyperbolic lattice has 
finite index in the automorphism group. Similarly all the reflection groups of 
the lattices In,t for n < 19 that were investigated by Vinberg have automorphic 
forms associated with them. 

We now discuss how to construct automorphic forms as infinite products. 
This construction depends on 3 results, given in sections 4, 5, and 6. The 
first result (theorem 5.1) states that under mild conditions a modular prod- 
uct can be analytically continued as a meromorphic function to the whole 
of the Hermitian symmetric space H of Os+2,2(R), and its poles and zeros 
can only lie on certain special divisors, called quadratic divisors. (A mod- 
ular product is, roughly speaking, an infinite product whose exponents are 
given by the coefficients of some nearly holomorphic modular forms; see 
section 5.) The proof of this uses the Hardy-Ramanujan-Rademacher asymp- 
totic series for the coefficients of a nearly holomorphic modular form. The 
second result (theorem 6.5) is a generalization of the Macdonald identities 
from affine root systems to "affine vector systems". This generalization states 
(roughly) that an infinite product over the vectors of an affine vector sys- 
tem is a Jaeobi form. (For affine root systems the usual Macdonald iden- 
tifies follow easily from this using the fact that any Jacobi form can be 
written as a finite sum of products of theta functions and modular forms.) 
The third result we use (section 4) is a description of Hecke operators V/ 
for certain parabolic subgroups ("Jacobi subgroups") of discrete subgroups of 
Os+2,2(R). 

If we put these three results together, we sometimes find that an expres- 
sion of  the form exp(p + ~ >__0~bl V/), where ~b is a nearly holomorphic Jacobi 
form, is an automorphic form on Os+z,2(R). We prove this by showing that it 
transforms like an automorphic form under 2 parabolic subgroups J ( Z )  + and 
F ( Z )  +, and then checking (in theorem 8.1) that these two subgroups generate 
a discrete subgroup of Os+2,2(R) + of finite covolume. The invariance under 
the Jacobi group J ( Z )  + follows from the results on Hecke operators on Ja- 
cobi forms that we recall in sections 2 to 4, and the invariance under the 
Fourier group F ( Z )  + follows by calculating the Fourier coefficients explicitly 
and checking that these are invariant under F ( Z )  +. 

When the Jacobi form ~b is holomolphic, this is similar to a method for cor,- 
structing automorphic forms on Sp4(R) found by Maass [M], and generalized 
to Os+2,2(R) by Gritsenko [G], who showed that y'~f_>0q~[Vt was an automo'- 
phic form. The two main extra complications we have to deal with when q5 s 
not holomorphic are firstly that this sum no longer converges everywhere a~d 
so has to be analytically continued, and secondly that the "Weyl vector" p h:~s 
to be chosen correctly. 
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Notation (in roughly alphabetical order) 

a 

A(v) 

b 

Bk 

Fo(N) 
r(z) 

c 

c(v) 

+ If  G is a subgroup of  a real orthogonal group then G + means the 
elements of  G of positive spinor norm. 

' I f  L is a lattice then U means the dual of  L. 
• If  u is a vector (or sublattice) of  a lattice then u • means the orthog- 

onal complement of  u. 
-If  2 is a vector in a lattice then ,~ is the orthogonal projection of  2 

into some sublattice. 
A coordinate of  a vector in M. 
An entry of  a matrix (c ~ in SL2(Z). 
A Fourier coefficient of  an automorphic form on OM(R) +. 
A coordinate of  a vector in M. 
An entry of  a matrix (c~ b) in SL2(Z). 

A Bernoulli number: ~ k ~ z B k t k / k !  = t/(e t -- l) .  
A coordinate of  a vector in M. 
{(~a h) E SL2(Z)Ic =- 0 m o d N }  
Euler 's gamma function. 
An entry of  a matrix (c~a b) in SL2(Z).  
The multiplicity of  a vector in a vector system, or a Fourier coeffi- 
cient of a modular form or Jacobi form, or an exponent of  a modular 
product. 

C The complex numbers. 
C The positive cone in a Lorentzian lattice. 
6 A coordinate of  a vector in M. 

6 m 1 i f  m = n, 0 otherwise. 
A The delta function, A(r)  = q I ] ,>0 ( l  - q ' ) .  

d The number of  elements of  a vector system, an entry of  a matrix (ab) 
in SL2(Z). 

D The discriminant of  a quadratic divisor or an imaginary quadratic ir- 
rational or an imaginary quadratic field. 
means e z i f  9~(z) < 0, e -z  if  ~ ( z )  > 0. 
The Dynkin diagrams or lattices of  es, el0, and so on. 
An Eisenstein series of  weight k, equal to 1 -(2k/Bk)~-~'.,>o~rk_l (n)q' .  
e 2uiz. ~Y = e2rti(y,z). 

A function. 
A Fourier group. See section 2. 
= ~n>0oq (2n - 1 )q2n-1. 
The hypergeometric function. 
An element o f  the group G, or a function. 
A group. 
A general linear group. 
A general orthogonal group. 
= q l / Z 4 I ] n > O (  1 _ qn ) .  

The height of  a vector. See section 13. 

eiZ 

en 
Ek 

f 
F 

F(~) 
2F1 

g 

G 
GL 
GO 
~(~) 

h 
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H, H~, 
H(n) 

HNd(n) 
HNj(T) 

0, OK 
L 

IIm,n 

M[U] 

,g 

n 

N 
O 

O(q n) 

P 
pro(n) 

P 
fa(n) 

h(z) = h0(4z) + ht(4z) is a modular form of weight 1/2. 
Hermitian symmetric spaces of O,+2,2(R). 
The Hurwitz class number of n. See section 13. 
A generalization of the Hurwitz class number of n. See section 13. 
A function with coefficients HNj(n). See section 13. 
Them functions of lattices or cosets of lattices. See section 3. 
A modified Bessel function. 
The even unimodular Lorentzian lattice of dimension m + n and sig- 
nature m - n. 

.~ The imaginary part of a complex number. 
j The elliptic modular function j (z)  = q- l  + 744 + 196884q + .... 
J A Jacobi group. See section 2. 

J~ A double coset of J (Z)  +. 
tc A vector of K. 
k The weight of an automorphic form or Jacobi form. 

K An even positive definite lattice of dimension s. 
K u A modified Bessel function. 

2 An element of K. 
A The Leech lattice. See [C-S]. 
f An integer, usually indexing Hecke operators. 
L An even Lorentzian lattice of dimension s + 2, sometimes equal to 

K | H~,I. 
p An element of K, or a real number. 
m The index of a Jacobi form or vector system. See section 3 or 6, 

M An even lattice of dimension s + 4 and signature s, sometimes equal 
to L @ Hl,~. 
The lattice generated by U and all vectors of M having integral inner 
product with everything in U. 
A real number. 
An integer, often indexing the coefficients of a modular form. 
The level of a modular form. 
An orthogonal group. 
A sum of terms of order at most qn. 
e2nia 

The number of partitions of n into parts of m colors. 
A principle C* bundle over H. 

d n gd(n~(z, ~) = ~ gd(z, z), where ~ is the Weierstrass function. See sec- 
tion 7. 

q e 2ni'r 

Q A quadratic form; Q(v) = (v, v)/2. 
Q The rational numbers. 
p A Weyl vector. See section 6. 
R A commutative ring, usually Z, Q, R, or C. 

The real part of a complex number. 
r An element of the ring R, or a vector of K. 

R The real numbers. 
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O" 

6k_l(n) 
S 

sl2(R) 
SL 
SO 

tu,[: ~ t r  

T~ 
Tel 

u 

U 
Ue 

V 

V 
Vr 

W 
X 

Y 
z 

Z 

A complex number with positive imaginary part. 
= ~alnd  k-1 if n > 0, -Bk /2k  if n = 0. 
The signature of a lattice or Jacobi form. 
The set of 2 by 2 real matrices of trace 0. 
A special linear group. 
A special orthogonal group. 
A complex number with positive imaginary part, or Ramanujan's func- 
tion z(n). 
Automorphisms of a lattice. See section 2. 
A Hecke operator. 
A Hecke operator. 
A norm zero vector in a lattice, often contained in U. 
A 2-dimensional null lattice, usually a sublattice of M. 
A Hecke operator acting on Jacobi forms. 
Jacobi forms. See sections 2 and 3. 
An automorphic form on OM(R) +. 
A Jacobi form. See sections 2 and 3. 
A meromorphic modular form with a modular product expansion. 
A vector in a vector system. See section 6. 
A vector system. See section 6. 
A Hecke operator acting on Jacobi forms. See section 4. 
A Hecke operator acting on Jacobi forms. See section 4. 
A Weyl chamber. See section 12. 
A real number or an element of K | R, often equal to ~(z). 
A real number or an element of K | R, often equal to ~(z). 
An element of the complexification of K, or a complex number, often 
equal to x + iy. 
The integers. 

Terminology. 
Nearly holomorphic. Meromorphic with all poles at the cusps. 
Automorphic form. See section 2. 
Classical Jacobi form. A function of several variables transforming like a 
modular form in one of them and like a theta function in the others. See 
section 3. 
Fourier group. A certain parabolic subgroup of OM. See section 2. 
Height. The height of a vector is the minimum inner product with a Weyl 
vector. See section 13. 
Index. See section 6 for the index of a vector system, and sections 2 and 
3 for the index of a Jacobi form. 
Jacobi form. See sections 2,3. 
Jacobi group. A parabolic'subgroup of OM. See section 2. 
Koecher principle. An nearly holomorphic automorphic form on a simple 
group of rank greater than 1 is automatically holomorphic at the cusps. 
Modular product. An irifinite product whose exponents are the coefficients 
of nearly holomorphic modular forms. See section 5. 
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Primitive sublattice. A sublattice Z of M is primitive if Z contains any 
vector of M a nonzero multiple of which is in Z. 
Rational quadratic divisor. The zero set of a(y, y )+ ( b , y ) +  c where a C 
Z, b E L,c E Z. See section 5. 
Signature. The signature of a Jacobi form is the signature of any of the 
lattices associated to it, and is one less than the number of variables the 
Jacobi form depends on. 
Singular weight. Weight s/2 or 0. See section 3. 
Spezialschar. ("Special space.") A space of automorphic forms whose 
Fourier coefficients satisfy certain relations. See section 9 and [M paper 
I]. 
Spinor norm. A homomorphism from a real orthogonal group to R*/R *~ 
taking reflections of vectors of positive or negative norm to 1 or - 1  re- 
spectively. 
Theta function. A modular form or Jacobi form depending on a lattice. See 
section 3. 
Vector system. A multiset of vectors in a lattice with some of the properties 
of a root system. See section 6. 
Weyl chamber. A generalization of the Weyl chamber of a root system to 
vector systems. See section 6. 
Weyl vector. A generalization of the Weyl vector of a root system to vector 
systems. See sections 6, 12. 

2. Automorphic forms and Jacobi forms 

We summarize some general facts about automorphic forms on Os+2,2(R) and 
set up some notation for them. General references for this section are [F] for 
automorphic forms and [E-Z] for Jacobi forms. The book [F] covers modular 
forms on symplectic groups rather than orthogonal groups, but most of the 
general results carry over with only minor changes. Similarly the book [E-Z] 
covers only Jacobi forms of signature 1, but many of the results can easily be 
generalized to Jacobi forms of arbitrary signature. 

If M is any even integral lattice (with associated quadratic form Q(v) = 
(v, v)/2) we write OM for the algebraic group of rotations of M, so that OM(R) 
is the group of rotations of M | preserving the quadratic form Q of M @ R. 
We write GLM and SLM for the general and special linear groups of M, SOM 
for the special orthogonal group of M, and GOM for the general orthogonal 
group (or conformal group) consisting of the linear transformations multiplying 
the quadratic form by an invertible element. We think of SOM, OM, GLM, and 
so on as being algebraic groups defined over Z, so for example OM(Z) is the 
group of automorphisms of the lattice M. 

There is a "spinor norm" homomorphism from OM(R) to R*/R .2, whic, ~. 
which has the property that a reflection of a vector of norm Q(v) has spin(~ 
norm Q(v) E R*/R .2. In this paper R*/R .2 can usually be identified with th~" 
group { 1, - 1 } of order 2, and the reflection of a vector of positive or negati~.,' 
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norm then has spinor norm + 1 or - 1  respectively. If G is a subgroup of OM(R) 
we write G + for the subgroup of G of elements of spinor norm 1 E R*/R .2. 
The elements of OM(R) with determinant 1 and positive spinor norm form 
the connected component SOM(R) + of the identity. If M is positive definite 
the spinor norm on OM(R) is always positive, if M is negative definite it 
coincides with the determinant, and if M is indefinite then SOM(R) + has index 
4 in OM(R). If M is Lorentzian then the rotations of positive spinor norm are 
exactly those that preserve rather than interchange the two cones or negative 
norm vectors of M | R. 

The group OM(R) + is the image of the pin group PinM(R) induced by 
the natural homomorphism from PinM to Ou,  and similarly SOM(R) + is the 
image of the spin group SpinM(R). Notice that the map from PinM to OM is 
an epimorphism of algebraic groups, but the map from Pin~t(R) to OM(R) is 
not necessarily an epimorphism of groups. It would really be more natural to 
use the pin and spin groups throughout this paper rather than the orthogonal 
and special orthogonal groups, but this is not (yet) essential and we will stick 
to OM and SOM to save having to describe the construction of PinM and 
SpinM. 

From now on we assume that M is a nonsingular even lattice of signature 
s and dimension s + 4. We assume that we have chosen a "spin orientation" on 
M, by which we mean a choice of orientation on each 2-dimensional negative 
definite subspace of M | R which varies continuously. There are 2 possible 
spin orientations on M, and they are interchanged by any rotation of negative 
spinor norm. 

We construct a model for the Hermitian symmetric space of O~t(R). We 
let P be the vectors z = x + i y  E M|  such that z 2 = 0, x 2 < 0, and (x,y) is 
a positively oriented base of the 2-dimensional vector space spanned by x and 
y. This space P is acted on by C* in the obvious way, and we define H to be 
the quotient of P by this C* action. Then P and H both have natural complex 
structures, H is an Hermitian symmetric space, and P is a principle C* bundle 
over H. There is a natural compactification of H which is the closure of H in 
the projective space of M | C. 

The space P is acted on transitively by GOM(R) +, the group of all con- 
formal transformations of M of positive spinor norm. The subspace of P of 
all vectors x + iy with x 2 = - 1  is acted on transitively by OM(R) + and is a 
principle S 1 bundle over H. 

Complex conjugation in M | C maps P and H to their complex conjugates 
/5 and /~ .  If we identify /5 a n d / 4  with their complex conjugates using com- 
plex conjugation (which commutes with GOM(R)) then we get an action of 
GO~t(R) on H and P such that elements of negative spinor norm act as anti- 
holomorphic transformations. This is similar to the extension of the usual action 
of GL2(R) + (the subgroup of elements of positive determinant) on the upper 
half plane extended to an action of GL2(R) on the complex plane with the real 
line removed. If  we identify the upper and lower half planes using complex 
conjugation, then we get an action of GL2(R) on the upper half plane, with the 
elements of negative determinant acting as antiholomorphic transformations. 
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The group O~t(Z) + is a discrete subgroup of OM(R) +. We will say that a 
function ~b on P is a nearly holomorphic automorphic form of weight k E Z 
for OM(Z) + if it has the following properties. 
1 �9 is holomorphic on P. 
2 �9 is homogeneous of degree -k ,  i.e., q~(vz) = z-kq~(v) for z E C. 
3 q, is invariant under OM(Z) +, i.e., ~(Tv) = ~(v) for ~ E OM(Z) +. More 

generally, we also allow ~(~,v) = det(y)~b(v) and call such forms antiin- 
variant under OM(Z) +. 
If �9 is also "holomorphic at the cusps" (see below) then we call q, a 

holomorphic automorphic form, or automorphic form for short. For s => 1 
any nearly holomorphic form is automatically holomorphic by the Koecher 
boundedness principle, which also holds for s = 0 provided the lattice M 
does not have square determinant (by the Koecher boundedness principle for 
Hilbert modular forms). (The Koecher boundedness principle states that any 
automorphic form on an Hermitian symmetric space associated to a group 
of real rank greater than 1 is automatically holomorphic at all cusps if it is 
holomorphic on the symmetric space. See the article on pp. 296-300 by Baily 
in [B-M].) 

Homogeneous functions of degree - k  on P can be identified with sections 
of the line bundle pk over H, so nearly holomorphic automorphic forms of 
weight k are just invariant (or antiinvariant) holomorphic sections of pk. 

We can restrict �9 to the subspace of P with x 2 = y2 = _ 1 and then lift it 
to a function on Ou(R) + (or better, to a function on PinM(R)). The conditions 
on ~b then say that this lift is left invariant under OM(Z) + and transforms under 
right multiplication by the elements of a maximal compact subgroup according 
to some representation (described by k) of this compact subgroup. Hence our 
definition is equivalent to a special case of the usual definition of an automor- 
phic form on a reductive Lie group. We can also define forms of half integral 
weight either by using the double cover of the line bundle P instead of P, or 
by allowing �9 to be a 2-valued holomorphic function, or by using functions 
on the pin group. A form of weight k on the group OM(R) + becomes a form 
of weight 2k on PinM(R). This is because the weight k indexes representa- 
tions of an S 1 subgroup of OM(R) + or PinM(R), and the map between the 
corresponding S l subgroups is 2 to 1, so the integer parameterizing irreducible 
representations has to be doubled. Forms of half integral weight on OM cor- 
respond to ordinary modular forms of integral weight rather than half integral 
weight, because the double cover SpinM --~ SOM corresponds to the double 
cover SL2 ~ PGL2 rather than the metaplectic double cover of the special 
linear group. In particular if M has dimension 3 then automorphic forms on 
OM(R) + of weight k can be identified with ordinary modular forms of weight 
2k (rather than k). This annoying factor of 2 in the weights is unavoidable 
and is not just caused by a bad choice of conventions: one construction in 
this paper starts with an ordinary modular form for SL2(Z) of weight k, and 
ends up with an ordinary modular form of weight 2k, and this factor of 2 is 
essentially caused by the doubling of weights when lifting forms on OM to 
forms on PinM. 



Automorphic forms on Os+2,2(R) and infinite products 171 

We now study the parabolic subgroups of  OM. The subgroup fixing a 
nonzero null sublattice of  M is a maximal parabolic subgroup, and this null 
sublattice can have rank 1 or 2. If  it has rank 1 we will call the corresponding 
parabolic subgroup a Fourier group, and if it has rank 2 we call the corre- 
sponding parabolic subgroup a Jacob• group. The reason for this terminology 
is that the "Fourier-Jacob• expansion of  an automorphic form with respect 
to a parabolic subgroup is essentially either a Fourier series expansion or an 
expansion in terms of  Jacob• forms, depending on whether the parabolic sub- 
group is a Fourier group or a Jacob• group. What we call the Jacob• group 
is essentially a central extension of  the Jacob• group in [E-Z, p. 10]; see also 
[E-Z Theorem 1.4] and [E-Z Theorem 6.1] for other appearances of  this central 
extension. 

Suppose that U is a 2-dimensional primitive null sublattice of  M, and let 
J be the corresponding Jacob• subgroup of GOM. (A sublattice U of  M is 
called primitive if  U = M N U | R.)  There is an obvious induced action of  
J on the lattices U and U •  = K, so we get a homomorphism from J to 
GOK • GLu. The connected component of  the kernel of  this homomorphism is 
a Heisenberg group whose structm'e we will now describe. (This is the "same" 
Heisenberg group that turns up regularly in the theory of  theta functions.) If  
u E U and v E u• then we define an automorphism t~,~ of  M by 

tu,~(w) = w + (w,u)v - ((w,v) + (w,u)(v,v)/2)u.  

For fixed u these form a group of  automorphisms of  M fixing u and all elements 
of u• If  u, v is a positively oriented basis of  U and r C R then we define 
tr by 

tr = tr .... 

This depends on U but not on the choice of  positively oriented basis for U, and 
commutes with all automorphisms t,,v for u C U, v E U • The automorphisms 
G,~, for u C U, v E U x satisfy the relations 

tu!,Vl lu2,v2 = tu2,v2tul,v 1 tr 

where r = ((v~,v2) times the determinant of  a linear transformation taking a 
positively oriented basis of  U to ul, u2. They generate a Heisenberg group of  
dimension 2s + 1 whose center is the group of  elements of  the form tr. 

If ~ is an automorphic function and J is a Jacobi group we define the 
.lacobi expansion of  �9 as follows. We let tr for r E R be the elements of  the 
~center of  the Jacobi group. We define ~bm for m C Z by 

~m(v) = f O(tr(v))eZ~i~rdr. 
r E R / Z  

"l'his is well defined because #(tr(v) = ~(v)  for r E Z. The Jacob• expansion 
~t" ~b is then 

�9 = ~ , ~ , . ,  
mEZ 
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and the functions ~bm have the following properties. 
1 q5 m is a homogeneous function of  weight k. 
2 ~bm is holomorphic on P. 
3 Cm(lr(1))) = e2nimr~m(Y ). 

4 Cm is invariant (or possibly antiinvariant) under the Jacobi group J(Z)  +. 
5 Cm is "holomorphic at the cusps" (at least i f  cb is); the meaning of  this is 

described below in the section on Fourier subgroups. 
Functions with these properties are called Jaeobi  forms of  index m and 

weight k and signature s. If  the lattice M is 5 dimensional (i.e., the signature is 
1 ) then these are more or less the same as the Jacobi forms of  [E-Z] multiplied 
by an elementary function. The signature s is the signature of  any of  the 3 
lattices K, L, or M associated with the Jacobi form. If  q~m is a Jacobi form 
we can analytically continue it to the space of  all norm 0 vectors v in M | C 
such that ~((v, ul)/(v, u2)) > 0, where Ul and u2 is any oriented base of  U, 
by saying that r = e2~imr~om(V) must hold for all complex values of  r. 

Now suppose that u is a primitive norm 0 element of  M, and let F be the 
corresponding Fourier group. There is an induced action of  F on the lattice 
L = u• which gives a homomorphism from F to the group GOL. The 
connected component of  the kernel of  this homomorphism is a unipotent abelian 
group containing the elements t,,,v for v E L. Suppose that ~b is either an 
automorphic form or a Jacobi form of  a 2-dimensional lattice containing u. 
Then cb(tu,~(w)) = ~(w)  for v E L. We define Am for m E L' by 

Am(w)  = f ~(tu,v(w))e2nimvdv. 
vEL| 

The Fourier expansion of  �9 is then 

r ~ A m .  
mEL t 

We will see shortly that the Am's are elementary factors times exponential 
functions, so this is essentially just the usual Fourier series expansion of  ~. 
We say that ~b is holomorphic at F if  the Fourier coefficients Am are 0 unless 
m lies in the closed positive cone of  L. (The vectors of  nonpositive norm 
in L | R form two closed cones; the positive one is defined to be the one 
containing a norm 0 vector v such that u, v is a positively oriented basis of  the 
2-dimensional space they span in M.)  If  q5 is a Jacobi form corresponding to 
some Jacobi group J ,  then we say that ~ is holomorphic (at the cusps) i f  the 
Fourier expansion of  ~b at every cusp of  J is holomorphic, i.e., i f  the Fourier 
expansion of  q5 at every Fourier subgroup F such that F M J is parabolic is 
holomorphic. This condition on F just means that F is the Fourier group of 
some 1-dimensional lattice contained in the 2-dimensional null lattice of  J .  

I f  F is a Fourier group of  a norm zero vector u, we will construct another 
model Hu of  the Hermitian space H,  on which the action of  F is easier to 
visualize. We put L = u• so that L is a Lorentzian lattice, and we write LI(R) 
for the space (vectors of M| which have inner product 1 with u)/Ru, so that 
L l is an affine space over L. We define Hu to be the vectors in x + i y  E LI(C) 
such that y is in the positive open cone of  L | R. I f  we write PJ for the 
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vectors of P having inner product 1 with u, then H is naturally isomorphic 
to p1 because each fiber of P over H has a unique element in P~. Also each 
element of PI represents an element of H~. This maps pl onto H~, because 
given any point x + i y  E M | C representing a point in H~, we can add a 
multiple of u to x to make the norm of x equal to that of  y, and can then add 
a multiple of u to y to make x and y orthogonal. The point x + iy  then lies 
in p l .  Hence we have constructed isomorphisms from H to p l  and from PI 
to Hu, so Hu can be identified with H. We identify functions of degree - k  on 
P with functions on p1 by restriction, and we identify functions on p l  with 
functions on H~ by using the isomorphism from p1 to H~. Hence functions of 
degree - k  on P (in particular automorphic forms of weight k) can be identified 
with functions on H,. 

3. Classical theory 

We will show that the definitions in the previous section are equivalent to 
the usual definitions of Jacobi forms (at least when M has dimension 5) by 
working out a simple case explicitly. We choose K to be an even positive 
definite lattice and we let L = K | Hi,l, M = L �9 We can write vectors 
of M in the form (~ ,~ , -6 ,7 , f l )  with K E K,  ~ , f l ,7 ,6  E Z, and this vector has 
norm K 2 / 2 + ~ 6 - T f l .  We put ul = (0 ,0 ,1 ,0 ,0) ,  u2 = (0,0,0,0,1) .  We define 
J to be the Jacobi group of (ui ,u2),  and we let F be the Fourier group of 
u = u2. We let Hu be the Hermitian symmetric space defined in the previous 
section. We can identify Hu with a subspace of L | C (because we have a 
canonical vector (0, 0, 0, 1,0) which has inner product - 1  with u.) 

It is particularly easy to describe functions on H which are invariant under 
F(Z).  If we consider the associated function ~u on Hu, then we can expand ~u 
as a Fourier series (as f is invariant under translation by L), and the Fourier 
coefficients have to be invariant under the natural action of F on L'. 

As an example we work out the condition on q~u that corresponds to the 
weight k automorphic form f being invariant under the transformation tak- 
ing (v,7,fl) to (v, fl,7) (v E L | C). By definition, ~u(v) = f ( v ,  1,v2/2) and 
f ( v , 7 , ~ )  = f ( v ,  f l ,7),  and f ( v , 7 , f l )  = ~-kcbu(v/7 ) (for v 2 = 2mn).  From this 
it follows that 

# d - Z v / ( v ,  v))  = ((v, v)/Z)k~Odv).  

Suppose now that q5 is a Jacobi form of index m and weight k. We will 
:~how how to identify q5 with a classical Jacobi form. The conditions on ~b are 

d?(z, o~, -c5, 7, f l)  = rk c~(rz, r~x, - r r ,  r 7, rf l)  

=- e--2nimr ~(z,O~,--6 q- r~,, ~,fl -- ret) 

= c~('z,a~ + b y , - d 6  - cfl, c~ + dT, afl + b6) 

= qS(z + ~ 2 , ~ , - 6  + (z, 2) + ~22/2, 7, //) 

= dp(z + 7p, e , - 6 , 7 , f l  + (Z,l~) + 7p2/2) 

' - ' o r rER,  2 E K ,  I t E K ,  z E K |  (~b) ESL2(Z) ,~ , f l ,7 ,  a E R .  
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We extend 49 so that it is defined for all norm 0 vectors such that 
~(~/7) > 0 by insisting that q~ should satisfy 49(z,c~,-6 + ry, 7, ~ -rot )  = 
e2nimr49(Z,O~,--6, y,~) for all complex values of r. If we define 49u(z,z) for 

E C,.~(T) > O, z E K |  by 

49u(Z, T) = 49(z, T, O, 1,zZ/2) 

then we find that 49u has the following properties. 

49u(z/(cz + d), (aT + b)/(cr + d) ) = (cT + d)k e2~imc(z2/2)/(c~+a)49u(Z, ~) 

49u(Z + 2"~ q- ]A,T) = e--Znim(z2+~:22/2)49u(Z,'~ ) (•,11 C K). 

Conversely, if  we are given 49~ with these properties and we define 49 by 

49(z, CX, --6, 7, fl ) = 49u(Z/7, Cr )7 -k  e-z~irn~/7 

then 49 transforms like a Jacobi form. If K is a one dimensional lattice spanned 
by a vector of norm 2, then the relations for 49u are equivalent to the relations 
in [E-Z, p. 1] defining classical Jacobi forms (except for a misprint in their 
equation (1), where the term 27rimcz should be 2rcimcz2). There is an extra 
factor of 2 in some of  the norms in some of our formulas compared to the 
ones in [E-Z]; this appears because we normalize K to be an even lattice 
generated by an element of norm 2, while in [E-Z] K is a lattice generated by 
an element of norm 1. 

We now summarize some facts about Jacobi forms, which are straightfor- 
ward extensions of standard results about Siegel modular forms and Jacobi 
forms of signature 1. We say that a Jacobi form of signature s has singular 
weight if  its weight is 0 or s/2. We say that an automorphic form on O~t(R) 
has singular weight if  its weight is 0 or s/2. We define a theta function of 
weight k = s/2 and index m C Z to be a linear combination of functions of 
the form 

OK+r(Z , "~) ~- ~ q22/2~ m2 
2EK+r 

where K is some positive definite rational lattice of dimension s and r E K |  
(q = e2niz, ~2 = e2~i(z,2)). Any theta function is a holomorphic Jacobi form of 
singular weight. 

Theorem 3.1. Any (nearly) holomorphic Jacobi form 49 of  positive index can 
be written as a sum of  products o f  theta functions and (nearly) holomorphic 
modular forms (though these theta functions and modular forms may hat~e 
higher level than 49). 

For the case of Jacobi forms of signature 1 this is theorem 5.1 of [E-Z!. 
The proof for higher signatures is essentially the same. 

Corollary 3.2. Any holomorphic Jacobi form of weight 0 is constant, at, d 
there are no nonconstant Jacobi forms of  weight less than the singular wei.cjht 
s/2. Any holomorphic Jacobi form of singular weight s/2 is a sum of  them 
functions. 
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Proof This follows from theorem 3.1 and the fact that any theta function has 
weight s/2. 

Corollary 3.3. Any holomorphic automorphic form either has weight 0 in 
which case it is" constant, or has weight at least s/2. I f  it has singular weight 
s/2 then all the Fourier coefficients corresponding to vectors of  nonzero norm 
vanish. 

Proof If f can be written as a sum of Jacobi forms (which is the only case 
we will use in this paper and is always true if s > 2) then this follows from 
the previous corollary. This is the analogue of the second proof in [F, appendix 
IV]. In general the corollary can be proved by using the Laplacian operator, 
as in the first proof given in IF, appendix IV]. 

In particular there is a gap between 0 and s/2, such that there are no 
modular forms with weights in this gap. This phenomenon does not occur for 
Siegel modular forms because it just happens that all half integers less than 
the largest singular weight are also singular weights. (In both cases the number 
of singular weights is equal to the real rank of the corresponding Lie group.) 
Similarly the gap between weights 0 and s/2 of holomorphic Jacobi forms of 
signature s is not really noticeable in [E-Z] because s/2 is equal to 1/2. 

4. Hecke operators for Jacobi groups 

Suppose that M is an even lattice of dimension s + 4 and signature s and 
that U is a 2-dimensional primitive null sublattice and J the corresponding 
Jacobi group. We will assume that we are in the simplest ("level 1") case, 
so we assume that the map from M to U'  is onto, and we assume that the 
discrete group we are working with is the full group J ( Z )  + (rather than some 
congruence subgroup). 

Suppose that Y is a 2-dimensional lattice containing U. We define M[Y] 
to be the lattice generated by Y and the vectors of M that have integral inner 
product with all vectors of Y. The fact that M maps onto U '  implies M can be 
written as K @//2,2 where U is contained in II2,2, and this implies that M[Y] 
is isomorphic to M under some isomorphism mapping Y to U. (In the higher 
level case this is not always true, and we have to restrict ourselves to lattices 
Y having this property.) We define Jr to be the set of all isomorphisms of 
positive spinor norm from some lattice of the form M[Y] with [Y : U] = < to 
M. This is a union of double cosets of J ( Z )  + = J1 because J ( Z )  + acts on the 
set of lattices Y with [Y : U] = <. Two elements a and b of J l  are in the same 
right J-coset if and only if ab -I is in J b  which happens if and only if a -1 
and b -1 both map U to the same lattice Y. Hence the right cosets of J ( Z )  + 
in J< correspond exactly to the lattices Y with [Y : U] = <, and in particular 
there are only a finite number of such right cosets. 

If q~ is a Jacobi form for J ( Z )  + we define the Hecke operator V< by 

(4,1v<)(v) -- (1/<) ~ ~(gv). 
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This operator maps Jacobi forms of  weight k and index m for J1 to Jacobi 
forms of weight k and index mS. (The index gets multiplied by 8 because the 
elements of Jr act on A2(U) and hence on the center of the nilradical of Jl 
as multiplication by 8.) We define the operator V<,< similarly except that we 
restrict to the coset corresponding to lattices Y such that Y/U -- (Z/EZ) 2, so 
that 

(41 v<,~)(v) = (1/< 2)r 

where 9 maps (1 / f )U to U. The operator V/,f maps Jacobi forms of weight k 
and index m to Jacobi forms of weight k and index m8 z. The operator 8 2-k Vt,< 
is denoted by U~ in [E-Z]. 

We define an action of  GL2 on M by 

( c a b ) ( z , ~ , - ~ , , , f l ) = ( z , ( a c t + b , ) / 8 , - d f i - c f l , ( c ~ + d ? ) / ( , b r + a f l )  

where E = ad - bc. A set of right coset representatives of J l \ J (  is then given 
by the usual set of matrices (o b) with 0 < b < d, ad = 8. Using this set of 
representatives we can calculate the relations between the Hecke operators and 
the Fourier expansion of f iT~ in the same way as for ordinary modular forms, 
and we get the following results. 

Theorem 4.1. 
1 I f  8 and 81 are coprime then I,'<tl/, = V~,/,. 
2 Vc,~Ve,,e, = Vee,,ee,. 
3 I f p  isprime then VpVp, = Vpn+lq-pVp,pVpn-l. (More generally, V~-V/, : 

~--~a i(<,<,)d Va,a V< <, /a2. ) 
4 The operators o f  the form V< and V(,e for  f > 1 all commute with each 

other. 

Proof For signature 1 see [E-Z Theorem 4.2]; the proof in the general case is 
similar. (There is a misprint in equation (10) of [E-Z, Theorem 4.2]; the term 
V< o U~, should be /I< o 1I<,.) 

If we choose a norm 0 vector u and let qSu be the classical Jacobi form 
associated to ~ and u as in the previous section then we can calculate the 
effect of Ve on the Fourier coefficients of ~b~ as follows. 

Theorem 4.2. I f  qru(z,z) = Y~c(r,n)q"~ ~ then 

flpu[V~f = ~k-2~c(r/~, n)qn~ r 
r,n 

and 
~bulV< = ~q,~r  ~ ak-lc(r/a, nE/a2). 

r,n a[(r,g,n) 

Proof This is a straightforward calculation using the standard set of covet 
representatives. Details for the case of  signature 1 are given in the proof ,~f 
[E-Z, Theorem 4.2], and the proof in the general case is similar. 
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5. Analytic continuation 

In this section we prove that certain infinite sums and products on L |  can be 
analytically continued to multivalued functions whose singularities and branch 
points (and zeros in the case of products) are known explicitly. 

We let L be an (s + 2)-dimensional Lorentzian lattice (of signature s), and 
we let C be one of the two cones of negative norm vectors in L | R. We 
choose some vector in - C  that is not orthogonal to any nonzero vector of L, 
and the expression x > 0 means that x has positive inner product with this 
vector. 

We define a modular product to be an infinite product of the form 

~(Y) = e-2~i(P'Y) ]1 (1 - e-2~i(x'Y)) c(x) 
xEL,x>O 

where y E L | C, .~(y) E C, c(x) is the coefficient of q-(X~)/2 of some nearly 
holomorphic modular form fx  of weight -s/2,  and the modular forms fxl and 
J~2 are equal whenever xl - x2 lies in NL for some fixed integer N. 

We define a rational quadratic divisor to be the set of points y with 
~ ( y )  E C such that a(y,y)  + (b,y) + c = 0 for some a E Z, b E L, c E Z 
with (b,b) - 4ac > 0. If M = L | Hi,l, then the points y is some rational 
quadratic divisor are just the points (y, 1, y2/2) E M | C that are orthogonal to 
the norm b 2 - 4 a c  vector ( b , - 2 a , - c )  of M. Hence rational quadratic divisors 
correspond to equivalence classes of positive norm vectors of M, where two 
vectors are equivalent if they are rational multiples of each other. 

For example, if L is a 1-dimensional lattice then a rational quadratic divisor 
is just an imaginary quadratic irrational number in the upper half plane. 

Theorem 5.1. Any modular product eb(y) converges to a holomorphic function 
whenever ~ (y )  is in C and has sufficiently large norm. This function can 
be analytically continued to a multivalued meromorphic function for all y 
with .~(y) E C all o f  whose singularities and zeros lie on rational quadratic 
divisors. 

We will see later that along any rational quadratic divisor a(y, y )+  (b, y )+  
c = 0 the function q~(y) is locally of the form (a(y, y )  + (b, y)  + c) s times a 
holomorphic function for some complex number s (except of course where the 
rational quadratic divisor meets other singularities or zeros of q~). The complex 
number s is called the multiplicity of the zero of q~ along this rational quadratic 
divisor. The function ~b is holomorphic if and only if the multiplicity of every 
rational quadratic divisor is a nonnegative integer. 

If we allow the modular forms f r  in the definition of a modular product 
to have poles in the upper half plane, then their coefficients e(n) increase 
exponentially fast which implies that the product defining �9 does not converge 
anywhere. On the other hand, if  we insist that the modular forms f r  should 
be holomorphic, then their coefficients c(n) have polynomial growth, which 
implies that the infinite product for ~b converges whenever ~ ( y )  E C, so that 
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~b is holomorphic and nonzero in this region. An example of this case is 

f (v)  = 12~n~zq ~2 and ~b(z) = qI]n>0(1 - qn)24. 

Theorem 5.2. Suppose that k is a positive integer and 

q~(Y) = ~ A(x)e -2~i(x'v) 
xEL,x>O 

where A(x) = ~alxdk-lcx(-(x ,x) /2d 2) and Cx(n) is" the coefficient o f  q" of 
some nearly holomorphic modular form f~ o f  weight k -  s/2, such that f~ 
depends only on x mod N for some fixed integer N. Then the sum for qb 
converges whenever ~ (y )  C C and -( ,~(y) , ,~(y))  is sufficiently large, and 
can be analytically continued to a meromorphic function defined for all y 
with ,~(y) C C, all o f  whose singularities are poles o f  order k lying on 
rational quadratic divisors. 

The proof of theorem 5.2 is similar to that of theorem 5.1 and slightly 
simpler, so we will omit it. If k = 0 then the sum in theorem 5.2 is, up 
to some elementary factors, the logarithm of the product in theorem 5.1, so 
the main change in the proof is that we do not first need to take logarithms. 
Lemmas 5.3 and 5.4 are sufficiently general for the extension of the proof to 
theorem 5.2. 

The idea of the proof of theorem 5.1 is that log(~b(y)) is given by a 
Fourier series whose coefficients depend on the coefficients of modular forms. 
The singularities of any periodic function are closely related to the asymptotic 
behavior of its Fourier coefficients, and we know the asymptotic behavior of 
the coefficients of modular forms because of the Hardy-Ramanujan-Rademacher 
series. Hence we can find all the singularities of log(~b(y)), which gives us all 
the singularities and zeros of ~(y). Before giving the proof of theorem 5.1 we 
prove two preliminary lemmas. 

Lemma 5.3. Suppose that f (~ )  = ~']n~zc(n)q n is a nearly holomorphic modu- 
lar form which has half integral weight k (which may be positive or negative 
or zero). Suppose that its expansion at the cusp a/c (c > O, a d -  bc = 1) is 

(cv + d)-k  f ( (az  + b)/(cr + d))  = ~ ca/c(n)e 2 .... . 
nEQ 

Then for any positive number ~ we can find a finite sum o f  terms of  the series 

~ y~ 2rtCa/c(_rn)e2~i( . . . .  d)/cll_~(4rtv/-m~/c)(m/n)(1-k)/2/c 
m>Oc>OO<=a<c,O<=d<c,cl(ad--I ) 

which differs from e(n) by at most O(e~V~). (Ii-k(z) is the modified Bessel 
function of  the first kind," see [E  7.2.2].) 

Proof This is the Hardy-Ramanujan-Rademacher series for the coefficients of 
nearly holomorphic modular forms. The case when the form f has negative 
weight and level 1 is proved in [R] (and in this case the series converges 
absolutely to c(n)). The case when f has level greater than 1 is an easy gen- 
eralization of the case when f has level 1. If f has weight 0, then Rademacher 
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showed that the series still converges to c(n) provided they are added in the 
right order and n =I=0, which again implies lemma 5.3. If  f has positive weight 
then a similar argument shows that the series we get is an asymptotic series 
for r with the stated error term. (In this case the series does not usually 
converge to c(n).) This proves lemma 5.3. 

Lemraa 5.4. I f  m is positive, k is real and s > - 1 then the integral 

I = 2n f e-Z~i(~'Y)ll_k(4nv/m(--x,x)/2)((--x,x)/2)(k-1)/2dS+2x 
xEC 

converges i f  ~ (y )  C C and - ( ~ ( y ) ,  .~(y)) is sufficiently large, and can be 
analytically continued to a multivalued holomorphie function in the region of  
all y r L | C with ( y , y )+O and (y,y)4=2rn. 

In other words, the integral can be extended to a function which is (mul- 
tivalued) holomorphic for ~ ( y )  E C apart from a singularity along a rational 
quadratic divisor. 

Proof We first evaluate the integral 

f e - 2 n i ( x ' Y ) f ( ~ ) d S + 2 x  
x@C 

where y E iC, ( y , y )  is sufficiently large, and f is any continuous function 
defined for non negative real numbers which does not increase more than 
exponentially fast at infinity. 

This integral is equal to 

7 r ( s + l ) / 2  g o  x , - - - -  

_ _  [" ( e - Z n x x / ( Y , Y ) V ( x / ~  _ r2)rSdrdx. 
V((s + 1)/2)xa0r_a0 J "  

(The factor in front is the area of a sphere of radius 1 in s + 1-dimensional 
space.) If we put t 2 = x 2 - r  2 and then change x to tx, we find that this integral 
is equal to 

9 7 ~ ( s + 1  ) /2  g o  g o  ~ 

F ~ ~ -~72 ), foxf, e-zr`x V' <y'y ) f ( t )(x" - t2 )<s- l )12 tdxd t 

2.n:(s+l )/2 oo oo 

-F(-~-~]-~72),fo, f e - 2 = ' ~ f ( t ) ( x  2 - 1)(s-l)12tS+ldxdt. 

The integral over x can carried out explicitly using Gubler 's formula (rE vol. 
2, 7.3.4, formula 15]) 

g o  

F(# + 1/2)K~(z) = 7rl/Z(z/2) ~ f e-ZX(x2 - 1 )~-I/2dx 
1 

wilich is valid for ~ ( # )  > -1 ' /2,  ~ ( z )  > 0, with z = 2 1 r t ~ ,  # = s/2. 
{!'.'~, is the modified Bessel function of the third kind; rE vol. 2, 7.2.2].) We 
I~d that 

{3O 

f e-2"i(x'Y)f( (-~,x))dS+Zx = 2 f f(t)Kslz(27zt ~ ) t  sl2+i(y, y)-Sl4dt" 
,~ZC t = O  
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We now substitute f ( t ) =  I i_k(47rtv / -~) t  k-1 into this and find that 

I ----- 41r2 O-k)/2 f l l - k (4n tx /~ )Ks /2 (2n tv /~ , ,  y))(y, y)-S/4ts/2+kdt. 
t = 0  

By [E vol. 2, 7.14.2, formula 35] 

oo 

2p+1 ~ + l - p r ( v  + 1 ) f K~(ott)L.(~t)t-Pdt 
0 

=fiVE(v~2 - p/2 + 1~/2 + 1/2)r(v/2 - p/2 - / ~ / 2  + l / 2 ) x  

x 2Fl (v/2 - p/2 +/2/2 + 1/2, v/2 - p/2 - ~t/2 + 1/2; v + 1;/32/~ 2) 

whenever ~ > /3, ~ (v  - p + 1 :t:/t) > 0. (2F1 is the hypergeometric function 
[E volume 1, chapter II].) If we set # = s/2, v = l - k ,  ~ = 4 n V / ~ ,  

= 27rX/~y, y), p = - k  - s/2 in this we find that 

oG 

2 1 - k - s / 2 ( 2 r c ~ ) s / 2 + 2 F ( 2  _ k ) f  Ks /2(2ntx /~ ,~ j ) I i_k(4z tv /~)?+S/2dt  
0 

= ( 4 ~ V / ~ )  j -kF(1 + s/2)2Fl(1 + s/2, I; 2 - k; 2m/(y, y) )  

so that 

oo 

2g f Ks/2( 2rrt ~ )ll_k( 4gt x / ~  )tk +s/z dt 
0 

= m ( l - - k ) / Z ( y ,  y ) - I  - s /42 - - ( k+l  )/2 X 

• 2Fl(1 +s/2,  1;2 - k;2m/(y ,y))F(1 +s/2) /F(2 - k) 

We find that 

I =21-km(t-k)/2(y, y ) -  l-s~2 x 

x 2F1(1 + s/2, 1; 2 - k; 2m/(y, y))F(1 + s/2)/F(2 - k )  

The hypergeometric function 2F1 (a, b; e; z) can be analytically continued when- 
ever z is not 0, 1, or e~, so the function I can be analytically continued 
whenever (y, y )  is not 0 or 2m. (If k is a positive integer at least 2 then the 
hypergeometric function has a pole in k, but this cancels out with the pole of 
F ( 2 - k ) ,  so I is still a well defined analytic function.) This proves lemma 5.4. 

We can now prove theorem 5.1. We can ignore the factor e -2ni(p'y), and 
can assume that the product is taken only over those values of x in some 
coset v + NL of NL, so that c(x) is equal to the coefficient c(- (x ,x) /2)  ot 
q-(XZ) of some fixed nearly holomorphic modular form f ( z ) .  If we expand the 
coefficients using lemma 1 as a finite sum of Bessel functions plus a remainder 
term, then the estimate O(e ~V~) for the remainder shows that the product using.. 
the remainder terms can be made to converge whenever ~ ( y )  has norm at least 
6 for any given positive 6. It is also easy to check that the infinite product 
over the vectors x of negative or zero norm converges whenever ~ (y )  E C, 
so we can ignore these terms in the product. (In fact, the same is also tr~w. 
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for the terms where r has norm less than any given constant.) Therefore it is 
sufficient to prove theorem 5.1 for the infinite product 

]1 (1 - -  e--2rci(x'Y)) l l - k (4n~) ( ( -x ' x ) /2 ) (k -1 ) /2  
xEL+v,xEC 

(after replacing L by NL). 
The logarithm of  this is 

- ~ ~ e-2"in(x'y)ll-k(4rt~/m(--x,x)/2)((--x,x)/2)(k-l)/Z/n. 
xEL+v, xECn > 0 

The sum of  all terms with n large converges whenever the norm of ~ ( y )  is 
at least 6 for any given positive constant 6, so it is sufficient to prove that the 
sum of the terms for any fixed n can be analytically continued with at most 
logarithmic singularities along rational quadratic divisors. 

If  we replace L by nL we find that we have to show that the function 

e -  2~i(x'Y ) Ii -k( 4 r~ v /  m( -x , x  )/2 )( ( - x , x  )/2 ) (k-l)~2 
xEL+v,xEC 

has only logarithmic singularities along rational quadratic divisors. This is a 
finite linear combination of sums of  the form 

e-  Z~i~x'y+r) I~-k( 4rt v /  rn(-x,x )/2 )( ( - x , x  )/2 ) O-k)/2 
xEL,xEC 

for some larger lattice L and some rational vectors r E L | Q. I f  we apply the 
Poisson summation formula to the integral in lemma 5.4 we can evaluate this 
sum explicitly, and by lemma 5.4 all its singularities lie on quadratic divisors 
of the form (y  + r + v, y + r + v) = 2m for some vectors v in the dual of  L. 
(More precisely, the singularities are of  the form - m  ~k-j)/2 log(1 - 2 m / ( y  + 
r + v,y  + r + v)).) I f  we exponentiate this we find that all singularities and 
zeros of the product in theorem 1 lie on rational quadratic divisors because b 
is rational and r + v E L | Q, which proves theorem 5.1. 

6. Vector systems and the Macdonald identities 

In this section we show that certain infinite products parameterized by vectors 
of a lattice are Jacobi forms. The Macdonald identities for root systems are 
more or less a special case o f  this result. 

We first define vector systems in a lattice, which are a generalization of 
indecomposable root systems. Suppose that K is a positive definite integral 
lattice, and that we are given nonnegative integers c(v) for v E K which are 
zero for all but a finite number of  vectors of K.  We say that the function e is 
a vector system if  it has the following 2 properties. 
1. c(v) = c ( - v ) .  
2. The function taking 2 to ~ x c ( v ) ( 2 ,  v) 2 is constant on the sphere of  norm 

1 vectors 2 E K | R. 
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We will write V for the "multiset" of  vectors in a vector system, so we 
think of  V as containing e(v) copies of  each vector v E K, and we write 
~ v ~ v f ( V )  instead of  ~ o E x c ( v ) f ( v )  (and similarly for products over V). The 
second axiom for a vector system says that the directions of  the vectors in it are 
evenly distributed over the unit sphere in some weak sense. We say the vector 
system V is trivial i f  it only contains vectors of  zero norm. A decomposable 
root system is not usually a vector system. 

Lemma 6.1. I f  G is any 9roup actin9 on the lattice K that acts irreducibly 
on K | R and contains - 1  then any orbit V o f  G, or any finite union of 
orbits o f  G, is a vector system. In particular i f  the automorphism 9roup of 
K acts irreducibly on K | R then the set V o f  vectors o f  any f ixed norm is 
a vector system, and any finite multiset o f  vectors o f  V invariant under the 
automorphism group o f  K is a vector system. 

Proof I f  ~o~v(2,  v) z were not constant on the unit sphere, then the points 
at which it took its maximum value would span a proper subspace of  K | R 
invariant under the G, contradicting the fact that G acts irreducibly on K | R 
This proves lemma 6.1. 

We define the index m of  a vector system by 

= x- ,  ( v , v )  
m 

Lemma 6.2. I f  V is a vector system and 2 and # are any vectors o f  K then 

(v, 2)(v,/~) = 2m(2,/a) 
vEV 

v(v, ~,) = 2m2. 
vEV 

Proof I f  2 = /~  the first line follows from axiom 2 by integrating 2 over the 
unit sphere. The case for arbitrary 2 and # follows from the case for 2 =/~  by 
polarization. The second identity follows from the first because both sides are 
vectors having the same inner product with all vectors /~. This proves lemma 
6.2. 

Lemma 6.3. The index m o f  a vector system V is a nonnegative integer, and 
is 0 i f  and only i f  the vector system is trivial. 

Proof  The only nontrivial fact to prove is that m is integral. Suppose that n 
is the highest common factor of  all the integers (~,,/~) for ,~ E K, /~ E K. The 
sum on the left of  lemma 6.2 is divisible by 2n 2 for any 2,/t E K (the factoc 
of  2 comes from the fact that i f  v E V then - v  E V), so if  we let 2 and p 
run through all vectors of  K we see from lemma 6.2 that m is divisible by 
2nZ/2n = n and is therefore integral. This proves lemma 6.3. 

The index m is closely related to the dual Coxeter number of  a root sy';- 
tern, and can be thought of  as measuring the "average amount o f  norm pc, 
dimension" of  the vector system. I f  the vector system is an indecomposabte 
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root system with roots of maximal length 2, then its index is equal to the dual 
Coxeter number. 

The hyperplanes orthogonal to the vectors of a vector system V divide K |  
into cones that we call the Weyl chambers of the vector system. (Warning: 
unlike the case of root systems, the Weyl chambers need not be all the same 
shape.) If we choose a fixed Weyl chamber W then we can define the positive 
and negative vectors of the vector system by saying that v is positive or neg- 
ative (v > 0 or v < 0) if v has positive or negative inner product with some 
vector in the interior of the Weyl chamber. This does not depend on which 
vector in the Weyl chamber we choose, and every vector of the vector system 
is either positive or negative. 

We define the Weyl vector p = Pw of W by 

1 
p = - -  ~ v. 

2oEV.v>0 

Lemma 6.4. I f  2 is in the dual of K, then 2(p,2)  = m(2,2)rood 2, and 
in particular m(2, 4) is integral. (Notice that the Weyl vectors for different 
Weyl chambers differ by elements of K, so that 2(p,2)  is well defined rood 2 
independently of the choice of Weyl chamber.) 

Proof 
(2p, 2) = ~ ( v , 2 )  

v > 0  

z ~ (v, 2) 2 rood 2 
v > 0  

= m(2, 2), 

which proves lemma 6.4. 
For example, if K is an even unimodular lattice, then this lemma shows 

that p E K because it has integral inner product with every element of the dual 
of K. This does not imply that the Weyl vector of the root system of K lies 
in K because the root system of K is not always a vector system. 

Finally we define d to be the number of vectors in V (counted with mul- 
tiplicities), and we define the weight k to be half the number of zero vectors 
in V (so k = c(0)/2). For example, if V is the weights of some representation 
of a simple finite dimensional Lie algebra, then d is the dimension of this 
representation. 

If V is a vector system in K we define the (untwisted) altine vector system 
of V to be the multiset of vectors (v,n) E K | Z with v E V. We say that 
Iv, n) is positive if either n > 0 or n = 0,v > 0. 

We select a Weyl chamber W with its corresponding Weyl vector p and 
~)ositive vectors, and define 

~(Z, "C) =- qd]24~-p I~ ( 1 -- qn~V) 
vEV, nEZ,(v,n)>O 

where qa = eZniar, ~v = e2zi(z,v). When V is the vector system of a finite 
dimensional or affine Kac-Moody algebra this is essentially the denominator of 
~.he Weyl-Kac character formula. 
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The main aim of this section is to prove the following generalization of 
the Macdonald identities for untwisted affine root systems. 

Theorem 6.5. The function ~k is a nearly holomorphic Jacobi form of weight 
k and index m. More precisely, 

~(Z, Z + l ) = e2rtid/241~(z, C) 
~I(Z/C, -- l / c )  = (-- i)d/2-k(c/i)k e2ztim(z'z)/2r~l(Z, C) 

6(z + ~, z) = ( -  1 )2(;'~)~,(z, c) 
~(z + ,~c, c) ---- (-- 1 )2(P'2)q-m(L2)/2~-m;t~(z, c) 

for any 2, p E K'. The function t~ can be written as a finite sum of theta 
functions times nearly holomorphic modular forms. 

For example, if V is an indecomposable root system of rank n together with 
c(0) copies of the zero vector, then the product is just the product occurring 
in the Macdonald identity of the untwisted affine root system of V. Moreover 
this product is a holomorphic Jacobi form of singular weight, so can be written 
as a finite sum of  theta functions. This turns out to be a sum over the (finite) 
Weyl group of theta functions, and this sum can be written as a sum over the 
affine Weyl group. Hence we recover the usual Macdonald identities. I do not 
know of any cases other than the Macdonald identities where the sum of theta 
functions times modular forms has been worked out explicitly. 

Proof of  theorem 6.5. We start with the two easy transformations. It is obvious 
that 

~(Z,  C + t ) = eZnid/24t~(Z, C) 

because qa/24 is the only factor which is changed by adding l to c. The only 
factor of ~b that changes under adding # to z is ~-P which gets multiplied by 
( -  1 )20,,p), so 

I//(Z -[" ]A) = ( - -  l )2('u'P)~(Z). 

For the transformation of adding 2c to z we first assume that 2 is in the 
Weyl chamber and calculate as follows. 

I]/(Z + ,~'f, C) =qd/24 e-2ni(P'Z+201-I(1 -- qn+O,v)(v) 
r,n 

=~O(z, c)e -2~iw';O* 1-I (_~q,+().,v)) 
vEV, O<n<-(2,v) 

= ~ ( 2 ,  c)e -27ti(p'2)~ I I  (-- l )(;~,v)~-v().V)q-(Lv)(O~,v)+l )/2 
v<0 

=O(z, c) r I  ( -  1 )(Zv)(-~(Z~)q-(Zo)().,~)/2 
v<O 

=$(z ,  c ) ( -  1 )2(p,z)~-mZq-,n(;.,;O/2 

where in the last step we use lemma 6.2 twice. If  this is tree for two value., 
of  2 then it is also true for their sum and difference. The vectors 2 in the. 
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Weyl chamber generate the whole of  K' ,  so this transformation law holds for 
all 2 E K'. 

Next we consider the function 

~b(z, "c ) = 4'(Z/T, -- 1/T )e-- 2~imz2 /2~ /4'( Z, "C ). 

This function has no zeros or poles because the zeros of  4'(z, r)  (which are 
the divisors of  points z with ( v , z )  in the lattice generated by 1 and T) are 
the same as the zeros of  4 ' ( z / r , - 1 / O  (and have the same multiplicities). The 
transformations we have just proved for 4' imply that ~b(z, T) = ~b(z + 2T + / l ,  T) 
for all 2,/l E K. Hence for any fixed z, ~b(z, v) is a holomorphic abelian function 
o f z  and is therefore constant. We will now work out qS(z, ~) by taking the limit 
of ~b(z, T) as z tends to 0. (We cannot set z = 0 because the numerator and 
the denominator of  ~b(z,~) usually both vanish at z = 0.) 

We define 4'0(z, T) by 

4~o(z, z ) = 4'(z,  ~ ) /1 - I  (1 - ~ ) .  
v > 0  

Then 4'o(0, r) = q(z) a, so that 

~0(0, - l/T) = (r/i)d/24'o(O , T). 

Also 
4 ' o ( z / r , -  l/T) l-I (1 -- e 2'~i(v'z/O) 

qS(z, O = , > o  
4'0(z, v) 1-[ (1 - e2=i(v'Z))e 2n'z2/2T 

v > 0  

so if  we take the limit as z tends to 0 and use the fact that qS(z,z) does not 
depend on z we find that 

qb(z, ~ ) = ( T / i f / 2  / ]-[ T 
v > 0  

= ik -d /2 ( z / i )  k. 

From the definition of  ~b, this is equivalent to the final transformation law for 
~,. This proves theorem 6.5. 

The results in this section can easily be extended to cover the analogues 
of twisted affine root systems. We will briefly sketch how to do this in the 
remainder of  this section. A pure affine vector system of level N is defined 
to be the multiset of  vectors of  the form (v, Nn  + (v, 2)) E K | Z as v runs 
through the vectors of  some vector system and n runs through all integers, 
and 2 is some fixed vector of  K'.  We define an affine vector system of  level 
dividing N to be a union of  pure affine vector systems of  level dividing N. 
For each affine vector system of level dividing N we can define a function 
4'(z, z) as an infinite product over half the vectors in the affine vector system 
as above. The function ~9 is then a nearly holomorphic Jacobi form for the 
congruence subgroup F o ( N )  = { (,,b~ \ca; E S L z ( Z ) [ c  =-- 0 mod N} of  SLz(Z) (and 
can therefore be written as a sum of  theta functions times nearly holomorphic 
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modular functions). We can prove this in the same way as above: the product 
for each pure affine vector system of level N is a Jacobi form for the conjugate 

ab ad {(ca)[ - bc = 1,a, nb, c/n,d C Z} of SL2(Z), so the product for the union 
of the pure affine vector systems of level dividing N is a Jacobi form for the 
intersection of these conjugates, which contains Fo(N). For affine root systems 
we always have 1 < N < 4. 

7. The Weierstrass ga function 

In this section we prove some identities involving the Weierstrass ga function 
that we will use in section 9. The results of  this section and section 9 are not 
used elsewhere in this paper. 

We recall that the Weierstrass gd function is defined for ~(z)  > 0, z E C 
by 

, ( 1 
~a(z, z) = )5 + ~ n) 2 (mr 2b n) 2 (m,,)*(0,0) (z - mz - 

and satisfies the functional equations 

go(z + 2z + p,z)  = ga(z, Q 

( z 
f) c,cSrd'cz + d j  = (c'c +d)2fo(z,z). 

In other words ga is a meromorphic Jacobi form of weight 2 and index 0 and 
signature 1 (see [E-Z p. 2]). 

We also recall the formulas for the Eisenstein series E2 

E2(z) = ~m (mz + n-~ 

= 1 - 24 ~ crl(n)q n 
n > 0  

! 

where ~ n  means we omit n = 0 if m = 0. This function satisfies the func- 
tional equation E2((az + b)/(cr + d))  = (cz + d)2E2(z) + 12c(cz + d)/2rti 
for (cad b) E SL2(Z). The Eisenstein series Ek(Z) for k even and k >- 4 
is equal to 1 -  (2k/Bk)Y]~trk_l(n)q" and satisfies the functional equation 

n > 0  

Ek((az + b)/(cz + d))  = (cz + d)kEk('c) for (~a b) E SL2(Z). 
By differentiating the partial fraction decomposition 

1 + n~.O + z cot(fez) -rci 27ti ~ e 2uinz 
z z - n n>O 

(valid for (~(z) > 0) we find that 

1 = (2rci) 2 ~ ne• 
,~z(z  + n):  ,>0 
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(valid for z not real), where e ix  means e x if  [eX[ < 1 and e -x if  leX[ > 1. 
From this we see that 

So(z, z) =- (2~i) 2 ~ ~ ne -4-2nin(z+mz) r~2 - 3-E2(~) 
mEZn>O 

whenever ~(z  + mz) is nonzero for all integers m. 
By differentiating repeatedly with respect to z we find that for positive even 

d k-2  integers k the derivatives ~9(k-Z)(z, z) = ~ go(z, r) satisfy 

go(k--2)(Z -~- 2"~ q- [1, "~) ~-- ~o(k--2)(Z, 2;) 

ga(k-2)(cz z+ d '  az+s =(c'~+d)k~o(k-2)(z"c) 

go(k-2)(z, Z) = (2rti) k ~ ~ nk-le+2mn(z+m~) -- 62E2(z)g2/3 
mEZn>O 

(where di~, is 1 if  m = n and 0 otherwise). 
Suppose that K is a positive definite even lattice of  dimension s and that 

c(r) is an integer defined for r E K such that c(r) = e ( - r )  and c(r) = 0 for 
all but a finite number of  r E K. Choose a vector p not orthogonal to any r 
with e(r)#O, and say that the pair (r,n) E K |  is positive i f n  > 0 or n = 0 
and (r,p) > O. 

Theorem 7.1. Suppose that k is an even positive integer and suppose that if 
k = 2 then y-]~r~KC(r)= O. Then the function 

~O(z,z) = -c(O)Bk/2k + ~ ~ ak-lc(r/a)q"~ ~ 
(r,n)>Oal(r,n) 

can be extended to a meromorphic function defined for ~(z)  > O, z E K |  
which satisfies the functional equations 

z a ' r+b~ 
c ~ - d '  ~ T J  / = (c~ +a)%(z,~) 

~(z + 2~ + l~,~) = O(z,~) 

for 2,# E K', (ca~) E SL2(Z). In other words, ~b is a meromorphic Jacobi form 
of weight k and index O. 

Proof The function ~ is equal to 

-c(O)~kkkEk(T ) + (2rci) -k Y~ c(r) (~'o(k-2)((r,2'), "t') A- b2E2(z)n2/3) 
r>0 

so theorem 7.1 follows from the functional equations of  the derivatives of  the 
Weierstrass go function and the Eisenstein series Ek(r). ( I f  k = 2 then the 
assumption y~rr = 0 implies that the coefficient of  E2(~) is 0.) 
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8. Generators for OM(Z) + 

In this section we prove a technical result which says that the orthogonal group 
OM(Z) + is generated by a Fourier and a Jacobi subgroup. We will use this 
result to construct automorphic forms for OM(Z) + by showing that the form 
transforms correctly under both the Fourier and the Jacobi groups, and hence 
under the whole of  OM(Z) +. 

We let M be the lattice IIs+2,2 (with 8[s). We let u be a primitive norm 0 
vector of  M and let U be a 2-dimensional primitive null sublattice containing 
u. We let F and J be the Fourier and Jacobi groups of  u and U. 

The main theorem of this section is 

Theorem 8.1. OM(Z) + is generated by F ( Z )  + and J ( Z )  +. 

We first prove two lemmas. 

Lemma 8.2. I f  L = Ils+l,l, V E L |  and v ~ L then there is some 2 E L with 
1/2 _-< ( v - 2 )  2 _< 3/2. 

Proof  Choose a primitive norm 0 vector ul E L with (ul, v) not an integer, 
which we can do because the norm 0 vectors of  L generate L. Choose another 
norm 0 vector u2 E L with (ul,u2) = - 1 .  We can find an integer m so that 
0 < [(v - mu2,ul )[ < 1/2. But then ( v -  mu2 - nul)2 = A + B n  for some fixed 
A and B with 0 < IB[ < 1, so we can choose n so that 1/2 < A + n B  < 3/2. 
This proves lemma 8.2. 

Lemma 8.3. I f  u is a primitive norm 0 vector in M and G is the 9roup 
generated by the reflection o f  norm 2 vectors r with (r,u) = - 1  then G acts 
transitively on primitive norm 0 vectors o f  M. 

Proo f  Suppose ul is a primitive norm 0 vector of  M. If  (ul ,u)  > 0 then it is 
easy to find an element 9 E G such that (9(ul), 9) < 0, so we can assume that 
(Ul,U) < 0. We will prove lemma 8.3 by induction on -(Ul,U). If  - (Ul ,U)  = 1 
then the reflection of  the root u~ - u maps Ul to u. If  - (u~ ,u )  > 1 then we 
choose coordinates M = L � 9  for M so that u = (0,0, I). I f  ul = (v,m,n) 
then v/m is not in L, otherwise m would divide v and hence n as (v, v) = 2mn, 
which is impossible as u is primitive and m = - ( u l , u )  > 1. Therefore by 
lemma 8.2 we can choose a vector 2 C L with 1/2 < (/I - v/m) 2 < 3/2. Then 
a simple calculation shows that i f  9 is the reflection of  the vector (2, 1, 2 2 / 2 - 1 )  
then 0 < m/4 < - ( 9 ( u l ) , u )  < 3m/4 < m = - ( u l , u ) ,  so by induction ul is 
conjugate to u under the group G. This proves lemma 8.3. 

Now we prove theorem 8.1. We let G be the group generated by F ( Z )  + and 
J ( Z )  +. We choose coordinates M = KOHt,1| so that u = (0,0,0,0,  1) and 
U is the set of  vectors of  the form (0, 0, *, 0, *). The reflection of  (0, 1, - 1,0, 0) 
is in F ( Z )  +, and is conjugate under J ( Z )  + to the reflection of  (0,0,0, 1 , -1 )  
so that G contains the reflection of  at least one root having inner product - 1 
with u. However the normal abelian subgroup of  F ( Z )  + acts simply transitivel3 
on the set of  such roots, so G contains the reflections of  all roots r witt~ 
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(r, u ) =  -1 .  By lemma 8.3 G therefore acts transitively on the primitive norm 
0 vectors of M. As it contains the stabilizer F (Z)  + of one such vector in 
OM(Z) + it must therefore be the whole of OM(Z) +. This proves theorem 8.1. 

9. The positive weight case 

In this section we construct some examples of meromorphic automorphic forms 
whose poles are known explicitly, which can be used to construct holomorphic 
automorphic forms by multiplying them by other automorphic forms with zeros 
which cancel out the poles. The results of this section are not used elsewhere 
in this paper except in a few examples. 

We recall that K is an even unimodular lattice of dimension s, and we let 
Ox be the theta function of K of index 1, defined by 

OK(z, ~) = ~ qO,,)O/2~)~. 
2EK 

This is a holomorphic Jacobi form of index 1 and singular weight s/2. 

Theorem 9.1. The linear map taking f ( z )  to f(z)O(z, z) is" an isomorphism 
.from nearly holomorphic modular forms of  weiyht k for SLz(Z) to nearly 
holomorphic Jacobi forms for J (Z )  + of  weight k + s/2 and index 1. 

We omit the proof of this as it is similar to the proof of theorem 3.5 in 
[E-Z], but simpler because the lattice L is even and unimodular so we only 
need one generator OK for the space of Jacobi forms of index 1 as a module 
over the ring of modular forms. This theorem is also proved in Gritsenko [G]. 

Lemma 9.2. I f  f ( z )  is a nearly holomorphic modular .form for SL2(Z) of 
weight 2 then it is' the derivative of a modular function, and in particular has 
zero constant term. 

Proof The total number of zeros of f in a fundamental domain is 1/6 as 
f has weight 2 (where poles are counted as zeros of negative order), so f 
must have zeros of order at least 2 at conjugates of (t + x/3i)/2 and a zero 
at i. Hence f is divisible by j ' (z) .  But f / j ' ( z )  is then a nearly holomorphic 
modular function and therefore a polynomial in j (r) ,  which easily implies that 
f is the derivative of a polynomial in j(z).  This proves lemma 9.2. 

Theorem 9.3. The map taking 

~(z, "c) = ~ e ( r ,  n)qn~ r 
r~n 

to q~(z,z,a) = ~m>_opm(q~lVm)(z,r) (where p = e 2~i~, q = e 2~i~, and ~ = 
e2~iz) takes nearly holomorphic Jacobi forms (a of  level 1 and weioht k > 0 
to meromorphic automorphic forms ~ of  weight k for OM(Z) + all of  whose 
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singularities are poles of order k alon9 rational quadratic divisors. The Hecke 
operator Vo is defined by 

(q~lV0)(z,~r) = -c(O,O)Bk/2k + ~ ~ dk-lc(r,O)qn~ r 
(r,n)>Odl(r,n) 

which is equal to (-c(O,O)Bk/2k)Ek(r) if q~ is holomorphic. The map from 
(a to �9 is an isomorphism from the space of holomorphic Jacobi forms #? of 
level 1 and weight k to the "'Spezialschar'" of all holomorphic automorphic 
forms �9 = ~r,m,nA(r, m, n)~rpmq ~ of weight k whose coefficients satisfy 

A(r,m,n)= ~ dk-lA(r/d,l,mn/d2). 
d[(r,m,n) 

Proof When q5 is holomorphic this is a straightforward generalization of [E-Z, 
theorem 6.2] due to Gritsenko [G] and the proof in [E-Z] works with minor 
changes. (See also [M, paper I].) The first coefficient of the Fourier-Jacobi 
expansion of any automorphic form is a Jacobi form of level 1, and the coeffi- 
cients of any form in the Spezialschar are obviously determined by those of the 
first Fourier-Jacobi coefficient, so the main thing to check is that �9 is an auto- 
morphic form. It transforms like an automorphic form under the Jacobi group 
because all its coefficients do. It is also invariant under the automorphism of 
L taking (2,m,n) to (2,n,m) because the formula for A(2,m,n) is symmetric 
in m and n. However this automorphism together with the Jacobi group gen- 
erates the whole of  OM(Z) + by theorem 8.1, so ~m>opm(~)[Vm)(Z,'C) is an 
automorphic form. .~ 

When ~b has poles at the cusps the proof is similar except that we need 
the following extra arguments. Firstly, the series for ~b does not converge 
everywhere, so we need to use theorem 5.2 to show that the series for �9 can 
be analytically continued. Secondly, ~b[ V0 is no longer a modular form, so we 
need to use theorem 7.1 to show that ~[V0 is a nearly holomorphic Jacobi 
form. If  k = 2 then the condition )-~r~xc(r) = 0 is satisfied by lemma 9.2, 
because it is the constant coefficient of the nearly holomorphic weight 2 form 
q~(0, ~). This proves theorem 9.3. 

Example 1. (Gritsenko [G].) If we let f be the constant form 1 of  weight 0, 
we find a singular automorphic form for OM(Z) + of weight s/2 whose Fourier 
coefficients A(2, m, n) are given by A(2, m, n) = trs/2-l(d) if 22 = 2ran and the 
highest common factor of 2, m, and n is d (where as/2_l(O ) is defined to be 
-Bs/2/s). In particular singular automorphic forms with nonzero constant terms 
exist for all the groups 0118,+2,2(Z) +. 

When ~b is not holomorphic the meromorphic automorphic form �9 will 
have poles along rational quadratic divisors. We can remove these poles by 
multiplying �9 by some of the functions produced in section 10, where we 
construct holomorphic automorphic forms with zeros along any given rationa~ 
quadratic divisor. 
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Example 2. Let ~ be the meromorphic automorphic form f o r  01126,2(2) + con- 
structed from the nearly holomorphic modular form j '  as in theorem 9.3. Then 

has weight 14 and the singularities of �9 are poles of order 2 along all 
rational quadratic divisors of discriminant 2. In section 10 we will find a holo- 
morphic automorphic form cbl which has weight 12 and has a zero of order 
1 along every rational quadratic divisor of discriminant 2. Hence ~cb21 is a 
holomorphic automorphic form of weight 38 with the same zeros as ~. 

10. The zero weight case 

This section is the heart of the paper where we put everything together to 
construct some automorphic forms on OM(Z) + as infinite products. We let L 
be the even unimodular Lorentzian lattice IIs+l,1, and we let M = L| We 
choose a negative norm vector in L | R and write r > 0 to mean that r has 
positive inner product with this negative norm vector. We will prove 

Theorem 10.1. Suppose that f ( r )  = ~ ,  c(n)q" is a nearly holomorphic mod- 
ular Jbrm o f  weight - s / 2  for SL2(Z) with integer coefficients, with 241c(0 ) i f  
s = O. There is a unique vector p C L such that 

fib(V) = e -2rti(p'v) r I  (1 - e-2rti(r'v)) c(-(r'r)/2) 
r > o  

is a meromorphic automorphic form of  weight c(0)/2 for OM(Z) +. All the 
zeros and poles of  4~ lie on rational quadratic divisors, and the multiplicity of  
the zero of  q~ at the rational quadratic divisor of  the primitive positive norm 
vector r E M (see section 5) is 

~c(-n2(r,r)/2). 
n > 0  

In particular i f  this number is always nonnegative then q~ is holomorphic. 

Proof We write L = K~HI,1 where K is the lattice E8/8. We let dp(z,z) be the 
nearly holomorphic Jacobi form f(z)Ox(z,z) .  We define a vector system on 
E~/8 to be the multiset of vectors v E K with multiplicities c(v) = c(-(v ,  v)/2). 
This is a vector system by lemma 6.1, as OK(Z) acts irreducibly on K when 
K is E8/s so the set of  vectors of any fixed norm is a vector system. We 
define the corresponding affine vector system V to be the multiset of  vectors 
(v, n) E K | Z with multiplicities c((v,n)) = c(-(v ,  v)/2). By theorem 6.5 the 
function ~O(z, z) associated to V satisfies the following functional equations 

q,(z,~ + 1) = ~,(z,z) 

q,(z/~, - l / z )  = z%2"i"(z'z)/z~q,(z, ~ ) 

q~(z + ~, ~) = ~(z, ~) 
~k(z + ,~, z) = q-m(2'2)/2~-m2t~(z, Z) 
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for any 2,/~ E K. (This follows because the integer k = s/2 is divisible by 4 and 
d is divisible by 24, and p C K by the remark after lemma 6.4.) In particular 
~O is a Jacobi form of weight k and index m for J(Z) +, and therefore 

pm~(z,~) 
transforms like an automorphic form of weight k under all elements of J(Z) +. 

On the other hand qSlVi is a Jacobi form of weight 0 and index •, so that 

exp( ~ pe(~bl Ve)(z, ~:)) 
E>O 

transforms like an automorphic form of weight 0 for all elements in the Ja- 
cobi group J(Z)  + whenever the product converges. If we multiply these two 
expressions together and use theorem 4.2 we find that 

qb(Z, "r tr ) ---- pmlfi(Z,  "C ) exp( ~ pe(4~] Vt)(z, z ) )  
#>0 

transforms like an automorphic form of weight k = c(0)/2 for all elements in 
the Jacobi group J ( Z )  + whenever the product converges. By theorem 5.1 q0 
can be analytically continued as a nonzero multivalued function to all vectors 
with imaginary parts in the positive cone, except for some singularities or zeros 
along rational quadratic divisors. 

Next we check that ~ is invariant or antiinvariant under the Fourier group 
F(Z) +. It is obviously invariant under the unipotent radical of F(Z)  + (which 
is isomorphic to L), so we have to check invariance under the group OL(Z) +, 
which we will do by considering the Fourier expansion of qh We first check 
that it is invariant under the element 91 taking (z, ct, -6 ,  7, r )  to (z, -6 ,  c~, 7, fl). 
Under this transformation the factor e -2"i(p'v) of ~ is multiplied by 

e2~i( p-.ql (p ),v ), 

and the factor I-I(1 - e--2ni(r'v)) c(-(r'r)/2 of I]/ is multiplied by a factor of 
I~r>O,ol(r)< 0 - e  2~tic(-(r'r)/2)(r'v). Hence to prove (anti)invariance under g~ we 
have to show that 

P - gl(P) - ~ c(-(r,r)/2)r = O. 
r>O,91(r)<O 

Before proceeding further with the proof of invariance of �9 under gl we 
need to calculate the Weyl vector p and check some of its properties, which 
we do in 10.2 to 10.7. 

Lemma 10.2. I f  f (r) ,g(z)  are nearly holomorphic modular functions for 
SL2(Z) (possibly transforming according to some nontrivial character of 
SL2(Z)) then the constant term of the q expansion of f(z)g'(z) vanishes. 

Proof The SL2(Z) invariant differential form f(z)g'(z)dz has only one pok 
on the compactification of the upper half plane modulo SL2(Z) (which is at 
the cusp ic~) and therefore its residue there must vanish. But its residue is jus~ 
the constant term of f(v)g'(z). This proves lemma 10.2. 
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Lemma 10.3. Suppose that O(z) & a nearly holomorphie modular form of 
weight s/2 and f ( z )  is a nearly holomorphic modular form of weight -s/2 
(both of level 1). Then the constant term of the q expansion of 

sO(v)f(z)E2(z)/24-O'(Qf(z) 

is zero. 

Proof This follows by applying lemma 10.2 to the modular functions f(z)~/(z) s 
and O(z)q(z) -s, since q'(z)/q(Q = E2(Q/24. (Alternatively we can observe that 
O~(Q - sO(QE2(Q/24 is a nearly holomorphic modular form of weight s/2 + 2, 
so the expression in lemma 10.3 is a nearly holomorphic modular form of 
weight 2 with only one pole, whose residue must be 0.) This proves theorem 
10.3. 

Theorem 10.4. The Weyl vector p is equal to 

( ~~ c(-r2/2)r/2, m, d/24) 
(r,v)>0 

where m is the constant coefficient of Or( z ) f ( z )Ez( Q/24, and d is the constant 
coefficient of Ox(z)f(z). 

Proof The Weyl vector is (pK,m,d/24) where pK,m, and d are as in section 
6. The formulas for PK and d then follow immediately from the definitions 
in section 6. The integer m in section 6 is equal to the constant term of 
O~(z)f(z)/s, so we have to show that the constant term of 

Otx(z)f(z)/s- Og(z)f(z)E2(z)/24 

vanishes. But this follows from lemma 10.3. This proves theorem 10.4. 
Now we check that the Weyl vector p lies in L (and not just L | Q). 

Lemma 10.5. For any nonzero integer n the constant term of A(~)" is divisible 
by 24. 

Proof A'(z)/A(z) = 1 -24~m>otrl(m)q m is congruent to 1 mod 24, so 

(A(Qn) ' = nA(z)n-l A'(z) -- nA(z) n mod 24n. 

As the left hand side has zero constant coefficient, so does the right hand side 
rood 24n, which proves lemma 10.5 as n+0 .  

Lemma 10.6. I f  f is a nearly holomorphie modular form of level 1 and 
negative weight then the constant term of f is divisible by 24. 

Proof We can write f as an integral linear combination of functions of the 
forn-I dmE~ with m < 0, and lemma 10.6 then follows from lemma 10.5 and 
the fact that E4 = 1 rood 24. 

Corollary 10.7. The Weyl vector pw lies in L. 
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Proof  Suppose that K is the lattice E an. We have to check that m and d/24 are 
integers and that P r  = ~'~(r,~)>oc(-rE/2)r/2 lies in K. We know that Px E K 
by the remark after lemma 6.4. The constant term d of  f ( z ) O r ( z )  is divisible 
by 24 by  lemma 10.6 and the fact that Ox(z) = E4(z) s/8 ---- 1 mod 24, so d/24 
is integral. Also, E2 - 1 mod  24, so m - d/24 mod 1 is an integer. This proves 
corollary 10.7. 

We now continue with the proof  that �9 is invariant under 91, which was 
interrupted by the calculation of  p. We know that p = (PK, m, d /24)  by theorem 
10.4, so that # l ( p )  = (pr ,  d/24,m).  The vector (~c,a,b) is positive if  a > 0, 
or a = 0 ,b  > 0, or a = b = 0 ,x  > 0, so that ( x ,a ,b )  > 0 and 91(x,a,b)  = 
(K,b,a)  < 0 i f  and only i f  a > 0 ,b  < 0. Hence 

~ ,  c ( - ( r , r ) / 2 ) r  = ~ ~ ~ , c ( a b  - (tc, x ) /2) (K,a ,b)  
r>O,91(r)<O x a>0b<0 

= ~ ~ ~-~.c(--n -- (K, t c ) /2 ) (0 ,a , - -a )  
rc n>Oaln 

= ~ ~ c ( - n  - (to, x) /2) (0 ,  crl (n), - o1  (n) )  
�9 ~ n>0 

= (O,x,--X) 

where x is the constant term of  OK('C)f(z)~-~n>Offl(n)q n. By theorem 10.4 
x = m - d/24 (as E2(r)  = 1 - 24~'~n>Oal(n)qn). By comparing this with the 
expression for p we see that we have proved that 

P - 91(P) - ~ c ( - ( r , r ) / 2 ) r  = O. 
r>0,gl(r)<0 

This completes the proof  that �9 is (anti) invariant  under 91- 
Next we see that it transforms like an automorphic form under the element 

g2 taking (z, c t , - f , y ,  fl) to ( z , ~ , - 6 ,  fl, 7), because this is conjugate to 91 under 
an element of  the Jacobi group. This element 92 acts as v ~ 2v/(v ,v)  on 
L | C, and in particular commutes with of  OL(Z) +. I f  93 is any element of 
Oc (Z)  + then 4~(93(v)) = e2~i(~'v)cb(v) for some 2 depending on 93 because of 
the expression for 4~ as an infinite product. We now see that 

((v, v)/2)k e2~i(Lv)~(v) 

=((03(/)),  g3(V))/z)k~(g3(V)) 

=~(g:(g3(v))) 
=qb(g3(g2(V))) 
=eE~i(z,o2(o))r 

=e2ni(~'z~/(v'v))((v, v)/2 )k r  

so that 
e2ni(2, v) = e2ni(2,2v/(v,v)) 

for all v, which implies that 2 -- 0 and hence that �9 is invariant or antiinvariant 
under  Os  +. 
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We have shown that 4) transforms correctly under both F ( Z )  + and J ( Z )  +, 
so by theorem 8.1 4) transforms like an automorphic form under the whole of 
OM(Z) +. 

Next we have to find the singularities and zeros of 4), which we know 
lie on rational quadratic divisors by theorem 5.1. If v E M is a primitive 
positive norm vector corresponding to a rational quadratic divisor, then there 
is some primitive norm zero vector u of U orthogonal to v, because U is 2- 
dimensional. As J ( Z )  + acts transitively on such vectors u we can assume that 
u is the standard choice (0, 0, 0, 0, 1 ). This rational quadratic divisor is then just 
the linear divisor of points orthogonal to some positive norm vector of L. But 
such a divisor intersects the region where the infinite product for 4) converges, 
(except where one of the factors is zero or singular) so the only singularities 
or zeros along such a divisor must be where one of the factors in the infinite 
product for f has a zero or singularity. But if r is a primitive positive norm 
vector of L, then the order of the zero of 4) along the divisor of r is just 

c(--(nr, nr)/2), 
n>O 

coming from the factors 

1-] (1 - e - 2 n i ( n r ' v )  )c(-(nr,nr)/2) 
n > 0  

in the infinite product for 4). This completes the proof of theorem 10.1. 

Example 1. If  we take L to be Hl,l and f to be j ( z )  - 744 we recover the 
denominator formula for the monster Lie algebra (which can of course be 
proved easily without using theorem 10.1). 

Example 2. Suppose we take L to be 1125,1 and f to be 1/A(z). Then we find 
that 4) is an antiinvariant automorphic form of weight 12 for O1126,2(Z) + whose 
zeros are the rational quadratic divisors corresponding to vectors of norm 2. 
Any antiinvariant automorphic form must vanish at these zeros, and so must 
be divisible by 4). By the Koecher boundedness principle the quotient is an 
invariant automorphic form. Hence multiplication by 4) is an isomorphism from 
invariant automorphic forms of weight k to antiinvariant automorphic forms of 
weight k + 12. In particular any antiinvariant automorphic form of weight less 
that 24 must be a multiple of 4) because the only invariant forms of weight 
less than 12 are constant. (From theorem 9.3 we know that there is an invariant 
form of weight 12, so there is a nontrivial antiinvariant form of weight 24.) 
The form 4) is also the denominator function of the fake monster Lie algebra. 
As it has singular weight, all its nonzero Fourier coefficients correspond to 
vectors of norm 0. The multiplicities of norm 0 vectors are always easy to 
work out explicitly, so we find that 

4)(v) -- e-2~i(p, v) 1-] (1 - e-2~i(r'v)) p24Cl-r2/2) = ~ ~ det(w)z(n)e -2~i'(w(p)'~), 
r > 0  wff:Wn>O 

which gives a new proof of the denominator formula of the fake monster Lie 
algebra. This is the only case when theorem 10.1 produces a holomorphic 
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automorphic form of singular weight. When the weight is not singular, the 
Fourier coefficients are much harder to describe explicitly. 

11. The negative weight case 

In sections 9 and 10 we have shown how to construct holomorphic automorphic 
forms from Jacobi forms of positive or zero weight. In this section we show 
that Jacobi forms of negative weight do not seem to give new examples of 
automorphic forms, at least not in any obvious way. 

Suppose that f = ~-~c(n)q n is a nearly holomorphic modular form of weight 
k < -s /2 .  We can try to apply the construction of sections 9 or 10 to f to 
produce some function ~ which might be similar to an automorphic form. The 
first problem with this function is that it has polylogarithm singularities. We 
can turn these into poles by applying a high power of the Laplace operator, 
and then we get a meromorphic automorphic function. Unfortunately we will 
see in this section that this meromorphic automorphic is not new; it is the 
function associated to the modular form ( d / d z ) l - k f ( z ) .  

We would expect the Fourier coefficients A(v) (v E L) of �9 to look some- 
thing like 

A(v) : ~dk- l  c(-(v, v)/Zd2). 
dlv 

(We will not worry about what the coefficient of 0 is or whether this does 
somehow define an automorphic function, since the point of this section is 
that even if these problems can be- solved we still do not seem to get new 
automorphic forms.) If we apply the (1 - k) ' th power of the Laplacian to this 
we get a function whose Fourier coefficients are 

~ d k -  l ( - (  v, v )/2 ) l-k c ( - (  v, v )/2d2 ). 
dlv 

On the other hand, if we apply the operator a~ l-k to f we get a nearly 
holomorphic modular form of positive weight 2 - k with Fourier coefficients 
nl -%(n) ,  because the (t - k ) ' t h  derivative of a meromorphic modular form of 
weight k < 0 is a meromorphic modular form of weight 2 - k .  The automorphic 

d 1-k 
form associated to ~ J in theorem 9.3 has Fourier coefficients 

~'~fl(E-k)-- 1 (_(~;, v)/2d 2) l -kc( - (v ,  v)/2d 2). 
ely 

These are equal to the Fourier coefficients above. So the good news is that if 
we apply the (1 - k)'th power of the Laplacian to �9 we do seem to get a 
meromorphic automorphic form (assuming we can define ~), but the bad news 
is that this is not a new automorphic form. 

We can of course still apply powers of the Laplacian to �9 if f has weight 
> -s /2 ,  and this gives a few examples where some power of the Laplacian 
applied to some meromorphic automorphic form is a meromorphic automorphic 
form, 
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It may be possible to apply some of the Laplacian to �9 to produce a func- 
tion with logarithmic singularities and then exponentiate this to get a function 
which can be written as an infinite product. One problem with this is that if we 
apply an arbitrary power of the Laplacian to something that transforms like an 
automorphic form, the result usually does not transform like an automorphic 
form. 

12. Invariant modular products 

In this section we will define Weyl vectors and Weyl chambers of modular 
products. These are sometimes the Weyl vectors and Weyl chambers of hyper- 
bolic reflection groups, and even when they are not they still have many of 
the properties of hyperbolic reflection groups. Conversely, we can often find 
automorphic forms associated to hyperbolic reflection groups which have the 
same Weyl vectors and Weyl chambers. We will also give some applications 
to even unimodular lattices. 

Suppose that 

~(Y ) = e-2ra(p'Y) l-I (1 - e-2rti(x'Y)) c(x) 
x > 0  

is a modular product for some Lorentzian lattice L which defines a holomor- 
phic automorphic form. In particular (b is invariant up to sign for some finite 
index subgroup G of OL(Z) +. The hyperplanes orthogonal to the positive norm 
vectors x with c(x)#O divide up the cone C into closed chambers that we will 
call the Weyl chambers of 4,. If W is a Weyl chamber of tb, we define the 
Weyl vector pw of W by 

q~(Y) = -}-e-27ci(pw'Y) I - I  ( 1  - e-27ti(x'Y)) c(x) 
( x , - W ) > 0  

(where ( x , - W )  > 0 means that (x,w) > 0 for any w in the interior of - W ) .  
We list some of the properties of Weyl vectors of ~b. 

1. If 9 E G then Pg(w) = g(Pw). 
2. If WI and W2 are Weyl chambers then 

pw, = pw2 + ~ c(x)x. 
(x,-Wt )<O,(x,-W2)>O 

3. Any Weyl vector has coefficient • in the Fourier expansion of q~. In 
particular any Weyl vector lies in the closure of C and has norm at most 
0, because this is true of any vector corresponding to a nonzero coefficient 
of a holomorphic automorphic form. 

4. Any Weyl vector of maximal norm with Weyl chamber W has positive 
inner product with all the positive real roots of W. In particular Pw lies 
in the interior of W if pve has negative norm, and on the boundary if it 
has zero norm. In either case, W is the only Weyt chamber containing 



198 R.E. Borcherds 

prr (If Pw does not have maximal norm I do not know whether or not 
it necessarily lies in W.) 

5. If W~ and W2 are 2 adjacent chambers separated only by the hyper- 
plane x • with (x, Wl) > 0, and x is a root of G, then (pw~,x) = 
)-~Q,r>oC(rx)(rx, rx)/2. This follows by applying property 1 with g equal 

to reflection in x • In particular if c(rx) is 1 when r = 1 and 0 otherwise 
then (pw,x )  = - (x ,  x)/2, so that pcv does indeed behave like a Weyl vector 
with respect to the simple root x. 

6. Any two Weyl vectors differ by a vector of L. 
Weyl chambers behave differently depending on whether the Weyl vector 

W has negative or zero norm. When its norm is negative, the Weyl chamber 
has only a finite number of sides, a finite automorphism group, and its image in 
hyperbolic space has finite volume. (The finite volume property follows because 
W/Aut (W)  is a subset of a fundamental domain of G which has finite volume.) 
When the Weyl vector has zero norm, the Weyl chamber may have an infinite 
number of sides, an infinite automorphism group, and infinite volume. The 
automorphism group then has a free abelian subgroup of finite index, and the 
quotient of the Weyl chamber by this free abelian subgroup has finite volume. 
It is quite common for both of these cases to occur for the same function tO. In 
any case we obtain a canonical decomposition of hyperbolic space into Weyl 
chambers each of which has finite volume modulo the action of a free abelian 
subgroup. 

To avoid confusion we will also list a few properties that Weyl vectors and 
Weyl chambers do not always have. Weyl chambers are not always acted on 
transitively by some group. Weyl chambers may have quite different shapes, 
and their Weyl vectors may have different lengths. Reflection in the hyperplane 
separating two Weyl chambers is not always an automorphism of L. 

We will apply these considerations about Weyl vectors to the Lorentzian 
lattice IIs+l,l. In the special case s = 24, our results immediately imply several 
well known results about Niemeier lattices (for example, the existence and 
uniqueness of the Leech lattice, Conway's result that the Leech lattice is the 
Dynkin diagram of the reflection group of 1125,1, and the fact that the number 
of roots of a Niemeier lattice is divisible by 24). 

We let tO(y) be the automorphic form 

to(Y) = e-2ni(Prv'Y) I-[ (1 - e-2ni(x'Y)) c(x) 
x > 0  

where c(x) is the coefficient of q-(X,X)/2 in some nearly holomorphic modular 
form f (v )  = ~--]-n c(n)q n of level 1 and weight - s .  We let K be the even s- 
dimensional lattice corresponding to u, and we identify Ils+l,l with K | so 
that vectors oflls+l,1 can be written in the form (v ,m,n)  with v E K, m,n E Z, 
and (v ,m,n)  2 = v 2 -2ran .  We choose the vector u to be (0,0, 1). We choose 
a vector v E K not orthogonal to any vectors of K of small norm, and we let 
W be the Weyl chamber of 1I~+1,1 containing u and (v,0,0). 
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Theorem 12.1. I f  241s and s > 0 then the constant term of  OK(Z)/A(r) s/24 is 
divisible by 24. 

Proof We take f to be A -s/24. By theorem 10.4 the constant term of 
OK(z)/d('~) s/24 is equal to d = 24(p, ul)  where p is the Weyl vector of  the 
Weyl chamber containing u and ul = ( 0 , - 1 , 0 ) .  By corollary 10.7, p E L so 
the inner product (p,u) is an integer, and this proves theorem 12.1. 

For example, when s = 24 and f ( z )  = A(z) -1 = q-J  + 24 + .... this 
theorem is just the well known fact that the number of  norm 2 vectors of  any 
Niemeier lattice K is divisible by 24. 

The automorphic form ~0(y) is a cusp form if  and only if  there are no 
Weyl vectors of  zero norm, which is true unless f ( T )  has weight - s /2  and 
there is an extremal lattice of  dimension s. (An extremal even unimodular 
lattice in dimension s is one with no nonzero vectors of  norm at most 2[s/24].) 
According to [C-S, Chapter 7, section 7], there is exactly one extremal lattice 
in 24 dimensions (the Leech lattice), at least 2 in dimension 48, and none in 
dimensions larger than about 41000. 

For Niemeier lattices it is well known that there are either no roots (the 
Leech lattice) or the roots span the vector space of  the lattice (any other 
Niemeier lattice). For even unimodular lattices K of  dimension divisible by 24 
this has the following generalization: 

Theorem 12.2. An even unimodular lattice K of  dimension s divisible by 24 
is either extremal (no nonzero vectors of  norm at most s/12), or the vectors 
of  norm at most s/12 span the vector space K • R. 

Proof Consider the Weyl chamber W containing a norm 0 vector u corre- 
sponding to K. If  K is not extremal, then u is not a Weyl vector, so the 
intersection of  the Weyl chamber with a small neighborhood of  u has finite 
volume. This implies that the Weyl chamber has a cusp at u, which implies 
that the vectors of  norm at most s/12 in K span K as a vector space. 

We can also use the ideas of  this section to give an amusing proof of  
the existence and uniqueness of  the Leech lattice (i.e., a 24 dimensional even 
unimodular lattice with no norm 2 vectors). We do this by considering the 
automorphic function ~b for the group OL(Z) + in theorem 10.1 for L = 1125,1 
and f ( z )  = 1/A(z) = q - i  + 24 + 324q + .... This form has weight 24/2 = 12 
which is singular, so all its nonzero Fourier coefficients correspond to norm 0 
vectors of  L. In particular the Weyl vector p has norm zero, so by the remarks 
above it corresponds to an extremal lattice, i.e. a 24-dimensional unimodular 
lattice with no roots. This proves the existence of  the Leech lattice. To prove 
uniqueness, we observe that all faces o f  any Weyl chamber are orthogonal 
to norm 2 vectors which are roots, so OL(Z) + acts transitively on the Weyl 
chambers. Any norm 0 vector o f  an extremal lattice is the Weyl vector of  some 
Weyl chamber, so there can be only one orbit o f  such norm zero vectors, so 
the Leech lattice is unique. This also proves Conway's  result [C-S, chapter 27] 
that the Leech lattice is essentially the Dynkin diagram of  1125,1, which in turn 
easily implies that the Leech lattice has covering radius x/2. 
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13. Heights of vectors 

Suppose that we have fixed an automorphic form �9 for OM(Z) + which is a 
modular product, which defines a system of Weyl chambers and Weyl vectors 
as in section 12. We define the height of a vector 2 in the positive cone of 
L =//s+I,1 to be the inner product - ( p , 2 )  where p is the Weyl vector of any 
Weyl chamber containing 2. The height is a continuous positive function on 
the positive cone which is linear in the interior of any Weyl chamber, and can 
be extended to norm 0 vectors of L. We have already found a formula for the 
height of v when v has norm 0 in theorem 10.4. In this section we will find 
formulas for the height when 2 has norm - 2  or - 2 p  for p a prime. We do 
this by looking at the restriction of f to multiples z2 of 2. This is a modular 
form in z for the group Fo(p) = {(~) E SL2(Z)[c = 0 mod p} whose zeros 
in the upper half plane are known explicitly and whose zero at the cusps has 
an order related to the height of 2. 

We let v be a vector of norm -2N,  where for the moment N is any positive 
integer. We write c(n) for the coefficients of f ( z )  = ~-~n c(n)q n, where f is the 
nearly holomorphic modular form of weight -s /2  from which �9 is constructed 
as in section 10. 

We define an isomorphism from (L | ) | R to v • | R �9 slz(R) which 
takes (2,re, n) to 

{ - ( 2 , v )  2n ) 
@ \ 2mN (2, v) 

where ~. is the projection of 2 into v • and s/2(R) is the set of real 2•  matrices 
of trace 0. We let the group SL2(R) act on s/2(R) by conjugation, and on v • 
by the trivial action, which induces an action of SL2(R) on (L | )@ R. 
This action is given by 

(acb)(,~,m,n)= (,~+(bdm-b~(C )L,v)-a~n)v,C 

C C 2 ) 
d2m - ~d(2 ,v )  - -~n, ab(2, v) + a2n - b2mN . 

In particular, if (c~) ~ to(N) (so that Ulc ) then this maps L | II1,1 into 
L | This defines an action of Fo(N) on L | and hence an action on 
the Hermit• symmetric space H. 

We embed the upper half plane into H by mapping z to zv, which is 
represented by the point (zv, 1,-v2N) E M | C. The action of Fo(N) on H 

ab restricts to the usual action (ca)()  = (at +b)/(c,  +d)  on the upper half plane. 
In particular if we restrict an automorphic form of weight k on H to multiples 
of v we get a modular form of weight 2k for Fo(N). 

The restriction of q~ to multiples of v will often be identically 0. We define 
40 to be ~b divided by all the factors in the product defining # which are 
identically zero on multiples of v, so that 

~o(Y) = e -zni(p'y) I-I (1  - e-Zni(x'y)) c(x). 
xEL,x>O,(x,v)#:o 
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We define HN, j ( - D )  to be the number of complex numbers z in a funda- 
mental domain of Fo(N) satisfying a nonzero quadratic equation of the form 
az 2 + b z + c = 0  with a,c E Z, Nla, b ~ j mod 2N, and b 2 - 4 a c  = D < 0 
i f D  < 0, and define HN, j(O) to be -ISLz(Z)/Fo(N)I/12 i f j  -- 0 mod 2N and 
0 otherwise. (Points on the boundary of the fundamental domain have to be 
counted with fractional multiplicity in the usual way.) We define the function 
HN, j(T) by 

HN, j(*) ----- ~Hu,  j(n)q". 
n 

We put Hu(n) = ~jmod2NHN, j(n) and HN(n) = Y~.jmod2NHN, j(n). For example, 
the first few functions are 

H i (z )  = - 1 / 1 2  + (1/3)q 3 + (1/2)q 4 + q7 + q8 + qll + (4/3)ql2 + . . .  

H2('c) = - 1 / 4  + ( l /2 )q  4 + 2q 7 + q8 + 2q12 + . . .  

H3(z) = - 1 / 3  + (1/3)q 3 + 2q 8 + 2q ll + (4/3)q lz + --- 

Theorem 13.1. Suppose v is a vector o f  norm - 2 N  < 0 and let ~o(w)  the 
function q~o defined above, restricted to the multiples vz o f  v for  z E C, 
~(~) > O. Then q~o(vz) is a modular form for  Fo(N) o f  weight ko equal to 
the constant term o f  f(v)O~• I f  z is a root o f  an equation azZ +bz +c = 0 
with a/N,b,e E Z, (a/N,b,c) = 1, b 2 - 4ac = D < O, then the order o f  the 
zero o f  Cbo(zv) is 

~ c(d2D/4N - ~2/2). 
d>O(2,v)=db 

The sum o f  the orders o f  the zeros o f  ~o(zv) at the cusps o f  a fundamental 
domain o f  Fo(N) is the constant term o f  

- ~ f(z)Ov• b(z/4N). 
bmod2N 

Under the Fricke involution z - *  -1 /Nz  ~Oo(zV) transforms as 

�9 o ( -v /NO = • 1 7 6  

Proof Under the group Fo(N), direct calculation shows that the function 
transforms as 

From this we find that the function q~0(zv) transforms as 

�9 o(v(az + b)/(ez + d))  = • + d)2k+22x>o,{x,L')=oc(-(xa)/z)cPo(vz) 

for (c~d b) E Fo(N), so that #o(zV) is a nonzero modular form for Fo(N) of 
weight equal to 

2k + 2 ~ e ( - ( x , x ) / 2 )  = Y]. e ( - ( x , x ) / 2 )  
x > O,(x,v)=O (x,v)=O 
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which is the constant term of  f(z)Ov• This follows because ~0(rv) is 
essentially the first nonvanishing coefficient in the Taylor series expansion of  

orthogonal to Cv and is obtained by differentiating # c ( - ( x , x ) / 2 )  times for 
each positive norm vector x orthogonal to v, and each differentiation contributes 
2 to the weight of  #0(zv). 

We have to calculate the zeros of  q)0(zv). The zeros of  ~0(Y) are the divi- 
sors of  positive norm vectors (2 ,m,n)  of  M, each with multiplicity c ( - 2 2 / 2  + 
mn). We have to remember only to count the zeros from one of  the vectors 
(2 ,m,n)  and -(2,re,  n), and also remember to count the zeros from positive 
multiples of  (2,m,n).  This gives a contribution of  c ( -22 /2  + 2mn) to the zero 
of  ~0(zv) at z whenever ( (w,  1, v2~2/2), (2, m, n)) = 0, or in other words when 
mNz 2 +(v, 2 ) z - n  = 0. In particular ~ must be an imaginary quadratic irrational. 
Suppose that az 2 +bz  +c  = 0 with a/N,b,c C Z, (a/N,b,c) = 1, b e - 4 a c  = D. 
Then we must have m = da, (v, 2) = d b ,  - n  = dc for some integer d. But then 

d2D/4N = (v, 2)2/4N + mn = 22/2 + (mn - 22/2) where ~. = 2 - v(2,v)/(v,v) 
is the projection of  2 into v • Hence the multiplicity of  the zero of  ~o(zv) at 
z is 

~ c(d2D/4U - ~2/2). 
d > 02,(2,v)=bd 

As (b0(,v) is a modular form for Yo(N), the total number of  zeros in a 
fundamental domain is equal to [SLz(Z)/Fo(N)I/12 times its weight, which 
is the constant term of  --HU, b times the constant term of  f(z)O~• Hence 
the number of  zeros at all the cusps is this number minus the number of 
complex zeros of  ~0(zv) in a fundamental domain. We have just worked out 
the multiplicity of  a zero at any complex number ~, so we can work out the 
total number of  complex zeros in a fundamental domain, and we find that the 
number of  zeros at the cusps is as stated in 13.1. 

Finally the transformation formula for ~0(zv) under the Fricke involution 
follows from the formula cl,(2y/(y, y )  = :t:((y, y ) /2)k~(y) .  This proves theo- 
rem t3.1. 

Corollary 13.2. Suppose that v is a vector o f  norm - 2 N  <= O. 
I f  N = 0 and v is primitive then the hei#ht o f  v is the constant term of  

Ov• 

I f  N = 1 then the height o f  v is the constant term o f  

- 0 v •  

I f  N is prime then the height o f  v is the constant term o f  

1 
--4 ~ Ovx,b(z)f(z)HN, b(r)" 

brnod2N 

Proof  The case N = 0 follows from theorem 10.4. I f  N = t then the height 
is just the order of  the zero of  (/)0 at the cusp ioo and as SL2(Z) has only 
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one cusp the corollary then follows from theorem 13.1. If  N is prime then 
Fo(N) has 2 cusps represented by 0 and icx~. These two cusps are exchanged 
by the Fricke involution, so the Cbo(zv) has zeros of  the same order at both 
cusps. Therefore the order of  the zero at ioo is half the sum of the orders at 
all cusps. This case of  the corollary then follows from theorem 13.1. 

The fact that the height is always an integer can be used to find some con- 
gruences between the coefficients of  theta functions of  lattices. As an example 
we will work out these congruences for the theta functions of  some unimodu- 
lar lattices explicitly. The isomorphism classes of  25 dimensional unimodular 
lattices can be identified with the orbits of  norm - 4  vectors v in II25,1, where 
the lattice v • is isomorphic to the lattice of  vectors of  even norm in the corre- 
sponding 25-dimensional unimodular lattice. We put N = 2 and f ( z )  = l /d ( z )  
and find that the constant term of  

1 
- -  ~ Or• bH2b(~) f (z)  

2 b m o d 4  ' ' 

is the height of  v and therefore is an integer. The first few coefficients of  H2,b 
are given by Hz,0(~/8) = - 1 / 4 + q + . . . ,  H2,1('c/8) ~- H2,3('c/8) = q7/8+.. ", and 
H2,2(z/8) = (1/2)qU2+ . . . .  The coefficients of  the theta functions are given 
by 0v• ) + 0v• ) = 0K(~), and 0~• ) = 0~• ) = aq 1/8 + . . . ,  where 
a = 1 if  K is the sum of a one dimensional lattice and a Niemeier lattice, and 
a = 0 otherwise. Putting everything together, we find that 

8height(v) = 20 + r2 - 2rl - 8a 

where rn is the number of  vectors of  norm n in K. In particular 

r2 ~ 2rl + 4 mod 8. 

A consequence of  this is that any 25 dimensional even unimodular lattice has 
minimum norm at most 2. More generally we find that i f  K is a unimodular 
lattice of  dimension s + 1 - 1 mod 24 with s > 0 then the constant term of  

(H2,o(z/8) + H2,2(z/8))Ox(~)/A(z) s/24 

is divisible by 2. As the Fricke involution acts on a fundamental domain of  
/"o(2) fixed point freely except at the images of  the points z = i and z = V~i 
the coefficients of  the series H2,0 and H2,2 are usually even; more precisely 

H2,0(~) -= - 1 / 4  + ~-~,>0q 8"2 mod 2 and H2,2(~) - (1/2)Y~'~,>0q 4"2 rood 2. This 
implies that the constant term of  

( 2 0 ( v ) +  O("c/2 ) )OK('C)/A('c) s/24 

is divisible by 8. We can get similar congruences for unimodular lattices whose 
dimension is not 1 mod 24 .by adding on copies of  the 1-dimensional unimod- 
ular lattice until the dimension is 1 mod 24. These congruences can probably 
also be deduced by constructing automorphic forms for the groups OK~t2,2(Z) +. 



204 R.E. Borcherds 

14. Product formulas for modular forms 

In this section we will prove theorem 14.1 below. This immediately implies the 
product formula for the modular polynomial stated in the introduction, because 
the product I][~]( j(z)- j ( tr))  obviously satisfies the conditions in theorem 14.1, 

and has zeros corresponding to a function f o ( z )  of the form qO + O(q). 
Recall that H(n)  is the Hurwitz class number for the discriminant - n  if 

n > 0, and H(0)  = -1 /12 .  (So ~-]H(n)q n = - 1 / 1 2  + q3/3 + q4/2 + q7 q_ q8 + 
qH + (4/3)q12 + . . . .  ) 

Theorem 14.1. Suppose that f o(z) = ~-~co(n)q ~ is a nearly holomorphic mod- 
ular form o f  weight 1/2 for  f0(4)  with integer coefficients whose coefficients 
co(n) vanish unless n is 0 or 1 mod 4. We put 

~p(r) = q-h I-[ (1 - qn) co(n2) 
n > 0  

where h is the constant term o f  f o ( r )~H(n )q  n. Then tp(z) is a meromorphic 
modular form for  some character o f  SL2(Z), o f  integral weight, leading coef- 
ficient 1, whose coefficients are integers, and all o f  whose zeros and poles are 
either cusps or imaginary quadratic irrationals. This correspondence gives an 
isomorphism between the additive group o f functions satisfying the conditions 
on f o and the multiplicative group o f  functions satisfying the conditions on 
~. Under this isomorphism, the weight o f  the modular form 7 s is c0(0), and 
the multiplicity o f  the zero o f  ~ at a quadratic irrational z o f  discriminant 
D < 0 is ~d>oCo(Dd2). (The discriminant o f z  is D = b 2 - 4 a e ,  where a,b, 
and c are integers with no common factor such that az 2 + bz + c = 0.) 

Example 1. Under this isomorphism f o ( z )  = 120(z) = 12+24q+24q4+24qg+ 
�9 .. corresponds to 7s(z) = A(z) = qI-in>0(1 - qn)24 of weight co(O) = 12; this 
is the usual product formula for the A function. 

Example 2. Put 

F(z)  = ~ trl(n)q n = q + 4q 3 + 6 q  5 . . .  
n > 0 , n  odd 

O(T) --- E q  n2 = 1 q'- 2q + 2q 4 + . . .  

nEZ 

f o ( z )  = F(z)O(z)(O(r) 4 - 2F(z))(O(z) 4 - 16F(z))E6(4z)/A(4z) + 560(~) 

= q-3 _ 248q + 26752q 4 . . . .  

= ~co(n)q  n. 
n 

Then the corresponding infinite product ~ (z )  has weight co(O) = 0 and ha~ 
zeros of order c 0 ( - 3 )  = 1 at the point of  discriminant - 3  (which are tb, 
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conjugates of  ( 1 + i v Y ) / 2 )  and nowhere else, so it must be j(z)l/3. The Fourier 
series o f  3fo(z)  is 

3f0(~) = 3q -3 - 744q + 80256q 4 - 257985q 5 + 5121792q 8 - 12288744q 9 + - - .  

SO 

j ( z )  = q-~ 6- 744 6- 196884q + 21493760q 2 6- - . .  

= q - I  M (1 -- qn) 3co(n2) 
n>0 

= q - l (1  _ q)-744(1 _ q2)80256(1 _ q3)-12288744 . . . 

Example 3. The Eisenstein series E4, E6, Es, El0, and Ex4 all satisfy the 
condition on 7 ~ and so can be written as infinite products corresponding to some 
functions fo ( r ) .  An explicit formula for E4 follows easily from the infinite 
product expansions of  j and A because j = E]/A, and an explicit formula for 
E6 is given in example 2 of  section 15. The other cases follow from E8 = E42, 
Elo = E4E6, and El4 = E2E6. The remaining Eisenstein series cannot be written 
as modular products. 

Example 4. There are exactly 13 integers n for which j ( r )  - n satisfies the 
conditions on ~v(z) and hence can be written as a modular product; these are 
the values o f j ( ~ )  at values of  imaginary quadratic z for which j ( z )  is integral 
which are well known to be j((1 + ix/3)/2) = 0, j(i)  = 26.33, j((1 + ix/if)/2) = 
--3353, j(ix/~) = 2653, j((1 + iV/H')/2) = --2 tS, j(ix/~) ----- 243353, j (2 i )  = 
2333113, j ( (1 q - i X / ~ ) / 2 )  = --21533, j((1 6 - i X / ~ ) / 2 )  = --2153.53, j(iv/-ff) = 
33.53.173, j((1 + i V Y ) / 2 )  = --2183353, j((1 6- iv/6"ff)/2) = --2153353113, j((1 + 

i lX/1-~)/2) = --2183353233293. There are therefore exactly 14 modular forms 
of weight 12 with integer coefficients for SL2(Z) which are modular products: 
the forms A(z)(j(z) - n) and the form A(z). 

We will prove theorem 14.1 as follows. We find a spanning set for the 
set of  modular forms f 0  in theorem t4.1 and check for each of  them that the 
conclusion of  theorem 14.1 is true using the automorphic forms on 11s+2,2 con- 
structed in section 10. Then we check that all the modular fomas 7 j satisfying 
the conclusion of  theorem 14.1 can be written as a product of  the modular 
products constructed from the forms f0.  

Lemma 14.2. Every sequence of integers co(n) for n < 0, n = 0, 1 rood 4 
which are almost all zero is the set of coefficients of nonpositive degree for 
:l unique modular jbrm f o sa-ti~fying the conditions of theorem 14.1. 

Proof This is similar to the proof of  theorem 5.4 of  [E-Z] with a few sign 
changes. I f  f0 (z )  = Y~'~n eo(.n)q" is a modular form satisfying the conditions of  
theorem 14.1 with co(n) = 0 for n < 0 then we define h0(~) = ~,co(4n)q" and 
cq(z) = Y'~,eo(4n + 1)q "+1/4. If  we use the fact that f o (v )  = h0(4r) + hl(4r)  
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satisfies the relation fo(cr/(4a + 1)) = ~ 1)f0(4~r) and put r = 4 a  + 1 
we find that h0 and hi satisfy the relation 

h o ( -  l / z )  - i h l ( -  l / z )  = x/~(ho(z) - ihl (z)). 

If  we let r be imaginary and take real and imaginary parts of  this we find 
that ho and hl satisfy the relations 

ho(~ + 1) = h0(~) 

hl(~ + 1) = ihl(T) 

h o ( - 1 / z )  = (1/2 - i /2)v~(ho(r)  + hl('r)) 

h t ( - 1 / z )  = (1/2 - i/2)v/~(-ho('r) + hi(z)). 

This implies that h0 and hi modular forms of  weight 1/2 which have zeros of 
order at least 1/4 at all cusps, so h0 and hi are both zero because ho/q and 
hl/~ are holomorphic modular functions vanishing at all cusps. This proves 
that the form f o  in lemma 14.2 is unique i f  it exists. 

To prove the existence of  f o  we must  exhibit such a form f 0  whose 
Laurent series starts off q" . . . .  for every n < 0 with n = 0, 1 mod 4. It is 
sufficient to do this for n = 0 or - 3 ,  because we can then get all values of  n by 

multiplying by powers of  j (4z ) .  For n = 0 we can use the function ~ n E z q  n2, 
and for n = - 3  we can use the function F(z)O(v)(O(z) 4 - 2 F ( z ) ) ( O ( r )  4 -  
16F(T))E6(4z)/A(4r)+560(r)  where F ( z )  is defined in example 2 above. This 
proves lemma 14.2. 

Lemma 14.3. There is a norm - 2  vector v E 1125,1 such that 0 •  = 
1 + 2q 1/4 + O(q). 

Proof. We take v to be the image of  a norm - 2  vector of  Hi,1 in II25,1 = 
Hl,l �9 (Leech lattice). 

L e m m a  14.4. There is a norm - 2  vector v E II25A such that Ov~,(r ) = 
1 + 6q + O(q 5/4) = 1 + O(q). 

Proof. If  we take p to be a primitive norm 0 vector of  1125,1 corresponding 
to the Leech lattice, then p is a Weyl  vector for the reflection group of  the 
Leech lattice and the simple roots are the norm 2 vectors r with (r,v) = -1  
and they correspond to vectors of the Leech lattice. I f  we take rl and r2 to 
be simple roots having inner product - 1  (corresponding to two vectors of  the 
Leech lattice at distance v ~ )  then the vector v = p + rl + r2 is a norm - 2  
vector of  the Leech lattice. It is easy to check that it is in the Weyl chamber 
of  the reflection group of  1125,1, and that the simple roots of  v • are just  rl and 
r2 so that v • has root system a2 and therefore has 6 norm 2 vectors. It is also 
easy to check that there are no norm 0 vectors of  II25a having inner product 

1 with v, which implies that there are no vectors of  norm 1/2 in v -L'. This 
proves lemma 14.4. 

L e m m a  14.5. The Z-module o f  functions f o satisfying the conditions o f  the- 
orem 14.1 is spanned by functions o f  the form O . , (4T) f (4r ) ,  where v is a 
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norm -2 vector of a lattice l ls+l ,  1 and f = ~ ,  c(n)q n is a nearly holomorphic 
modular form of level 1 and weiyht -s/2. 

Proof By using lemmas 14.1 and 14.4 we can find functions which are linear 
combinations of the functions mentioned in lemma 14.5, and whose Fourier 
series start off q-4n + ... or 2q -4n-3 + ... for any nonnegative integer n. By 
lemma 14.2 these functions span the module of functions fo  satisfying the 
conditions of theorem 14.1. 

We can now prove theorem 14.1. Suppose that v is a norm - 2  vector of 
11253 and f is a nearly holomorphic modular form of weight - 1 2 ,  and 

~o(Y) = e-2~ri(p'Y) IX (1 - -  e-21ri(x'Y)) c(x) 
xEL,x>O,(x,v)4~O 

is the function defined in section 13. By theorem 13.1 7s(z) = #o(zv) is a 
modular form for SL2(Z) of weight equal to 2k + 2~-~x>O,(x,v)=oC(-(x,x)/2 ) = 
~(x,v)=oC(-(x,x)/2) which is the constant term of f(z)OL,,(z). By theorem 13.1 
again the zeros of 7 j are as stated in theorem 14.1. 

We can find the infinite product decomposition of @o(zV) from that of 
q~0(Y) by restriction, and we see that 

~o(ZV) = qh 1-I (1 - -  qn) c~ 
n > 0  

where h is the height of  v and co(n) is the coefficient of q" in f(4z)Ov• ) = 
fo(z). By theorem 13.1 the height h is given by the formula stated in theorem 
14.1. 

Finally we have to check that the map from functions f0  to functions ~ in 
theorem 14.1 is an isomorphism. If  the image of f0  is 1, then ~ has no zeros 
and weight 0, so the coefficients co(n) are 0 if  n < 0, so f0  is 0 by lemma 
14.2, which proves that the map is injective. If  �9 is any function satisfying the 
conditions of theorem 14.1, then again by lemma 14.2 we can find a function 
f0 such that the corresponding infinite product has the same complex zeros 
and poles as ~.  By taking the quotient we can assume that 7 j has no zeros or 
poles except at cusps. But this implies that 7 a must be a positive or negative 
power of q(z) 2 (as W has integral weight), and we obtain these functions 
by taking fo  to be an integral multiple of O(z) = 1 + 2q + 2q 4 + . . . .  This 
proves theorem 14.1. 

Remark In the case when we take v to be a norm - 2  vector in the lattice 
111,1 we can work out the Weyl vector explicitly. By identifying its height with 
the integer h in theorem 14.1- we recover the classical Hurwitz formula 

~ H ( 4 m  - t 2) = ~ m a x ( d , m / d )  

tEZ dim 

for positive integers m. 
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15. Generalized Kac-Moody algebras 

Many automorphic forms for OM(Z) + that are modular products, especially 
those of singular weight, are the denominator functions of generalized Kac- 
Moody algebras. We give a few examples of this. 

Example 1. If  f ( z )  is the Hauptmodul of an element of the monster simple 
group then f ( a ) -  f ( z )  is an automorphic function on O2~(R) with respect 
to some discrete subgroup, and can be written as an infinite product whose 
exponents can be described explicitly. See [B] for details. More generally, 
if A and B are elements of SLz(Z) then f ( A g )  - f ( B z )  can often be written 
explicitly as an infinite product, and these expressions are often the denominator 
formulas for generalized Kac-Moody algebras. 

Example 2. The product formula 

E6(T) = 1 - 504 ~ Crs(n)q n 
n > 0  

= 1 - 504q - 16632q 2 - 122976q 3 . . . .  

= H (1 - qn) a(n2) 
n > 0  

= (1 - q)5~ - q2)143388(1 - q3)51180024 .. 

where 

a(nZ)qn = q-4 + 6 + 504q + 143388q 4 + 565760q 5 
n 

+ 18473000q 8 + 51180024q 9 + O(q 12) 

= ( j (4v)  - 876)0(v) 

- 2F(z)O(z)(O('Q 4 - 2F(z))(0(z) 4 - 16F(z))E6(4v)/A(4z) 

(see section 16) is the denominator formula for a generalized Kac-Moody alge- 
bra of rank 1 whose simple roots are all multiples of some root ~ of norm -2 ,  
the simple roots are n~ (~ > 0) with multiplicity 504a3(~), and the multiplicity 
of the roots n~ is a(n 2). The positive subalgebra of this generalized Kac-Moody 
algebra is a free Lie algebra, so we can also state this result by saying that the 
free graded Lie algebra with 504ors(n) generators of each positive degree n has 
a degree n piece of dimension a(n2). There are similar examples corresponding 
to the infinite products for the Eisenstein series El0 and El4. 

Example 3. In [B] there is an example of an infinite product formula for 
every element of 224.OA(Z) (where A is the Leech lattice) given by taking 
the trace of this element on the cohomology of the fake monster Lie algebra. 
This is probably always an automorphic form of singular weight for some group 
OM(Z) +, although I have not checked this for all cases. This automorphic form 
is often the denominator function for some generalized Kac-Moody algebra or 
superalgebra. This gives several examples of automorphic forms of singula~ 
weight on groups OM(Z) + with level greater than 1. 
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Example 4. There seems to be a superalgebra of rank 10 associated with the 
E8 lattice in the same way that the fake monster Lie algebra is associated with 
the Leech lattice. In fact, there seem to be 2 closely related superalgebras, one 
with zero Weyl vector and one with Weyl vector equal to the Weyl vector of 
the reflection group of O19.~ (Z) generated by the reflections of norm 1 vectors. 
I have a construction for these superalgebras but have not yet checked all the 
details. The denominator formula for one of these superalgebras is proved in 
[B]. The superalgebra is probably acted on by a group 28.W(E8) where W(Es) 
is the Weyl group if the E8 lattice. There are presumably twisted versions of 
the denominator formula for this superalgebra associated to conjugacy classes 
in 28.W(E8). These twisted denominator functions are probably automorphic 
forms of singular weights, and this can probably be proved case by case using 
the methods of this paper. 

Example 5. The product formula 

~-] (--1)m+npm2q n2rmn -= l-I ( i  - paqcrb~f(ac-b2) 
rn,nEZ a+b+c>O q- paq orb J 

where f ( n )  is defined by ~ f ( n ) q "  = 1 / (~ , ( -1 ) "q  n2) = 1 + 2q + 4q 2 + 
8q 3 + 14q 4 + .... is the denominator formula for a generalized Kac-Moody 
superalgebra of rank 3. This superalgebra is graded by Z 3, and the subspace of 
degree (a, b, e) had dimension 3 if (a, b, c) = (0, 0, 0), and f ( a e -  b 2 )[ f (ae-  b 2) 
otherwise. (The symbol m[n for the dimension of a superspace means that it is 
the sum of an ordinary part of dimension m and a super part of dimension n.) 
This product formula can be proved using the ideas of this paper, except that 
we need to use Jacobi forms of level 2 rather than level 1. The left hand side is 
essentially Siegel's theta function of genus 2, and so is an automorphic form for 
Spz(Z). As Sp2(R) is locally isomorphic to O3,2(R), it is also an automorphic 
form for the group OM(Z) + where M is the even lattice of determinant 2, 
dimension 5 and signature 1. 

16. Hyperbolic reflection groups 

There is often an automorphic form with a modular product expansion asso- 
ciated with the hyperbolic reflection group of a Lorentzian lattice, especially 
when the reflection group of the lattice has finite index in the automorphism 
group. We will give several examples of this. 

Example 1. We let L be the 10-dimensional even Lorentzian lattice I19,~, whose 
reflection group has Dynkin-diagram el0. We let f be the automorphic form 
of weight 252 corresponding to the weight - 4  modular form Ea(z)Z/A(z) = 
q-1+504+. �9 -. All the real vectors of the corresponding vector system are norm 
2 roots and have multiplicity 1, so they are exactly the roots of the reflection 
group of L. The Weyl chambers of f are all conjugate and any Weyl vector has 
norm -1240, and these are the same as the Weyl chambers and Weyl vectors of 
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the reflection group of L. Unfortunately the norm 0 vectors all have multiplicity 
504 which is much larger than the multiplicity 8 of the norm 0 vectors of the 
Kac-Moody algebra el0, so this seems to give no useful information about the 
root multiplicities of this Kac-Moody algebra. The function f has a simple zero 
at all rational quadratic divisors of norm 2 and no other zeros, so it divides any 
antiinvariant automorphic form for the group Oli10,2(Z)+, and therefore gives an 

isomorphism from invariant automorphic forms of weight k to antiinvariant 
forms of weight k + 252. In particular any antiinvariant form of weight less 
than 256 is a multiple of f .  

Example 2. We let L be the 18-dimensional even Lorentzian lattice. We let f 
be the form associated to the weight - 8  form Ea(z)/A(z) = q- l  + 256 + .... 
As in the previous example, we find that the Weyl chambers and Weyl vectors 
(norm -620)  of f are the same as those of the reflection group of L, and 
multiplication by f is an isomorphism from invariant forms of weight k to 
antiinvariant ones of weight k + 128. 

Example 3. We let L be the even sublattice of index 2 in 121,1, which is 
the orthogonal complement of a d4 lattice in II25,1. The reflection group of 
L has finite index in the full automorphism group and is generated by the 
reflections of vectors of norms 2 and 4. If we take an automorphic form ~b 
for Oix26.2(Z) + and divided it by the factors vanishing on L, we get a function 
~0 which restricts to an automorphic form for OLd)Ill,1 (Z) +. If we take cb to 
be the automorphic form associated to 1/A(z) then the positive norm vectors 
of L of nonzero multiplicity are the norm 2 vectors with multiplicity 1, and 
half the norm 4 roots with multiplicity 8. This gives an automorphic form 
whose positive norm vectors of nonzero multiplicity are multiples of the roots 
of L. This example cannot correspond to any generalized Kac-Moody algebra 
because all the positive norm roots of a generalized Kac-Moody algebra have 
multiplicity 1. 

Example 4. More generally if we take any subdiagram of the Dynkin diagram 
A of I125,1 whose components are all of the form d4, dn for n _-> 6, e6, e7, 
or e8 and we let L be the orthogonal complement in II25,1 of the lattice of 
this subdiagram, then we get an example similar to the previous example of 
an automorphic form whose positive norm vectors of nonzero multiplicity are 
closely related to the roots of some reflection group of finite index in the full 
automorphism group of L. Examples 1,2, and 3 correspond to the subdiagrams 
e 2, e8, and d4. 

17. Open problems 

1. Can the methods for constructing automorphic forms as infinite products 
be used for semisimple groups other than Os+2~(R)? 

2. Extend the methods of this paper to level greater than 1. Can any nearly 
holomorphic Jacobi form of nonnegative weight be used to construct a 
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meromorphic automorphic form? In particular, can the explicit calculations 
used in section 10 to prove the existence of a Weyl vector be replaced by a 
more general argument? Can any automorphic form (with rational integral 
Fourier coefficients) all of whose zeros are rational quadratic divisors be 
written as a modular product? 

3. Are there a finite or infinite number of automorphic forms of singular 
weight that can be written as modular products? Are there any such forms 
on Os+2,z(R) for s > 24? The forms of singular weight which are modular 
products are particularly interesting because they often correspond to gen- 
eralized Kac-Moody algebras. If a form has singular weight then its Weyl 
vectors must be of norm 0, and the lattices corresponding to them have no 
vectors of small norm. 

4. Find some interesting cases of the generalized Macdonald identities of 
chapter 6 such that the sum of theta functions times modular forms can be 
written down explicitly. 

5. What are the eigenvalues of the Hecke operators acting on the weight 12 
form for O1~26,2(Z) + (which is an eigenform of the Hecke operators)? Does 
it correspond to some Galois representation? 

6. Can the automorphic fonaas that are modular products be understood in 
terms of representation theory or Langlands philosophy? (I do not even 
know how to understand the product formula for A(z) in terms of rep- 
resentation theory.) One problem with this is that the automorphic forms 
which are modular products are often not eigenforms of Hecke operators; 
for example there are 14 modular forms of level 1 and weight 12 which 
are modular products, only one of which (A) is an eigenform. 

7. Many automorphic forms that are modular products can be interpreted as 
the denominator formulas of generalized Kac-Moody algebras. Is it possible 
to construct these generalized Kac-Moody algebras explicitly (other than 
by generators and relations)? For example, the fake monster Lie algebra 
is the Lie algebra of chiral strings on a 26-dimensional torus. 

8. Given an automorphic form for OM(Z) + with a modular product we ob- 
tain a decomposition of the cone C into Weyl chambers, each of which 
either has finite volume, or has finite volume modulo the action of a free 
abelian group. In the only cases I know of where this decomposition has 
been worked out explicitly (mostly reflection groups or the examples as- 
sociated with I125,1 in chapter 14) the automorphism group acts transi- 
tively on the Weyl chambers, but this is certainly not usually the case. 
What happens in general? I would guess that there are usually a large 
number of Weyl chambers, each one of which has a fairly simple struc- 
ture and not too many sides, but I have no real evidence for this. The 
structure of any given Weyl chamber can probably be worked out using 
some sort of extension of Vinberg's algorithm for the case of reflection 
groups. 

9. Is there any connection between the 3 product formulas for j(z) -j(cr)? 
(The three formulas are the Gross-Zagier formula when both of ~r, z are 
imaginary quadratic integers, the formula of this paper when one of them 
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is, and the product formula for the monster Lie algebra when neither of 
them are.) 

10. Extend theorem 14.1 to higher levels. Can any modular form (of any level) 
with integral coefficients, such that all its zeros are cusps or imaginary 
quadratic irrationals, be written as a modular product? What happens if 
the coefficients are not required to be rational? Is there a proof of theorem 
14.1 which only uses modular forms on SL2 and not automorphic forms 
on larger groups? In theorem 14.1 the coefficients of negative powers of 
q in f0 are related to the orders of the zeros of Cbo, and the coefficients 

of q n2 appear in the infinite product expansion of 40. Is there any in- 
terpretation of the coeff• of qn for positive values of n that are not 
squares? Does the correspondence in theorem 14.1 commute with some 
action of a Hecke algebra? (The Hecke operators would have to act mul- 
tiplicatively rather than additively on meromorphic modular forms.) The 
Shimura-Kohnen isomorphism [Ko] is an isomorphism from the space of 
weight k/2 forms of level 4 whose Fourier coefficients c(n) vanish unless 
n = 0 , ( - 1 )  (k-1)/2 mod4, to the space of modular forms of level 1 and 
weight k -  1 (k odd). In this isomorphism the coefficients c(n 2) are closely 
related to the eigenvalues of the Hecke operators. Is there any connection 
with the isomorphism of theorem 14.1, which has the same condition on 
the coefficients c(n) and for which the coefficients c(n 2) are also particu- 
larly important? (Notice that the Shimura-Kohnen isomorphism is additive, 
while the one in theorem 14.1 is multiplicative.) 

11. The extension of theorem 14.1 to higher levels appears to give many mod- 
ular functions whose zeros are the imaginary quadratic irrationals that are 
used to define Heegner divisors of modular curves. R. Taylor suggested 
that this could be used to produce linear relations between the Heegner 
points on the Jacobian. 

12. Suppose L is a Lorentzian lattice whose reflection group has finite index 
in its automorphism group. Is there always an automorphic form with a 
modular product expansion such that the positive vectors of nonzero mul- 
tiplicity are more or less the same as the roots of L (possibly multiplied 
by nonzero rational numbers)? 

Acknowledgements. I thank the N.S.F. for providing support and the referee for several 
useful comments, in particular for simplifying the original proofs of lemmas 10.2 and 10.3. 
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