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The Shapley Value in the Non Differentiable Case

By I. F. Mertens'

Abstract: The Shapley value is shown to exist even when there are essential non differentiabilities
on the diagonal.

Introduction

In their book “values of Non Atomic Games”, Aumann and Shapley [1] define the
Shapley value for non atomic games, and prove existence and uniqueness of it for a
number of important spaces of games like pNA and bv'NA. They also show that this
value obeys the so-alled diagonal formula, expressing the value of each infinitesimal
player as his marginal contribution to the coalition of all players preceding him in a
random ordering of the players: say if the worth v(S) of coalition S is expressed as a
function of finitely many non atomic probabilities uy ... u, by

o) =f(1r(S), - 1n(8))  FEC!, f(0)=0
then the diagonal formula takes the form
1 3f
[$)IS) = Zu(S) [ == (1. 1, ... Dt
0 OX;
or in general, more symbolically

1
[p(D))(ds) = ({ [t + ds) — v(eD)]dL.

1 prof. Jean-Francois Mertens, CORE, 34 Voie du Roman Pays, 1348 Louvain-la-Neuve, Belgium.

0020-7276/88/1/1—65 $2.50 © 1988 Physica-Verlag, Heidelberg



2 J.F. Mertens

This interpretation in terms of a random order depends on the fact that, for a larger
number of players, player ds will in a random order occur at some time # uniformly
distributed on [0, 1], and that the set of players preceding him will be an almost per-
fect sample of size ¢ of the whole population — so that its worth will be essentially
o(dl) = f(tur (), ..., ().

Those results have a large number of important applications — they do however
depend on the differentiability of f along the diagonal.

The diagonal formula was later extended, in “Values and Derivatives” [4] to a
much wider class of games, including spaces like »v'NA where the function f cannot be
called differentiable.

The extended formula applies say to majority games (2(S) = I(u(S) = a) 0 < a < 1);
or even to majority games in several different houses (v(S) = I(11,(S) = oy, 12(S) = @y,
s 1y (8) 2 ;) =0 <; < 1) provided all quota’s a; are different. (/(-) denotes the
indicator function.)

But the case where the quotas would be the same — say allé —would be excluded,
at least when n > 2.

Similarly, in economic applications, economies with strong complementarities,
like “n-handed glove markets” (v(S)= min  (g;(S)) would remain excluded — again
at least when n > 2. i=1yeean

Moreover, no value operator at all was known to exist on any space of games that
would include all n-handed glove markets — except (Y. Taumann [7]) when n is fixed
and in addition all measures u; are mutually singular, ie. the different types of gloves
have disjoint sets of owners.

S. Hart’s “measure-based values” [3] are an illuminating approach to this problem.
They highlight the fact — which could already be seen in Aumann and Shapley’s
analysis [1] of the three-handed glove market — that in some sense different finite
approximations to the game may yield quite different values, according as to one or
another part of the player set — say the owners of one or another type of glove — ap-
proximates better the limiting game. For the approximations considered, the distribu-
tion of a random sample around the diagonal is essentially normal, with a covariance
matrix that is quite sensitive to the relative degree of approximation in different parts
of the player set.

Surprisingly, as we will show, in the limit the symmetry axiom — i.e. to ask that
the solution depends only on the data of the game — is strong enough to force the
distribution away from the normal distribution, and to impose an in some sense
unique answer.

Here we extend the diagonal formula of Mertens [4] to include in addition all
situations of this type.

We get in this way a value — of norm 1 — on a closed space that will include DIFF
— and DIAG -, the closed algebra generated by bv'NA, and also all games generated
by a finite number of algebraic and lattice operations from a finite number of mea-
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sures, and all markets functions of finitely many measures. The space will also include
the finite games and the “regular’’ games with countably many players.

Intuitively, the diagonal formula is extended by taking the derivative not on the
diagonal, but at some small perturbation of it — say #/ + ey instead of #/ — and by
averaging the result for some probability distribution over perturbations. We prove
further a weak form of uniqueness, in the sense that there is only one such probability
distribution over perturbations that would yield a value.

In parallel, another extension is made to previous approaches, mainly in order to
make the value invariant e.g. under all automorphisms of the lattice of coalitions mod.
countable sets, instead of only all automorphisms of the player set. In particular, this
allows us to deal with finitely additive measures just as well as countably additive ones.

The basic definitions are given in Section 1. Section 2 defines the probability
distribution over perturbations and shows its uniqueness. An explicit formula for the
value of games of the type discussed above (r-handed glove markets, majority in several
different houses) is derived in Section 3.

Section 1

We follow basically the terminology of Aumann and Shapley [1]. (Z, C) denotes the
player set, C being a g-field of subsets of the set 1. A game is a real valued function v
on C, with v(¢) = 0. Its variation norm || vl|gy is the supremum of the variation of v
over all increasing chains (C; CC, € ...C () in C. (BV, |l*llzy) denotes the Banach
algebra of all games of bounded variation.

FA is the subspace of BV consisting of additive set functions.

We are going to define a value — more precisely, a projection ¢ of norm 1 of some
closed subspace @ of BV (FA C Q) onto FA, such that [¢(v)](Z) = v(I) and such that
¢ is symmetric in the sense that for any automorphism 6 of the Boolean algebra C, if
9 is defined on BV by [0%(0)](S) = v(6(S)), then 8*(Q) =Q and p o 8 =07 o ¢.

In fact, ¢ will be constructed as the composition of different positive linear sym-
metric mappings of norm 1: ¢ =4 0 @3 0 @, 0 Y.

(1.1) ¢, maps any game into the corresponding constant sum game, [¢;()](S) =
% [v(S)— v(5¢) + v(I)]: obviously ¢, is a symmetric projection of norm 1 onto the
space Q; of all constant sum games w (W(S) + w(S°) = w(I)), such that [¢; (®)](I) =
o(l).
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(1.2) ¢, is the extension operator:

B(I, C) denotes the space of bounded measurable functions on (Z, C), B{(, C)
is the space of “‘ideal sets™,ie. {fIf€B(, C),0<f< 1},

For functions ¥ on Bi(, C) (with #(0) = 0), one defines as previously the varia-
tion norm || lizgy- by considering all possible increasing chains in B1(Z, C), and one

defines 7" (x) = sup Z(@(f;+1) —2(f;))*, and similarly for 5~ : obviously
0<fl‘<fj+1<x i

15y =0"A)+0~ (), 0=0"~7".

Similar definitions are possible for the space F, of functions & (5(0) = 0) defined
only on the e-neighborhood of the diagonal V. = {f€Bi(l, C): sup (f) —inf (f) <€},
and lead to || 7 ligy, ¢ and D, , Tz by restricting all chains to remain in this neighbor-
hood. By definition || 7 ll;5y,0 = igg 12 lmy,e-

€

Following [5], we define F as the set of triplets (w, v, €), where 7 is a finite mea-
surable partiiton of 7, v is a finite set of non atomic elements of FA4 and ¢ > 0. Fis
ordered by a < o' iff m, <my’ (7, is a refiniement of 7,) and v, C v, and ey = €,
(F,<) is filtering increasing.

C, is the set of increasing sequences 0<f; <f, <...<f, < 1 of measurable
functions, and E,, the set of increasing sequences S; C S, ... C S, in C.

For any a € F and f€C,,, we define P, ,as the set of all probabilities with finite
support on £, such that E [E(I(S;)) — f;| < e uniformly on I, and such that S €,

1

Ten,, SNT=¢imply

(@) (SN S))i=1 is independent of (T N S,
(B) vo(S NS =vo(f; - I(S))

and

() ;- 15)=0=>85N58;=¢.

Intuitively P € P, y if P is the distribution of a random set (or sequence of sets) that is
very similar to the ideal set f — “very” being measured by a € F.
Obviously & < &' implies P, D Py’ r, and I showed in [S] that always P, ; # 6.
For any game v, and any f€BI(, C), let o(f)= lim sup [ o(S)dP(S),
acf pef,
v(f)=lm inf [o(S)dP(S). (The inclusion relations a <o = Pa,r 2 Po’ r imply
acF PEPy ¢
that the limits exist, the corresponding sup’s or inf’s being monotonic in «.) Now v is
in the domain D, of ¢§ iff ¥ x € Ve, 9(x) = v(x), and then ¢5(v) € F, is defined by
[5(®)]10) = 7(x) = v(X).
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Obviously D, is a closed (in the maximum pseudo-metric) vector subspace of the
space of all games, and symmetric, and ¢5 is a symmetric linear operator from D, to
Fe.

Further ¢ transforms non negative games into non negative elements of F,, and
monotonic games into monotonic elements of F,, and is of norm 1 both in the maxi-
mum norm and in the variation norm — this follows from the fact that va, vf€C,,
Pa,r 7 ¢

Finally one has obviously [¢5(®)](1)=v(I), and €; <e, =De, 2D, and if
vE D, then 051 (¥) = p32(v) on Ve,

Observe that for games with finitely many players, ¢, coincides with Owen’s
multilinear extension, and that for games in EXT (cfr “Values and Derivatives”), ¢,
coincides with the extension as defined in “Values and Derivatives”,

Observe also that ¢§ obviously maps constant sum games v € D, into constant
sum games w € F, [ie.: w(x) +w(l —x)=w(l) V¥ xE€B{(, C)], and that if vED,,
then ¢;1(¥) €D, and ¢5¢,(v) = ¢,¢5(v), where ¢; maps F, into F, by the formula
o110 =3 OO ~w(1 =30 + w(D)].

(1.3) 5 is essentially the derivative operator defined in “Values and Derivatives™:

First, if we&F,, define w on {f€B(, C):supf—inff<e} by w(f)=w[max
(0, min (1, /)]

Obviously w > w is symmetric, positive, linear, etc. ...; and if w is constant sum,
w(x) +w(1 ~x)=w(l).

1 ol —
Letnow g3 ()]0 = lim " -20 270
0 0 T

the limit exists for all x € B/, C) —.

Some remarks are in order.

First, if one deals only with games in BV, there would be no problem of existence
of the integrals — otherwise, we make the explicit assumption that, for any x, w(t + 7x)
is a.e. defined and integrable for all sufficiently small 7.

dt — wheneverwe& U F, and
€

1

We also assume that, for all x €B(I, C), im [ [w(r(u +x)") + w(r(u + x)™)]du
=0. 1-20 0

This is for instance satisfied, by the dominated convergence theorem, as soon as w
is bounded and lim w(rx) =0 V x € B{({, C).

‘r—>>0
Obviously the mapping 3 is positive, linear, symmetric.
Let us show that

[o3(W)I(a+ bx) =aw(1) + b[(ps(W)H(X)] Va,b R
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In particular we will have [p3(w)](1) = w(1), so that p3(w) is linear on every plane
containing the constants.

It is obvious that [¢3(W)][bx] = bles(W)(Xx)] ¥ b, ¥ x. So we only have to show
that [p3(w)](1 + x) = w(l) *+ [¢3(W)](x). Thus

o3 (0)(1 +x) = lim ({1 w(t+7+ Tx)z—Tw(t =7—7%) it

>
750

1w+ —-w(t—1 () - w(t — 1y
—lm | ( )2( ) +lim )2( )dt
> 0 T > 0 T
70 flad (]

1 1
tlhm S Wt +1+7x)—w(t + 1) =Wt + 1)~ w(t —7—71x)
> 0
70

+w(t — 1) + Wt —1)ldt

The first integral equals

P

’;; [ lf+T w(s)ds ~ lfTW(S)dS} =£‘ [ I w(s)ds~ f w(s)ds | .
Since w(x) + w(1 — x) = w(1), this equals
1 T 1 7 1
w(l)—— [2 J w(s)ds] =w(l)—— [ w(s)ds=w(l)— [ w(ru)du,
2| = T O 0

and this last integral converges to zero by assumption. So the first integral converges
to w(l).

The second integral converges by definition to {3(w)](X), so there remains to show
that the last integral converges tozero. It is equal to, writing £,.(¢) for w(t + x) — w(1),
F_(t) for w(t — rx) —w(z):

-1— { fl (Fot+1)—Ft))de + f1 F_()—-F_(t—1ydt }
27 o 0

«.:51_ {1}7F+(S)ds—f F+(s)ds+ f F_{s)ds — f F_ (S)ds}
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Now the relation w(x)+w(l —x)=w(l) implies F.(t)=—F_(1—1), so that the
last integral equals

=i[_ }) F_(s)ds — fTF+(s)ds— fT Fi(s)ds — }) F_(s)ds
27 - 0 0 -7

=__1[ fOF_(s)ds+fT Fy(s)ds
T I-7 0

T

- P+ F(-9)ds
T 0
= ~fl [F(ru) + F_(—Tu)]du
0
-- ({1 9 + ) — () + (= + X)) ~ (=72 | ds

- ({1 (wlr@ +0" ]+ wirlu + )~ —wira)ldu  (Eorr<[1+1xI]™)

and this last integral tends to zero by assumption.
Let us finally show that ¢ is of norm 1. Let x <x’, and consider any increasing
chain

X<x1 <x2 <...<x, <X

Denote by V(v)[x, '] the supremum of the variation of v over all such finite chains.
Let |lx' — x|l = 8, then V(¥)[x, x']1 < V(v)[x, x + 8], and there is no loss in restricting
the chains to satisfy x; =x, X, =X +96.

If v=g3(w), and we take 7> 0 sufficiently small such that all w(z £ 7x;) exist,
then

[ e+ ) — 90 + 7)W= 7X0)
0

1
Z1v(i41) —v(xp) | =lim > E
i T i
—W(t—fx,-ﬂ)]dt\

1 1
<1im2—T FIZ W+ 1x41) —W(E+7x) |+ Z Wt —7x) — Wt~ TX;41)11d8,
0 i i
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or, letting |w | =wyi +wZ,
1 1
<1im5-; ({ [WIE+r(x+8)— 1wl +7x)+ Wit — )~ [WI|(t~7(x + 6))]dt

78
1f Wi+ 'rx)dt+1 f8 IWI(I"Tx)dt—J [Wl(t + Tx)dt

-

= lim—

1+78 1
27

—-—ji wi( - Tx)dt}.

But, for all x, we have 0 < [w](x) < W](1) = wg(1) + we (1) = lw gy, e Thus

1 1+78 18
Elv(Xm)*‘U(X;-)Kﬁmz—[ I wlpy,edt— [ (0)dt
i Tl{1~78 —78

=5 lwlmsy,e»

and therefore, € being arbitrary,

Wesw)Da X 1< X' = xll - Iwlizy.o-

In particular |gs(W)lipy = VigaW)I[0, 1] <liwlipy,o < Wiy, which shows that
w3 isofnom 1.
Since v = ¢3(w) satisfies v(a + bx) = av(1) + bv(x), we have

1
E—(v(t +rx) — vt = 7x) = v(X),
;

1
so that 7 [B(t + 7x) —0(t — 1)) =000 for | rxll <t < 1~ 7xl. If now |9llgy <o,

then by v(a +x)=av(1) + v(x) we get V(v)[a —8,a + 8] = V(v)[0, 28], which equals by
homogeneity 26 V{v)[0, 1] = 26 || vll. Therefore, for all f we have

1
37 [2(t + 7)) —o(t — 0l <lix I llwll.
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Also, |||l <o implies that §(t + 7x) is integrable (in ¢) — as a function of bounded
variation-, so that, by Lebesgue’s bounded convergence theorem

1]
S > [9(t + 7x) — 5(t — TX)]1dt > v(X).
0 T

Thus, to show that v € Dom (y3) and that p3(v) = v there only remains to show that
v is bounded and li;n v(rx) =0 V x €Bi(, C). This follows again immediately from
70
the boundedness of the norm of v and from the homogeneity.
Thus if v=p3(w), |lv]l <e implies v € Dom (p3) and ¢3(v) = v. Therefore we get
then V(@)[x,x']= V(e3(@)[x, x'1<Ix"= x|l llv|l and this relation is anyway true if
[lz]] = +=. To summarize, we have shown that

Proposition 1:

— g3 is positive, linear, symmetric.
= [eaI(1) =w().

— llesMW iy <lwlipy,o-

— vE& Range (p3) implies
vis linear on every plane containing the constants,
V), X'1<Ilx' ~xll - lvl ¥V x,x' €B(, C),

further, if || ]| < oo, then v € Dom o3, and ¢3(v) = v.

For every € > 0, one gets a different domain for ¢y o ¢, o ¢3. However, the composi-
tion having norm 1, and the domains being increasing when e - 0, the composition can
be extended to the closure of the union of those domains. Let us call ¢ this operator.

(In Section 4, we will show how to define directly an operator with closed domain
extending ¢ — the present approach seems however easier for getting the main idea
through, being more closely related to the literature.)

(1.4) Let us now already prove part of our claims.

Let Q= {v|lvEDom ¥, Y(v) € FA}: obviously Q is a closed symmetric space,
and  is a value on Q.
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It is obvious that Q contains DIFF, DIAG, and all games satisfying o(S) = v(S°)
vSe(. .

Let us show that Q also contains bv'FA (and all “regular” games with countably
many players).

bv'FA is the closed space generated by all games of the form v(S) = f(u(S)),
where u € FAL and fis monotonic, continuous at zero and at 1,with f(0) =0, f(Hy=1.
It is sufficient to show that 2€ Q when v is a generator. After applying ¢; to v, one
may assume further that f(x) + f(1 —x)=1.

Let us apply ¢,. Let p = .E p; where ¥ i ;2 0, i %=y # py, p; s two-valued

i=0
for i> 1 and g is non atomic (ie. Z p;(7) is maximal given the other conditions).
i»1

Assume without loss of generality that y;(/) is monotonic in i > 1, and let a; = w; (),
v; =(z,-_1 - iy whenever a; # 0,1, =sup {ilq; #0].
Denote by m, any partition of I such that

Vij€{l,...nan}(#)) 3 A€, 1;(4) #0,p;(4) = 0.

Let &, =(mp, g, 27"). Then for any PE R, . one has P-as. uo(S) =uolg), fori=>1
u:(S) € {0, ;(D} has expectation p;(g) up to 27" and p(S) ... u,(S) are indepen-
dent.

Let also Y, = po(g) + i;:l a;X;, where the X;’s are independent random variables

with value in {0, 1}, and with expectation v;(g).
It follows that, when n goes to infinity, the distribution of u(S) (= Z 1;(S))
i>0

converges weakly to the distribution of Y,. Further, when n, <o, then u(S) is con-
centrated on the (finite) set of atoms of Y. It follows that E(v(S)) converges to 7(g) =
Ef(Y,) — except maybe when n, =+°° and the distribution of Y, has some atoms at
discontinuities of f.

Recall that, for g arbitrary, one sets 9(g) = #(max (0, min (1,g))). Obviously
D(t +g) is integrable — being monotonic. We now show that, even when n, = +oo,
(¢ +g) is the extension of v at 7 +g, except for at most two values of £ Indeed, the
distribution of Y, is obviously non atomic except when lim vi(8) A (1 —v;(g)) = 0.

oo

Since we work only on some e-neighborhood of the diagonal, we can assume sup (g)
—inf(g)< 1, so that the only possible exceptions occur when lim V,-[(t+g)+] =0
i,

and when lim »;[(+g) A 1]= 1. It is sufficient to consider the first case, which is

I—>o0

true for all ¢ satisfying 0 < ¢ < —lim sup v;(g) = to. But if 0 <z <—lim sup v;(g) = £,
s o0

>
then B= {wlglw)< —-% (¢ +tg)} is some measurable set, and, since v;(B) = 0 = »;{g)
= -—% (¢ + tg), one has v;(B) = 1 except at most finitely many times — otherwise one



The Shapley Value in the Non Differentiable Case 11

would have #y =—lim sup v;(g) <% (t +t¢), thus £ >ty contrary to our assumption.
Remark that on B one has (g + £)* = 0.

Thus, as soon as our partition 7, refines B, we will have that, with probability
one, BNS=¢ ie. SCB%; and that »;(B°)>0 at most finitely many times — say

no
v;(B°)=0V i > ng. Therefore u(S) will have the distribution of uo[(g + )" 1+ Z 4;X;
i=1

where |E(X;)— v;[(g+£)"]1<27". Since ny depends only on g and ¢, this implies
u(S) is a distribution on a fixed, finite set of atoms, that converges weakly to the
distribution of Y(, 44+ — and thus the probability of every atom converges: we still
have that o(g + ¢) is the extension of vat (g +)".

Thus the only possible troublesome value of ¢ is £ =—1lim sup »;(g) (and dually
1 — ¢ =lim inf v;(g)).

In particular, for any x, 9(f + 7x) is a.e. defined and integrable for all sufficiently
small 7. The second condition for » € Dom @3 was satisfied as soon as v is bounded
and B(rX) converges to zero for all x € Bi(l, C); v being monotonic it is sufficient to
show that li;n ?(1) = 0; this follows from 7(r) < (Cav f)(7) because Cav fis continuous

70
and vanishes at zero, f having this property. 11
Thus to show that vE€Q there only remains to show that Y ({ [(t +7x) -

?(t — 7x)]dt converges to some element of FA. To facilitate this, we begin by the lem-

ma.

Lemma: If
—  O(¢t + 1) is, for every x, a.e. defined and integrable for ali sufficiently small 7

1
— [ @[t +x)"]+v[r(t + %)~ ])dt converges to zero with 7 (> 0) for all x
0

11
- 3, J [t + ) —9(t — 7x)]dt converges for all x € BI({, C)
0

then v € Dom ¢35 — i.e. the last expression converges for all x € B(I, C).

Proof: Our assumption immediately implies the convergence when x < 0, and it is suf-
ficient to prove the convergence for any ¥ satisfying ¢ < 1. Write thus ¢ =1+,
with x < 0; the computation we did when proving that ¢3(w) is linear on every plane
containing the constants proved also that p3(w)() exists — and this finishes the proof.

3
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By virtue of this lemma, it is sufficient to show that o(r,x) = —21; ({1 [o(t +1x)—
7(t — Tx)]dt converges to some element of FA forall x € Bi{, C), whete 9(g) = Ef(Yy),
with =0v{(ga 1), and Y, =agro(g) + i=£: a;X;, where the random variables X; are
independent, with values in {0, 1} and with expectation v;(g).

Let now fr,(x)= X (f(r+)—f()) where f(y+) = ﬁ;n f(y +€). Let also fp(x) =
y<x .
€0
f(x)—f1.(x): then both f7, and fg are increasing, fy, is left continuous and fp is right
continuous, so that

1 1
f(x) =g Kx > q)dfr (@) +af I(x > q)dfLq)-

Since ¢(, X) depends linearly on £, and since 0 < ¢(7,x) <¢(r, 1) <1 using the mono-
tonicity of v and the relation 0 <x < 1, we can apply Fubini’s theorem to get

1 1
(., %) =({ g, (7, X)dfR (@) +({ ¢q,2(7,20df1L(q)

when ¢4 g and ¢, ;, denote the function ¢ corresponding to the case where f(x) =
I(x > q) and f(x) = I(x > q) respectively.

But ¢4, (7, X) and ¢g 1 (7, ) being uniformly bounded, the bounded convergence
theorem implies that it is sufficient to prove that ¢, (7, x) and ¢, 1.(r, x) converge to
some element of FA.

Thus we have reduced the problem to the case where f(x) =I(g < x), where <
stands for either < or <.

Remark that for i > 1, v(g)=0v (»;(g) a 1), and that (¢ +7x) =1+ 79,00
Let for short p; =v;(x) (thus 0<<p;<1), and let Z;(i=1...n,) be independent
random variables, uniformly distributed over {0, 1]. Then

1 1 Mg
o(r, X)=2—TE({ Iagro((t—m)") + '21 al(Z;<t-1p)<iq
i=
g
ggrg(t+ ) A D+ 2 o (Z; <t +1p;}|dt
i=1

where <: stands for < or < when < is < or < respectively. Let also ¢(7, ) be the
same expression, with vo[(# —1x)"] replaced by 7 —17pg and vo[(f + 7x) A 1] replaced
by t+17pg. Then obviously ¢ > ¢, and the integrands can differ only when < or
t> 1 —r,s0 that
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- 1 T g
¢(T,X)“¢(T,X)<5;E({ I1q < ag(t+1po) + .zlaiI(Zi< t+1p;) |dt
i=
+ a similar integral between 1 —7 and 7.

Obviously, the right hand member goes to zero with 7. Thus if we set

1 1
V() =EE({ Iao(t —po) * .ElaiI(Zi<t—pi)<: q < ao(t +po)
1=

+ 2 g l(Z; >t +p;)ldt
i>1
. . - . - l
we have to prove that  is differentiable at zero, i.e. that lim — {/(7p) exists and is
> 7
70
linear in p — i.e. a continuous linear functional on /... We will even show that the limit
is of the form Z y;p;, with v; 2 0, Z v; = 1.
We will show that this is the case for all sequences p; having only finitely many
non zero terms.

The result will follow from this, because, for an arbitrary sequencep; (0 <p; < 1),
one has then by monotonicity

1 k
liminf ~ y(rp)= 2 v;p;, thus
> T i=0

70

l oo
liminf — y(7p) > Z v;p;, and
> T 0

7—0

1 oo
liminf —Y(r(1-p)=1-X y;p;
> T 0

70

1
and since - [¥ (rp) + Y(7(1 —p))] converges to 1 (this is the computation we did when
proving that any w in the range of /5 is linear on every plane containing the constants),

1 o0
it follows that lim — Y(7p) = X v;p;.
'r—>>0 T 0
Thus we have to show that J(p) is differentiable at zero as a function of the
variables pg ...py, the other p;’s being held fixed at zero.
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9
Further if then v; = (l) —g» We have to show that Z v;=1 — (because ob-
op; /P i»0
viously y; > 0 by monotonicity of /).
Writing the expectation in the formula of W(p) as the expectation of the condi-

tional expectation given Z; ... Zy yields

1
z [ H (p)-H (p)dt,
1t

1
Y(p) = Eye “

where
koo - . &
HY (p) = H1 (3 + @y~ DE=pi =3 ~ DFt{q+aopo~ _Elatyi ;
= i=

with
FF)=Plagt + T aiKZ; <1)<: x).
i>k

Let
. ko - k
th(tv)=21 [3+Q@yi— D@ =pi = F: q+aopo_‘zldiyi ,
i= =

and

_ 1

:l g4 — Y (-
¥(p) 2ye{§1}k J 1 (p)~ H (p))at.

One shows, just as before for ¢ — ¢, that ¢ — is differentiable at zero with zero dif-
ferential (the difference of the integrands is anyway small, and different from zero
only a small part of the domain).

Thus to show the differentiability at zero, it is sufficient to show the differen-
tiability at zero of the expression
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k ni ! k
Il p;* | [ t"Ff (x agpo)dt
i=1 0

since Y(p) is a linear combination of expressions of this type.

k Py
Since ( 11 p;") is obviously differentiable, this amounts in tumn to the differen-
i=1
b npk
tiability at zero of [ £"Fy (x  agpg)dt..
0

If this differentiability is proved, then using k = 1,

1
=lim “”‘MPO— lim “"'fsz[Fr(Q) F{(q—ay)ldt
L0 Py p1—0 201

ol 1
=({ [Fr(g)—Fi(q—ay)ldt

t
Oy

l[aot + E al](Z,-Qt) <: q <' aot +a1 + E a,-I(Z,Qt)]dt
i>1 i>1

or, since Z, is, like ¢, uniformly distributed on [0, 1] and independent of the other
Z’s, we get

Y1 =P[dozl + 2 atI(Zi<Zl)<q< [loZl + 2 atI(Zt\<\Zl)]
i>1 i>1
Let, for k > 1,J;(w) denote the random interval (of length a;)

{x lagZ; *+ El a2, <Z )y <ix < agZ; + ‘gx a;l(Z; <Z.)}
1Z i

(obviously the J(w) are disjoint if we restrict ourselves to the set of w’s (with proba-
bility one) where i #j = Z;(w) # Zj(w), 0 <Z;(w) <1).
Let also Jo(w) =[0,1]\ U J;(w). In those notations
k>t

3
sz(aj—> =PgEJ(w)) forall i>1.
D; r=0
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Similarly, using k = 0, we get, using W(t) =aot + 2 a;[(Z; <),
iz1

1 _ 1 1
Yo = lm —y(po)= lim —- [ [F{(q +aopo) — F(q —aopo)ldt

po—0 Po po—0 <Po
. 1 1
= lim — [ Plg—agpo < W(t) <tq +agpyld:.
po—0 2Po 0

Thus, if ag =0, then vy =0, and the differentiability condition to check is obvious, so
there only remains to show that X vy;=P{g € U J;(w))=1. When there are only

i=1

finitely many non zero g;’s, then g € U J;(w) = {x |0<:x < 1} for any w, while if
i

there are countably many non zero a;’s, a recent result of Berbee [2] proves that
P e U Ji(w)) =1 [even that P(g € U Jiwy =1].

There remains therefore to conmder the case ag >0.Since 1— 2 v;=P(q €Jp(w)),
the property 2 v; = 1 amounts to =1

P(q €Jp(w))=4a¢ lim

1
J Plg—agpo < W(t)<:q +agpgldt.
po—0 2QpPgo 0

On the other hand, the differentiability at zero of fl t"F:c (x +agpg)dt, when Ff )
=Pagt + E a,I(Z t) <:x) can be rewritten, by lettlng al=ayy;fori>1,a0 =ao,
o= Eo a; (a0> 0=0¢>0),q; =40, Ft(y) F¥(o)(= Pagt + 21 a/[(Z; <)< y),
as lthe differentiability at zero of f t"F,( +a0p0) dt—or lIettmg z=x/o, and

writing @; for a; —so F; becomes F? — as the differentiability of ao f t"Ft (z)dt=
v,(2) as a function of z.

To show also that 2 v; = 1, we have to show further that, when n = 0, the deriva-
tive is P(z € Jo(w)). We have

S nle +8) = a@) =EL [ 171z < W) iz + 5}
0

)
Let T, =inf {t=20]1az<<W()}: if z< W(t) <z +§, we have T <t<T, +—,

§\" %o
thus Tz"<t"<TZ"+[(l+——~) ~1], therefore, if X———T"fl[z< W(t) <:z
+5]dt 4o 5
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ag ! a, & \" )
X<? J oz < W(t)<:z+8)dt<X+E— 1+a— -1 ||[T,+—]|-T,
0 0

1
Now X =T, [ Iy ()@ +8u)du.
0
If z€ U J(w), then lim Iy Jl.(w)(x) =1, except maybe if z is a boundary point
i x=z

of some J;(w) — but this event has probability zero, even conditionally to all Z;(j # i)
(using ap > 0).
z+8 o ] z+6

1
If z €EJg(w), then f Iro(y(¥)dx =1~ E - f Iy, (w)(x)dx, and it is suf-

ficient to show that the condltlonal expectation (glven z €Jy(w) and given T,) of the
sum converges to zero. Now, if z €Jo(w), x >z, then I5;(w)x) S ATy (x—ap S Z;

x-2z)ra;
<TO<I|T, zV(x—a;) <Z; < TzV(x—ai) + T ,and then
1 ((x—2z)nrg;
PxeJi(W)|T,,z €Jp(w)) <
1 _Tz Qg
Thus
PxelU Ji(w)lz€Jy(w), T;) < ———T—)- E [(x —2) A a].
i iz

Also, for a5 >0, 1 ~ T, > 0 with probability one if z <1, and since Z a; <o, it fol-
lows that the right hand member goes to zero when x | z < 1. Thus the left hand

member being bounded, we get, if z <1 — and obviously also if z> 1 — lim P(x €

>
x—>z

U Ji(w) |z ¢ U Ji(w))=0; and therefore by symmetry lim Plx € U Ji(w)lz &
U Ji(w)]=0 and thus IU 7;(w)(x) is continuous in probablhty In partlcular 2 ykx)

i=1
is a continuous functlon of x, and also T, [ Jo(w)(x) converges in probability to
1
T Ijo(w)(z)l (0<x<1) so that by the bounded convergence theorem < [¢,(z + §)

—,(z)] converges to I(z + 6 €0, 1])E[TZ"IJ0(°J)(Z)]. 5
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Since the equation ¢(z) = P(z € Jy(w)) is needed only for 0 < z < 1,we have proved

our statement. (Remark that the differentiability condition of f FE(x + agpg)dt
at zero was only one-sided since agpg > 0.)

Remark 1. A closer look at the above argument shows that in fact we proved more:

11
if p(x)== f [9(¢ + x) — (¢t —x)]dt, then ¢(x) is Fréchet-differentiable at zero. In-

deed, the proof of the lemma shows that it is sufficient to consider x €B(J, C) —
provided f (@t +x)*] + v[r( + x)~ ])du converges to zero uniformly over the unit
0

ball, which is obvious whenever o is norm continuous at zero. Similarly the bounded
convergence theorem still permits to reduce oneself to the case where f(x) = I(g < x).
Also the approximation of ¢ by ¢ and later of ¥ by ¢ are obviously uniform in

p €[0,1]1%. Since, as we just mentioned, the convergence of [Y(m) + ¥(=(1 —p))]

to 1 is uniform in p for v norm continuous at zero, it will be sufficient to consider
vectors p such that p; =0 V i>k: indeed, the same conclusion will then hold when
p; =1 V i>k, so that if k is chosen such that 2 +; <e, then 7¢ such that, ¥ 7 : | 7|
i>k

<7, V p in one of these two classes | — w(m)—zyipi| <, the result will follow
T

(from the monotonicity of ) for arbitrary p €0, 1] by sandwiching it between the
two approximations p;, f;, where p; =p; =p; fori<k and fori>kp;=0,p;=1. As
shown in the proof, the differentia-bility of ¥ over p’s having only & non zero coordi-
nates amounts to the differentiability of a product of functions of 1 variable, which is
true as soon as each factor in the product is differentiable, what we proved.

Also we did not need in fact the symmetry of ¢. We thus obtain finally:

Proposition 2. Let
1
H®) =({ o(r +x)dt.

Then H is Fréchet differentiable at zero, with as derivative the value of v:

O

% V)5 (dfx)

where in the integration a discontinuity to the right (left) of x is to be interpreted as
the corresponding mass immediately to the right (left) of x.
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The v;{x) are defined in the following way. Assume the game o is of the form v(S)=
F(u(S)), where u = 2 ayv;, 4;2 0, v;2 0,v;() =1,2 9;=1,vg non atomicand i > 1 = y;
0 i

two valued, i #j = v; #v;. Define random variables Z; independent and uniformly
distributed over [0, 1], then expand each point Z; to some half-open interval of length a;,
then shrink the remaining part of [0, 1] (of length 1) to length a, (proportionately).
Denote by J; the random interval thus obtained corresponding to Z;. Then v;(x) =
P(x €Jy) fori=>1,and vo(x) =P(U J; has density 0 at x)?

1]

x—05

1 x+6
{i.e.'yo(x)=P(limsup — f IUJ(s)ds— ”
> 26
80

When there are infinitely many players, we also showed that the y;(x) (=0, 1, ...) are
continuous on [0, 1], with y(0) =y¢(1) =1 if 2 > 0 — in particular, if gy >0, the
series X y; is uniformly convergent (to 1) on [0, 1], and anyway Evl(x) =1Vx:0
<x<1.

In particular, when there are infinitely many players, the value of f(x) at a jump
and the exact definition of the [ ... df(x) play no role.

It is possible to draw still some sharper conclusions from the foregoing: let u” € FA!
converge (in norm) to u® € FAL. Let v; (i > 1) enumerate all atoms of all " and let

¢ be the non atomic part of u” , with u”* =afvf + E a]'v;. One sees immediately that

agvy 1s norm convergent to agvg, and that @iz is l L<convergent to (a) )i=o. Assume
now u° has infinitely many players. Since this implies that when realizing the random

2 The equality yq(x) = P(U J; has density 0 at x) has to be proved only when ag > 0: we claim
i

that a.s.onx & U .fi, this set has density zero at x. It is indeed sufficient to prove this conditionally
i
to the set of atoms and the fraction of ¢y coming after x (or before) — which reduces (by renor-

1 a;
malization) the problem to the case x =0.Let X,=— Z (—— A t) I(Z;<r): X, is an upper bound
tiz1\ag

for the density of UJ; up to time ¢, so it is sufficient to show that X;— 0 a.s. But, if F; denotes the
i

o-field generated by all variables ¢ v Z;, then, when reversing the usual order on the time intervat
[0, 1], X; becomes a positive supermartingale w.r.t. Ft, whose expectation goes to zero as we have
seen: thus X, goes to zero a.s. We would like to stress that this equality cannot be dispensed with in
a random order approach: indeed, if f(x) = I(x > ¢q), and if some player of the ocean pivots, since
he is negligible, it is in fact the infinitesimal coalition ds that immediately follows him that pivots
— so to impute this event to the credit of the ocean, one needs that this infinitesimal coalition
consists essentially only of oceanic players — i.e. the ocean must have density 1 to the right of g.
The same applies to the left of g if f(x) =I(x > q).
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ordering with the same set of random variables Z;, we will have a.s.J;" —>J, ,and since
v:(q) =P(q EJ) P(g €J)), it will follow that V i>1, v/'(g,) ~ ¥ (qo) whenever
dn > do (0<qo <1). But 7{(g)<Prob (g —a; < Wn(Z, ) <q)<djldy, so that

Zk Y ) < 7 Ek aj if ag > 0. Thus the !, -convergence of a} to a, implies that, if
0 iz

@3>0, lim sup sup £ %/(g)=0 ie. the convergence of the series E v (q) is

k> n q iz2k

uniform in » and gq. Since v{'(g,) = v; (qo),lt follows that 2 7 (g,) ~> E Yi (qo),
i>1 i>1

and the relation .Z‘ v;= 1 yields therefore Y§(q,) = v3(q). If ad = 0, then 4§ =0 and

i=0 oo

therefore lim inf ¥§(q,) = 73(qo), so that the relations vy >0, £ y/=1 V¥ n and
n i=0

lim inf 4/ >y V i imply again ¥§(g,)) > 73(qo)- Hence the I, -convergence of v Fan)

n—o

t0 7 (9o)-
Let g7 :10, 1[ > FA : £°(@)=v3(qQ)vg + Z [ (q)v;. Since we have shown that
i=1

v¥ is norm convergent to 3 (or ¥§ =0) and that the v’ (g,) are I;-convergent to
v?(q0), it follows that the g”(g,,) converge in norm to g°%(g,).

Therefore, if f” converges to 10 at every point of continuity of f°, and has uni-
formly bounded variation which is uniformly small in the neighborhood of 0 and 1,

1 1
[ &*(q)df™(q) will converge to [ g°(q)dr°(q): we have shown that:
0 0

Proposition 3: At every point where u has infinitely many players, value (f(u)) — as
a mapping from bv'([0, 1]) x FA} to FA — is jointly continuousin fand u, when FA is
endowed with the norm topology and b2'([0, 1])is endowed with the (“‘Arens-)topolo-
gy of uniform convergence on uniformly bounded equicontinuous subsets of C(]0, 1{).

Remark 2 (Regular games): Let v be a monotonic simple game with countably many
players. Coalitions being points of {0, 1}, vis a {0, 1} valued monotonic function
on {0, 1}”. Assume first v to be measurable for any product measure on {0, 1}” (in
order for the extension to be defined — this assumption has to be made explicitly: in-
deed, using the continuum hypothesis, it is possible to construct such ¢’s such that
the lower integral would be zero for the product of any sequences p; with lim sup
p; <1 and the upper integral would be 1 whenever lim inf p; > 0: there is little hope
to be able to define a meaningful value for such things). We will also denote by vits
extension to [0, 1]™ defined by letting 2(p,p,,P3, ...) be the expectation of v under
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the corresponding product measure. We assume v to be continuous in the product
topology in a uniform neighborhood of the diagonal — to exclude such obviously non
regular games as: v(S) = 1 iff lim inf [proportion of players belonging to S among the

n—>co

1
first n players] >5. Such a game is called regular (or non-singular, or proper) (cfr

Shapiro and Shapley [6], at least for weighted majority games) if 2 m; =1, where
m; = P(i pivots). 1
Remark now that m; = f P(i pivots arriving at £)dt = f o, ., L)

-ot, t,t..., 40, r, t...)]dt= f( )(t t, ¢, ...)dt this last formula because v is

obviously multilinear in any finite number of p;’s). The same multilinearity yields
therefore that, for any sequence (8;) with finitely many non zero terms,

Ly 1+78)—v(t-1 1 p(t-1+78)—ov(t-1
limf( )~ )dt=flim( )~ )dt
70 0 T 0 70 T

1 3
= [ T8, (-—1) t t..)dt =38,
0 ap; i

Therefore for any non negative sequence 8; (0<<8;< 1) if 87 denotes the same
sequence with all but the first # terms set to zero we get

lvt 1+78)—o(-1 o1+~ 1
liminf [ ( G dt=lim lim ( )= )dt
=0 0 T n—oe 70 T

= lim z 5?1” = 2 Sini
i

n—>e |

By an argument we already made before this implies, when applied also to the se-
quence 1—3§;, that if Z m; =1, then

Lo(-1+78)—v(t-1
limf( )~ )dzzzﬁ,-vr,-, ie. vEQ
700 T

with Y(v) = (m;)

Thus, if v is regular (ie, Z m;= 1), then v € Q. Conservely, if v€ Q, then Y(v) is the
limit of a sequence of continuous functions on [~1, 117, so is continuous at at least
one point of this space, which implies ¥(v) €/, (this argument is essentially similar to
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an argument already made in “Values and Derivatives”): y(v) is some summable
sequence ;. Since by our above argument one has ¥; = 7;, and since efficiency yields
Z ;=1 we get Zm; = 1 a monotonic, simple game with countably many players is in
Q if and only if regular.

Remark 3 {Polynomial games): A polynomial on a vector space E can be viewed as a
continuous multilinear functional F(xy,...,x,) on E", evaluated along the diagonal
X{ = ... 5X, =X

Let us thus therefore define POL to be the set of all games v € BYV for which there
exists a continuous multilinear function Fy : [B{, C)]" ~ R such that o(S) = F,{s,1l5,
LIy ¥ SECL.

F, can always be chosen to be symmetric, and is then uniquely determined by the
game . Indeed consider any finite measurable partition =, and the corresponding
partition 7" on I". Obviously F, induces a unique measure u on 7”. Now the func-
tions Ig x Ig x ... x Ig — with § m-measurable — form a set of continuous functions on
7", stable under multiplication. And they separate any two points which are not ob-
tained from each other by permutation of coordinates. Thus the linear space spanned
by these functions is the game of all symmetric functions on 7. Thus the value of u
on any symmetric functions on 7" is determined by . If F,, is symmetric, this deter-
mines the value Fp(X1, X2, ---» Xn) Where the x; are m-measurable step functions. Thus
F, is uniquely determined by v on all step functions, and hence by continuity on
[B(1, O)1".

Since F, induces a measure  on 7" for all finite measurable partitions 7, one sees
that F,, — and therefore v — also determines a unique symmetric finitely additive set
function u, on the product algebra Cx Cx ... x C.

Define POLD to be the set of these games v € POL, such that y, is of bounded
variation. Thus POLb can be described as the set of all games of the form v(S)=
u(S x 8 x ...x 8), for some (symmetric) 4 € FA((I, C)*). (I have no example of some
game in POL \ POLb - or better: in POL \ closure (POLb).) Then we have

Claim 1: POL and POLb are subalgebras of BY.

Proof: Let v, w € POL {or POLb). Then Av € POL (resp. POLb) by setting F, = AF),
(or Hap = Aly). Assume F, is n-linear and F,, k-linear, with n 2 k. Set Fpy (X1 ... Xn)
=Fy(x1 oo Xn) F Fo(X1 Xp+1Xk42 -+ Xno X2 X35 -+o» Xg) and symmetrize: this shows
v+wEPOL.

Set Fyyo(X1swvos Xnns Xt os Xn+i) = FolX1 oo p)FwXn+1 --- Xn+x) : oW € POL.

The above formulas show that u,.,, is obtained by transporting u,, to f,, on
(I, CY* by identifying the first factor of (, C)¥ to the diagonal in (, C)" of the factors
1,k+1,k+2,...,n; and then adding to this y,: clearly this yields still some u of
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bounded variation. Similarly u,,, can be taken as the product of u, and u,,, and is
therefore of bounded variation.

Note-that such games have a direct economic interpretation: assume for instance
that individuals are patent holders, and that any technology requires (at most) n dif-
ferent patents: then, if u(ds,ds,, ..., ds,,) is the production set achievable by coalition
(ds; Uds, U ...Uds,), the total production achievable by coalition S is v(S) =
S xSx...xS).

The continuity of F, for v € POL implies immediately that, if fi, denotes the
marginal distribution on (Z, C) generated by u, (this is, independent of the coordinate
due to the symmetry of F,), then i, has bounded variation —ie., fi, € FA.

It is easy to give examples of games in POLb that are not inpNA —noteven inpNA'
—, even when choosing for u, a countably additive, non atomic measure (with
iy, ENA).

I don’t know about the validity of the following proposition for the whole of POL,
if is not contained in the closure of POLb.

Claim 2: POLb C Q.

Proof: We can without loss assume the measure u on (f, C)" to be positive. Fix a step
function x in B(J, C), 0 <x <1, and take any finite measurable partition7=(44, ...,

Ay) with respect to which x is measurable. Denote by p; the value of x on A4;, and by
S the random coalition obtained by 4; C § with probability p; independently for all i.
Then

Ev(§)— E u(Sj, x Sjp x ...xS; ) Prob (S;, TS Vr)

= u(S;; xSj, x ... x S;,) Hpk”
]Ek

when ky; =I{i € {ji,....jn }1}.
One checks immediately that, when 7 is refined, H p, Kij decreases, thus ' v(S) also.

For every partition P of {1,...,n},let XF = U{ iy X e ]n [ S, iy = ,s E.rand
s are in the same element of P}. Let uf denote the restriction of u to X%, and let for
p €P, sp, vary in the diagonal of all i € p.

In these notations, we get then

Ev@S)=2 [( T x(sp))up(dsy ...ds, ...ds;p).
P pEP
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Since Ev(S) decreases when  is refined, we may denote its limit by #(x). Denoting
by up a limit point of the uf when = is refined, we get

5(x) =2 S( I1 x(sp))dup for all step functions x.
P pEP

If one wants, this extends now by uniform continuity to all ideal set functions x. Thus
there only remains to show that any 7 of the form o(x) = S x(s) ... x(s,,)du(sy ... sp,)
I

n

is in Dom Y3, with Y 3(?) = & the marginal of u.
Obviously 7 is continuous at zero and at one, so let us compute  3(7) using the
same formula for any x € B(, ().

ws(@)(x) - fl wdt

0 T
11

= - of {[t+mx()], -onn [+ TX(5)] — 7 Ydu(sy -5, )dt

In

1

= ({ S G + o+ X(5,)1du(sy ... 8,)dE +0(7)

In

1

= [ [x(s)di(sy) + [ x(s2)dii(sz) + -..] = a(x)-

Section 2

In Section 1 we have shown how to reduce the problem of defining a value to the
problem of defining a positive, symmetric linear operator (of norm 1) Y to F4 from a
(closed, symmetric) space ¥ of functions v:B(I, C) =R that satisfy v(a +bx) =
av(1) +bv(x) Va,bERV xE€B(, C).

We have also seen that, for such functions v, one has

V@) xT<Ix —xl -llvll ¥V x,x €B(, C).
Therefore, if we let DQ()’Z) =[x + M) + v — Mx)]/2, we get

VIODIR, X1<IK = %Il
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and
D;‘H,x(c +dx)=cv(l) + dD;“/d %) (in particular DQ(I) =p(1)).

Let Dy(X) stand for lim D,}E(SZ) (if this limit does not necessarily exist, use any
A—too

Banach limit; remark that DQ()’Z) is necessarily an even function of ). We get then
VDU X T<IK = X1 - 1wl

and
Dy +py (e +dx) =cv(1) +dDy(X).

Thus, V x, Dy(") is linear on every plane containing the constants, and satisfies D, (1)
=9(1) and ||Dy | < |7l

In addition, the mapping x = D, is constant on every plane containing the con-
stants, and the mapping v > D, is linear, positive and of norm 1.

D, (%) is the (two-sided) derivative of v at x in the direction of X:

o ux ) —o(x —TX)
lim .
=0 27

We think of the typical situation where D, would already be in 74 for “almost every”
x: for an average of the D, then to be a value, one only has to make sure to get the
symmetry: the average should be computed with a (finitely additive) probability
distribution on B(I, C) that is invariant under all automorphisms of (, C).

The averaging should be well defined whenever v is a function of a vector measure,
so for any vector measure =i ...u,) and for any borel set B in R", u~1(B) =
{xlu(x) €B} should be measurable: this class of sets in B(J, C) is the algebra of
cylinder sets. Thus we look for a “cylinder probability” on B(I, C),i.e. a finitely addi-
tive measure P on the cylinder sets, such that, for any vector measure u=(uy ... u,)
the induced measure P o y~! is a (countably additive) probability on the borel sets of
R".

Similarly, one may define the “conical sets” as being those cylinder sets C such
that x€EC=.a+bx € CVa, b €ER. One may then define a “conical probability” as a
finite additive measure on the conical sets, such that any vector measure u = (Ug, ..., Upn),
with pu; € NA, yu; € NA, y; (1) = 0,induces a countably additive distribution on #-dimen-
sional projective space.



26 J.F. Mertens

Recall that any cylinder probability on B(Z, C) is uniquely characterized by its
Fourier transform, a function on the dual defined by

F(u)=FEexpilu,x).

In the next theorem we use the classical concept of invariance (i.e. under all automor-
phisms of (7, C)); accordingly (Z, C) is here required to be a standard borel space (i.e.
isomorphic to [0, 1] with the borel sets) and the duality used is that of B(/, C) with
the space NA non atomic, countably additive measures on (Z, C).

Theorem 1:

A) The extreme points of the sets of invariant cylinder probabilities on B(, C) have

Fourier transforms F,,, ,(u) = exp (imu(1) — o (lull) where m €R, 0 = Q. More precise-

ly, the formula E exp i{u,x)= [ Fy, o(u)dP(m, o) establishes a one to one cor-
RxR +

respondence between invariant cylinder measures 3 and (countably additive) measures
P over R xR, This correspondence is a positive, linear, convolution preserving isome-

try.

B) There exists only one invariant conical probability on B(J, C), which is the restric-
tion to the conical sets of any invariant cylinder measure of total mass 1 as described
sub A).

Proof:

A) Consider first cylinder probabilities. Let y; denote a sequence of mutually singular
non atomic probabilities. There exists a partition of (Z, C) into a sequence of borel
sets B;, such that y; is carried by B; — which has therefore the power of the continuum.
Thus, for any permutation 7 of the integers, there exists an automorphism 6, of (Z, C)
such that 6, maps the sequence (u;);=; to the sequence (,u,,(,-))r;"= 1

The sequence y; maps B(I, C) to R”, and the cylinder measure induces therefore

n
a consistent system of probabilities on the borel sets of the II (R), and thus a (count-
i=1
ably additive) probability Q on the borel sets of R™. The invariance of the cylinder
measure under 0, implies then the invariance of this probability under any permuta-

tion 7: the coordinates of R™ are exchangeable under Q.

3 je., for any P in the right hand member, there exists a unique cylinder measure with this
Fourier transform, and this cvlinder measure is invariant.
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Thus, by the Finetti’s theorem, if we denote by A the asymptotic o-field on R”,
the random variables y; are ii.d. conditionally to A, say with distribution F. The map-
ping from R” to the set M(R) of probabilities on R that maps any sequence to it’s
distribution (if this exists — which has Q-probability one by the Glivenko-Cantelli
and de Finetti theorems) is A-measurable, so Q induces a probability P on M(R), such
that Q is the distribution of a sequence F~ ' (x;) where F is selected according to P and
the x; are selected, independently of F' and of each other, uniformly on ]0, 1[. It fol-
lows in particular that any subsequence of the ;s would induce the same probability
P on M(R).

Let now y; be another such sequence; then there exists an uncountable borel set
B in (I, C) which is negligible for all y;’s and all pfs: one can construct on B a third
such sequence {I;. When the y;’s and the [i;’s are arranged in sequence, they fulfill the
requirements set out at the start of the proof, so the probability P on M(R) induced
by the two subsequences y; and fi; is the same. The same would apply to the two se-
quences y; and {i;, so it follows that P is independent of the particular sequence y;
chosen, but depends only on the cylinder measure.

1 n
Since g, = - .El ; is such that the sequence ({,,, My +1 » - -.) Satisfies our require-
i=

ments, and has the same asymptotic o-field A as the original sequence, it follows that,
1

for P-almost every F, u; ..., are independently F-distributed and fr, =— 2 u; is
ni<n

also F distributed. Thus P-almost every F is such that, for all n, the average of n in-
dependent F-distributed random variables is F-distributed, i.e. F is strictly stable of
index 1. For univariate random variables, this is equivalent to say F is a Cauchy distri-
bution.

If we parametrize the Cauchy distributions by their location and scale parameters
m and g, P becomes a probability distribution on R x R, such that, for any sequence
p; of mutually singular non atomic measures, the sequence ;(x) is distributed as the
average under P(dm, do) of the distribution of([lu;r I X; =l - Yi)?;l , Where the
X; and Y; are all independently distributed as m + oU, where U is a standard Cauchy
random variable.

Thus llgg |- X; = llu; |1+ Y; is distributed like m - (1) + o il - U;, where U;
is a standard Cauchy random variable.

In particular, Elexp (i{u, x?)|m, o]=exp [~ollull +im{u, 1)] v u€NA, and
Eexp(ifu,x))= £ exp [—ollull + imlu, 1) ]1dP(m, o).

xR 4

It is clear from the above proof — or from the last formula and the uniqueness
theorems for Fourier and Laplace transforms — that for any cylinder measure there
can exist only one P such that the above formula holds.

Let us now show that for any such P there exists a (unique) cylinder measure with
that Fourier transform.
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Unicity followsimmediately from the fact that distribution over finite dimensional
spaces are uniquely characterized by their Fourier transform, and from the fact that
all cylinder sets are finite dimensional. To show existence, recall that Bochner’s
theorem characterizes the characteristic functions on R" as the positive definite func-
tions ¢ that are continuous at zero with ¢(0) = 1. This immediately extends itself to
Fourier transforms of cylinder probabilities {(when continuity at zero is interpreted as
continuity at zero of the restrictions to all finite dimensional subspaces of the dual).

Indeed every inequality for positive definiteness involves only finitely many points
in the dual, so the condition is still necessary, and if it holds, we get by Bochner’s
theorem a consistent system of probability distributions on all finite dimensional
quotient spaces of B(I, C),i.e a cylinder probability.

Now our formula obviously has values 1 at zero, and is continuous there by the
dominated convergence theorem. Thus we only have to show that it is positive definite.
For this it is sufficient to show that, forevery m, o the functionexp (~oliull +im{u, 1))
is positive definite, the inequalities being linear.

To show this, it is sufficient to show that this function is the pointwise limit of a
set of positive definite functions ¢,, since the inequalities each involve only a finite
number of points in the dual and are weak inequalities.

For every borel partition a=(B] ...BY) of (I, C), let Xy(w) ... X,,(w) be in-
dependent Cauchy random variables with parameters m and o, and let f{w) €B(, ()
have value X;(co) on Bf : f(w) is a random variable with values in (a finite dimensional
subspace of) B(J, C), Thus by Bochner’s theorem it’s characteristic function ¢, will be

n

positive definite. We have g (u)=F exp (I (s, X)) =E exp ({(u, f(w))=Fexpi ‘2

HB )X (). j=1

NowNow X u(B;')X;(w) is Cauchy with parameters m Z u(B;") and o T |u(B/") |, ..
i=t

m-{u, 1) and ollplly, where lull, is the norm of the restriction of u to the (o-field
generated by the) partition a.

Thus ¢ (1) =exp [0l ully + im{y, 1] is positive definite, and obviously ffull,
= [lu |l when o ranges over the increasing net of all partitions.

This proves. that y is positive definite, and thereby establishes the one to one
character of this correspondence, when restricted to probabilities on both sides.
{Obviously the cylinder probability has to be invariant, since its Fourier transform
is s0.)

It is now clear that, for any bounded measure P, there exists a corresponding
invariant cylinder measure: let P = olP; - 3P,, when Py and P, are two probabilities,
a0, 20, and use Q4 — fQ, as invariant cylinder measure, where (; is the cylinder
probability corresponding to P;. Furthermore this cylinder measure is unique — if
there were two of them, their difference would be a cylinder measure with zero
Fourier transform, so the positive and negative parts of this difference would be two
different positive cylinder measures with the same Fourier transfrom — and in particu-
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lar with the same total mass (value of the Fourier transform at zero), so that by
normalizing one would obtain two different cylinder probabilities with the same
Fourier transform, in contradiction with what we have seen above.

We have just used the fact that the positive part A" of a (bounded) cylinder
measure A is still a cylinder measure. Indeed, if A-denotes the algebra of cylinder sets,
A" is defined by \*(4) = ;u% MA NB) V AEA. One sees immediately that A" is

=

finitely additive, positive and bounded on A, with \* > \. To show that A* is still a

cylinder measure, let A, = {¢~1(B)|B borel set in R™} for y ranging over all finite sub-

sets {9y ... ¢n } of NA. Then A" =sup A}, with A\j(4) = qu M4 N B). It is thus suf-
(] Be "

ficient to show that, ¥V g, V ¢ : o= ap0,7\$ is countably additive on A‘Po — (the su-
premum of a bounded, increasing net of countably additive measures is still such) or that,
Vo, )\:; is countably additive on A,: this is the Hahn decomposition theorem for
countably additive measures.

Obviously, if further A was invariant, A" will also be: therefore, we can, in the
same way as above for P, construct for any invariant cylinder measure A a correspond-
ing measure P on R x R,. Again, this P is unique, otherwise one could construct, as
above, two different probabilities P; and P, with the same value of the integral
[ Fy, ,6(u)dP(m, 0), contradicting our previous result for probabilities.

Thus the bijectivity of the correspondence is established. Its positivity was already
established before, when dealing with probabilities, and it’s linearity is now immediate-
ly obvious from the bijectivity — an integral is a linear function of the underlying
measures. Being poisitive and linear, it is a isometry because it maps both ways prob-
abilities to probabilities.

The assertion about extreme points is now immediate, so there only remains to
establish the preservation of convolution.

Since a linear mapping from R” to R* maps the convolution of two measures to
the convolutionof their images, it is clear that the convolution of two cylinder measures
is a well defined cylinder measure, with the Fourier transform of the convolution
being the product of the Fourier transforms of the individual measures. In particular,
if the two measures were invariant, the convolution will still be. Similarly one checks
immediately that the integral in the right hand side under the convolution of two
measures P; and P, is the product of the corresponding integrals. This finishes the
proof of 4).

B) Choose as sub A) a sequence (y;) of mutually singular non atomic probabilities.
Remark that y; — u; # 0 with probability one, otherwise it would not induce a distribu-
tion on (zero-dimensional) projective space.

M7 HL . .

ul - ,ul (i > 4) are asequence of conically-measurable functions,

3 T M2

and therefore they have, as in A), a countably additive distribution P,
(by Kolmogorov’s theorem).

Hence the f;(x) =

oo
1:M2s-ee 01’18
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Also the f; (i = 4) are exchangeable, hence we get — as in A) — a distribution
Pyiugms 00 R xRy such that any such sequence with the same (ty, U, M3) is
distributed like m'+ oU;, where U; is a sequence of independent Cauchy (0, 1) vari-
ables, and (m, o) is selected according to P,

Let

1-M2,43"°

_fitfa _wi—wa  mtolUi—(m+oUs) Ui—U,

g = =
" fe—fs me—ks mtoUg—(m+oUs) Us—Us

(i>7).

They are distributed according to0 Py, ;¢ e, and therefore for any 3 mutually singular
non atomic probabilities (s, Us, Me) Pug,ug,ue induces for any admissible sequence
i; the same distribution as if the y;’s were independently distributed as Cauchy zero-
one variables. In particular, P | 4, ;5 =P does not depend on (uy, 4z , #3)-

Thus any invariant conical probability induces the same distribution as induced by
the invariant cylinder probabilities of A) on any sequence (i;) of mutually singular

Hi T H )

M=ty
Now any conical set is determined by the ratios of such a finite sequence — where

the y;’s are not necessarily non singular — but can be taken as linearly independent.
n

. H; .
Thus we need the distribution of (—') , where all measures are non atomic and
i=1

of total mass zero, the y;’s are linearly independent and v may in addition be chosen to
be singular with respect to all p;’s.

This distribution is fully determined (Fourier transform) by the distributions of

non atomic probabilities (i.e., on their rations

n u; M
all linear combinations X t,-—L: we need only to know the distribution of —, where u
v

i=1

and v are two non zero mutually singular non atomic measures of total mass zero —

and by normalisation we may assume {|p[] = ||v|| = 2. This is the known distribution of
+ —

u—u

~+—v—_, where (u*, u~,v", v7) are 4 mutually singular non atomic probabilities. O
v —

Denote by Q the closed, symmetric space generated by 4 and all functions v satisfy-
ing v(a + bx) =av(1) + bv(X), llvl| < oo that are of the form v(x) = f(1(x)), where u is
a vector measure in NVA.

Theorem 2: Let vE€ Q, and let P be any invariant cylinder measure of total mass 1 on
B(I, C) which is non degenerate — i.e. the subspace of constant functions has probabil-
ity zero, or: Prob (¢ =0) =0 —. Then D,(X) exists, for every ¥, for P almost every x
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(ie. the difference sup DQ()'Z) ~ inf DQ()‘Z) converges to zero in L,(dP(x)) when
AZAg AZAg

Ao ) and is, as well as any DQ()’Z), P-integrable in x, and ¢,(X) = / Dy (X)dP(x) =
lim [D}(X)dP(x) is independent of the particular invariant P chosen.
A-—>o0

Further ¢, € FA4, so that the mapping v— ¢, is positive, linear, symmetric, of
norm 1, and satisfying ¢,(1) =v(1): ¢ : v—> ¢, is a value on Q.

Proof: Since the mapping v—>D; is positive, linear, of norm 1 and satisfies DQ(I) =
v(1), the last sentence of the statement will follow from the other provided we prove
the additivity of ¢,.

It also follows that it is sufficient to prove the statement on the generators of the
space, since a uniform limit of P-integrable functions is P-integrable, with the integral
being continuous along the sequence.

Finally, since D,}; acts as the identity on FA, and since constant functions are
Pintegrable, it is sufficient to consider the generators of the form v=f(u), with
1=y ... 4,) a vector measure in NA.

Also, since, by Theorem 1, P can be written as aP; — P, , where the P; are invari-
ant cylinder probabilities and o — = 1, it is sufficient to consider the case where Pis a
cylinder probability.

There is no loss in assuming that u has full dimensional range — otherwise one of
the components of u is a linear combination of the others, so v can be written only as
a function of the other components.

Denote by B, the image under u of the unit ball of B(/, C) —i.e. B, = 2(Range of
u) — u(1). B, being compact, convex, symmetric around zero, and full dimensional, it
is a neighborhood of zero (by the absorption theorem say). The relation v(a + by) =
av(1) + bu(y) implies now f(a- e + bx) =af(e) + bf(x), V x ER"™, V a, b €R, where
e=u(1)ER".

Finally, the relation V(»){x,x']<Ilx'=xIl - llwll implies that, if x = u(¥), and
Y —x €88, then 3 x with ||[x — Xl <6 and y = u(X) so that

FO) =) = 1vR) v I < lv() —v(xX—8 - D[+ oG) —v(k — 6 - DI

<V)[x—86 - -1,x+6 - 1]+ V(@)[x—6-1,%x1<381lvl.

B, being a neighborhood of zero, 3 €=20:|x||<e=x€E€B,, and thus we have
shown that ||y —x||<eb = |f(¥)—f(x)| <38 (vl for all §, y and x: thus |f(y)—
3wl
i< ——e— -lly — x|l : fis Lipschitz.
Conversely if f is Lipschitz it follows immediately that ||v}| <ee, so our assump-
tions reduce simply to v=f(u), where u is a vector in NA with full #-dimensional
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range and where f is Lipschitz satisfying f(a - e + bx) = af(e) + bf(x) where e = u(1),
VxER",Va,bER. .

We have DY(®) = [£(x + M) + f(x = )]/2, where x =u(X), » = u(x) or D} (%)
=[f + ) = f(y —mx)]/(27).

Remark that, f being Lipschitz, the limit (for 7 - 0) will, for each x, exist A-almost
everywhere in y, A being Lebesgue measure. This follows from Lebesgue’s a.e. dif-
ferentiability theorem. Indeed, if x is zero, there is nothing to prove, otherwise x can
be taken as the first basis vector in R": forany z, ... z,,,f(2,25, ..., 2, ) is a Lipschitz
function of z, so the first partial derivative exists for almost every z, by Lebesgue’s theo-
rem. Since fis Lipschitz on R", the set of points where the first partial derivative does not
exist is a borel set, and therefore this set of points has Lebesgue measure zero by
Fubini’s theorem.

The probability induced by Pon R" has characteristic function ¢, (f) = E exp i(t, x)
=FEexp i{t, y(x)’= E'exp i<, u)(x))— f exp [—oli<e, wl +im(<t, w ()] dB(m, 0)
for some probability P.

Now K¢, | = sup (¢, u(x))= sup (t,x)=N,(f) where N, is the norm on the
Ixli<1

xEBy,
dual generated by the ball B,,.

And (¢, u¥ (1) =<¢, e). Thus

pu(D) = exp [~oN,(¢) + im(t, e)]dP(m, o).

J
RAR:
Now obviously, for any given m and o (>0), exp [—0oN,(f) +im(t, e)] is Lebesgue
integrable in ¢, so the corresponding probability distribution has, by the Fourier in-
version theorem, a density with respect to Lebesgue measure. Since the conditional
distribution on R" given m and ¢ is absolutely continuous, the unconditional distribu-
tion is also certainly so.

Thus we may conclude that, for any invariant P, and for any ¥, the limit D, (X)
will exist for P almost every .

Thus, for any P, and any x, [f(y + 7x) —f(y — 7x)]/(27) is uniformly bounded
(f being Lipschitz) and converges P a.e. to it’s limit: by the dominated convergence
theorem, the limit is P-integrable and the limit of the integrals is the integral of the
limit function ¢, (¥).

Now f(a- e + by)=af(e) + bf(¥) yields g (@- e + by)=lim [f(x + N(a- e + b))
A— oo

tfx—NMa-etb-y)))2= hm [fGe +2by) + f(x —Nop))/2 = 9, () if b # 0 (and =
fx)if b=0).

Let Z denote a random variable having characteristic function exp —N,(#). Then

m- e+ oZ where (m, o) is selected, independently of Z, according to P(m, o), has

the correct characteristic function [ exp [-aN,(¢) +im(t, e)]dP(m, o). Thus
RXR+
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[ ox())dP(») = E[o,(m - e + 0Z)] = Ep,(Z) since P(6=0)=0: the integral of the
limit — which is the limit of the integrals does not depend on the choice of P, i.e. on
the choice of a particular invariant cylinder probability.

There only remains to establish the additivity, i.e. that Ey, (Z) is a linear function
of x.

Let f.(x) = f(x) exp (—ellx [I*) (¢ > 0) (here || - || is the euclidean norm).

We want to show that the f, are uniformly Lipschitz (i.e. with a Lipschitz constant
independent of €).

Since f is Lipschitz, each of them is obviously locally Lipschitz, so by the above
mentioned theorem of Lebesgue, it will be sufficient to show that the directional
derivatives of the f, are uniformly bounded whenever they exist.

By choosing appropriate axes, we can assume our directional derivative is in the
direction of the x, axis.

We have
afe _ _a_f_‘_ _ 27~ — 2
= —(aXI)exp[ ellxl*]=2ex,fexp [=e I 7).

0
If K is the Lipschitz constant of f, then gxf‘l' <K and |f|<K|x] — bounding also
lxq | by llx |, we get 1

Lai < Kexp—ellx | + 2K(ellx 1*) exp — (el x11%) < 2K
X1

since e +2zeF < 2.

Thus the f have uniformly the Lipschitz constant 2K. Further the formula shows that,
whenever the directional derivative of f exists, the corresponding directional deriva-
tives of the f, will also exist and converge to that of f when € > 0.
Thus ¢ (¥)= 1irr(1) linz) [fe(y + x)—fc(y —7x)]/(27), all functions involved
€—>0 7>

being < 2K ||x || in absolute value. Thus, by the dominated convergence theorem,
o]
Epx(Z)=lim lim — [ [fo(z + 1)~ fe(z —~ 7x)]gu(z)dz
€e=>07—>0 27T

where g, is the density of Z (which we have already shown to exist).
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But since f, is a bounded function, it is integrable, so

S fe(z +7x) = felz = 7)18u(2)dz = [ fe(2)gu(z —1x)dz — [ fe(2)gu(z + Tx)dz

= [ fe(2)gu(z — 7x) — gu(z + 7x)]dz2.

Now g, has characteristic function exp —N,(f), and ||¢ [lexp (N () is integrable for
Lebesgue measure. Therefore, by the Riemann-Lebesgue theorem, g, is continuously
differentiable with its gradient going to zero at infinity. In particular the [g,(z — 7x)
—gu(z + 7x)]/27 are uniformly bounded and converge pointwise to (Vg @), %7,
where (Vg,) (z) is the gradient of g, at z. 1
Since f.(z) is integrable, it follows (dominated convergence) that lim -2-; f

7—=>0
fe@)gu(z — %) — gu(z + x)]dz = [fe(2)(~Vg,(2), x)dz and thus
Boy(z) = lim | U=’ E)~(7g,) @), )z
=—{x, lim f e"e"znzf(z)‘?gp(z)dz)
€—=>0

which is linear in x (the limit being some form of Cauchy principal value of

[ @) V8,(2)d2).
This finishes the proof. O

Remarks:

1) One can use the same formula (exp — lii2]l) to define the Fourier transform on the
whole of FA, thereby defining a cylinder probability on B(I, C) when cylinder sets are
defined as inverse images of borel sets by any vector (¢; ... u,) in FA. This cylinder
probability would obviously be even more invariant-treating all elements of FA4 sym-
metrically.

Theorem 2 remains then valid when y in the definition of @ is allowed to be any
vector in FA — provided one interprets “invariant P” as P having the Fourier trans-
form prescribed by Theorem 17.

It might be that this formula could be justified by some type of uniqueness argu-
ment on the space of non atomic elements of F4 — using maybe a weaker concept of
automorphism. But certainly for the atomic part no such argument could be hoped
for.

However, as our analysis of regular games with countably many players at the end
of Section 1 may indicate, it could be that in general the “atomic part of the game”” is
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already essentially linearized by the first derivative operation, so that the end result
would anyway be canonical. This certainly deservers further study.

2) Define for any vector measure u, NV, (¢) as sup (z, x> = |I<t, w |l = [ I<¢, x> | dv(x),
xE€By

where v is the distribution — under a common dominating measure po — of the Radon
Nikodym derivatives f=(f; ,,.f,,) of £ =(uy ...,) W.I.t. uy. For any norm #, one
could replace £ by f' = f/n(f), and dug by dug = n(f)du, to normalize » on the n —
unit sphere — say, for a canonical choice, v could be carried by the boundary of B,,.
Our proof then shows that, in this case, exp — N, (¢) is positive definite. Converse-

ly however, if the support function N,(f) = Séll[; (t,x) of some compact, convex,
*=bu

symmetric set B, is such that exp —N,(¢) is positive definite, then, since NV, is posi-
tively homogeneous of degree one, exp (—N,(¢)) is the characteristic function of a
strictly stable distribution of index one, and has therefore as classical Levy representa-
tion exp — [ 1¢¢, x}|dv(x), where » is the normalization of the Levy measure of the
process on some sphere — say on the boundary of By, : there exists a positive measure v
on the boundary of B, such that N,(z) = [z, x)|dv(x). If now we define u by
dy; =x;dv, where x; is the ith coordinate mapping, we get immediately N,(7) =
i<t w2l e B, isindeed the ball corresponding to the vector measure u.

This interpretation in terms of the Levy measure allows therefore to view the
random perturbation around the diagonal as the sum of a very large number of inde-
pendent contributions — those of the players preceding the given player in a random
order — the direction of each being according to the distribution of Radon Nikodym
derivatives of the given measure. This type of interpretation will be pursued much
further in a subsequent paper.

3) A large number of definitions of “spaces on which there is a value” are possible in
view of what preceeds — depending among others on the exact order in which the
various limiting operations and averaging operations are to be done, on how much
“a.e.” is put into the definitions, etc.

We prefer to leave this matter to the taste of the reader, as long as no theorems
are available that would show clearly which option is to be prefered. For a foretaste,
the reader may want to look at Section 4.

Section 3

In many applications of the above results, whether to majority games with several
houses or to » handed glove markets for instance, the function v of Section 2 will be
of the form f(u, ...u,), where u is a vector measure and f is piecewise linear. Elemen-
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tary transformations reduce this to the case where u is a full.dimensional vector of
probability measures. Say f; (i=1...k) are the different linear functions appearing
as pieces of f (i #j = f; #f;). Then the set {x |f;(x)=f;(x)} being of lower dimen-
sion, has zero probability under the invariant measure of last paragraph (since this is
absolutely continuous with respect to Lebesgue measure), so that we can neglect ties
among the f;’s. Then, for any order <on the indexes 1 ...k, the set {x| Vi, j, i<j
Z. fi(x) <[f;(x)} = (<) is an open convex cone — thus connected — where, by con-
tinuity, fis constantly equal to one of the f;’s say f(«).

Thus, by the results of Section 2, the value of this game takes the form
E PO i<y (W)-

So, to compute the value of such games, we have to compute the probability that
fi (OO <[i, (MOO) < ..< f,-k(u(x)) — or, letting y; stand for the measure f,-].(p), the
probability that ¢; <y <... <y, When y is some vector measure. Remark also that
the property f(¢ - 1 + a- x) =£f(1) + af (x) implies that, for all i needed to represent f
(i.e. f=f; on some open set), one has not only f; linear and not merely affine, so the
¢; are indeed measures, but also f;(1) = (1), so they also have the same total mass.

Thus, letting v; = ;41 — ¢;, we have a vector measure with total mass zero, and we
have to compute the probability that »(x) falls in the positive orthant.

If the v;’s are not linearly independent, those inequalities determine a convex
polyhedral cone in the space generated by v. This cone can be written as a finite union
of convex simplicial cones (neglecting boundaries that have probability zero), and for
each convex simplical cone one can take its extreme rays as new coordinate axes, thus
reverting to the case where the v;’s are linearly independent.

This is the probability we are going to compute in this section: v=(v; ...»,)isa
full dimensional vector measure with total mass zero, and we want P(¢(x) € R}).

Obviously, this probability does not depend on the particular invariant measure
chosen,so we willuse m =0,0=1.

Let us first recall that for any norm N on R", any point x €R" can be written
in polar coordinates r =N(x) and s =x/r, and that Lebesgue measure dx; ...dx, =
" ~ldrd o(s), by definition of the surface measure do on the unit N-sphere. One gets
the following ““change of variables” formula: if 7 is any other such surface measure
(ie. originating from some other norm), then for any positive measurable function f
on the unit Nsphere,

a |dr(o)
[f(s)do(s)=[f [1@} @)

From now on we denote shortly by N the support function NV, of B,,.
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We observed in Section 2 that the characteristic function exp — N(f) is integrable,
so the Fourier inversion formula holds. Thus

P=P(x) ERY) =

1
é;)—" {dxl w.dx, [{exp—N()]lexp—ily, x}]
Rn

d}’1 ...dyn

or, going to polar coordinates
P=Qmn" { (dxy ...dx,) [[exp —r(l +iG, x)]r" " Ldrdo(s)
Rn

_(n— 1) do(s)
T @) x,->fo & "'dx"f[1+i<s,x>]"'

The inner integral being a density, it is positive, so we get from the montone conver-
gence theorem

(n-1)! do(s)
P= li dxy ...d. ———.
Q@ny* Ml—I>n°° 0<x{<M ! *n f[l +i¢s, 07"
1
Now ~————————— is bounded (| |<1) and thus integrable on the product of any

[1+i4s, 07
cube in x and the unit N-sphere. Using thus Fubini’s theorem, we get

(n~1) m [ dofs) f dx, ...dx,

P= iaid Bl
Q7)" M- o<xj<m [1+is, x)]"

dxy ...dx,

Let ¢,,(c, s) =i"(n—1)! ( ﬁ 8; ) (Re(c) = 1) (¢,, depends only
1

on the first # coordinates of the sequence s;). An elementary integration over x,, yields

0<x{<M [c+ils, 0]

on(c, )= =
s,{0

n s

}(—1)5 Ny _1lc +18,5,M, 5]
1

and this formula still holds for #n = 1 if one sets ¢g(c) =—Inc.
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One gets now immediately by induction that

Zs]-

d,(c, 5)=— T -1 m (c +iM Z 8;s;),
5 | i

e{o,1 }

and thus

- ) N2 . ‘ﬁ’ﬁ{)_
———(2711')" A}l_ri ”se{?,l}" D™ I (1 +iM Z8;5)] s,
i

Since da(s) is symmetric around zero, we can replace each

-1
i 1T 5;

by the average of its value at s and at (-s), i.e. by its real part. We get thus

= lm [ 3 O, T
]

P= lim
Q7)Y y—e scf{o,1}y?

7

where

Fr(x) =-—% In (1+x%), ~tan_1(x),lln (1+x?), tan~lx

according astok =0,1,2 or 3 mod 4.

T
Here tan~! x denotes the inverse of the tangens function, with values in (—E, 3 ) .

Using now the change of variables formula, we can rewrite this as

Ly 17, | 2 g )| 4O
P—(27r)” MILIT:O I 66{0’21 }n( 1)""/F, (N(s) EB,—SJ-H iy

where 7 denotes the surface measure corresponding to an arbitrary norm || . Hence-
forth we will use [|x|| = Z |x;|. For this norm, the unit sphere has 2" faces, each with
r-area equal to 1/(n — 1)!.
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Letting A, = {s|s=0, Z's; = 1} we get, folding all faces back on 4,,,

dr(s)

P=0m)" [ T 1)F !(ne)F( Y sse s)]
..( 77) A- 55{0,1}” ( ) i jj HS]

n
ec{-1,1}"

The next part of the computation is for n even.
Let

M 2
o5 (M, s)"i e{—§,1}” (Hej)ln(l+{m§ﬁjejsj} )
Claim 1:

is locally integrable on  {s € A, : £ §;5;> 0}
M

atly

(i.e. any point — and thus also any compact subset — of this set has a neighborhood on
which the function is integrable).

Proof: Fix one such point s, and consider first a neighborhood I'/"So‘ of 5o where all
strict inequalities among the functions {0;s; ...5,; (2 8;€;8))ec {~1,1 }n } that hold
i

at s¢ are preserved. Let n > O be strictly smaller than the absolute value at sq of any of
those functions that does not vanish at sq, and assume further that, on VSO, all func-
tions that vanish at sy remain <n in absolute value, while all the other functions re-
main > 7 in absolute value. Finally write f’so‘as the finite union of sets Vs, (and a null
set) where on each set ¥, the ordering of all those functions is constant (and strict).
It is sufficient to prove integrability on Vso’ Assume in particular without loss of
generality that,on ¥, wehave 0 <s; <5y <...<sp <0 <spy <. <8, (0<k <m).
By assumption 37>k : §; = 1. We have

[ Ml8ys; + I 8,655 r
i>1
1+

1 3 (H ) I N(S1362S2) “es ensn)
b5 =35 &) In )
2(egmepef-1,1} 7 {M[ it 2 i ,]}
1+

N(“'Sl 3€289 5 auuy ensn)
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and we will bound individually the absolute value of every logarithm in this sum. Let
fi(8) =—(-1)%8,5, + 2 a,e,s,, ni(s) = N(—(-1)'s;, €253,...,€8,) (i=1,2). Now

’ 1+ (Mfy/ny )

n increases monotonically with M to it’s limit, so that
1+ (Mfa[ny)?

1

M HS]

L LM

0 - |1n|f1/f2‘__ln(”1/"2)
20 1+ [Mfa/n, TP '

' HSI' HS]-

nlfi/fal In (n,/n3)
and

In Sj nn S]'

For the second term, remark that, NV being a norm, and any two norms on R” being

equivalent, #n, and n, are bounded away from 0 and from oo, and |r; —n, | < N(2sq,

0,...)<Ks;y. So [Inn;/ny | <K's; — thus we only have to show the integrability
of s;/llsjon {s€EA, : Vi s;>s1}.

The measure 7 on A, has a bounded density w.r.t.ds; ...ds,_1,so it is sufficient

Thus we only have to show that are integrable on V.

1 —2 1 ds;
to prove that [ ds; II [ T<°° ie. f [In s; " ~2ds,; < oo, which is well known.
0 i=2 5y i
In |
The term-——%fi appears only if §; = 1 — so assume this. Let o(s) = Z bj€8;:
j ji>1

since f1 =9 +51, f, =¢—8;, we can repeat with f; and f, the same argument as with
ny and n, if ¢ does not vanish at sy. So assume furthermore p(sy) = 2 5-e-s-0 =0.
j>

Since by assumption X2 818 2> 0, it follows that there exist iwo 1ndexes >k, say
i>k

n—1 and n (renumbering coordiriates), such that 6, _; =6, =1,¢,_; =—1,¢,= L.
Do now the change of coordinates (sq, ...,s,) —*(% s %fz, §2,...,8,_2) using

the formulas for f; and f, and the equation X 5; = 1. Since under our assumptions the
change of coordinates has nonzero determinant, it will be sufficient to prove integra-

Il
bﬂityof——lﬁz%— onl>5>f1—f,>0,141<;

(f1 fz)Hs

Integrating the s;’s, this becomes

|f1/f2

J I [In | fy = fp | P73dfdf,

|

on—— < L <fi < ! 5 or equivalently on [ f; | <
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Letting x; = | f; |, we get, bounding the integrand,

In (eq/x,) 1
S ——=|In|x; =% {|"3dx;dx, on 0<x;<3,
X17X2

or, by symmetry around xy =X,

In (xp/x1)

1 [=In (x; —x)Fdx,dx, <o (k>0)
0<x<x3<y X¥27X1

— or, using polar coordinates and increasing slightly the area of integration,

—lntan 6 . In (05 0 —sin 0) -
o<r<1 cosé—sine[ nr—In (cos & —sin 6)]"dr
0<O6<m/4

1
since [ [~Inr—AJ¥dr is a polynomial in 4, we have reduced the problem to showing
0

the finiteness of

Incos 8 —Insin @

n 1 in 8 ld9 1> 0).
o<o<n/4 cos B —sin @ [ n (COS 0 —sin )] ( = )
It is sufficient to show local integrability at 0 and —; the ratio being bounded at 7 i

amounts at this point to the well known integrability of |Inx |” near zero; and at
8 = 0, the argument is just as easy, and reduces to the integrability of |In x | near zero.
This proves the claim. o

Using now Lebesgue’s dominated convergence theorem, we get forany n >0

im ¢5(M, s)
. ¢5(M$ S) Mo ®
lim f T"df(s) = f BT — dr(s)
M= A0 {s1Z6;s;>n) Si Apn{siZs;si=n} i

and
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lim ¢5(M, s)= (He)ln |2 6;€

Moo ef{_i, 1} i€i%i 1~ {_1 (He)lnN(e 5)

if 3j:6;=0, the first sum is zero, so

lim ¢sM,s)=K5=(1,1,..., 1)) (He)ln | Z €5l
M->o0 { 1 1 jm

_ee{ e (ITe) In N(e - s).

1 1
We have also seen in the above proof that both — X (He )In IZ €s; | and — >
H ] € H ] €

(IT¢;) In M(e - 5) are integrable over A, (for §=(1,1,...,1), Z §;5;,=1>0 every-
where) so for 8 #0,

A}Iiinw A{1 H( ]) dr(s)=I6=(1,...,1) Afn Hsj dr(s)
E (ITg) In N(e - 5)
o5(M, s5)
_Afn s, dr(s) + nh_r)’% MI_I,IB, N IfZS,s,<n} s, dr(s)

Therefore, summing over all nonzero §’s,

Z(llg)In [Zes; |
€

P; =0V )=D)"2Qn)y™ |- J dr(s)
An 1 Sj
Z(e)InMe-s)
'Afn s, dr(s)
- S (D% lim lm S (s)
sefo,1}? n>0 M= A N {s|Z6;5;<n} HS]

Let us now compute the last limit.
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Assume without loss of generality §; = 1 iff j <k: we want to compute

T(Me)in[l+M( Z gs)INe- )]
i<k

€
lim lim . dr(s)
n—0 M- s>0 nn 5;
§;=1
i<n
z ;<N
i<k

Represent s€ A, as ax + (1 —a)y, withx €A,y €A, _,, « €]0, 1]. Denote by 7,
the uniform distribution on 4,,: we have 7 =7, /(n — 1)! as noted earlier.

One checks easily that, under 7,,, a, x and y are independent, x and y being uni-
form and o having the beta-density ‘

(n—1)!

CENTCETEr T R A

Thus we get

P ORI (o
n=0 Mo Ay, M—k-1! &, (k—1)!

. (e In (1 +Ma(Z ¢x;)/Nale - x) + (1~ a)(e- »)))*]
f €
]

oF(1~a)'* Mx; I y;
()lk_l(l —a)"_k_lda

o drp_x(y) . drlx)
= lim lim f
n>0 M~ Ay 4 Hy] Ag Hx]

}? Z (Me) In [1+Ma(Z ¢x;)/N(a(e - x) + (1 —a)(e- 2] da/atl —a).
0 €
We first want to show that:

Claim 2: The limit (when n = 0) is not affected if we replace Ma(e- x) + (1 —a)(e - »))
by Me- ), and dofa(1 — @) by dofa.
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A) First replacement

Indeed, as before we get from the equivalence of norms of R” that

Nia(e- x) + (1 —a)(e" y))

’lln

N(e* y)
. 1+An, ny
Since sup |In = [In— |, we get that, after the first replacement, the error
A>0 1+An, 1y .

in the sum X is bounded by K - oo — for some K > 0.
€

For the same reason, pairing the terms where, forj >k, ¢; is +1 and —1, one finds
that, both before and after replacement, the sum X is bounded in absolute value by
K - y; and for j <k, one finds the bound ¢

Zoex;tx;

. i#j
K +K' | In | —————
z e,-x,-—x]-

i*j

Thus, to show that we commit a negligible error in this first replacement when n =0,
we have to show that

CA

(e~ x)

f— a1y (x) ef ‘195- J Min

ar Mx; 0 aay,

In

oo

k dr, (»)
)j=1 =t Ly,

where, for any e € {—1,1}%, (¢*);=¢; for i#j, =+1 for i=j and (¢/~); = ¢; for
i#j,=—1fori=j. '
Let us first bound the inner integral

d
f Min (ﬁ (y])j 1) (y)<me1n (ﬁMaXyp(y])l 1) I-:(':)
7

<m f Mln(ﬁMaXy]’(y/)] l) H T

m dy]-

=m2(m—1) ) Min [y, »1]
0<y1<yj<ym<l i:I ,V/
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=m*(m—1) [ IOyl =2 Min (v, 87 )dy 1y,

0y 1Sy, <
1 y_1

=m%(m—1)fdy [ [Inu]™2Min[B,u']du
0 1

Now the inner integral is

gt y! du
for y<p equalto f [ [lnu]™ 2du + fl [Inu™—2%—
1 : g~ u

and

-1
y
for y=8 to B[ [Inu]"2du.
1

Therefore our upper bound equals

1

2 2% 2 -1 —p, du
m?m—1)|8° [ [Inu]”Pdu+[I0<y<u—" <P[nul]™ dy—u—
i

+B[IB<y<u~!'<1)[In u]m_zdudy}

1 1

B8 8~
nul™2du+ [[Ino 1" 2dv+8 [ u'[Inu]™ %du
0 1

=m2(m—1)[62 "
1

ﬁ—l
-2 [ [In u]m_zdu}
1
6 B
=mi(m-1) [f (~In )" %dv+—— (-In B)m‘lJ
0 m—1

O—

(-ln )" ldv

by integration by parts. The same integration by parts gives by induction that this last
integral equals

(m-— 1)![3"12_1 (_lr_l ) .
i=0

i!
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Therefore, since we are only interested in values of § <e ™™ <1, we get

me(ﬁ )= (y)<KmB|1nBlm !

Let F,, (8) = B1In 8™ : we thus have to prove that

l(e’+ , 10|

< .

(et x)

(e~ x)

dr(x) e ™
! I
Ak xj 0

In |

Fos

In

To evaluate the inner integral, let for short yp=x+
integral is bounded by

‘ — then the inner

e M

. _ da
Min [ F,, _;(min (a,y;)) —
i0 *

F,,_1 being increasing in [0,e”™]. Call this last integral o(y;); we get letting p =
min (y, e™™)

60)= ] I3 1" dx = Fpp_y () p 4 m)

SKnFpm_1(p)—(np+m)Fy,_(o)

<K,,F,(p) (using our previous bound for the integral).

Thus it will be sufficient to show that, letting (y) = F,,,(min (y, ™))

[ k)

Akﬁ{x1<xi} i

Since u > 0, v 0 implies Y(u + v) < Y(u) + Y(v), it will be sufficient to show sepa-
rately that

m AT(X)
S llnx| Hxl-<°°

x1<x,- >
1
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and that
s ll/( . € -x )dr(x) <
x1<x; e o ’ 1 x; :

The first integral is bounded by — letting ||x ||, =Max |x; |, and ' being Lebesgue
measure on {x|{|x [l =1} —

k- llxlle ™ dr(x kx, |™dr'(x
f {m—*——} ()<(k—1) f In — &)
x1Sx; X1 il_IIXi X1SX;SX9 X1 iglxi
kX2 m dx,-
=Ck f In — dxl —_
0<x)<x;<x9=1 X1 i>2 X;
1 k\m 1 k—2
=C [ (1n—) (ln-—r) dxy <ee,
0 X1 X1

For the second integral, we will prove local integrability, i.e. that, for any x €A,

M {x; <x;} there is a neighborhood of x in this set where the function is integrable.
If x; > 0, then x; > 0 V i so that the integrand is locally bounded. Otherwise, one

<e”,x)‘

has (e, x)=(e'*, x)=(e!™, x): if (e, x)+# 0, then locally P

In <Kxy, so

Y <K'Y(x,), and we have just shown this bound to be integrable.

Thus there just remains to consider the case where (e!*, x)=(e!~,x)=0.

Since x =0, Zx; =1, there exists an index j # 1 with x; > 1/k, and since further
€-x=0, there exists another index j'# 1 with xp = k7%, and e,-e,f =—1. Assume
without loss of generality thatj' =k — 1, = k, and make the change of variables

Gy X)) = (Frafasxa X 2a)
using the equations

0=, o 0sf, Exel

The integrability on —w——df(x) is equivalent to that of

o » which is equivalent
to that of i i

1

I

i<k-1
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v(Inifi/f211) dx;
——_*L"dfldfb —
(f1—f2) i=2 i

over {|f;| % <fi1 —f2 <x; <1} — or,integrating over the x;’s:

lin (f; = f2) 1"(nl f1 /5211
f1 ~f2

df1df,.

The integrand is only increased if we replace f1 —f, by | |fi1=|f21] — so we can
assume 0 < f; < 1, inserting absolute value of differences.
Further by symmetry it is sufficient to consider the case f; > f,

[ i
f [Hn (f1 =) Fr[In (f1/f2) A (1 +68,,))] dfdf,.

0<r<r1 <1 fHi—fa

Let f1 =y, f2/f1 =1 —x: our integral becomes

Fylln (1) 2 (14 8,))] | 1

1
({ . f ~In (xy)] ’dy,

1 x
the inner integral is — [ [~In z]'dz, which by a previous computation is equal to a
X 0

polynomial in [—In x]: everything amounts to show that

[~Inx] Fp,[in (1 =)~ A (1+35,,))]
> dx

is integrable on [0, 1]. The integrand is bounded except at x = 0, where it is bounded

[In x'F(2x) o . .
by———-=—=—>ie. a polynomial in (—In x) — this we know to be integrable.
x

Thus, we finished proving that the first replacement can be made.
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B) Second replacement

Once this first replacement is done, the sum in the integrand is, by our previous
argument, bounded by

3

) j=1}

So, to show that the second replacement can be done, we have to show that this func-
tion is integrable for

CANEY

(e, x)

K Z Min [ ) ( ‘m

dr(y) 'd'r(x). do i 1 1 1
fy, Tx 1-a since

1
oversay a <5 — thus that

e+ , X0

(e, x)

dr(x)

J
nx]-

dr(y)

In

1
2
g de [ Min [ ) Jamd (

ol <=

For the first integral we can use our previous computation, and the integral over «
disappears, so we are left to prove that

€ 7-x
Fm( In|—= A e”m)
J —— dr(x) <
T(x) <o
X1 <x]- Hx]
i
and this we have shown previously also. So Claim 2 is proved. O

Thus we have to compute

1 dr, () | drlx) 7
lim lim =

da
T (&) (M) In [1+[Mate®, )N - x, € - »)I] —

eX,e¥
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Letting Mo = u, this becomes

lim lim dry_x(y) . dre(x) Mn

n—0 M->o0 2 f Hy] Hx] 0

d
T (He)(Mel)n[1+ [ule, OO -x, € - )] —uzf
x ¢y

€

Now, the limit when M goes to infinity becomes independent of n, so we get, using for
short e for ¢* and n for e”:

L dn ) | dn) ¥

d
T (Me)(Tny) In[1 + [ute, x)/N(O -x, 1- )I] -uli
€n

Denote the inner integral by ¢,,(x, ¥). We have

Me, x| IN(0-x,n"Y)

) dv
du(x,»)= = (g)(In) [ e

e,/ N(0x,1-y) 2 2 dw
=2 (Mey(Mn)  f In(1+M*w?) —
€,M 0 w

o . dw
= [ [ Z (Me)(Tn)ilw < Kex)| NQO -x,1- y)]) In (1 + M*w?) —.
0 €7

If instead of In (1 + M?*w?) in this integral we had a constant, say In M2, the integral
would still exist — because the integrand vanishes in a neighborhood of the origin —,
and would have a value equal to In M? times

Z (IMe)(IIn)Inie, x> — 2 (Il ) (IIn) In MO -x, - p)=0
€,n €,1

— the first term being zero because of 2 (Hnj) and the second because = (II €)-
n €
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So we still have
o 2 2 dw
¢M(x,y)=0f [ 2 (ITe)(TIn)Iw <i<e, x)/NO -x, - )] In (w* + M )_w—'
€,m

Now the integrand is uniformly bounded, and vanishes outside some closed interval
disjoint from zero, so that by Lebesgue’s dominated convergence theorem

11m Our(x, y)—f[E (lnw)—= f [ Z]2lmwdlnw
w=0 ¢€,mn

I{e, x|
T1din*w= X (Il¢e)(Iln,) In? ——————
_fo[eﬁ] n®w= M( €;)(IIn;) In NO-x19)

= E (He)(Hn])ln I{e, x| + E (ITe)(1lny) In2 N(O- x, 0 )
=2 Z (Ile)(IIn;) In e, )| In N(O - x, 7 - y)
en

==2[2 (¢) InKe, )] [Z (L)) In N(O - x, 7~ )]
€ n

(the first of the three sums is zero because 2 (IIn;) and the second because E (IIg)).

Now we have to show that when we apply the first two integrations to q)M - 11m s
we get something going to zero, i.e. that

Claim 3:

dr,_(y) dr(x) =
Jm [ T, LE (e miiw <l xI/NO x, 7 5)])

aw
In (1 +(Mw)™2) P 0

By Lebesgue’s dominated convergence theorem, since In (1 + (Mw)~2) decreases point-
wise to zero, it will be sufficient to show that
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Aty (¥) . dre(x) =

7

2 (Iep(In)[w < e, /N - x, 1+ ¥)]
e’n
. aw
In(l+w™?)—<o
w
or, replacing w by z7 Y2 that

d d -
p ) T T 2 ([epilnpiizte 7 >0 5 -]
i ] €

dz
In(1+2z)—<eo,
z

If z is close enough to zero (smaller than min N2(0 - x, y)) then the sum X is identi-
y €n

dz
cally zero (i.e., for all x and y), so we can replace dz/z by T35 and get

d d co N
k) AW T s (e )(Tnpilzte, 27 > M0 2 0 9
Hy] HX' 0 e€,m

7

dIn? (1 +z)<?

Let us now try to bound the sum Z .
€,1
Pairing the terms where 7; has opposite signs we get

2 =2 (e)(Mny)I(ny < z<e, x?<n_)

€,n €,1

using 7 for N2(0 *x, £y ¥ 1, M2¥2,M3¥3. --)-
Pairing now the terms where €; has opposite signs, we get, letting u = 2 €i X},
u*=|u+elx1|2,u_=|u—elx1 12 i1

% = £ (Me)(Tny) { [1(2—“{‘%) +1(’i<5”1("—+<z<”—‘)

€,M €,M

Uy, n_ ny ny u_. n_ n_ n_
| —<—|I|—<z<— |+][| —<— || —<z<—|}.
u_  n. u
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Thus we get by integrating

fI}%Idln2 (1+2)< 2”1(5<u~+)+1(”_-<'1:”131

€,n ny  U- ny Uy

U, n_ u_ n_
+I(—<—)A2 +I(_<'— )A3]
u_. ny Uy Ny

where

2 (1422} mm2 (1425 ) ) <qis > my) {10 222
Ay =I(n_>n){In* |1 v n . <I(n_>ny) nn++u+

(In(l+n)—lnuy) - 2<KKn_>n,) (ln Z—_)(l —Inuy)

A, =Ku, > m? {1+ —m2 {1425 ) ) < s, > 11[’1*.11_/5:
2_(u+ u_) ! u ! U, \(u+ ll_) nl/n++1/U+

u
n(l+ny)—lnu) 2<Kl(u.>u.) (ln ;t )(1 —lnu)
and similarly
u_
Ay <KI(u, <u.) (1n o )(1 —Inu,).
3 +

Uy, n_
Remark that A, is used only when 1<u—+ <—<Ky, so that, by modifying the

constant X, one can replace the factor (1 —Inu_) by (1 —Inu,).
Obviously this formula remains valid — readjusting K — when reinterpreting n..
(resp us) as+/ previous ns (resp us).

u
Remarks also that in all three cases, one uses the smaller of the factors |In e ,
n _
In — 1. Thus we get simply
ny

f1Z1din®(Q+2)<K X I(n__>n+)[min(lng:,
€,M €,Mn

Uy
In—
+ u

)](1 ~Inuy)
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n_
As already remarked before, the equivalence of norms in R” implies that In — <K'y,
ny

. . . Uy
(<K'). In particular, if we assume for instance u; > u_, we can replace |In _’ by
u..

. [ U+ ! Uy T U : s
In | min | —, <K . Now u4 > u_ is equivalent to equ > 0,50 uy —u_
Uy

=g t+xy —fequ—x11=2min (equ,x1)=2min (lul,x,), and uy = 4] +x,. So we

Uy min (|u],x;) .
In u_ by ————————if u, > u_, and thus also in the dual case. Thus

can replace il
ultx 1

we get

Xl A Iul

f|E|d1n2(1+z)<CE(yl/\ )(l—lnl(e,x)l).
€,n €

lul+xq

But y, could have been any y;, and in particular their minimum A ;- Using now our
previous formula !

. m L 4r(¥) m—
A{n Mln(B,(yj)jzl)*‘ﬁ-y—;QKmﬁllnﬁl 1
we get
d
f T(y)f | £ |dIn® Q1 +Z)<C'E(l —In {e,x) )y |1H,V|m_1
Ay Hy,- e,n €

where

xll\lul

X+ lul’

dr(x
We have to show that this is integrable H( ),at all pointsof Ay N {x; <x; Vi} —if
X
]
another coordinate was minimal, let this play the role of x ;.
There is no problem if x; > 0 — because In |{{e,x )| is integrable for Lebesgue
measure, and y [In y "~ is bounded.
Fix now an €. If x; =0, and |u | > 0, then the factor (1 —In |{€,x)|) is locally

bounded, and y is locally of the order of x, so that we have to show the integrability

of xyllnx{|" on {x; <x;} which we have already done before.

Hx,-
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There remains thus only the case where x; =u = 0. In that case, as we argued
already before, there exists two different coordinates j and j’, different from 1, such
that x; > 0, x;7 > 0, €;€¢;» = —1. We can assume without loss of generality thatj=k,
j'=k—1,and can change coordinates

k Kk
using the equations ¥ €;x;=u, 2 x;=1.
i=2 i=1

We therefore have in effect to prove that — assuming without loss of generality
that e, = 1:

lui<1 xy+lul
0<x;<x;<1

Xy A lul i=1 X;

x u xq+ k=2 dx;
J (1—Inlu+x,1) Loyl r( 1 Iul) l

or, integrating over x; fori > 1:

X A |ul x+ |ul dx
f (Q—=Inju+x]) - In" Inx ¥~ 3dy — <oo
lul<1 x+ |u x A lul x
0<x<1
or
11 xAulr x+u In %% dx<
({Of[l—lnlx—ul]xﬂl | | nxldu—

s dx ey . .
Replacing {In x1* by |In (x A 2)[*, and — by » , one sees it is sufficient to con-
sider x <u: . XA

u
JIO<x<u<D[1-Inu-x)] 1n’(1+— [In x |Sdudx <oo?
x+u x

u
Since In" (‘1 +;) can be written as a polynomial in In (x +#) and In u, and since

[In (x + u)| < [In (v —x)], the whole thing amounts to prove that

dudx
f [In (u —x)|" |Inx|*
u-tx

<o (whatever ber = 0,5 = 0)
osx<ux<l1
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) x
or, lettingz = —
u

dz 1
f lnu—=In(1-2)) (~Inu ~1nz)du <o
1+z 0

1
J
0

the integrand in the second integral is a polynomial in In u, whose coefficients are
polynomials in In z and In (1 ~z).

Since any power of In u is integrable, the first integral yields a polynomial in In z
and In (1 —z); since 1/1 + z is bounded, the outer integral boils down to

y2 1
(f + f)llnzl’lln(l—z)lsdz,
0 12

which is finite for the same reason.
This finishes the proof of Claim 3. O

It follows that

. drp_i(y) . dr(x) At () dr(x) v
]VI}_IIL i My, f Mx, ou(x, )=/ Ty, / T, (ﬂi‘ff’w bp(x, ¥))
2 () In e, x)] }[ Z(Mn)InN(@©0-x,7np)
=2 f = d dr,_
Afk Hx] Tk(x) An{k ny] Tn k(.y)
and therefore that
: Z (IMe)In[1+M( Z ¢s;)/N(e- ))?]
€ i<k
o I j
nh—>n10Ml£lco SEA,, é si<n 2 HSf dTn(S)
i<k
Z (IIn)InNO -x, 7" )
n
==Ax [ drp_ ()
Ap—k Hyj
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where

2 (ITg) In ¢, )|

di(x).
i

If we use also 4y =—1, we get therefore

2 (IIn)In N(n - y)

n

P; =0V i)=(-1)"2Qm)™ | -A, + 4o [ drp()

Ay Iy;
z (1) In N(n - y)
TIG{—I,I}",T),‘G,'?O
+ > Axs. I drp_35,()
ae{o,1} 4 yEA, ) Yi
3%#(0,...,0),(1, ..., 1) (8,)=0 j:85=0
(remarking that 4, =0 if k is odd). Thus:
In N
Py;20Vi)= D 2m)™ z Axs. 1) ____n(y) dT,,_zsj(y)
se{o, 1} T yu=1 ) Yi

V]':B,'yj=0 1:8]:0
where
~ Tn-Zs; is Lebesgue measure on the corresponding set,
— the integrals are Cauchy principal values

— foré=(1,..., 1), the integral over the empty set is set to —1

X (He,-) In [{e,x?]

es{-1,1}¢
_ A0 :—1, Ak = f

Ay Hx]

di(x).

If each v; hasnorm 2, total mass zero, and all v; are mutually singular,P(v; =20 V i) =27"

obviously. Also R, = [-1,1]%,so that N(3) = sup  (x, ) =Z |y;|=lyl.
x€f-1,1]"
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Since we integrate on the unit ball, it follows that in this case our equation yields
27 = ()P Qny A4,

thus
An ==(-1)"2a"

thus

(‘1)"/2(277)—nAk - __2—n[(_l)n/zﬂ,—n(__l)_k/znk]

= .n—nr_1\y—(n—k)/2_~(n-k)
27D m ]

2—n
An—k
Thus:
2542
o (-1)=% In N(y) ]
Pp;20Vi)=27"|1~ X J T s
scfo, 1} w7 lyl=1 e |
2:6#0 vji(1-8py=0 1:8;71
8 ; even
i

This formula is valid for the case n even, say n=2k. But P(vy ...v,4_; > 0)=
Py .03 =0)+P(vy,v,, ...,¥55_1,—Vyy = 0) can be computed from this formula,
and yields then the same formula with n =2k —1: thus the formula is valid for all
nz=1.

Thus, for all #1> 1:

1 In Ny(y)
Ppzovien=2"#D|1- 3 —— [ ——Tar(y)
o J H 3
prscr (m)™ yer? U Y;
[#7 even] Iyll=1 7S

where

N;(y)= sup Z Yivi(X).
Ixl<t jes
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Remark that, by the symmetry of the norm (N;(») = N;(=»)), the restriction to #J
even is not necessary: the integral will be zero for #J odd.

The integrals have to be understood as Cauchy principal values, in the following
sense: define a set CC R’ to be symmetric iff y €C = (lyj1)jes €C; say that C
consists only of non zero elements iff y € C=y;# 0 V j €J. Then the integral is to
be understood as the limit of the integrals over an arbitrary sequence of closed sym-
metric sets C; consisting only of non zero elements, and such that the measure of the
complement of C; goes to zero.

The norm || y|| used to derive the formula was the /; -norm Z | Y |, but the formula
of change of variables for surface measures yields now that it remains valid for any
nomm | [l on R” such that [[(yy .. ¥ I = I(1¥ 1], 12l ooy Ly DI

The same formula permits to rewrite our expression using the surface measure o;
on the unit sphere of the norm N;:

; 1 In |yl
Pu,)=0vien=2"#1+ Z — [ —— g ,
i o#ICI (771)#] I ;i J(y)
[#J even] jeJ

Remark: Obviously the formula we got is not very transparent — this may be due to
the fact that it has to reflect the peculiar geometry of the positive orthant. It would
therefore be interesting to have also an expression for the density over directions — i.e.
on projective space.

Section 4: To Mess Everything up: Some Extension Possibilities
1 Extension of the Cylinder Measure

Given a cylinder measure p on a locally convex space E with dual E', one can use
Kolmogorov’s existence theorem for a projective limit of measures as done in the
proof of Theorem 1, and a Hamel basis of £, to obtain an equivalent characterization
of u as a countably additive measure on the Baire o-field of the weak completion E of
E, using also a recent result of Edgar®.

Using this, one can then best define the corresponding integral in the following
way: let o vary in the increasing net of all finite subsets of £'. For any a, and any

4 “Measurability in a Banach space” Indiana University Mathematics Journal, Vol. 26, n° 4,
pp- 663-677 (1977).
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x €EE\E, let I/_'a(x) = {y E_El‘p(y) =¢(x) Vo €Ea}. For any function f on E, define

its extension f to E by f(x)=lim sup f(p) at all x €E\E. Finally define the
a yEVu(x)

upper integral 4(f) as the upper integral of £ for the countably additive measure u on
the baire o-field of £.

Given fI, one can use finitely additive integration theory in the standard way
(cfr for instance Dunford and Schwartz, Linear Operators, Part I). More precisely,
one has:

1) (1)=1,a(-1)=-1, i is monotonic;
2) a> 0 implies fi(af) = afi(f);

3) A(f+g)<a(fvg)+a(fag) <u(f) + ig) whenever A(f) <+eo, ig) <teo (the
first inequality is subadditivity, the second follows from the corresponding formula
for upper integrals, and fromfvgZ =fvg, fAgE=fArg);

4) fvm)>alf) Vv falfa 0)>—°°=>ﬂ(f)=nlil}l a(f A n).

Those properties immediately imply that L = {f|a(f) + ii(—f) < 0} is a vector lattice
containing the constants, and that & is a positive linear functional on L. Hence A =
{A|I,€ L} is a boolean algebra and j a finitely additive probability on A (also
denoted w).

Hence fE€L and s <¢ imply ux {f>s} = u*{f>1} (reduce tos=0<f<r=1,
then ffdu is in between — we use px(4)=sup {WNIfEL, f<I,}, and u*4)=
inf {@(HIfEL, f=1,1}). Therefore, if fEL, then for all but countably many #’s,
ur{f2eY=ux{f>t}: {f>=1¢} and {f>1t} are in A. Hence any bounded f€ L can
be approximated uniformly by A-measurable step functions, and thus

LCLy(A,w), with pa(f)=[fdu for fEL.
Conversely properties (1) to (4) imply also that
v fa v (fn)nEIy, [ﬁ(fn)> ﬂmaﬁ(l{fn <f—'€}) - 0ve> 0,
n—oo

lim sup sup A[(fy —f,)" 1= 0] = lim &(f,,) = i(f)

n-> k=n

and hence that, if f,, is a Cauchy sequence in L converging in fi-measure to f, then
fEL is the norm limit of f,,. In particular, choosing f€ [ (A, ) and f,, step func-
tions, one obtains L = [ 1 (A, u).
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One concludes now easily that fi is at least as good as the finitely additive integral:
V £, a(f)< f* fdu. Obviously, L = (A, p) contains both the cylindrically integrable
functions and the bounded continuous functions on E.

Of course, one could still get conceivably more integrable functions by refining
i — for instance if one could prove 7-smoothness of u on £, one could use its regular
extension to the borel sets of E for defining i; or one could try to get a lower f, for
instance by restricting the y € V,(x) to be of essentially minimal norm.

2 Using More Smooth Cylinder Measures

By Theorem 1, the invariant cylinder measures corresponding to different pairs (i, o)
are mutually singular. Thus the integral of a function — and even its integrability —
may depend in a highly irregular way on the pair (i, ¢). To smooth this out, one
could choose m and ¢ by some probability distribution P(m, ¢). Since the correspon-
dence preserves convolution, and because of the idea that in some sense the sum of
two independent random elements of B(I, C) is a fortiori random, one should certain-
ly take P absolutely continuous with respect to Lebesgue measure, and in some sense
invariant under convolution. Since

I DYG)AQ(X) = [ Dlyy+ o (X)dP(m, 6)dQo(X)
fD(lm >\+a}\x)()’2)dp(m: U)dQO(i)

S D} oy (R)dPM(m, 0)dQo(X)

we see that for defining the value, we consider integrals of a fixed function with respect
to the distribution P* of (\m, Ao) (where (m, ¢) is P-distributed), and let the scale
factor A go to o. Asking that this family P* be invariant under convolution is asking
that P be stable. This leads to choose m and ¢ independently, m with the symmetric
stable distribution of index a, and ¢ with the one side stable distribution of index «
(thus o < 1). The lim sup of the (upper-) integrals when the scale factor A goes to o is
then clearly decreasing when « { 0, since for § <a the stable distribution with index
B can be viewed as a mixture of stable distributions with index a (choosing their scale
factors according to the stable one-sided distribution with index /).
One is thus led to a formulation of the following type:

— for any bounded measurable function f on R, let

p(f) = lim li;n sup }o FOx)dP (x).
a—0 —o 0
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where P* is a one sided stable distribution with index a (its scale factor does not
matter).

— Let i denote a suitable extension (cfrn® 1) of the invariant cylinder measure
where m and o are chosen independently with stable distributions of index o
(e <'1) — symmetric for m and one sided for o.

— If f is a function of several variables, let p_.(f) denote p of the function of a real
variable x obtained by holding all variables but x fixed in f. Similarly () will
indicate that all variables but x are held fixed in .

—  Let @(0) 7 paExDYR))). and ¢y(R) 7 —Pali(~DX(R)): then v has a value
@y if @ = ¢, and is additive.

3 Interverting More Limits and Integrals?

As a general rule, one gets functionals with a large domain by averaging before going to
limits rather than after — in our context, this was already illustrated in ““Values and
Derivatives”. Now the v appearing in the above formula for @, is not the given game,
but obtained from it by the operator ¥ of section 1, which itself involves both averag-
ing and limit operations.

Let us first show how Y could be replaced by an operator — say ¥ — where the
averaging occurs before the limit operations, in order to remove as much as possible
the basic restriction that we can talk only of games that have an extension in some
sense.

Remark first, that it is sufficient to compute w(x) = ¥(v)(x) for step functions x
— either because V(w)[x, x'1 <lix'—xIl-llwll implies (for |lwl| <o) that w can any-
way be uniquely extended to B(/, C), or using the fact that the cylinder measures on
B(, C) are also cylinder measures or the space of step functions € B(I, C).

We return to the basic idea underlying the proof in [5] of both theorem B and
its application to the extension of games — that was used in Section 1.

Let x denote a step function, and let 7 denote a finite measurable partition such
that y is constant on every element of 7.

Given any vector » of non atomic elements of FA, let, for any 4 € m, 02 denote
an increasing family of measurable subsets of 4 with »(08)=tw(4)(V1:0<r< 1)
(and with 0§ = ¢, 0f = A).

For any n > 0. for any permutation ¢ of {1....,n},and for e € {~1, 1}", define
x5 = Of}n ‘\Oé_l)/,,, and, denoting (o, €) by w, let O2* < be defined by ( U Xg¥)

i<nt
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UBg([nt]+1) Where [x] denotes the integer part of x, and By =Oék—l)/n)+tn\06€——1)/n
nt
if e =1,B =0$/n\0’(1k/,,)_tn if ¢, =—1 — and where ¢,, = t—[—n—].
Then, for every w and t we still have V(O‘;”“’)=t1)(A), and if w is chosen at

1
random, we have, for all x €4, |P(x € Of"") —t| <§z. (The € is not strictly neces-

sary, it is just introduced to preserve the symmetry with the opposite order.)

Let now, for any , and any collection (™ of such increasing families (0‘;1 Jacn

0<r<1

and any n, 2, denote the finite probability space where independently for each
A E 7w, some w = wy is chosen at random.

Also. for any m-measurable ideal set function x, and any w €€, let x,, = U
AEenm

OA'wA'th L 2l .2 - —_ll <
x(4) - thenx® <x” = xg, xg,"(Xw) =2(X) V X, and |E(xe,) = xII < 1/(2n).
Let also, for a general m-measurable function x,

X = [max (0, min (1, x))]e, -
Define now

1 1
U7 0= 5 | Ear gy (@1 + 7001 =2 =m0 D)

(where v still the constant sum game denotes corresponding to the originally given
game).

For any given 7, and any vector », denote by F,, , the set of all possible families
0™?. For any given w, the F, , form a filter f, when v ranges over the increasing
filtering set of finite subsets of the nonatomic elements of FA.

Similarly the partitions 7 can be ordered by refinement. Then lim lim lim lim
0 m T B>

w;”gn,p,n(x) =y ?(x) should be the analog of our Y from Section 1 but with all limits
done after any averaging.

More formally, define a filter F on 4-tuples (7,7, 0™"",n) [more formally on
R x(%Fd,’,,)x.l_V)] by FEFIf 3e:Vr:0<|7|<eTmy:Va>my, Iv(=(,,

) VO EF, pAng: VY n=ng (r,n,0"" ,n)EF.
Then, we define ¢ by v€ Dom (Y) = [1i£1 \l/;”b,,,,, n(x) exists for any step func-

tion x] = [¥(v)](x) = li}r:n xl/;’zb,,,,, N () V x step function.

Obviously Dom () is a closed (using li || = 1), symmetric space, and 1 is a positive
linear symmetric operator on Dom (). Further [|{]| =1 — this follows from com-



64 J. F. Mertens

pletely similar computations as those in Section 1, and is the main point where the
specific structure of the 0™ (x <x' = Xo <X V w) is used. Similarly one gets,
under mild continuity assumptions on v at ¢ and /, that [Y(v)}(]) = v(]).

1
under mild continuity assumptions on » at ¢and [/ lifr:n {Eq (n,)[v(—r(u+x)+)+
o !

Wt +x)7)]du=0Vy|, that [Y(®)]U)=v() and Y(v) is linear on every plane

containing the constants.

One could thus use this  followed by the operation described in the previous sec-
tion. However it is now tempting — and possible — to put all averagings before any
limit operation.

But to do this, one may want to consider an alternative to integrating with respect
to an appropriate extension of the (finitely additive) cylinder measure — in order to
sidestep the difficulties of finitely additive integration theory (in what concerns the
integrability of functions, and in what concerns changing the order of integration and
the permutation of limits and integrals — although the old paper® helps a good way for
those last two questions).

The cylinder measure Q can be obtained — as shown in the proof of Theorem 1 —
in the following way: first select m and ¢ at random according to P, next, for any par-
tition 7, select independently on each partition element the (constant) value of x on
that partition element as a Cauchy (m, ¢) random variable. This gives an approxima-
tion @, to Q, that converges weakly to Q on E when 7 is refined. Q, is a (countably
additive) probability carried by the finite dimensional subspace of B(/, C) of all
m-measurable step functions.

Now the operator D and the averaging for O, can without problem be pushed be-
fore the l%_;n, together with all other averagings there is no integrability problem at

least if v is of bounded variation. On the other hand the limit over all refinements of 7
is best retained after the li?{_n has been done (and before the lim over A (py)).

This was just to point out that the formulation adopted in this paper is by no
means unique or optimal — and that in particular one could to some extent dispense
altogether with the assumption that the game has an extension. It was adopted chiefly
for expository reasons.

Certainly a lot remains to be done — ie., convincing theorems — to get a good
formulation.

5 ). F. Mertens: “Intégration des mesures non dénombrablement additives: une généralisation du
lemme de Fatou et du théoréme de convergence de Lebesgue”. Annales de la Société Scientifique
de Bruxelles, t. 84, 88,231-239 (1970).
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