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Abstract: In a game with incomplete information, a player may have beliefs about nature,
about the other players® beliefs about nature, and so on, in an infinite hierarchy. We general-
ize a construction of Mertens & Zamir and show, that if nature is any Hausdorff space, and
beliefs are regular Borel probability measures, then the space of all such infinite hierarchies of
the players is a product of nature and the types of every player, where a type of a player is a
belief about nature and the other players’ types.

1 Introduction

In a game with incomplete information, describing the space of possible states is a
complicated task: first of all, one has to describe the state of nature - the possible
values of the various parameters of the game itself, such as the payoffs and the
players’ utility functions. Then, one has to describe the players’ beliefs on the states
of nature, which are, say, probability measures on the space of nature states. After-
wards, one has to describe the belief of every player on the beliefs of the other
players on the states of nature, and so on. It turns out that in order to describe “the
state of the world” in the game, one has to deal with an infinite hierarchy of beliefs
for every one of the players. To simplify this state of affairs, Harsanyi [9] suggested
describing the states of the world as a “types space” with the following properties:
1) A state of the world consists of the state of nature and the type of every
player;
2) A type of a player is a joint probability measure on the states of nature and the
types of the other players.

Thus, in every state of the world it is. possible to compute the belief of every player
on the states of nature, his belief on the other players’ beliefs on the states of nature,
and so on, as required.

Armbruster & Boge [2], Boge & Fisele [6] and more recently Mertens & Zamir
[12] introduced a concrete way of constructing Harsanyi’s types space. Assuming the
nature states space is compact, they formally defined the hierarchies of beliefs, and
showed that the space of all such hierarchies (which turns out to be compact) has the
above desired properties. Brandenburger & Dekel [7] considered a different version
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of the same construction, and showed that it could also be carried out assuming the
underlying nature states space is Polish (metric, separable and topologically com-
plete).

What happens in more general cases? Suppose, for instance, there is only one
parameter in the description of the game upon which the players have uncertainties,
and this parameter may have values in the [0,1] interval. Suppose further that before
the game begins, the players witness together a random signal, which specifies for
them a Borel subset S of [0,1] in which this parameter lies. Generally, S might be
neither compact nor Polish, but still this set is the object of beliefs of the players in
this case.

This is a motivation to consider the construction of the types space in more
general settings. We shall show hereby that such a generalization is possible, assum-
ing only that the nature states space is Hausdorff, and the players’ beliefs are regular
Borel probability measures.

The construction of the types space has also motivated further research. Lip-
man [11], Vassilakis [16] and Heifetz [10] have treated other hierarchic constructions
in similar spirit.

In section 2 we shall present and develop the notions and properties of measures
spaces we will be using. In section 3 we shall present the construction itself. We shall
use a construction scheme which is close to the one in [13] and [15]. In section 4 we
shall bring the proofs to the theorems and propositions of sections 2 and 3.

2 Topologies for Measures Spaces

1. Definition. A regular Borel probability measure on a topological space X is a

measure y s.t.:

a) u is defined on the Borel field of X.

b) u(X)=1, uis g-additive.

¢) for every Borel set BSX and every £>0 there is a compact C<SB, s.t.
n(B\C)<e.

2. Definition. For a topological space X, A(X) is the space of regular Borel prob-
ability measures on X, with the topology whose sub-base are the sets of the form

o, V, &)= {HeAX):u(V)>uo(V)—e},

where poe A(X), V<X open and £>0. An open neighborhood of u, may be any
union of finite intersections of such sets.

This topology was first introduced by Blau [4], and it is also mentioned in Bil-
lingsley [3, appendix III].

The following theorem is the main mathematical contribution of this paper.

3. Theorem. If X is Hausdorff then A(X) is also Hausdorff.
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Clearly, if X is Hausdorff and non-empty, then A (X) is also non-empty, since it
contains all the measures concentrated in a finite or countable number of points. For
every xe X denote by d, the probability measure concentrated in x.

Define now another topology on A(X):

4. Definition. Let X be a topological space and uoe A (X). A weak sub-basic neigh-
borhood of i is a set of the form

Y, [, &)={ueAX): | {xfdu— [xfduo| <e},

where fis a continuous bounded real-valued function on X and £>0. A weak neigh-
borhood of u, may be any union of finite intersections of such sets.

This topology is called the weak topology of A(X). Generally, it might be
weaker than the topology in definition 2 above. However, we have the following
theorem:

5. Theorem. If X is a compact Hausdorff space or a Polish space, then A(X) is the
space of Borel probability measures on X with the weak topology.

From this theorem it will follow that the construction presented hereby is a
generalization of the construction in the compact and the Polish cases.

3 Construction of the Universal Beliefs Space Q

Let S - the space of nature states — be a non-empty Hausdorff space and I the set of
players. For every iel define inductively two sequences of spaces, (QY)r_; and
(T ;. Q% will be i’s domain of uncertainty of level k. T% will consist of k-tuples
of coherent beliefs on Qi, ..., Q%

Q=8 1=A(S)
and for all k=1

ch+1 _—'SXHj#i Tjk T;.c+1 = {((ﬂll, vy ﬂ;'c)s ,u;c+1)e_T§CXA(Q;c+1):_
the marginal of uj ., on Qf is ui}

The motivation for these definitions is the following:
’s domain of uncertainty of level £ +1 is nature and the other players’ beliefs up to
level k (player i knows his own beliefs). A belief u%.., of level k+1 is a probability
measure on this domain of uncertainty. In T%., u%., appears along with the
lower-level beliefs which are coherent with it.

vi>k denote by i the projection from Qf to Qk. Clearly, if (ui, ..., s, ...,
u)e T then the marginal of u} on Q% is u%, and formally -

pie=ue(wi) .
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The following theorem is not a must for establishing the construction. It was
proved by Mertens & Zamir [12] using a non-constructive argument (the Hahn-
Banach theorem), and avoided by Brandenburger & Dekel [7]. However, it has an
appealing aesthetic taste. It says that at all stages every lower-level belief can be
extended to some higher-order belief (actually, many such extensions are possible).

6. Theorem. vk=1 and Viel the projection of T ., on T is onto.

Now, let
Ti'=lim T%
«

be the projective limit of the spaces (T35 ,. This is the space of all the towers of
beliefs (5, ..., Uk, ...y [] A(QL), for which the beginning k-tuple (i, ..., t{) be-
k=1

longs to T4 vk=1. Call T the set of types of player i.
Define also

Q'=Sx ] 1.

J#Fi

Clearly, Q' is the space of all those (s,(uf, ..., 4%, ---)jxs) such that (s, (i, ...,
Ue)ix)EQL 1 =8SX [[ T4, Yk=1, and therefore Q= lim Q}.
j#i «

vk =1 denote by ¢’ : T'— A (Q%) the coordinate projections, and by y'., , the
projection from Q' to Q.

Theorem 6 implies that T* is not empty. However, many simple examples of
types in 7" could be provided: for instance, the type who believes that a game with
complete information takes place with s, as the prevailing nature state:
(Osgs OsoxI1, 56400 - - -)- This type is sure that the other players’ beliefs are exact ana-
logues of his beliefs, and that it is common knowledge that s, is the true state of
nature.

Every tower of beliefs in 7 is an example of a mathematical object which we
now define:

7. Definition. (A )r=1, V)i-1, Pude>1) 18 a projective sequence of regular Borel
probability measures if vk=1 A, is a Hausdorff space, v, is a regular Borel prob-
ability measure on A,, and V{>k, pu:A,—~A; is a continuous projection, s.t.
YI>m>K pu=PoicPor a0 Ve=Vep !,

1t is clear from the construction that for every tower of beliefs (ui)i_,;e7T’
QY2 1, W21, (Whess) is a projective sequence of regular Borel probability
measures.

The following theorem is a generalization of the Kolmogoroff consistency the-
orem. It was proved even in a more general setup by Métivier [14, Theorem II11.3.2.],
who improved a result of Bochner [5, pp. 118-120].
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8. Theorem. Let ((A)i=1, V-1, Pu)e>x) be a projective sequence of regular
Borel probability measures, A =1im A, the projective limit of {Ax} -, subject to
“—

the projections {putis« aNQ po i:A— Ay the projection on the coordinate A,.
Then there exists a unique regular Borel probability measure v on A s.t. Yk=1,
Vi=Vp3 s

It follows from the theorem that to every tower of beliefs (ui)z—-,€T’ there
corresponds a unique belief u’e A (QY) such that vk =1 the marginal of u’ on Qf is
7%

M= (W ) ™1

This is how Q'=Sx [ T’ becomes the terminal domain of uncertainty for player i.
JEi

The reverse mapping assigns to each belief u#eA(Q%) the tower of beliefs

W )~ Hi- eT". That is, there is a one to one and onto mapping between T’

and A(Sx [[ TY). Moreover, this mapping is also a homeomorphism:
J#Ei

9. Theorem. T' is homeomorphic to A(SX [] T”).
J#i
Define now

Q=Sx][[ T’

iel

to be the space of the states of the world. It turns out that:

1) A state of the world consists of the nature state and the type of every player.

2) A type of a player is a regular probability measure on the states of nature and the
types of the other players.

- as required.

10. Remark. A counterexample of Andersen & Jessen [1] (see also [8, p. 214]) shows
that theorem 8 might be wrong if the measures v, are not regular. Furthermore,
Bochner and Métivier’s proofs rely on the claim that the projective limit of a non-
trivial projective sequence of compact sets is compact and non-empty. This claim is
true under the assumption that the sets in the sequence are Hausdorff (for a proof
see, for instance, [17, p. 257]). Therefore, it does not seem possible to generalize the
construction to T, spaces, and certainly not to non-regular measures. It is quite sur-
prising that theorem 8, which seems to be of measure theoretic nature, relies essen-
tially on topological properties.
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4 Proofs of the Theorems and Propositions

Proof of Theorem 3. Let u;#u,eA(X). Then there exists an open OSX s.t.
11 (0) # u,(0): otherwise u; and u, would be identical on the open sets, and hence on
all the Borel field, since for every Borel BC X and every ueA (X)

u(B)=inf {u(0):B= 0, O° compact}
by regularity. With no loss of generality assume then that u,(0O)—u; (O)=¢>0.

£ £

Let K€X be compact s.t. y, (K)>1 Y Wm(K)y>1 ~3 and u,(O\K) < g

Then KnO°#@, because otherwise we would have K<O, u;(0)>1- —g,

& g
w(O)>1— 3 and hence 11, (0)—u, (O)| < 3 contradicting the supposition.
Denote O* =KnO. Then

12 (0%) =1 (0%) 2 1 (0) — 2 (O\K) — 11, (0) > & —

N | ™
SR

Let C< O* be compact s.t. u, (0O*\C) < %

K is a compact subspace of a Hausdorff space, and hence normal. C and K\O*
are closed in K, so by Urysohn’s lemma there exists a continuous real-valued func-
tion fon K s.t. KNO*< f<C (0<f=<1, fis 0 on K\O* and 1 on C).

Now, there is a r€[0,1) s.t. u; ({xeK:f(x)=t})=0. (There are at most count-
ably many #-s in [0,1) for which it is not so.)

Denote A= {xeK:f(x)>t}. Then CSA<SO*, hence u,(0*\A4) < % There-
fore,

U2 (A) = p1 (A) 2 2 (0%) ~ 2 (O*\NA) — 11, (O%) >

£ M,

€
4

(RN

A is open in K s.t. u;(A)=p;(A). Let VS X be open s.t. A=V nK and W=(V)".
Then u, (K)=u; (VnK)+u, (WnK). Define

G, = {MEA(X)?M(W)MI(W)*I%]
G = {ueA G >m ) - ]

Then G, and G, are disjoint open neighborhoods of u; and u,, respectively, because
had there been ue G, G, we would have
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1=p (X zp(V)+u(W)>u (V) —% +,u](W)—-—1%2
= (VN K)+ (W nK) —§=
= (Y 0K =11 (VA KO}+ [ (V AK) 44 (W AK)) —§> ; + i (K) —-§->

>y (1—f> ~Eoy,
4 8) 8

a contradiction. |

Proof of Theorem 5. If X is a compact Hausdorff space or a Polish space then X is
a normal space and every Borel probability measure on X is regular. Thus Theorem
5 follows from the following theorem, which was proved in [4]:

Theorem 5*. Let X be a topological space and u,e A(X). Then

a) every weak sub-basic neighborhood of u, contains an open neighborhood of uo;

b) if X is normal, then every sub-basic neighborhood of u, contains a weak neigh-
borhood of u,.

Particularly, if X is normal the 2 topologies coincide. ||

For proving Proposition 6 we shall need the following lemma:

Lemma 6*. If g: A= B is continuous then h: A(A)— A(B) defined by h(uy=ug™" is
well defined and continuous.

Proof: To prove that & is well defined we have to show that vueA(4), ug~'is a
regular measure on B. And indeed, if FSB is measurable (i.e. a Borel set) then
E=g~'(¥) is measurable in 4. So ve>0 there exists a compact CSE such that
U(ENCO)<e. K=g(C) is compact since g is continuous, C<Sg ™' (K) and hence

pug ' ENK)=p(g T (e T KD su(E\O)<¢,

as required. Now, to prove that / is continuous it suffices to show that the inverse
image of every sub-basic open set in A(B) is open in A{4). And indeed, if

@={veAB):v(V)>vo(V)—g},
vo€A(B), VS B open and >0, then

h=H(O)={peAA):u@ ™ (V) >vo(V)—¢},
which is open: if g 7' (V) is empty, then & ~}(&) is either A (4) or empty, according
to whether vo(V)—e<0 or not; and if g~ '(V)#0 then we can write

vo(V)—e=0,(g " (V) —¢, where aeg ™ (V) and &' =1—v,(V)+£>0, so that

RO ={ueAA):u@ ™' (V)>d. (g (V) —¢'}
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- a (sub-basic) open set in A(A4).

Proof of Theorem 6. For every (1, ..., ui)e T} we have to find a u}, ;€A (QL:1)
such that (ui, ..., puk, #t.1)eT%. .. We shall actually prove the existence of a con-
tinuous

St AQ) > A QL+ )
such that (u}, ..., uk, foui))e T (or, in other words, the marginal of f% (u%) on

k 18 1k).
This will be accomplished by showing the existence of a continuous

i 0Ol i
Fr:Qp—= Qi

such that w4 (Fi: QL — Qf is the identity on Qf.
Start by choosing an arbitrary s;eS and define F}:Q} = Q5 by

Fi(8)=(5,(Js.)j 1)

vseS. F! is clearly continuous, because each of its components is continuous (the
identity or a constant function), and w5 ; (F}(s))=s VseS.

Suppose now, by induction, that we have already defined a continuous
Fi:QiL— Qi such that wi,,  Fi:Qk—QL is the identity on Q. Define
SEAQL) = A(Qiv1) by

fie@i)=peF) ™"
(fi (u’) will be a distribution on Q. ; according to which i thinks that all the others
think that all the others think ... (k times) that s, occurred.) By Lemma 6* f% is
well defined and continuous. Since w} ., . F¥ is the identity on Qf,

L@ W, ™ =t FD) 7 Wherr,0) ™ = ke Wher 1, cF i) ™' = ptle
which means that the marginal of /7 (1) on QF is us.

To finish the inductive definition, define Fi, ,:Q%.; — Q%., by

F;.c+1(ss(ﬂjl.’ ooy ﬂi)j%i):(s’(;ujl.s ceey ,ulksf.fc(ﬂjk))J#l)-

F' ., is continuous since the f%-s are continuous, and clearly w2 .1 F5+ is the
identity on Q7 . ;.

Proof of Theorem 9. The topology on T is its relative topology as a subset of the

product ] A(Q%). The topology on A(SX [[ T/)=A(Q") is the topology of a
k=1 J#i

space of regular probability measures of definition 2. We shall show that the two
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topologies coincide: let u'e A (QY) correspond to (u})7~, €T’ by theorem 8. A sub-
basic neighborhood of (u)7- is a set of the form (¢’ ) ~' (),

Gie= € A Q) e (Vi) > uic (Vi) — &}

V.S QL open and ¢>0. The corresponding set to (9% )~ (&) in A(Q) is
{HeA@):u((Wo o) T V> u (W, T (Vi) —¢},

which is a (sub-basic) open neighborhood of u’ in A(QY), since (Wi x) ™' (Vi) is

open in Q'
Conversely, a sub-basic neighborhood of u,eA (QY) is a set of the form

O={peA(Q):u(G)>u(G)—¢},

G<Q’ open and £>0. G may be any union of finite intersections of open
cylinders G¥=(w’ ) ~'(Gy), whose base G,SQ) is open. Since VI{>k
Gt =(%.) " ((Wh) ~*(Gy), Gt is also a cylinder with an open base (i) ~'(Gy) in
Q:. Hence a finite intersection of open cylinders is an open cylinder (just intersect
the open bases in Q) with £ large enough). So let G= |J G,, where the G, are open
cylinders. Define *

Vie= U {¥ «(G,):the base of G, is in Q%},

and V=% ) '(Vi). Then V,SQ} is open as a union of open bases,
and {V%¥}7., is an increasing sequence s.t. G= {J V. Hence 3k s.t.
it

=D
Uo(G\VE) < % The set
A €
W, = {,ueA(Q’):ﬂ(VtPﬂo(V?é) - 5}
corresponds to

(0%, " <{ﬂkeA(Q};):uk(Vk)>(uo(wio,k)“)(Vk) —%D ,

which is an open neighborhood of the tower of marginal beliefs (1o (¥’ )~ = in
the topology of T', and W, is contained in &, since Vue Wy

#o(G) —1(G) = [Uo(G) —po (VD + [ (VE) (VDI + [ (VD) —u(G)] <

<£+£+0=s. n
2 2
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