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Abstract: 1t is shown that for every NTU market game, there is a market that represents the
game whose competitive payoff vectors completely fill up the inner core of the game. It is also
shown that for every NTU market game and for any point in its inner core, there is a market
that represents the game and further has the given inner core point as its unigue competitive
payoff vector. These results prove a conjecture of Shapley and Shubik.
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1 Introduction

The possibility of representing games by markets was studied by Shapley and Shubik
(1969). They proved that a TU game is representable by a market if and only if the
game is totally balanced. The markets they considered were pure exchange econom-
ies with money in which agents have continuous concave monetary utility functions.
For markets with production but without money in which agents have continuous
concave utility functions, Billera (1974) proved that an NTU game is representable
by a market if and only if the game is totally balanced and compactly convexly gen-
erated.’

Games that are representable by markets have come to be called market games.
Since a market game may be represented by multiple markets, a question that can be
naturally raised is how to compare the cores of market games with the competitive
payoff vectors of markets that represent them. This question motivated the work of
Shapley and Shubik (1975). They proved that for any TU market game there exists a
market that represents the game and whose competitive payoff vectors completely
fill up the core. They also proved that for any TU market game and given any point
in the core, there exists a market that represents the game and has the given core
point as its unique competitive payoff vector. The latter result is in a spirit some-
what similar to that of the second welfare theorem in general equilibrium analysis.
For NTU market games a conjecture by them states that the same results hold with
respect to the inner core. For discussions about implications of these results, the
reader is referred to Shubik (1984, Ch. 11).

* T wish to thank Lloyd Shapley for his guidance. I also thank Rod Garratt and two anony-
mous referees for helpful comments. Research support is provided by the Academic Senate
of University of California at Santa Barbara.

! For results on the possibility of representing NTU games by pure exchange economies with-
out money, the reader is referred to Billera and Bixby (1973) and Mas-Colell (1975).
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The purpose of this paper is to provide a proof of the above conjecture. Al-
though markets with production are used in the present paper, by applying an idea
due to Rader (1972), one can transform such markets into ones without production.
Therefore, the results still hold when restricted to markets without production.

2 Games

Let N be a finite set with # members, and let " be the n-dimensional Euclidean
space of vectors u with coordinates u; indexed by ieN. For each SN, let ®5 denote
the subspace of R defined by R°= {ueR"lu,=0, ieN\S}, let RS denote the
nonnegative orthant of R°, and let e® denote the vector in R° defined by ef =1 for
ieS. The symbol “-” denotes the ordinary inner product. Given any two vectors x
and y in k%, x X y denotes the vector in R whose ith coordinate is x;y;, for ieN. Let
m be any finite positive integer and let {4’} 7., be any family of subsets of R".
Elements x in the Cartesian product X 7., A4’ are sometimes denoted by x=(x,
x@, ..., x") with xPeAd’, j=1,..., m. A subset X of R° is S-comprehensive if
X=X-RS (algebraic subtraction). For ueR”, u° denotes the projection of u
to RS,

An NTU game (or simply a game) & is a pair (N, V), where V is a function
from subsets of N to nonempty subsets of R” such that for each SGN, V(S) is a
nonempty subset of R that is S-comprehensive. A game £ is compactly (convexly)
generated if for every SEN, there exists a compact (convex) subset Cs of ®5 such
that V(S)=Cs—RS..

Let & be a compactly generated game and let 1 eR’Y. Define a real-valued set
function v;:2¥ >R by

vi(S)=max {i-ulueV(S)}, 1
and a new game &, =(N, V;) by
Vi(S)={ueRsA-u<v,(S)}. Q)

%, is called the A-transfer game of & Since V,(S) is homogeneous of degree 0 in A,
i.e., depends only on the ratios of A,, only those A that are elements of the set
A={1eRY|1-e"=1} are considered.

For each BeRY, let T'(8) denote the set of all nonnegative vectors
y=(ys| SSN) that satisfy

> vse®=p. ?3)

SEN
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A game Z=(N, V) is balanced if the condition

2 IsVEOSYW) 4

SEN

holds for any yeI'(e™); it is totally balanced if for each TSN, the condition

2 ysVOEV(T) &)

ST

holds for any yeTI'(e”).

The core of a game &= (N, V) is the set of ueR? such that (i) ue V(V) and (ii)
for every SSN, there does not exist any u'e V(S) such that u;>u;, for all ieS. The
inner core of a compactly generated game &= (N, V) is the set of ueR” such that
ue V(N) and u is in the core of & for some AeA. Such a A is called a vector of
supporting weights for u.

Remark 1: Let AeA be such that 4,=0 for some ieN. Then by (1), v,({i})=0, and
by (2), Vi ({i}) =R . Thus, the coalition consisting of player i alone would then be
able to improve upon any utility vector in the A-transfer game &;. Consequently, the
core of Z; is empty. Therefore, the vectors of supporting weights for a utility vector
in the inner core must all be strictly positive.

Remark 2: By Scarf Theorem (1967), a totally balanced compactly convexly gener-
ated game always has a nonempty core. However, the inner cores of such games are
not necessarily nonempty (see Example 1 of Qin (1993)).

3 Markets

Let / denote a finite positive integer. For each ieN, let X’ be a nonempty closed
convex subset of ®'., Y’ a nonempty closed convex subset of R’ such that
YR’ = {0}, ¢’ an element of X’— Y, and u’ a continuous concave function from
X' to the reals. The collection &= {X*, Y’, a’, u'} ;e is called a market (see Shapley
(1973) and Billera (1974)). When X'=X and Y'=Y for all ieN, write
&={X, Y, {a’, u'};en}. Here, ! is the number of commodities and for each ie N, X°
and Y are, respectively, the consumption and production sets of i, while a’ and
are, respectively, his initial endowment and utility function. The assumption
a'eX’— Y implies that the initial endowment @’ may not be in #’s consumption set,
but that there exists at least one production activity by which he can select an ele-
ment ¥’ in Y7 so that a’+y'eX’. Given a market & and given SSN, an S-allocation
is a S-tuple (x);cs such that x'e X’ for each ieS; it is feasible if

> (x'—ahe ) Y

ieS ieS
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Denote by F(S) the set of all feasible S-allocations. A market & generates a game,
denoted by Z(&)=(N, V(&)), in a natural way (see Scarf (1967)): simply define
V(&)(S) to be

V(&) (S)= {ueR® 3(x);cseF(S), u;<u'(x), vieS}. (6)

Given a game %, a market & such that £(&)= % is said to represent the game Z. A
game that is representable by a market is called a market game.

A competitive equilibrium for & is a triple ();en, (Ficn, D) such that (i) 3, a
competitive equilibrium price vector, is a vector in R’ ; (i) D ien £i=Jlien(F' +4d);
(iii) for each ieN, §' solves max,:.y:f+y"; and (iv) for each ieN, £ is maximal with
respect to u’ in the budget set {x'e X1 p-x'<p-a’+p-$'}. With each such triple is
associated a vector # of competitive payoffs, &= (u'(£))icn-

4 Results

Let & be a market game. By Theorem 2.3 and Proposition 2.1 of Billera (1974), £ is
totally balanced compactly convexly generated. Thus, for any SCN, V(S)=
Cs—RS for some nonempty compact convex subset Cs of R5. By Proposition 2.2 of
Billera and Bixby (1973), we may assume, without loss of generality, that for any
SESN,

CsCRS and CsnRS |, #0. %)

The induced market by £=(N, V) is the market, &(&)={X, Y, {a’, u'}:cn},
where

X=%Y x {0}, (®)
Y =convexcone| |J (Csx {—e*})], ©)

SEN
and for each ieN,

a'=(0,eth, (10)
u' () =xP, vxeR? x {0}. (11)

Here, the convex cone of a set is the set of all nonnegative linear combinations of
elements of the set, and “0” denotes the origin in R¥.

Remark 3: Since Y is a cone, ) ;s Y=7Y for any SSN, and max,.y -y =0 for any
competitive equilibrium price vector j.



A Conjecture of Shapley and Shubik on Competitive Outcomes in the Cores 339
Lemma 1: $=5(&(%)).
Proof: See Billera® (1974, Theorem 3.3).

Theorem 1: The inner core of a market game % coincides with the set of competitive
payoff vectors of the induced market by Z,

Proof: Let u* be in the inner core of £ and let A* be a vector of supporting weights
for u*. Let peRY xRY be such that p¥=1* and p® =A% xu*. Then, for any
SCN and for any ueCs, p-(u, —e5)<0, and hence max,cy p-y=0. Let

) ) |
#=w*xe', 0) and § = —(u*, —e™), vieN. Then, by (9) and (11),
n

max {u' (X)X’ eX’, p-x'sAtus+p- 5}
=max {x"|x'e X, p-x = A%u%} =u*.

Thus, the triple (#)iens (F)ien, B) is a competitive equilibrium for the induced mar-
ket £(£) and u* = (4’ (£));c~. This shows that the inner core is contained in the set
of competitive payoff vectors.
Let the triple ((#)icn» Fliens P) be any competitive equilibrium for £(%’). By
(11), for each ieN, u’(x)>u'(y) whenever x >y{®. Thus, ¥ 0. Define 1A by
pi» o
A= 75;—1\,, vieN. To prove that the competitive payoff vector (u’(£%));cn is in the
pPe _
inner core, it suffices to prove that it is in the core of Z;. Suppose not. Then by
Lemma 1 and (6), there exists a nonempty coalition S for which there exists an S-

allocation (%);.s in F(S) such that

> Lu'@)> Y Lu'(@). (12)

ieS ieS
Together, (11) and (12) imply Y ;es 4,2 > >, 4,27, and hence

3R> 3 pI R (13)

ieS ieS

Since max,cy p-y=0, pPEV =p@ e} vieS. Therefore, ) ;cs pV 2 =pP-e5,
and by (13),

3 %> e, (14)

ieS

2 In Billera (1974), the common production set of the induced market by game Z is the con-
vex hull of |Jsen(Csx { —e5}). However, as he remarked (Billera (1974, pp. 136)), his The-
orem 3.3 still holds when the convex hull is replaced by the convex cone of the set.
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Since (#);.s€F(S), there exists €Y such that

> #=(0,e5y+7. 15)
ieS§
Together, (14) and (15) imply that /-7 >0, which is a contradiction. Thus, the set of
competitive payoff vectors is contained in the inner core. Q.E.D.

For the rest of this section, let u* be any given point in the inner core of & and
let A* be any vector of supporting weights for #*. By Remark 1, A*>0. By (7),
u*> 0. Choose ¢ in the open interval (0, 1) and for each ieN, define f;: R =R by

u;, if u;=u*,;

vu,eR, fi(w) = i
u;eR, fi(u) {tu,—-l—(l—f)uif: if u;>u%.

Clearly, f; is continuous, concave, onto, and strictly monotonically increasing. Let
JF=fien
Remark 4: f(0)=0, f(w)<u, YyueR”, and f(u)=u* if and only if® u=u*.

Remark 5: Since fis continuous concave monotonically increasing, Z is also a mar-
ket game.
Let & = (N, V) denote the game where V' is given by

V(S)={ueRSu' eV (S), us<fSw)}. 16)
For every S gN, let~C‘5= V(S) RS . Then, C‘SNis nonempty compact convex and for
any SEN, V(S)=Cs—R5. By (7) and (16), CsnR5. . #0.

For each SCN, let A%, A%, A3 be subsets of x;_; RY defined, respectively, by

Aé: {‘(uS: _eS’ _653 __eS, 0)'“2665},

As={(us, 0, —e°, 0, ~e%)luseCs}, and

Ag: {(Ms, 0, 0, —es, —es)lu_gECS}.

Let £={X, ¥, {d@, ii'};cn} be the market where

X=RY x {(0, 0, 0)} xRY, a7
Y=convexcone[ U (AéuAﬁuAé)}, (18)
SeN
d'=(0, e, e, el el jeN, (19)
. % XX
# ()= min {xgw, —;’-L} . 20)

3 For any ueR”, f(u) = (f;(4));cn and for any SSN, f(u) denotes the projection of f(u) to
RS,
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Since each A% is convex, yeY if and only if for every SCN, there exist y5, y%,
y3=0 and u}, u2, uieCy such that

3
y= 2 (Z vsus, —vse®, —(vs+r3e’, —(vs+yde’, —(Y§+V§)8S>- @n

SN \k=1
Define n: X}_; R7 . >R by

n(p)=sup p-y.

yeyY

Lemma 2: u* is in the inner core of & and A*-u<A*-u* whenever ue V(N) is such
that u+ u*.

Proof: Let S be any nonempty coalition. For each ue V(S), there exists ' € V(S)
such that u<fS@). Since fW)=u'®, max,cpeA* u<v«(S)=<A*-u*>. This
shows that u* is in the inner core of Z. For any ueV(N) with u+#u*, there
exists w'eV(N) such that u<f('). Set T(w)={ieNlu;>u%}. If u'=<u*, then
u<u*. Thus, A*-u<A*-u*. If, however, u'¢u*, then T@W)+#@. Thus,
A us At u —(1—1) Dicran A (U —ut) <A*-u*. Q.E.D.

Lemma 3: & represents Z.

Proof: By Lemma 2, for any u in Cs, A*-u=<A*-u*S, Thus, there exists feRS
0,-1*'u*s . .
such that ) ,.s8;=1 and uisT, vieS. Let x'=@wxel, 0, 0, 0, 6,¢5),

vieS, and y=(u, —e°, —e°, —e%0). Then, VieS, x'eX, yeY, and

Dies X' =Dlies @ +. Thus, (x);cs€F(S), the set of feasible S-allocations. Moreover,
0: 0% - u*s

for each ieS, #'(x’)=min {u,-, : T } =y, This shows that Cs< V(g)($, and

therefore, V(S)< V(£)(9).
Let ue V(£)(S). Then, by (6), there exists an S-tuple (x');cs€F(S) such that

u;<1;(x), ieS. (22)
Since (x");cseF(S), there exists a ye Y such that

Z xi= (09 eS1 eS’ eS’ eS) +ya (23)

ieS

and by (21), for each TSN, there exist y¥, y%, y3=0 and u}, 4%, uteCy such
that

3
y= 2 ( Yeur, —yre’, —(r+ypel, —rtype’, -k + y%)eT>- (24)
TSN \j=1

J
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By (17), x®'=x®"=x™"=0, vieS§, and hence, it follows from (23) and (24)

> yreT=e", (25)
TSN
2 (yr+ype’=e5, (26)
TEN
2 (r+ype’=e’. 27
TSN

Clearly, y%= yT—O VTSN, and y+=0, vTZS. Therefore, by (25), (y¥! TCN)
el“(es) Since £ is a market game and therefore is totally balanced, D res Yrur
e V(S). From (20) and (22)-(25), it follows that w=<) ,csyruy. Therefore,
P(E)S)SV(S). Q.E.D.

Theorem 2: u* is the unique competitive payoff vector for &,
Proof: Let ((#)icny Ficns D) be any competitive equilibrium for & Then

> R¥=0, e, ..., eM+ 2, 28)
ieN ieN
and n(ﬁ) 0. By (21) for each ieN and for each SSN, there exist P92, 9220
and 4%, 42, 1% eCs such that

3
y"=Z<Zﬁ§ﬁ e, (f’sl+ﬁ’sz)e,—(ﬁ§+y?)e,—(ﬁf§+ﬁ?)es)- 29)
J

By (17), @' =3 = ® =0, for all ieN. Thus, from (28) and (29), it follows that a
similar argument as in the proof of Lemma 3 (see (25)-(27)) would show that

$2=$2=0, vieN, VSCN. (30)
Claim: p©0.

Suppose not. Then, p¢¥ =0 for some ieN. By (20), the maximality of & with
respect to @ in j’s budget set, {xeX|p-x<p-@+p-p}, would then imply that
=0 for all j, keN such that k#i pL>0. However, by (28)-(30),
Slen®¥ =eN. Thus, p=0. Since v/ (x)>u’/(y) whenever x{V>y® and x> y®,
P must be positive. Therefore the condition p®=0 implies that 0. Since
ZSCN(ZjeNy’S)e =¢”, it follows that % >0 for some ieN and for some SCAN.
Since Csn RS, #0, it follows from the maximality of #° that p®-4% >0. Since
7 (p)=0, it must be true that

ﬁ(l).ggl _pA(Z‘).eSv_ﬁG).eS_p‘@).eS=O. (31)
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For any jeN, choose ueCy; nRY", and choose y>0. Then,

(u, 0, —ye'’, 0, —yeteY
and

B (yu, 0, —ye, 0, —ye) =y (51— ).

Since p'>0, p must be positive in order for 7 (A) to be 0. This shows that 5> 0.
Similarly, p*s 0. Therefore, from (31) it follows that

ﬁ(l)' I:l‘fgl _ﬁ(3). eS>0.

This contradicts to the condition that 7 (#)=0. Hence, p®>0.
Since u*»0, A*> 0, and >0, to maximize #’ in ’s budget set £’ must satisfy

e = I xz;.fﬁ)z"

Multiplying both sides of the above equation by A% and summing over ieN,
A¥-u@E)=A%-u*.

By Lemma 3, #(£)e V(V), and hence, &(£)=u*, by Lemma 2.
To complete the proof, we only need to prove that there exists at least one com-

petitive equilibrium for & Define (#);cn, Fiens ) by

F=@w*xe 0,0,0, e, ieN,

o1
P=(u*, —eV, —eV, —&", 0), ieN, and
n
A¥xu* A*xu* A*xu*
p"=<l*, 3” , 3” , 3” ,,1*xu*>

Then, for each ieN, (&, $)e XX ¥, p-7'=0, and ) ,cny =D ey a’+ D, 5. Further-
more, for any SEN and for any ueCs

P(u, —e°, —e°, —e%, 0)=A%-u—A*-u**<0,
4
P 0, —e*, 0, —es)=l*'u"3*/1*-u*s<0, and

4
pr(u, 0,0, —e5, —es)=l*-u—§)t*-u*s<0.

Thus, n(P)=0, and therefore, the triple (£);en, (F)icn» P) is easily seen to be a
competitive equilibrium. Q.E.D.
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Theorem 3: There is a market that represents & and has u* as its unique competitive
payoff vector.

Proof: Let &={X, Y, {@, u'},en} where u'=f7"'od’, vieN. Here, f7* denotes
the inverse of f; and f;" o4’ denotes the composition of ;! and #’. Since & repre-
sents & , it follows that & also represents . Because the set of competitive equilibria
does not change when strictly monotonic utility transformations are applied to
players’ utility functions, the set of competitive equilibria for & coincides with that
for & Therefore, a utility vector is competitive for & if and only if f(u) is competi-
tive for & Since f(u)=u* if and only if u=u*, by Theorem 2, u* is the unique
competitive payoff vector of &, Q.E.D.

Remark 6: As mentioned earlier, using an idea due to Rader (1972), one can trans-
form a market with production into one without production. Therefore, Theorems
1-3 still hold when restricted to markets without production.
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