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A topological duality for some lattice ordered algebraic structures
including -groups

NESTOR G. MARTINEZ*

Dedicated to my wife Eugenia

Abstract. A topological duality is developed for a wide class of lattice ordered algebraic structures by
introducing in an ordered Stone space a natural binary and continuous function. In particular, duality
theorems are obtained for /-groups and for abelian ¢-groups.

Introduction

Having in mind the well known topological representation of M. H. Stone for
distributive lattices [9] and the duality theory of H. Priestley [7], [8], we develop a
topological duality for the wide class of lattice ordered algebraic structures given by
implicative lattices (Definition 1.1). Examples of implicative lattices are provided by
structures coming from algebra, such as lattice ordered groups, and by structures
coming from logic, such as Boolean algebras and Wajsberg algebras (in fact, this
research can be viewed as an extension of the author’s previous work [5]). Using as
a basis our duality for implicative lattices we characterize /-groups as implicative
lattices with a distinguished element and obtain duality theorems both for £-groups
and for abelian /-groups.

An important consequence of our results is that the algebraic structiire can be
restored from the lattice spectrum endowed with a natural binary and continuous
function.

In §1 we introduce implicative lattices and give some examples to show the scope
of our duality theory.
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The main result of §2 is the Representation Theorem (Theorem 2.6) which states
that each implicative lattice is isomorphic to an implicative lattice of sets.

To develop our duality we need for technical reasons a slight variant of the
Stone duality for distributive lattices as presented in [1}; following ideas of H.
Priestley we consider in §3 ordered Stone spaces with endpoints (Definition 3.3) and
obtain an appropriate duality theory for both distributive lattices and bounded
distributive lattices based on these spaces.

In §4 (Definition 4.1) we introduce the dual spaces of implicative lattices; they
are ordered Stone spaces with a binary continuous function satisfying certain
algebraic and topological conditions. The main result of this section is Theorem 4.8,
the duality theorem for implicative lattices.

Finally in §5 we establish the topological dualities both for Z-groups (Theorem
5.11) and for abelian /-groups (Theorem 5.15). The dual space in the abelian case
is especially nice: it happens to be a compact ordered abelian topological semi-
group.

1. Implicative lattices. Definition and examples

DEFINITION 1.1. A=<4, v, A, —) is an implicative lattice iff <A, v, A )
is a distributive lattice and — is a binary operation (called the implication of A)
satisfying the following equations:

IL(1) x>y Ay)=Ex-y) Alx-y)
IL(2) (x vXx)->y=(x->y)r(x >y
IL(3) x—>(yvy)=@x-y) vix-yp)
IL(4) (x Ax) =y =(x—>y) Vv (x —>p).
EXAMPLE 1.2. Let B=<B, v, A, 1,0,1> be a Boolean algebra and con-

sider the usual implication x -y = —1x v y. Then (B, v, A, — ) is an implicative
lattice. :

EXAMPLE 1.3. We'll say (as in [6]) that <4, v, A, 1) is a De Morgan
algebra iff (A, v, A ) is a distributive lattice (not necessarily bounded) and
T is an unary operation satisfying -1(—1x) =x and —1(x v y) = 71x A 1. Let
A={A4, v, A, 1) be a De Morgan algebra and define again x -y = —1x v y. It
follows at once that {4, v, A, —) is an implicative lattice.
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EXAMPLE 14. Recall that G=<G, v, A,-, ~',e) is a lattice ordered group
(¢-group for short) iff (G, v, A ) is a lattice, (G, -, ~', e is a group and for each
a,b,ceG, clavb)=cavch; (avby=acvbc, cla nb)=canch; (anbe=
ac A be.

Let’s define x -y =x !y, it is well known ([4], p. 67) that the lattice of an
¢ -group is distributive and that for each a,b € G, (@ A b) "' =a~! v b~ !; from this
it can be readily shown that <G, v, A, =) is an implicative lattice.

EXAMPLE 1.5. This example follows a suggestion of the referee.

Let A= {4, v, A ) be a distributive lattice and let End(A) be the set of the
lattice endomorphisms of 4. End(A) is a partial lattice under the operations of
pointwise join and meet.

Now let’s consider the lattice A” = {4, v’, A’> where v = A and A" = v. It
is not difficult to check that each lattice homomorphism ¢ from A” to a sublattice
of End(A) yields an implication on A defined by x —y = ¢(x)( ). This happens to
be the way all implications on A arise: if (4, v, A, =) is an implicative lattice,
then — is a lattice endomorphism in its second variable for each fixed choice of the
first variable. For each fixed second variable — is join and meet inverting in its first
variable. It follows that {h,:A— A such that xe 4 and h(y)=x-y} is a
sublattice of End(A) and — determines a lattice homomorphism from A” to this
sublattice given by x — A,

2. Representation by sets

Recall that a non empty subset I of a lattice L =<L, v, A ) is a lattice ideal iff
x <y, yelimply x el and x, y e I implies x v y € L. 1 is called a prime lattice ideal
if I < L and satisfies the additional condition x A y € L implies x eI or y € I. A non
empty subset F of L is a lattice filter iff x < y, x € Fimply y € F and x, y € F implies
x Ay eF. Fis a prime lattice filter iff F ¢ L and satisfies the additional condition
x vyeFimplies xe For yekF.

If A is a distributive lattice, let’s denote S(4) = {P < 4: P is a prime lattice filter
of A} and §(4) = S(4) L {D, 4}.

PROPPSITION 2.1. Let A= </£, V, A, bge( an implicative lattice. One can
define in S(A) a binary function @ : S(4) x §(A) — S(A) by the stipulation

oP, Q) =) {y:x-yeQ} (%)

xe P
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Proof. If WP, Q) =, HP, Qe §(A); then we may suppose that
D(P, Q) £ J. Note that in this case P % ¢ and Q # J. Let y, ¥y’ € 4 be such that
y <y” and y € ®(P, Q). Then there is x € P such that x -y € Q. From IL(1) of
Definition 1.1, y <y’ implies x >y < x-y’. Since Q is a filter, x »y" e Q and
since x € P, y' e ®(P, ().

Hy,y e®P, Q)let x,x"e Psuch that x >y € 0 and x" >y’ € 0. From IL{(2)
of Definition 1.1, x>y s{x ax)—>yand x>y <(x Ax)—>y’ Since @ is a
filter, (x AX) =) A((x AX)Y—>p)e@. From IL(1) of Definition 1.1,
(xAx)->(yAry)eQ. As Pis afilter, x A x"€ P, so we have y Ay’ e &(P, Q).
Then, using only /L(1) and IL(2) of Definition 1.1, we have proved that ®(P, Q) is
a lattice filter. Let now y, y” be such that y v y’ € (P, Q). Then there is x € P such
that x - (y v ¥} € Q. From IL(3) of Definition 1.1 we have (x »y) v (x - y) € 0.
As O = 4 or Q is a prime lattice filter, it follows that x -y € Q or x =y’ € Q. Then
y e ®(P, Q) or y’ € B(P, 0). O

OBSERVATION 2.2. From (») it follows that for all P eg'(A), D, P) =
(P, J) = and, if P, O(P, A)=A. Also, & is order preserving in each
variable with respect to the set-theoretical inclusion.

OBSERVATION 2.3. & can not be defined in S(A4), as the following examples
show:

Let 2= {0, 1} with the order 0 <1 and define for all x,y, x >y =0. Then 2
becomes an implicative lattice. Note that {1} € S(2) but &( {1}, {1}) = .

Again in 2, now with the implication x -y =1 for all x, y, 2 is an implicative
lattice and &( {1}, {1}) =2.

The following lemma will have a key role in the sequel.

LEMMA 24. Let A={A4, v, A, be an implicative lattice. Let P e:'S“(A)
and a € A; let’s define P,={xe€A:x—a¢ P}. Then (i) P, §(A); (i) P, is the
greatest O (with respect to <) such that a ¢ &(Q, P); (i) If a,a’ € A, then either
P,cP,or P,cP,

Proof. If xeP,, x—a¢P Let x"2x; from IL(2) of Definition 1.1,
x’—>*a Sx-»a, then x'—a¢P. If x,x’eP,, x—>a¢P and x'—>a¢P; as
P eS(A), (x=>a) v (x"—a) ¢ P. From IL(4) of Definition 1.1, (x A x") —a ¢ P. If
x v x"eP,, again from IL(2), (x >a) A (x"—>a) ¢ P. As Pis a filter, x »a ¢ P or
x"—a ¢ P. Then x € P, or x” € P,. This proves (i).

Ifaed(P,, P), there is x € Pa*such that x > a € P, which is a contradiction.
Then a ¢ &(P,, P). Now let Q € S(4) be such that a ¢ &(Q, P). For all xe(Q,
x—a¢P Then Q< P,.
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To prove (iii) let a, 2" € 4 and consider P, ,, = {x:x —>(a v a’) ¢ P}. From
IL(3) of Definition 1.1, P, =P, and P, ) S P,. Now suppose there exist
beP,\P,and b'e P,\P,. Then b —»a ¢ P and b’ a’ ¢ P. From the properties of
~>, (bvb)y—ag¢P and (bvb)—>a ¢P, and we obtain (b v b’)¢ P. Then
bvb)ePy, .

Since Py, » € S(A4), then either b e P, ,, or b’ € P, .- Both cases lead to
contradiction, because b ¢ P,, and b' ¢ P,,. 0

THEOREM 2.5. Let A={4, v, A, ) be an implz'cgtive lattice and @ the
binary function (*) of Proposition 2.1. For each P e S(A) let the function
@, §(A)—~>§’(A) be defined by ®.(Q) =®(P, Q). For each ac A let’s denote
o{a) ={P e S4):ae P}. Then

(1) a(a — b) can be obtained from o(a), o(b) and @ by the formula

sla-=b)= () 5'[o()] ()

P e o{a)

(2) o(a —b) is the greatest subset W < §(A) such that o(a) x W < @~ Yo(b)].

Proof. Let Q e o(a—b) and P € 6(a). Then a— b € @ and a € P; from this we
get b € ®(P, Q); therefore, b € $p(Q) and Q € &5 '[6(h)]. For the opposite inclusion
choose Qe ®;'[o(b)] and assume for the moment that ¢—>b¢ Q. Then
ae@Q,={x:x—beQ} From Lemma 2.4 (i) above we have Q, € ¢(a). Now, by
the choice of Q we have Q € @,![a(b)], which means that #(Q,, Q) € a(b). But this
contradicts Lemma 2.4 (ii).

To prove (2) note that from the above discussion a(a) x o(a = b) < @ ~'[a(h)]
and suppose W &o(a—b). Then, there is Q€ W such that a—»b¢ Q. As
(05, Q) ea(a) x W, b e ¥(Q,, Q), a contradiction. |

THEOREM 2.6: Representation Theorem

Let A={4, v, ~,—> be an implicative lattice and consider the family of sets
Z(§(A)) = {ola): a € A} equipped with set-theoretical union and intersection and
with the implication o(a) = 6(b) = \pc oy @7 o(B)].

Then Y (S(A)), v, N, = is an implicative lattice and the map a v o(a) is an
isomorphism of implicative lattices.

Proof. As o(a) wa(b) =a(a v b) and a(a) no(b) =o(a A b), 3 (§(A)), U, Ny
is a distributive lattice. '

If a #a’ we may suppose, for example, that a £ ¢’. From the Prime Filter
Theorem, there is a prime lattice filter P such that ¢ e P and a’ ¢ P. Then
ala) #o(a’).
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We have that (4, v, A and ) (§(A)), U, N are isomorphic as distributive
lattices. But from Theorem 2.5 it also holds that a{a — b) = 6(a) = o(b); then
O (§(A)), U, M, — > is an implicative lattice isomorphic to A. O

3. A topological duality for distributive lattices

Recall that a duality (or a coequivalence) between two categories o/ and £ is a
contravariant function & : of —» # satisfying:

(i) For each object B of # there is an object 4 of of such that F(4) and B are
isomorphic.

(ii) For each pair of objects 4, B of o/, the function from [4, B],, to
[F(B), F(A)]z induced by F is one-one and onto.

In order to obtain a topological duality for implicative lattices we will first
develop an appropriated version of the well known Stone duality for distributive
lattices as presented in [1].

DEFINITION 3.1. Recall from [1] that a Stone space is a topological space X
satisfying:

(a) X is T, space (i.e., for any two distinct points of X there is an open set
containing one and not the other).

(b) The family of compact and open subsets of X is a basis for X and a
distributive lattice under set-theoretical union and intersection.

(c) If (Uy); s and (V,),. r are non empty families of non empty compact open
sets and (),.s U, € U,c 7V, then there exist finite subsets S'< S, "< T
such that ,.s U, S U,c 1+ V.-

With each distributive lattice L one can associate a Stone space S(L) whose
points arc the prime filters of L (in [1], the prime ideals of L) with the topology
determinated by the basis {f} U {d: a € L}, where 4 is the set of prime lattice filters
containing « (in {1], the set of prime lattice ideals not containing a).

If X is a Stone space, X can be endowed with the following partial order: x < y
iff x € CI({y}). We shall say that (X, t, <) is an ordered Stone space if (X, 1) is a
Stone space and < is defined in this way. For S(L) this order coincides with the
natural one: P < Q iff P = Q.

Note that Theorem 2.4 enables one to express a(a — ) in terms of o(a) and 6(b)
together with the binary function @. Thus, we want to define our representation
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space as a space endowed with a binary function. From Observation 2.3 we have
that the function @ of Proposition 2.1 need not be deﬁned at every point of the
Stone space S(L) of a lattice L. Thus, we will topologize S(L)

PROPOSITION 3.2. Let L be a distributive lattice. Then
(i) The family {o(a): a € L} v {{, §‘(L)} *is a basis of a topology % for §’(L)
(i1) The compact and open subsets of {S(L),*)> are exactly the members of
. S(L)}u{a(a) aeL}.
(iif) S(L) = (S(I;), , S, &, LY is an ordered Stone space such that J <P < L
for all P e S(L).

Proof. (i) follows from the fact that {{7, g’(L)} u{o(a):a e L} is a lattice with
respect to union and intersection.

For (ii), let U be a compact and open subset such that U#Zand U # S(L) As
U is open, U is obtained as a union of members of {{F, S(L)} v{a(a): a € L}; since
U+# ¢ and U +# X, U can be written as U = {J,. s0o(a,) with S # .

From the compactness of U, it follows that U = {J,. s 6(a,) for a suitable finite
subset S” of S; then U =a(V,. 5 a,).

In order to prove that the members of {(F, §(L)}u{a(a): a € L} are compact
and open subsets we need to prove the following statement:

(x): If L is a distributive lattice and S, T are non empty subsets of L such that
Nucs (@ S Npe 7 0(b), there exist finite subsets S" < S, T” < T such that

N o@<s |J o).

ae S’ beT’

The proof parallels {1, p. 72] but we include it for the sake of completeness.

Let [S) and (7] respectively be the lattice filter generated by S and the lattice
ideal generated by T. If [S) n(T] = &, by the Prime Filter Theorem there exists a
prime lattice filter P such that [S) € Pand PNT = . Since S Pand PnT = (J,
Pe \,oso(@\U,<ro(b), which leads to a contradiction. Hence [S) n (7] # .

Let ce[S)n(T] and let S’ <= S, T' = T be finite subsets of S and T such that
NS <c< \/ T’. By Theorem 2.5, a—o(a) is a lattice isomorphism; then
Naes 0(a) S Upe - 0 (D).

It follows that the sets o(a) such that a € L are compact. Trivially, the subset &J
is compact and §(L) is also compact because it is the only open subset that contains
the point & of S(L)

Let’s now prove that <S(L) %) is a Stone space. In the light of condition (a) of
Definition 3.1, let P,Q € S(L) be such that P # Q. Suppose, for example, that
a € P\Q. Then P € o(a) and Q ¢ o(a). Condition (b) is verified from (ii) above and
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the fact that {7, §‘(L)}u{o(a): ae A} is a lattice with respect to union and
intersection. Finally, condition (c) is also verified as a consequence of the statement
(x) above a*pd the fact that if U is a non empty compact and open subset, then
either U = S(L) or U = g(a) for some a ¢ 4. O

DEFINITION 3.3, We say that {X, 1, <, p,., pa > 18 an ordered Stone space
with endpoints if (X,7, <) is an ordered Stone space and p,, <p < p,, for all
pelX.

. From Proposition 3.2, we have that if L is a distributive lattice, then
S(L) = <§‘(L), I, =, @, L) is an ordered Stone space with endpoints.

OBSERVATION 3.4. !:S <§(L), 7> is a Stone space, from the Stone Represen-
tation Theorem [1, p. 77], S(L) is homeomorphic to the Stone space S(L") of some
distributive lattice L’. It can be shown that L’ is the lattice obtained by adding to
L an upper bound (if L hasn’t one), or a new one if L has a maximum, and a lower
bound (if L hasn’t one), or a new one if L has a minimum.

OBSERVATION 3.5, If (X, 1, <,p,,pay is an ordered Stone space with
endpoints, the compact and open subsets U of X are increasing sets (i.e., x € U and
x <yimply y € U). In fact, x <y iff x e CI({y}); since U is open, if xe U, y € U.

It follows that X is the only member of the basis that contains the point p,,.
Further, all ordered Stone spaces with endpoints are compact spaces.

DEFINITION 3.6, We say that a compact and open subset U of an ordered
Stone space with endpoints X is proper if U # ¢ and U # X. We denote by > (X)
the family of proper compact and open subsets of X.

PROPOSITION 3.7. If (X, 1, <, p,,, Par» is an ordered Stone space with end-
points, Y (X), v, N is a distributive lattice.

Proof. Let U,V e} (X) and suppose Uu¥V =X; then p,cU or p,eV;
suppose, for example, p, € U. From Observation 3.5, since U is increasing, it
follows that U =X, a contradiction. Also, if U, VeY (X), then UnV # &,
because p, e Un'V. O

We are now in a position to prove the following:

THEOREM 3.8. For each distributive lattice L,y (§(L)) is isomorphic to L, and
Jor each ordered Stone space with endpoints X, there is an order preserving homeo-
morphism from X onto S(3, (X)) that also preserves endpoints.
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Pioof. From Proposition 3.2 (i), U € §(L) is compact and open iff U = ¢J or
U=S8(L) or U=c(a) for some a € L. For all a e 4, o(a) # & and o(a) # E‘(L)
(L eo(a) and & ¢ o(a)). Then Z(§(L)) coincides with the family {¢(a):a € L}.
From Theorem 2.5, ) (§(L)) =L

Lft’s now prove that there is an order preserving homeomorphism between X
and S} (X)) that also preserves endpoints.

For each xe X, let 6(x)={Ue) (X ):xeU}. It is easy to prove that
d(x) e S(Z (X)). Then, a function é : X — S(Z (X)) can be defined by x — 8(x). It is
easy to prove that § preserves endpoints. By properties (a) and (b) of Definition 3.1,
o is injective. Let’s prove that ¢ is onto: let P §(Z X));if P=, P=04(p,,) and
if P=Y (X), P =06(py)- Then we may suppose that P is a prime lattice filter of

Y. (X).
CLAIM I: N{UeY (X):UeP}sY{VeY (X):V¢P).

Suppose, for the contrary, that the inclusion holds. Since U, V € Y (X), U # I
for all Ue P and V # ¢ for all V ¢ P. Applying (¢) of Definition 3.1, we obtain
that U;n---nU,cV,u---uV, for some n,meN. As Un--nU,eP,
Viu-+--uV,, e Pand, since P is a prime filter, V; € P for some 1 < i < m, which is
a contradiction.

Therefore, there exists xoe {U e Y (X): Ue PA\NU{Ve) (X):V ¢P}.

CLAIM 2: §(xy) = P

Let Ued(xy); then xoeU; as xo¢ U{Ved (X):V¢P}, UeP. For the
opposite inclusion, let U € P; then x, € U and we have U € d(x,). We have proved
that § is onto.

As the compact and open subsets of X are increasing, it is straightforward to see
that § is order preserving.

Let U be a compact and open subset and suppose first that U e Z (X). Note
that x € § ~[o(U)] iff 6(x) € 8(x) iff x € U. Then 5 o (U)] = U and o(U) = 6(U).
As d! §(Z X)) =Xand s [T =, d(X) = S(Z (X)) and &) = ; we have

proved that § and 6 ~! are both continuous. (|

Let’s denote by & the category of distributive lattices with lattice homorphisms
and by ¥ the category of ordered Stone spaces with endpoints, whose morphisms
are order and endpoint-preserving strongly continuous functions (recall that
f: X — Y is strongly continuous if the inverse image of a compact and open subset
of Y is a compact and open subset of X).
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THEOREM 3 9: Duality theorem for distributive lattices

Let F: 9 — ¥ be such that for each object L or &, F{L) = (S(L) e, g, L>
and for each f" € [L, L')g, F(f) : S(L ) S(L) is defined by EF(fYP) f 1I[P’] for
each P’ e %(L .

Then F is a contravariant functor providing a duality between 9 and 3.

Proof. Let fe[L, L'l,; since f [ = &F; f ~'[L’] = L and for each prime filter
P’ of L’, f~'[P’] is either a prime filter of L or f~'[P] e {, L}, F(f) is well
defined from S(L’) onto §(L).

As we have that P’ e F(f) 'o(a)] iff F(f)(P')ea(a) iff £~ [P]ea(a) iff
fla) e P’ iff P" e a’(f(a)), we obtain F(f) [e(a)] = ¢'(f(@) and from this it can
be readily seen that F( /') is strongly continuous. Also, it is easy to prove that F(f)
is order and endpoint-preserving.

Let now X be an object of S. From Proposition 3.7, we have that ) (X) is an
object of & and by Theorem 3.8 F(}_ (X)) is isomorphic (in categorical terms) to
X. It on]y remains to prove that if L, L’ are objects of 2, the function
[L, Ly — [F(L"), F(L)] 2 is one-one and onto.

Let f, g €[L, L] such that f #g. Then there is x € L such that, for example,
S(x) £ g(x). Let P be a prime filter of L’ such that f(x) € P and g(x) ¢ P. We have
that F(f)(P) # F(g)(P).

Now let g €[F(L"), F(L)] 2. For each x € L, o(x) is a proper compact and open
subset of S(L) As g is strongly continuous and order preserving, g ~'[o(x)] is also
a proper compact and open subset. Then g~ '[o(x)] = ¢'(y,) with y, € L’. As p, is
uniquely determined, we can define /: L — L’ by the assignment x — y,.. Let’s prove
that fe[L, L'],. As a matter of fact, we can write:

(S v X)) =07y, v x,) =87 o3, v X)) = g 70 (x;) Lalxy)]
=g fo(x)lug 'To(x)] = a'(f (xy)y v (f(x2)),

and from this we obtain f(x, v x,) =f(x;) vf(x,). In a similar way,
S0 Axg) =f(x) Af(x).

Finally, we prove F(f)=g. Let Pe S(L ); as x eg(P) iff g(P)eo() iff
Peg'lo()] iff Pec’(f(x) iff f(x) € P iff x ef~'[P)iff x € F(f)(P), we have
that F(f }(P) = g(P). O

In some of the examples stated at Section 1 the lattices considered are not only
distributive but bounded. A similar duality can be developed for bounded distribu-
tive lattices: :

DEFINITION 3.10. We say that an ordered Stone space with endpoints
X, T, £, P> Py 1s of type 01 if X\{p,, } and {p,,} are compact and open subsets
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of X. Let X={X,1, £,p,,.0xy and X' ={X", 7, £', p,.. Par» be spaces of type
01. f: X~ X' is a morphism of type 01 iff fis a morphism of ordered Stone spaces
with endpoints and the following two conditions hold: (0) f(p) =piy iff p = p,r; (D)

f(p)=p, T p=p,.

Let’s denote by §“m the category defined above, and let 9, be the category of
bounded dlstnbutwe lattices. From Proposition 3.2 it can be readily seen that if
Le Q*Zm, then S(L) is an ordered Stone space with endpoints of type 01. Also, if
X e S, Y (X) € Dy, with 0= {p,,} and 1 =X\{p,, }.

One can derive the following:

THEOREM 3.11: Duality theorem for bounded distributive laffzces
The map F of Theorem 3.9 establishes a duality between 9y, and 9”0,

4. The topological duality for implicative lattices

We are ready now to introduce the topological spaces associated with implica-
tive lattices.

DEFINITION 4.1. X=X, 1, <,p,.,Pun ®> is an IL-space iff:

(a) {X,1, <, P, Pary is an ordered Stone space with endpoints.

(b) ¢ is a continuous function from the product space X x X to X that is
order-preserving in each variable with o(p, py,) =py for p+#p, and
O(Psts Pm) = O(Pons Pra) = P

{c) For each proper compact and open subset U < X and for each p € X, there
exists p,;, the greatest ¢ (respect to <) such that ¢(g,p) ¢ U.

{(d) If U and U’ are proper compact and open subsets of X and p € X, then
either p, < py o1 py- < py-

(e) If U, V are proper compact and open subsets of X, )., ¢, '[V] is a
compact subset (where for each peX, o¢,: X X is defined by

0,(q) = o(p, ).

PROPOSITION 4.2. Let A=<{4, v, An,—>> bean zmplzcatwe Zaz‘!zce and @ the
binary function (*) defined at Proposition 2.1. Then IL(A) = (S(A) T,S,0,4,0>
is an IL-space.

Proof Let’s check conditions (a)—(e) of Definition 4.1. From Proposition 3.2,
<S(A) %, <, @, A) is an ordered Stone space with endpoints and, from Observa-
tion 2.2, §(P, Ay = A if P # J, &4, &) = &(J, 4) = & and & is order-preserving
in each variable.
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To prove the continuity of @, let V" be a compact and open subset of IL{A). As
P =& and (b“‘[g’(A)] :§(A) x §’(A), we may suppose that V is proper.
Then ¥ = o(b) with b € 4. Let (P, Q) € ® o (b)]; as P(P, Q) € 6(b), b € ®(P, Q)
and there is a € b such that a - b € Q. Then (P, Q) € a(a) x o(a — b), which is an
open subset of the product space contained in @ ~'[s(b)].

Conditions (c) and {(d) follow from (i) and (iii) of Lemma 2.4 (in the sequel we
will use without explanation the identity P, = P,,). Condition (e) follows from
Theorem 2.5. O

PROPOSITION 4.3, Let X=<(X,1, <,p,,, P> ®y be an IL-space and let
Y (X) be the family of proper compact and open subsets of X. We define for
U, Ve (X),

U=V=1{) ¢, V] (**%)

pelU

Then 3 (X), u, N, =) is an implicative lattice.

Proof. Let’s first prove that for U, Ve (X), U= Ve ) (X). As Uand ¥V are
proper subsets, U # (&, X and V # &, X; as U and V are increasing, p,, ¢ U, V and
Pu € U, V. From Definition 4.1, condition (b), ¢(p, ps;) = ps for all p #p,,; then
pueU=Vand U=V . Now suppose that p,, ¢ U = V. Then, forall pe U
we have o(p, p,.) € V. But p,, € Uand o(psy, p.,) =P € V. Thus, p,, ¢ U = V and
so U=V #X We have proved that U =V is a proper subset of X. From
Definition 4.1, condition (e), U = V' is compact; it remains to prove that U = V' is
open. Let g € ()., ¢, ' [V]. From the continuity of ¢ (condition b), we have, for
each p e U, two compact and open subsets U,(p), V,(q) such that p € U (P),
geV,(g@)and Uy(p) x V,(q) s ¢ '[V]. Since U < |, .y U,(P) and U is a compact
subset, there is a finite subset F < U such that U< |, U,(p). Let’s consider
Vo(q@) = Ny e r V,(g). Note that g € Vy(g) and, as X is a Stone space, Vy(q) is a
compact and open subset. Let’s show that V(q) = N, @, '[V]. Let ¢’ € Vy(q)
and p e U. Choose p’ e F such that pe U, (p"). As q' € ), » V, (@), ' € V,(g). It
follows that (p,q") e U (p) x V,(9) S ¢~ '[V]; then we have that ¢,(g") =
o(p,g)eV.

Conditions IL(1) and 7L(2) of Definition 1.1 are satisfied from definition (***)
by the properties of the inverse image of a function with respect to unions and
intersections. Also it can be readily seen that for U, V, V' e) (X), (U= V)u
U=2V)cU=>FuVyand (U= =V c(UnU) = V.

Let’s now prove U= (VulV)clU=Vjul=¥"). Choose qeclU =
FuV). If g¢U=NuU=V)=(NrcuvPr'VDU(Npcu ®7'[V']) then
there exist p, p’ € U such that &(p, q) ¢ V and &(p’, q) ¢ V.
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Let’s consider the elements ¢, and ¢, given by (c) of Definition 4.1. As
p,p el, qy,qpy € U. From condition (d) ¢, < ¢, or ¢, <gq,. Suppose (for
example) ¢, < ¢y-. As @(qy+, q) ¢ V' and ¢ is order preserving in the first variable,
o(qy, q) ¢ V'. From this ¢(q,,q) ¢ V and @(g,, q) ¢ V', ie., ¢(gy,q) ¢ VoV
Since g, € U, we obtain a contradiction.

We prove finally that (UnU) = V< (U = V)u(U = V). Choose ge
UnU)=V. If g¢(U=MNuU =V =(er®, ' VDU(Nrcv 07 VD,
then there exist p e U and p’ € U’ such that ¢(p,q) ¢ V and ¢(p’,q) ¢ V. Let’s
consider ¢, or condition (c). As p,p'Sqy, g, e UnU'. But ¢{g,,q) ¢V, a
contradiction. J

OBSERVATION 4.4. We have proved that for each U, ¥ proper compact and
open subsets of an IL-space X, (., ¢, '[V] is also open. Then we can replace
condition (e) of Definition 4.1 by the following:

(¢') For any two proper compact and open subsets U, V, the greatest open

subset W such that U x W < ¢ ~'[V] is a compact subset.

Note now that if (X, 1, <, p,., Par» @> 18 an IL space, the family (ﬂE’(X ) of the
proper open subsets of X is a lattice under union and intersection. If we consider
the set O(X x X) of proper open subsets of the product space X x X, we have that
¢ induces a function ¥ : O(X) —>(*9(X x X} defined by (U) = ¢ ~'[U]. From the
propertiei of the inverse imagf of a function, ¥ is a lattice homomorphism. Let’s
denote {O(X), > the lattice ¢(X) endowed with the lattice homomorphism .

From these remarks and Proposition 4.3 we establish to which extent implica-
tive lattices can be represented by means of the set-theoretical operations:

THEOREM 4.5, Lei {4, v, A, —2> be an implicative lattice. Then A is isomor-
phic to a sublattice € of the lattice {O(X),¥> of an IL-space X satisfying: for all
U,V €¥, the greatest W e E“(X Y such that U x W c y(V) belongs to €.

We now prove that there is a duality between implicative lattices and IL-spaces.

DEFINITION 4.6. Let <X, 1, <, P, Pars @2, <X, 1, <00 P> @) be IL-
spaces. A function f: X — X’ is said to be a morphism of IL-spaces iff fis a
morphism of ordered Stone spaces with endpoints satisfying:

(D) o (f(p).f(@) < fle(p, 9D

(ii) For each ge X and ¥’ proper compact and open subset of X7,

(D) =f(9f— T[V’})'
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PROPOSITION 4.7.

(D) If X and X’ are IL-spaces and f: X > X' is a morphism of IL-spaces,
F ey VI = Nper-un o, 'LV

(2) If A, A" are implicative latticis and Q:A —> A’ is an homomorphism of
implicative lattices, then F(h) : S(4") = S(A) such that F(h)(P') = h~'[P] is
a morphism of IL-spaces.

Proof. To prove (1) let g€ X be such that f(g) € (. ¢, '[V'] and let
pefT[U. Since f(p) e U, @y ,f(g) € V'. From (i) of Definition 4.6, as V" is
increasing, f(@(p, ¢)) € V’, and so ¢,(g) € f~'[V’]. For the opposite inclusion, let
9 € ey oy @5 'L ~'[¥]) and suppose £(g) ¢ (e @57 [V'). Let p’ € U” such
that ¢,.f(q) ¢ V. Since U’ is increasing (f(g)),- € U’. From Definition 4.6 (ii),
f(gr-py) € U’, s0 we get ge—ypy € f7'[U']; thus @(g;— 1y, g) €/ '[V7], which is a
contradiction.

From Theorem 3.9, to prove (2) we have only to check

(i) PFHNP), F(h)X(Q) = F(W)(D'(P’, Q7).

(i) FNQ Dy = FINQerany - o)

From the definition of F(h), (i) is equivalent to @~ '[P'LA[Q] <
A= [@/(P, Q)]

Let y e ®(h '[P, A~ Q'] and let x e h~'[P] be such that x -y e h~'[Q].
Then Ax-oy)=Hhx) > " Hy)eQ’. Since hlx)eP’, hy)ed®'(P,Q) and
yeh [@(P, Q)] (ii) is equivalent to the identity (A~'[Q'D) =2 "[Q eyl
Now, x e (h'[Q]) iff x—b¢h Q] iff A(x—>b)¢Q iff h(x) — h(b) ¢ Q" iff
h(x) € Q oiney I X ¢ h Q- . u

Let ¥ be the category whose objects are implicative lattices and whose
morphisms are lattice homomorphisms which preserve the implication. Let IL be
the category whose objects are /L-spaces and whose morphisms are the morphisms
of IL-spaces.

THEOREM 4.8: Duality theorem for implicative lattices

The map F : ¥ — IL such that for each implicative lattice A, F(A) = IL(A) and
Jor each morphism of implicative lattices f: A— A’, F(f) : IL{A") — IL(A) is defined
by F(fXP') =f '[P, establishes a duality between & and IL.

Proof. By Proposition 4.2 and Proposition 4.7(2), F is a contravariant functor
from 4% to IL. Note also that for each object X of IL, we have from Proposition
4.3 that Y (X) = . (X), U, n, =) is an object of £ ZL.

Let’s prove that the map 6:X—F() (X)) such that &(p)={Uce Y(X):
p € U} is an isomorphism of IL-spaces. From Theorem 3.9 we already know that
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J is an isomorphism of ordered Stone spaces with endpoints. In order to prove
that § is a morphism of IL-spaces let’s check conditions (i) and (ii) of Definition
4.6.

For (i) @(6(p), 6(g)) < (o(p, @), let V e &(6(p), 4(q)) and let U € 6(p) be such
that U=V edlg). As U=V =,cp0,'[V] and peU, o(p,q) eV; then
Ve d(e(p, 9))-

To prove (i) (8(@)sry =0(Gs-1sry)» note first that 37 '[o(V)] =
Viged a(V)] iff dgyea(V) ff Vedlg) iff geV. Then, we will prove
0(@ery=0(gy). Let Ue)Y (X) be such that U=V ¢dg); then
geU=>V=_,.p0,'[V] Let p e U be such that p(p,q) ¢ V. As p < g, and U
is increasing, ¢, € U and we obtain U € (g, ). For the opposite inclusion, let
U e (X) be such that g, € U and suppose U = V € d(q). Then g e U = V. As
gy € U, we would have ¢(q,, g) € V, which is a contradiction. Then U = V ¢ d(q)
and we have U € (6(9))sry-

Note that § also satisfies (¢(p, 9)) < P(3(p), 8(g)): let ¥ ey (X) such that
o(p,q) e V. Then (p,q) e @~ '[V]. Since ¢ is a continuous function from the
product space X x X to X and the family of compact and open subsets of X is a
basis, there are compact and open subsets U(p), U{g), such that (p,g)e
U(p) x U{g) < ¢ "{V]. Moreover, U(p) is proper as we now show. As p e U(p)
we have U(p) # . Also, U(p) # X because if p,, € U(p), (P, ) U(p) x
U'(g), but from Definition 4.1(b), o(p,., Pss) = P, 30 we would have that p,, € ¥V,
which is a contradiction, because V is proper. Using @(pus, P) =P it
follows in the same way that U’(g) is proper, too. Then, from Proposition 4.3 and
the fact that o(U(p) xU'(g) sV we get qe U'(g) €U(p) = V. Further,
U(p) = Ve (X). Thus, U(p) =V ed(g) and V e o(5(p), (g)). We can now
prove that 6~1: F(} (X)) > X is a morphism of IL-spaces: as a matter of fact,
from the above identity 8(@(8 ~'(P), 8 ~Q))) = B(S(5 ~HP)), (8 ~(Q))), we obtain
o6 ~(P), s NQ)) =5 PP, Q)); then, condition (i) of Definition 4.6 is satis-
fied. Let’s prove (i) (6 Y00y =6 "YQs-n-1pp- As ("N [¥V]=6(V) =
{8(q): g€V} and § is a bijection, it suffices to show that 3((6 ~'(Q))y) = Qs
Since V=6"Y6(V)] and & is a morphism of IL-spaces, we can write
o((6 _I(Q))V) = 5((5 - 1(Q))5 *1[5(V)]) =(3(0~ 1(Q))fs(r/)) = Q&(V)'

We have proved that é is an isomorphism of /L-spaces between X and
F(Y (X)). IFt remains to prove that if A, A’ are implicative lattices, the function
[A, A, — [IL(A"), IL(A));, is one-one and onto.

The fact that F is one-one follows exactly as in Theorem 3.9. To prove that F
is onto, let g e [IL(A"), IL(A)]s». As g is in particular a morphism of ordered Stone
spaces with endpoints, we can define a function f: A — A’ with the same assignment
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of Theorem 3.9: x—y, (where g '[6(x)] =6'(y,)). We already know that
felA, A'l,; let’s prove that f also preserves the implication: ¢’(f(x; - x,)) =
6’ (Veyox,) =8 001 > x2)] =8 '[Npeoxp Py '[o(x2)]]. The last equality follows
from Theorem 2.5 (1). Now, from Proposition 4.7 (i),

g‘l[ N ¢;1[0(x2)]]= N o5 g o0l

Pea(xy) P eg—1a(x))]

Then,
o' (f(x1=x)) =a'(g [o(x)] = g7 '[0(x)]) = a'(f(x1) = f(x2)).
Thus f(x; = x,) =f(x;) =" f(x3). U

We conclude this section giving a topological reformulation of some algebraic
conditions that appear frequently in dealing with algebras coming from logic and
also in lattice ordered groups.

PROPOSITION 4.9. Let A=<{A, v, n,—>) be an implicative lattice and let
X =<X,1, £, P, Pas» @) be an IL-space. For each one of the following conditions on
the left, the condition on the right is the corresponding topological translation (in the
Jollowing sense: if A satisfies (a,). IL(A) satisfies (a}) and, if X satisfies (a;), Y. (X)
satisfies (a;))

(@) x<(x-y)-y; (a)) o(p,q9) =o(q,p)

(@) x=>(y—-z)=y->(x-2); (a3) o(p,o(p', ) =0o(p’, o(p, ).

(a)) and (a,) hold together if and only if ¢ is associative and commutative.

Proof. Let <:§'(A), <, 3, 4,0 be the IL-space corresponding to A and
3 (X), u, N, =) be the implicative lattice corresponding to X. Suppose that 4
satisfies (a;) and let y € $(P, Q). Then, there is x € P such that x >y € Q. From
(a)), x<(x—>y)—>y. Then (x—>y)—yeP. Thus we have y e &(Q,P) and
(P, Q) € (Q, P). In a similar way, &(Q, P) < (P, Q). Hence, IL(A) satisfies (a7).

Suppose now that ¢ satisfies (¢]); let’s prove U< (U = V) = V. Let ¢ € U and
suppose ¢ ¢ (Vv = » @, '[V]. Then, there is p € U = V¥ such that ¢(p, q) ¢ V. As
peU=Vand qe U, ¢(gq, p) € V. From this we get ¢(p, g) # o(q, p) which is a
contradiction.
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To prove (a3) let ze ®(P, O(P’,Q)); then, there is ye P such that
y—oze®P,Q) and xe P’ such that x—»(y—z)eQ. From (a,) it follows
that y>(x—2z)e Q. Then x -z e ®(P, Q) and z e ®(P’, P(P, Q)). We have
proved &(P, ®(P’, Q) < ®(P’, d(P, Q)). The opposite inclusion follows in a
similar way.

Suppose now that ¢ satisfies (a5). Let’'sprove U = (V= W)=V = (U = W).
Let ge U= (V= W) and suppose g ¢V = (U = W). Then, there is peV
such that ¢(p,q) ¢ U= W and p’ e U such that o(p’, ¢(p, 9)) ¢ W. From {(a5)
it follows that o(p,o(p, 9 ¢W. As peV, olp,q¢ V=W and, as
pelU, g#¢lU=(V="W), a contradiction. The opposite inclusion follows
similarly.

If (4) and (a,) hold, we can write o(p, ¢(p’,q)=¢(p, ¢(q,p") =

@(g, 9(p, p) = olo(p, p)9)-
Then ¢ is associative. The converse also follows easily. rJ

OBSERVATION 4.10. From*Proposition 4.9 above, if 4 is an implicative
lattice satisfying (o) and (&), S(4) is a compact ordered abelian topological
semigroup (possibly non Hausdorff). Thus, a surprising connection arises
with another branch of Mathematics: the well studied theory of topological
semigroups.

5. The duality for #-groups and for abelian 7-groups

In order to apply our duality theory to /-groups and to abelian /-groups, we
characterize these groups as implicative lattices with a distinguished element.

PROPOSITION 5.1. Let G={G, v, An,", ', e> be an {-group and define
x=y=x"'y. Then (G, v, A, > is an implicative lattice with a distinguished
element™e satisfying:

(£) (x—e)—me=x

) x—=x=e

(¢3) x>y »e)oz)=((x > y) >e) >z

We call it the implicative lattice of G and we denote it by G.

Conversely, let A={A4, v, n,—) be an implicative lattice with a distinguished
element e € A satisfying (£,), (£,) and ({3) above. Then defining x -y =(x —e) -y
andx '=x=-e, (A, v, A, "' ed>is an {-group. We call it the £-group of A and
we denote it by A.
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Proof. From Example 1.4 we already know that G is an implicative lattice.
Condition (#,) follows from the fact that (x ') ' =x and (£,) from the identity
x"!x =e; we obtain (£;) from these equalities:

x->((y=-2)=x"((y—-e ') =x"((y N ') =x"(y2)

=x"Yz=>(x""y) N z=((x>y)>e)>z
For the converse, note first that (£,) guarantees the associativity of:
x(yz2) =(x—>e)>((y»e)~z) =(((x—e)>y)>e) >z =(xp)z

As we have from (£,) that xe = (x - e) > e = x, e is a right unit for - ; from (¢,)
x(x —e) =(x >e) >(x —>e) =e Then, for all x € 4, x > e is a right inverse for x.
It is well known that the conditions above suffice to prove that {4,:, ~! &) is
a group. The equations c(a A b) = ca A ¢b; (a A b)c =ac A be; cla v b) =ca v cb;
(a v b)e =ac v be, follow respectively from IL(1), IL(2), IL(3) and IL(4) of
Definition 1.1. O

PROPOSITION 52. Let G={G, v, A,-, "', e be an abelian {-group. Then
G satisfies conditions (£,) and (£,) of Proposition 5.1 and the Jollowing:

(£3) x->(y-2=y->(x-2z)

(7)) (yoe)-(x—>e)=x—y.

Conversely, if A={A4, v, n,—> is an implicative lattice with a distinguished
element e satisfying (£,), (£,), (£3) and (£},), then A is an abelian £-group.

Proof. Let 4 be an abelian /-group. Using associativity and commutativity of
., We can write

x> (y=2)=x"y7) ="y Nz=(y'x" Nz

=y '{x7) =y (x>2)

and we obtain (£%).

(7}) also follows at once using yx ~!= x 1y,

For the converse, commutativity follows using (£,) and (¢3) from these equali-
ties:

xy=(x-=e)->y=x-e->(y-e)-e)=(y->e)>((x—>e)—e)

=(y—e)ox=yx
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Using both (£3) and commutativity we obtain that - is associative from the
equalities:

Xyz2) =(x2e) > ((y2e)>2) =(x»e) > ((z >e) )

=@z ->((x—e) >y =((x»e) >y) »e) >z =(x))z.
The remaining conditions follow as in Proposition 5.1. O

Let 4 be the category of /-groups, where the morphisms are all homomor-
phisms and let’s denote .# the category whose objects are the implicative lattices
with distinguished element which satisfy equations (£;)—(¢;) of Proposition 5.1 and
whose morphisms are the homomorphisms of implicative lattices preserving the
distinguished element. R

Note that for each object A of .#, A = A; also, it is clear that if f: GG’ is a
morphism of £-groups, 7 : G — G’ such that f(x) = f(x) for all x € G, is a morphism
of #. In fact, one can state the following:

PROPOSITION 5.3. There is a categorical equivalence between % and ¥.

In a similar way, let’s denote by %a the category of abelian /-groups and by fa
the category of implicative lattices with distinguished element which satisfy the
equations of Proposition 5.2. Again, one can state the following:

PROPOSITION 5.4. There is a categorical equivalence between Ya and Fa.

Let’s now show how to translate conditions (¢,), (¢,) and (¢5) of Proposition 5.1
in our topological spaces.

PROPOSITION 5.5. Let A={A, v, A, —>) be an implicative lattice with a
distinguishid element e € A satisfying (£,), (£,) and () of Proposition 5.1. Let
IL(A) =<S(A), %, =, &, A, @) be the IL-space of A. Then:

(1) o(e) satisfies P e a(e) iff Py ¢a(e>2 for all Pe :g’(A) and it is the unique

proper compact and open subset of S(::l) with this property.

(2) P < Q implies Q, = P, for all P, Q € S(A).

(3) P=(P,), for all P e §(A).

(4) P<P,or PSP foral Pe §(A).

(5) If P ¢ a(e), P, € o(a) for all P e S5(4) and for all a € A.

(6) If P eale), Q < &(Q, P) for all P, Q € S(A).

[(7) (®(P, Q)), =(P(P, (Q,).)). for all P,Q € §(A) and for all a € A.]
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Proof. Let A be an implicative lattice with e € 4 satisfying (£,), (£,) and (¢3).
As we have from (£,) that e >e =e, it follows, for all P e §(A), that e e P iff
e—ecP iff e ¢ P,. Recalling that P, = P, for all a € 4 we obtain P € a(e) iff
Py ¢ ofe) for all P e $4).

Now let U < Sg(A) be a proper compact and open subset satisfying P e U iff
P, ¢ Ufor all P € S(A4). Let a € A such that U = ag(a); let’s prove that a(a) = o(e).
If Pea(a), from the hypothesis we have P, ¢ a(a). As P, =P, we obtain
a ¢ P,; then a »a € P. But from (¢,) a > a =e. Then, if P € 6(a), P € a(e). For the
other inclusion let P € o(e) and suppose P ¢ a(a). Then P, € o(a). Using again
P, =P, we obtain g € P, and from this we derive a »a =e ¢ P, which is a
contradiction.

For (2) let P, 0 € §(4) be such that P Q and let yeQ,. As y—»e ¢ 0O,
y—ed¢P. Then yeP,.

For (3) note that x € (P,), iff x »e ¢ P, iff (x >e) > e € P. As we have from
(7)) that (x »e) - e = x, we conclude (P,), = P.

For (4) let’s recall first from Proposition 5.1 that defining x -y =(x »¢) -y

and x~'=x —>e, the structure {4, v, A, !, -,e) becomes an /-group. Then,
from a well known result ([2], Chapter III, §4, Theorem 7) we have thate <y v y !
for all yed. As xAx'=(x"!'vx)"! we also have from all x €4 that

xAx'<e Thenforall x,yed, x Ax ' <y vy~ or in terms of the implica-
tion —, (%) x A (x »¢€) <y v (y > e). Suppose now that thereis P e §(A) such that
P& P, and P, & P; choose x € P such that x ¢ P, and choose y € P, such that
y¢};. As xeP and (x »>e)eP, x A(xo>e)e P. From (%) y v(y —e) e P. As
PeS(A), yeP or yoeecP. As yeP,, yoe¢ P. Then, y € P, which is a
contradiction.

(5) and (6) follow at once from (£,). [To prove (7) let y € (®(P, Q)), and suppose
that y ¢ (P(P, (Q.).)).. Then y —»e € &(P, (Q,).). Let x € P such that x > (y —e) e
(Q.).. Then (x >(y—e)) »e¢ Q, and we obtain (x> (y —e)) oe)>aec.
From (¢;) x = (((y > ¢) —»e) > a) € Q and from (£,) we get x »(y —a) € Q. Then,
as x € P, y - a € ¢(P, Q), which contradicts y e (®(P, Q)),.

For the other inclusion, let y € (®(P, (Q,).). and suppose y ¢ (B(P, 0)),; then
y—=ae®P, Q) Let xe P such that x >(y —a) € Q. From (¢,) and (¢;) we
can write x—>(y—-a)=x->((y —e)>e)—>a)=((x—>(y—e)—e)—>a Then,
x> (y—e) €(Q,).- Asx € P, y—e e P(P,(Q,).); then y ¢ (B(P, (Q,).)). which is
a contradiction.] O

OBSERVATION 35.6. Recall that a function g from an ordered set (X, <) to
{X, <) is said to be an involution iff g =Id and x <y implies g(y) < g(x) for all
xeX.
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BX (2) and *(3) of Proposition 5.5, we can define an involution
G : (S(4), <> —{8(4), <) by the stipulation G(P) = P, (note that G(&) = A4 and
G(4) = ).

We are now in a position to define the topological spaces associated with
£ -groups.

DEFINITION 5.7. Let X =<{X, 1, <, p,u» Par» @ be an IL-space. We'll say that
X is an ¢£-space iff:

(i) There is one and only one proper compact and open subset U < X such
that pe Uiff p, ¢ U. We call it U,.

(ii) The function g : (X, <) — (X, <) defined by g(p) =p,, is an involution
satisfying g(p) < p or p < g(p) for all p € X.

(iii) If p ¢ U,, py € U for all proper compact and open subsets U = X.

(iv) If pe U, q < p(q, p) for all g € X.

[(v) (o(p, 9)y = g(o(p, g(qy))) for all p, ¢ € X and for all proper compact and
open subsets U < X]

Of course, if A is an implicative lattice with a distinguished element e satisfying
(Z1), (¢,) and (¢5) of Proposition 5.1, it follows from Proposition 5.5 and Observa-
tion 5.6 that IL(A) is an ¢-space: condition (i) follows from (1) of Proposition 5.5.

As G(P) =P, and P, =P,, from (2), (3) and (4) of Proposition 5.5 we
obtain (ii); (iii) follows from (5) and the fact that P, = P, ; (iv) follows at once
from (6). [gv) follows from (7) in this way: let U be a proper compact and open
subset of S(4); then, there is a € A such that U =o(a) and we can write the
equalities:

(PP, Dy = (PP, Doy = (PP, Q) = (PP, (Q.)e)e = (PP, (Qoia))ote))ote)
= G(P(P, G(Qo)) = G(O(P, G(Qv)))]

In the sequel we shall need the following:

LEMMA 5.8. Let X =<X, 1, <, p,,, Pas» @ » be an £-space and let U be a proper
compact and open subset of X. Then, for all e X, qe U = U, iff g(g) ¢ U.

Proof. In fact, if ge U= U, =(\,.v ¢, '[U.] and g(g) = q,, € U, we would
obtain ¢(qy,, q) ¢ U, which contradicts the definition of g, .

For the converse, suppose g(q) = gy, ¢ U and g ¢ U = U,. Then, thereis pe U
such that ¢(p, q) ¢ U,. From Definition 4.1 (¢) p < gy, ; as U is increasing and
p € U, we would obtain g, € U, which is a contradiction. |
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THEOREM 5.9. Let X={X, 1, <, Pp> Pas> @ be an £-space. Then ¥ (X) =
$X), v, 0, =), the implicative lattice of X, with U, as the distinguished
element, satisfies (£)), (£,) and (£3) of Proposition 5.1.

Proof. To prove (£,) (U= U, = U,=U, let g e (U = U,) = U, and suppose
q ¢ U. Then, from Lemma 5.8, g(¢) =g, e U=U.. As gqe(U=Uy)=>"U, =
Vew=uvy @, '[Uland g, € U= U,, we derive ¢(qy,, 9) € U,, which contradicts
Definition 4.1 {c}.

For the other inclusion, let g € U and suppose ¢ ¢ (U = U,) = U,; then there is
p € U= U, such that ¢(p, ¢) ¢ U,; from Definition 4.1 (c), p < q;;,. Using Defini-
tion 5.7 (ii) we get glgy,) < g(p), ie. (qu,)u, < Pu,- But (4u,)u, = 8(8(9) =q. As
g € U and U is increasing, py € U. As pe U = U, and py, € U, we would have
@(py,, p) € U,, which contradicts Definition 4.1 (c) again.

To prove (¢,) U= U =U,, let g € U = U and suppose that ¢ ¢ U,. Then, from
(iii) of Definition 5.7, gy, e U. As U=U={),.y ¢, '[U], we would obtain
w(gy, q) € U, which is a contradiction. For the opposite inclusion let ¢ € U,; then,
from (iv) of Definition 5.7, p < ¢(p, q) for all p e X. As U is an increasing set,
p(p,g)eUforallpel,ie,ge Ncpvo, ' [UI=U=TU.

To prove (£;) U=2({(V=>U)=>W=(U=>V=>U)=W, lt ge
U= ({(V=U)=W) and suppose g¢{((U=V)=U,) = W. Then there is
pe(U=V)=U,suchthat ¢o(p,q) ¢ W.Asp e (U = ¥) = U, from Lemma 5.8,
we have that g(p) ¢ U = V. Then there exists p” € U such that ¢(p’, g(p)) ¢ V. As
g is an involution we «can write g(g(o(p’,g(p)) ¢V to obtain
glo(p’,g(p)eV =U, wusing again Lemma 58. As p'elU and
geU=(V=U)=W), olpgge(V=U)=W and, as glo(p’,gp))e
V =U, we obtain (+) o(gle(p’,g(p), ¢(p’,q) € W. Now, as o(p,q) ¢ W,
P = qy. As g is an involution g(g, ) < g(p). Then, using the fact that ¢ is order-
preserving in each variable, @(p’,g(gw)) < ¢(p’. g(p)). Then glo(p’,g(p)) <
g(e(p’, glgw ))). Using (v) of Definition 5.7. we obtain g(e(p’, g(p))) < (@(p’, @)w-
Now, as o({o{p’, O)w, ¢(p’, q9)) ¢ W and ¢ is order-preserving in the first variable,
o(glolp’, g(pM), ©(p’, q)) ¢ W. But this contradicts (x).

For the other inclusion let ge((U=V)=U)=W and suppose
g ¢ U= ((V=U,) = W). Then there is p € U such that ¢(p, q) ¢ (V = U,) = W.
Then, there is p’ € V = U, such that o(p’, o(p, q)) ¢ W. As p’ < (¢(p, q))w and
p €V = U, which is an increasing set, we have (¢(p, @) = glo(p, ggn))) €
V = U, Using Lemma 5.8. and the fact that g is an involution, we obtain
o(p,glgw)) ¢ V. Aspel, glgw) ¢ (pev®, '[V1=U= V. Then, from Lemma
58, gpe(U=>V)=U, Asqe(U=>Vy=>U)=>Wand qp e (U= V)= U,
we obtain ¢{g,, ¢) € W, which is a contradiction. O
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Let .# be the category whose objects are /-spaces and whose morphisms are
defined as follows:

DEFINITION 5.10. f: X— X" is a morphism of ¢-spaces iff fis a morphism of
IL-spaces which also satisfies:

f(gp)=¢g'(f(p) forallpeX (%)

(where, of course, g and g’ are the involutions introduced in Definition 5.7).

THEOREM 5.11: Duality theorem for £-groups

Consider the map F such that for each object A of ¥, F(A) = Il(A) and for each
morphism f: A=A, F(f) : F(A") = F(A) is defined by F(fYP") =f"'[P’] for ail
P’ e F(A’). Then F is a duality between the category ¥ and the category ¥ of
¢-spaces. Thus, by Proposition 5.3, there is a duality between 4 and .

Proof. For each ¢/-space X of ¥, let’s consider the implicative lattice
Y (X) = (X),u, n,=>. From Theorem 5.9 and Proposition 5.1 ) (X) with
U, as the distinguished element is an object of #. Let’s consider again, as in
Theorem 4.8, the function 6:X—IL(Y (X)) defined by d(p)={Ue) (X):
peU}. We already know that § is an isomorphism of IL-spaces. Let’s prove
that & is also an isomorphism of £-spaces. To prove this we’ll show that § and 6 ~!
are both morphisms of #-spaces. As é and § ~' are morphisms of IL-spaces, from
Definition 5.10 it suffices to prove: (i) d(g(g)) = G(é(g)) for all g € X and (ii)
8 HG(Q)) =g(6~(Q)) for all Q e IL(Y. (X)).

To prove (i) recall that G(6(q)) = (6(¢))y,. Now U € d(g(q)) iff g(q) € U. From
Lemma 5.8 g(q)eU iff q¢ U= U,; then Ued(g(qg) ifft U=U,¢dq iff
U e (@),

To prove (ii) let Q € IL(} (X)); recall that ¢ is a bijection function and take
¢,q € X such that 6(¢9) =Q and &(¢") = G(Q). We have proved in (i) that
3(g(g)) = G(Q). Then ¢’ =g(q) and we obtain 6 Y(G(Q) =35 '((g)) =¢q =
8(q) = g6~ '(5(q)) = g6 ~'(Q)).

At this point we have proved that X and F(} (X)) are isomorphic as
£-spaces. It remains to prove that if A, A’ are objects of #, the function
[A, A}, 5 [F(A), F(A)]l, induced by the functor F is one-one and onto. From
Theorem 4.8, we already know that if f and f” are distinct morphisms, then
F(f)#F(f).

Now, let 4 : F(A") — F(A) be a morphism of /-spaces and consider the func-
tion f:A— A" of Theorem 4.8, defined by the assignment x —y, (where
h~o(x)] = o'(y,)). We already know that f is a morphism of implicative lattices
such that F(f) =4.
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Let’s show that f(e) = e’. For this, we’ll need the following:

CLAIM. Let X and X’ be £-spaces; if h : X—> X' is a morphism of ¢-spaces then
AU, 1= U.,.

To prove this claim let p € A7 '{U,’] and suppose p ¢ U,. From (i) of Definition
5.7, py, € U,. From (ii) of the same definition, p < p,; or py,_ < p. As U, is increasing,
py,€ U, and p ¢ U,, we conclude p <p, =g(p). Aspe AU, ), K p) € U,.. From
(i) and (ii) of Definition 5.7 (h(p))y, =g'(A(p)) ¢ U... As h is a morphism of
¢ -spaces, from () of Definition 5.10, we obtain #(g{(p)) ¢ U,.. Then g(p) ¢ A ~'[U,].
As p <g(p) and A YU, ] is an increasing set, we derive p ¢ A~ '[U,.], which is a
contradiction.

For the other inclusion let p € U, and suppose p ¢ h~'[U,"]. Asp e U,, py, ¢ U..
As U, is increasing, p £ py, . From (ii) of Definition 5.7, p,, < p, i.e., g(p) < p. As
h(p) ¢ U.., (W(p))y, =g (Wp)) € U,.. As h is a morphism of /-spaces h(g(p)) € U,;
then g(p) e AU, ]. As g(p) < p and A~ '[U, ] is increasing, p € h~'[U,.], which is
a contradiction.

Using this claim for X = F{A’) and X’ = F(A) and recalling that U, = o(e) and
U, =a(e), we can write ¢'(y,) =h o)l =2~ '[U]=U.=0¢(e’). As ¢ is a
bijection, y, =f(e) =e".

Thus, we have proved that f € [A, A'],; since F(f') = A, the function [A, A"}, 5
[F(A"), F(A)], induced by the functor F is onto. This ends our proof. O

The dual space is especially well behaved in the abelian case.

DEFINITION 5.12. Let X = (X, 1, <, p,., Pss,» @ be an IL-space. We'll say
that X is an abelian £-space, iff X satisfies:
(i) There is one and only one proper compact and open subset U < X such
that pe Uiff p, ¢ U. We call it U,
(i) The function g : (X, <) » (X, <) defined by g(p) =py, is an involution
satisfying g{(p) <porp<g{p)forall pe X.
(i) If p ¢ U,, then py, € U for all proper compact and open subsets U < X.
(ivy If pe U, g <¢p(g,p) for all ge X.
(v} ¢ is associative and commutative.
(v) o(gle(p, 9), 9) < g(p)-

Note that conditions (i)—(iv) are the same of Definition 5.7; from (v) and the
fact that ¢ is continuous and order-preserving in each variable, it follows that
abelian /-spaces are compact, ordered, abelian, topological semigroups.
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PROPOSITION 5.13. Let A be an object of Sa. Then IL(A) is an abelian
£-space.

Proof. As IL(A) is an /-space, (1) —(iv) are verified. To prove (v) it suffices to
show that A satisfies both (a) x < (x*3) —»y and (b) x > (y »2) =y > (x »2) of
Proposition 4.9.

As (x >)) >y =(x"'y) "'y =(y~'x)y and from commutativity y ~'x = xy !,
we obtain (x - y) —y = x; this proves (a); (b) also follows from the commutativity
by the equalities x > (y »z) =x (y 2=y~ '(x" ") =y > (x - 2).

To prove (vi) ¥(G(D(P, 0)), Q) < G(P), let y € H(G(P(P, Q)), Q) and suppose
y ¢ G(P) = Pe; then y »e e P. Let x € G(®(P, Q)) such that x >y e Q. As A is
abelian, x>y=x"'y=yx'=(y—>e)>(x—e). Then (y—e)—>(x—e)ec.
As x € G(O(P, Q) =(D(P, Q)),, x>e ¢ PP, Q). But y»ecP and (y—e) >
(x > e) € @; then x > e € O(P, Q), which is a contradiction. |

THEOREM 5.14. Let X ={X, 1, <, P> P> @ » be an abelian ¢ -space. Then the
implicative lattice of X, Y (X) = (X), v, N, =) with U, as the distinguished
element, satisfies (£1), (£,), (£3) and (£) of Proposition 5.2.

Proof. Conditions (¢,) and (/,) follow as in Theorem 5.7. (To prove these
conditions only (i)—(iv) of Definition 5.7 were used and we also have (i) —(iv) in the
definition of abelian Z-spaces.) (¢4%) follows from (v) of Definition 5.12 and from
Proposition 4.9. Let’s prove (£,) (V =>U)=U=U)=U=V.

Let ge (V' =U,) = (U=U,) and suppose g ¢ U =V =(\,., ¢, '[V]; then
there is p € U such that ¢(p, g) ¢ V. Then, from Lemma 5.8, g(o(p, q)) € V = U,.
Asge(V="U,)=(U=U,)and go(p,q) eV = U, o(gle(p, ), 9 € U= U..
From (vi) of Definition 5.10 and the fact that U = U, is an increasing set, we
obtain g(p) e U= U, As peU, o(p,g(p) e U, But ¢ is commutative; then
o(g(p), p) € U,. As g(p) = py, we derive ¢(py,, p) € U,, which is a contradiction.

For the other inclusion, let ¢ € U = V and suppose that ¢ ¢ (V = U,) =
(U = U,), then there is p € V' = U, such that ¢(p, q) ¢ U = U,; from Lemma 5.8
glo(p. @) elU. As qgeU=V=_)y0,'[V], we obtain o(g(e(p,q)),q) V.
From (vi) of Definition 5.12, and the fact that V is an increasing set, g(p) € V. As
peV=U, and g(p)eV, we obtain ¢(g(p),p)e U, But g(p)=py, then
@(py,, p) € U,, which is a contradiction. O

Let’s now consider the category #a of abelian /-spaces, whose objects are the
abelian /-spaces and whose morphisms are the morphisms of /L-spaces which
satisfy (%) of Definition 5.10. It can be derived, with the same arguments used in
Theorem 5.11, the following:
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THEOREM 5.15: Duality theorem for abelian £ -groups

Let F be the map such that for each object A of Sa, F(A) = IL(A) and for each
morphism f: A—A’, F(f): F(A") —» F(A) is defined by F(f )(P’) =f " '[P’]. Then F
is a duality between the category Fa and the category of abelian {-spaces. By
Proposition 5.4, there is a duality between %a and Fa.

In fact, for each abelian /-space X, we have by Theorem 5.14 that ) (X) is an
object of £a; thus, defining § as in Theorem 5.11, as & is a morphism of abelian
¢-spaces, it follows that X and F(} (X)) are isomorphic as abelian /-spaces.
Finally, the fact that the function [A, A'],, — [F(A"), F(A)],, induced by the
functor F is one—one and onto follows exactly as in Theorem 5.11. i
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