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Abstract. For each compact Lie algebra g and each real representation V' of g we construct a
two-step nilpotent Lie group N(g, V), endowed with a natural left-invariant riemannian metric.
The main goal of this paper is to show that this construction produces many new Gelfand pairs
associated with nilpotent Lie groups. Indeed, we will give a full classification of the manifolds
N(g, V) which are commutative spaces, using a characterization in terms of multiplicity-free
actions.

Introduction

Let N be a simply connected nilpotent Lie group and let K be a compact group
of automorphisms of N. We say that (K, N) is a Gelfand pair when the convolution
algebra L}, (N) of K-invariant integrable functions on N is commutative. If H = K XN,
then L'(H JK), the convolution algebra of K-bi-invariant integrable functions on H, is
isomorphic to L (N) (see [L1], for instance). Thus (K, N) is a Gelfand pair precisely
when (H,K) is a Gelfand pair in the usual sense (see [GV], p.36). Gelfand pairs
associated with nilpotent Lie groups have been studied in [BJR1, Ki, BILR, BJR2], for
instance, and they are related to the representation theory of groups K, N and H.

A commutative space is a connected riemannian homogeneous space M whose alge-
bra of I(M)%invariant differential operators is commutative, where I(M)° denotes the
connected component of the full isometry group I(M). Commutative spaces have been
studied in several articles; see for instance [BTV, KoP, KoPV, KoV, KaR, R, AV].

If {, ) is an inner product on the Lie algebra n of N, we endow N with the riemannian
left-invariant metric determined by ( , ). The isometry group of the resulting riemannian
manifold (N, {,)) is given by I(N, (,))=K x N, where K = Aut(n) NO(n, (, )) is the
isotropy subgroup and N acts on itself by left-translations (see [Wi]). In this case, we
have the following nice relationship between the commutativity of invariant differential
operators and the commutativity of invariant integrable functions (see [H], p. 485):

(K, N) is a Gelfand pair if and only if (N,(,)) is a commutative space.

In this work, we study Gelfand pairs associated with the following nilpotent Lie
groups. Starting from a faithful real representation (7,V) of a compact Lie algebra
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g, we construct a two-step nilpotent Lie algebra n = g @ V with center g and the Lie
bracket defined on V by ([v,w],z) = (x(z)v,w) for all v,w € V, z € g, where {, ) is a
fixed g-invariant inner product on n. We denote by N(g, V) the simply connected Lie
group with Lie algebran = g® V and we endow N(g, V) with the left-invariant metric
determined by ( , ). By a result due to C. Gordon [Gol], the spaces (N(g,V),{, ))
have a neat geometric characterization within the class of homogeneous nilmanifolds:
they are precisely the naturally reductive ones (see [L3]). The isotropy subgroup K
of the isometry group of N(g,V) is given essentially by K = G x U, where G is the
simply connected Lie group with Lie algebra [g,g] and U is the group of orthogonal
intertwining operators of V. The group U acts trivially on the center g and each g € G
acts on n = g ® V by (Ad(g),n(g)), where we also denote by w the corresponding
representation of G on V.

Let T be any maximal torus of G and let V denote a T-invariant complement in V
of the zero weight space Vj, regarded naturally as a complex vector space. We give in
Section 2 the following necessary condition:

If (GxU,N(g,V)) is a Gelfand pair, or equivalently, N(g,V) is a commutative space,
then the action of T x U on V is multiplicity-free.

In Section 3 and Section 4 we shall obtain a complete classification of the Gelfand
pairs of the form (G x U, N(g,V)), determining explicitly the multiplicity free actions
given above. This produces many new families of Gelfand pairs associated with nilpotent
Lie groups (see Theorem 16). Up to now, relatively few examples were known and in
such examples NV is one of the following: a product of Heisenberg groups and abelian
groups, a free two-step nilpotent Lie group, or an H-type group of a special kind (see
(R])-

A connected riemannian manifold M is said to be weakly symmetric if for any two
points p,qg € M, there exists an isometry of M mapping p to ¢ and ¢ to p. These spaces,
introduced by A. Selberg in [S], have been studied for instance in [BRV, BTV, BV,
KoPV, Z, AV]. It is proved in [S] that any weakly symmetric space is a commutative
space (with respect to I(M)-invariance; this coincides with I(M)%-invariance for homo-
geneous nilmanifolds [BJR2]). In [S] Selberg remarks that he does not know whether
weak symmetry is necessary for the commutativity of a space. It has been proved in
[AV] that for homogeneous spaces of reductive algebraic groups, the answer is affir-
mative. On the other hand, certain modified H-type groups provide counterexamples
[L1, L2]; however, none of these is naturally reductive. This motivated the study in [L4]
of the weak symmetry condition in the class of manifolds N(g,V), obtaining that all
the commutative spaces found in the present paper are weakly symmetric as well.

Acknowledgements. 1 wish to express my deep gratitude to Isabel Dotti, for her invalu-
able guidance. I am also grateful to Roberto Miatello, Jorge Vargas, Nao Nishihara,
Chal Benson and Gail Ratcliff for helpful observations.

1. Preliminaries

We consider a simply connected real nilpotent Lie group N endowed with a left-
invariant riemannian metric, denoted by (N,{ , )), where { , ) is the inner product
on the Lie algebra n of N determined by the metric. The full group of isometries of
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(N, {,)) is given by
INJ(,ND=KxN (semidirect product), (1)

where K = Aut(n) N O(n,{ , )) is the isotropy subgroup of the identity and N acts
itself by left translations {see [Wi]). Thus, the structure of I{N,{ , }) is completely
determined by K. Note that since we always assume that N is simply connected, we
make no distinction between automorphisms of N and n.

In this section, we shall give some properties of the two-step nilpotent Lie groups
constructed as follows. All of the results in this section are proved in [L3].

Definition 1. We say that a triple (g, V,(,)) is a data set if

(i) g is a compact Lie algebra, i.e., g = [g, g] ® ¢ where ¢ is the center of g and [g, g]
is a compact semisimple Lie algebra,

(i1) (w, V') is a real faithful representation of g without trivial subrepresentations, i.e.,
Noeg Kerm(z) =0,

(iii) (, ) is an inner product (positive definite) on n = g ® V satisfying that (, )4 :=
(, Yaxg I8 ad g-invariant, { , }v := (, )|y xv is 7(g)-invariant and {g,V) = 0. Such an
inner product will be called g-invariant.

A data set (g,V,(,)) determines a two-step nilpotent Lie group denoted by N(g, V)
having Lie algebra n = g ® V', with Lie bracket defined by

(2)

{ [0,8ln=[0,V]n=0, [V,VlaCuy,
([v,wln, z)g = (7(x)v, W)y Vzeg, v,weV.
Finally, we endow N (g, V) with the left-invariant metric determined by { , ).

Note that [n,n], = g is the center of n. The construction of the group N(g,V)
does not depend on the chosen g-invariant inner product { , ) (up to a Lie group
isomorphism). Moreover, if g is a compact Lie algebra, V and V' are representations
of g as in Definition 1,(ii) and there exist ¢ € Aut(g) and T' : V — V' such that
Tr(x)T~! = n'(¢z) V = € g, then N(g,V) =~ N(g,V') (Lie group isomorphism). In
particular, if V' is equivalent to V', then N(g, V) ~ N(g,V"'). We shall now describe the
isometry group of N(g, V). Note that by (1), it suffices to compute the isotropy subgroup
K of the isometry group. We first consider the group U := {I' € K : T|; = I'}. It is easy
to see that U = Endgy(V)NO(V,( , )), where Endy (V') denotes the algebra of intertwining
operators of the representation (7,V) of g. If V = V' @...®V,* is the decomposition of
V into isotypic components, then Endg(V') = gl(r1,F1)&...@gl(rg, Fy ), where F; = R, C
or Hl depending on the type of V;, and g{(r, F) denotes the Lie algebra of (r X r)-matrices
with coeflicients in the ring F (we refer to [BtD] for definitions and properties of the
diferent types of real and complex representations). Each A = (a;;) € gl(r;,F;) acts on
V]t by the matrix

ainly - aid

; 3)

a’)“zl-[l aT‘z’I’IIl

where I; denotes the identity transformation of V;. This implies that U = Uy x ... x Uy,
where U; = O(ry), U(ry) or Sp(r;) depending on the type of V;.
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Theorem 1. [cf. [L3]] If N(g,V) is the two-step nilpotent Lie group corresponding to
the data set (g,V,{ ,)) (see Definition 1), we put g = g ¢ with g = [g,g] and ¢ the
center of g.

(i) The Lie algebra t = Der(n)Nso(n, (,)) of the isotropy subgroup K of the isometry
group of (N(g,V),(,)) is given by € =gdu, [g,u] =0, where u = Endg(V)Nso(V,(,))
and g acts onn=g®V by (adz,n(z)) for all x € 7.

(ii) The connected component of the identity of K is K® = G x U°, where U =
Endg(V)NO(V,(, )), G = G/Kerr and G is the simply connected Lie group with
Lie algebra §. The group U acts trivially on g and each g € G acts onn =gV by
(Ad(g),n(g)), where we also denote by = the corresponding representation of G on V.

(i) If Vv = V* @ ... V* with V; irreducible and V; % V; for all i # j, then
U=U; x...x Uy, where Uy = O(r;),U(r;) on Sp(r;) depending on the type of Vi, and
Ui acts on V" as in (3).

(iv) If Aut(g) = Inn(g), then K =G x U.

2. Characterization of Gelfand pairs of the form (G x U,N(g,V))
via multiplicity-free actions

Let N be a nilpotent Lie group and let K be a compact group of automorphisms. It
is shown in [BJR1] that if (K, N) is a Gelfand pair, then N must be two-step nilpotent
(or abelian). We will thus assume that IV is a two-step nilpotent Lie group. In the
following theorem, the relationship between commutativity and Gelfand pairs is given.
We shall first recall some preliminary facts and introduce some notation.

If K C Aut(N) ~ Aut(n) (we always assume that N is simply connected), we en-
dow n with a K-invariant inner product { , ) and we take n = 3 & V' the orthogonal
decomposition, where 3 denotes the center of n. For each nonzero = € 3, we consider the
Lie algebra n, = Re © V,, with V, = {v € V : [v,V] L z}+ = (Ker J;)* and defining
Lie bracket [v,w], = (Jv,w],z)x for all v,w € V,, where J, : V — V is defined by
(Jyv,w) = {z,[v,w]) for all v,w € V, z € 3. It is clear that the group N, = expn, is
isomorphic to a Heisenberg group, unless J, = 0 (i.e., V, = 0), where N, ~ R. We have
that K, := {k € K : kx =z} C Aut(N,). Since J; : V, — V, is invertible, there exists
an orthogonal decomposition V, = V1 & ... @ V, such that dimV; = 2 and

0 —Cj ) .
J‘”"f""l:c,- 0 ], ¢ # 0, VYi=1,...,m. (4)

If we take J : V; — V given by Jlv; = &Ju|v;, then J> = —I and thus J defines

a complex structure on V,. We denote by V, the corresponding complex vector space

(Ve,J). It is easy to see that the elements of K, commute with J, and hence they also

commute with J; this implies that K, acts by complex linear transformations on V.
Finally, for each v € V we consider the subgroup of K, given by

K:L',v = {k‘ e K :kx= z, kpm(U) :pw(v)}7

where p, : V — Ker J,, is the orthogonal projection.

A complex representation W of a compact Lie group K is said to be multiplicity free
if the action of K (or equivalently of its complexification K¢) on the polynomial ring
C[W] given by (k.p)(w) = p(k~'w) is multiplicity free, i.e., its isotypic components are
all irreducible (see [K, Ho] for further information).
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Theorem 2. If N is o two-step nilpotent Lie group, K is a compact subgroup of Aut{N)
and H = K x N, then the following conditions are equivalent.

(i) The algebra of HO-invariant differential operators on N is commutative. In par-
ticular, if K is the isotropy subgroup of the isometry group of (N,{,)), this means that
(N, {,?}) is a commutative space.

(ii) (K° N) is a Gelfand pair.

(iii) (K, N) is o Gelfand pair.

(iv) (Kz v, Ng) is o Gelfand pair for allz € 3, ve V.

(v) The action of Ko (or K3 ,) on the complex vector space V, defined in (4) is
multiplicity free for oll x € 3, v € V.

It is well known that (i) is equivalent to the commutativity of the algebra L' (H° / K©)
(see [H], p.486); thus the equivalence of (i) and (ii) follows from the isomorphism
LY(HOJK®) ~ Lo (N). Tt is proved that (ii) and (iii) are equivalent in [BJLR] and
[BJR2]. The equivalence of (iii) and (iv) is called localization, and it has been proved in
[Ki] and [BJR2]. The description of the localization procedure in terms of the operators

Jz considered here is proved in [N]. Finally, conditions (iv) and (v) are equivalent by
[BIR1].

Definition 2. (N,({ , )) is said to be an almost-commutative space if (K,,N;) is a
Gelfand pair for all z € 3, where K = Aut(n) N O(n,(,)) is the isotropy subgroup.

We consider this weaker notion of commutativity (i.e., v = 0 in (iv) of the above theo-
rem), just because in the particular case N = N(g, V) (see Definition 1) and K = GxU
(see Theorem 1), we have the following neat characterization in terms of multiplicity
free actions.

Theorem 3. [cf. [L3]] A group N(g,V) with g semisimple is an almost-commutative
space if and only if the action of W x UY on V is multiplicity free, where t is any
mazimal torus of g and V is the complex vector space Vy, defined in (4) for any h € t

satisfying A(h) # 0 for all nonzero weights X of V. Note that V =V & Vp, where Vj
denotes the zero weight space of the representation V with respect to t.

We note that if t denotes a maximal torus of g (maximal abelian subalgebra), then
A € t* is called a weight of a real representation (7,V) of g if there exist v,w € V such
that 7(h")v = AR )w and n(h)w = —A(R')v for all A’ € t. We shall now give, using
the characterization in the theorem above, two families of examples of groups N(g,V)
that are almost-commutative spaces. We first need to recall a well known lemma about
multiplicity free actions of a torus, which is proved in [L3] for instance.

Lemina 4. Let C* denote the multiplicative group C — {0}. A complex representation
W of an n-dimensional torus T™ is multiplicity free if and only if the set of weights
P(W) C t* of W is R-linearly independent. In particular, if W is multiplicity free, then
dime W < n.

Example 1. Consider the group N(su(n),C"), n > 2, where C" is the standard re-
presentation of su(n) regarded as a real representation. The subspace t of su(n) given
by diagonal matrices is a maximal torus of su(n). The representation C" is of complex
type; thus €™ x U? = ™Y x S1. Furthermore, since (C™)q = 0, we have that V = C”.
The Lie algebra of ™V x S! can be identified with t ® R, and thus the weights of C"
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are given by P(C") = {A\; + A,..., Ay + A}, where \;(H,r) = ih; and \(H,r) = ir
for all H € t, r € R Since P(C") is a linearly independent subset of (t ® R)*, we
obtain from Lemma 4 that the action of e™® x S! on C” is multiplicity free, and hence
N(su(n),C") is an almost-commutative space by Theorem 3. We shall prove in Section
4 that N(su(n),C") is actually a commutative space.

Example 2. We consider the group N(so(n),R"), n > 2, where R” denotes the stan-
dard representation of so(n). In this case €™V x U9 = ™) since R” is of real type.
If n =2k + 1 or n = 2k, we choose the standard maximal torus of so(n) (see [Kn],
p.63). It is clear that in both cases we have to analyze the action of e on V = Ck
given by e™ ) (cy,...,¢) = (ihicy,. .., ihgcy) (see (4)). The Lie algebra of e™®) is t
and P(C*) = {\1,..., A}, where A\;(H) = ih;; thus P(C*) is a linearly independent
subset of t*. By Lemma 4 we have that the action of e™(Y on C* is multiplicity free and
thus N(so(n),R™) is an almost-commutative space (see Theorem 3). We shall prove in
Section 4 that N(so(n), R™) is actually commutative.

Remark 1. 1t is easy to see that the group N(so(n), R") is precisely the so-called free
two-step nilpotent Lie group on n generators. The almost-commutativity of these groups
has been proved in [BJR1]. Moreover, it was also proved in [BJR1] that the only Gelfand
pair of the form (K, N(sa(n),R")) is (SO(n), N(so(n),R")). The weak symmetry of
these groups has been proved in [Z].

3. Classification of the groups N(g,V) which are almost-commutative spaces

In this section, we shall give an explicit classification of the almost-commutative two-
step nilpotent Lie groups N (g, V') (see Definition 2), using the characterization in terms
of multiplicity free actions given in Theorem 3 (see Theorems 14, 15).

If V is a real representation of g, we denote by V¢ its complexification C®g V', which
is naturally a complex representation of g. If W is irreducible and W = V¢, we shall
put Wi = V and sometimes we shall regard a complex representation W as a real
representation denoted also by W.

Theorem 5. Let g be a compact Lie algebra and let V' be o representation of g as in
Definition 1, (ii). If§ = [g, 8] and N(g,V) is an almost-commutative space then N(g,V)
is so, where we also denote by V the restriction of the representation V lo g.

Proof. Suppose that N(g,V) is almost-commutative. If he g, then the action of K
on Vy is multiplicity free by Theorem 2. The group K preserves § and it is clear that
Klgev C K, where K denotes the isotropy subgroup of N(g,V). Thus the action of

?{,)Z on V is also multiplicity free, as it has to be shown. O

In view of the result above, we first analyze the groups N(g,V) with g semisimple.
We shall now deduce necessary conditions for the almost-commutativity of N(g, V)
with V irreducible, depending on the type of V. In the quaternionic case, the condition
obtained is also sufficient {we refer to [BtD] for definitions and properties of the diferent
types of real and complex representations). We first give a lemma about multiplicity
free representations, which will be useful in all the classification.

Lemma 6. (i) Let G be one of the classical groups SO(k,C), SI(k,C), Gl(k,C) or
Sp(%,@), where k > 2 and in the last case k is even. If C* denotes the standard
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representation of G, we consider the action of (C*)" x G on (CE)" =Ct o ...@ C*
given by

pla,...,an, A)(vy,...,0n) = (a1 A1, . ..,0nAvy) Va;, € CF, A€G.

If G =SI(k,©), Gl(k,C) or Sp(%,(C), then this action is multiplicity free if and only if
n=1,2. For G =S0(k,C) the action is multiplicity free if and only if n = 1.
(ii) The action of C* x C* x Sp(k,C) on C? & C?* © C** given by

pla, b, A)(v1,v2,v,w) = (avy, bvg, adv, bAw), a,be C', A € Sp(k,C),

is not multiplicity free for oll k > 1.
(iii) The action of C* x SO(k,C) x Gl(ny,C) x ... x Gl(n,,C) on C* @ (C" 6 C) &
... @B (Ch @ C™) given by

pla, A, By,...,B.)(v,v1,w1,. .., v wy) = (@adv,aByvi,a ' Byws, ..., aB,v,, o Byw,)
for all a € C*, A € SO(k,C), B; € Gl(n;,C), is multiplicity free if and only if k =0
andr = 1.

Part (i) follows directly from [BR], Theorem 2 or [Le|, Theorem 2.5. It is easy to
prove parts (ii) and (iii) using [BR], Theorem 7. O

Case V of quaternionic type. We take the complex representation W of g such that
V = W, regarded as a real representation. We have that e™® xU° = e™® x Sp(1). If
V =V @&V, as in Theorem 3, then there exists a real basis of V' denoted by

V= {/0177:1]15]"01: _ijvlv ... ,’l}n,i’l)n,j’l}n, _ijvn}Ra

where i,7 : V — V are the complex and quaternionic structures of W respectively, such
that

0 —X(h)
Ar(h 0
ﬂ_(h)l{’vk,ivch'Uk,"ij'Uk e T () 0 i (h) Vhet (5)
Ar(h) 0
Thus, V as a complex vector space has a basis V = {v1, ju1, . . .,vn, jv, }c and each 7(h)

with h € t acts on V by 7(h)|fop,jonye = i (R)I. I T € Sp(1), then T acts diagonally
onV =Ca...®C? (n copies) and in the standard way on each copy € = {vy, jux b¢-
By Theorem 3 we have that if N(g,V) is almost-commutative, then the action of the
complexification (e™(Y x Sp(1))e = (C*)dmt x SI(2,C) on V = (C?)" is multiplicity free.
This implies that the action given in Lemma 6,(i), must be multiplicity free and thus
dimt=1or dimt= 2.

If dimt = 1, then g = su(2) and thus V = C2, obtaining the group N(su(2),C?).
If dimt = 2, we have that g = su(2) @ su(2) or g = sp(2). It follows from dimW =
4+dim Wy that the only possibility is g = sp(2) and V = C*, the standard representation
of sp(2).

We then obtain the following result.
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Theorem 7. If g is semisimple and V is irreducible of quaternionic type, then N(g, V)
is an almost-commutative space if and only if g = 5u(2) and V = C? or g = sp(2) and
V = C*, where C? and C* denote the corresponding standard representations.

Case V of real type. In this case e™® x U? = ™. ¥V = V & V; as in Theo-
rem 3, we take a real basis V = {vi,w1,...,vn,wy}g of V such that T(h)| o 0,3 =
0 —X(h)
Aj(h) 0
7(h)v; = i\j(h)v; for all h € t. Suppose that N(g, V') is almost-commutative. Since the
action of e’r(‘) on V is multiplicity free, we obtain from Lemma 4 that n < dimt and
{A1,..., An} is alinearly independent subset of t*. IfW = Vg, then dimg W —dim¢ Wy =
dimV — d1m Vo = dimg V = 2n < 2dimt. We thus obtain that the complex representa-
tion W of g of real type satisfies

V h et Thus V = {v1,...,v,}c and the action is given by

dim W < 2rank(g) + dim Wy, (©)
dimWy =1 Ve P(W) - {0},

where W denotes the A-weight space of W.

Cuse V of complex type. Let W be the complex representation such that V = W,
regarded as a real representation. We have that eV x U0 = e”(t) x S!. Consider, as
in the cases above, a real basis V= {v1,%01, ..., U, tUp }m Of Vv where i W —=Wis

0 Aj(h)
As(h) 0 Vhet We
then have that V = {v1,...,u,}¢ and w(h)v; = i)\;(h)v; for all A € t. Analogous to
the previous case we obtain that if N(g, V) is almost-commutative, then n < dimt+ 1
and \; # A, for all ¢ # j. This implies that dim¢ W — dim¢ Wo = %dim V- %dim Vo =
%dimm V = n < dim t + 1. Thus we obtain that the complex representation W of g of
complex type satisfies

the complex structure of W such that w(h)|y; ;1. =

dim W < rank(g) + 1 + dim Wy, (7)
dimW, =1 Ve P(W)-{0}.

Lemma 8. Let W be a complex representation of g such thet dim Wy = 1 for all
A€ P(W)—{0}. Then dim Wy < rank(g).

Proof. If r =rank(g), we take A={ay,...,a,} the set of simple roots of g. Denote by
M EP(W) the maximal weight of W and let wi €Wy, —{0}. If 24, ... 74, w1 € Wy with
To; €0-a then z,, ... Z—a;,W1 €W,,,, and thus z o, . ..x_aitwl €T o, Wa,, - Since
Wo is ¢ hnearly generated by the elements of the form T g, - Toa, w1 We have that
Wo = {2 0, Wa, U...UZ_q, W, c. Now, using that dim Waz < 1 for all i we obtain
that dim W, < r. [:l

Case g simple and V irreducible. In view of (6),(7) and Lemma, 8, we should compute
all the irreducible complex representations W of any simple Lie algebra g satisfying
dimW < 3rank(g). Using tables of representations of simple Lie algebras (see for
instance [MPR]), one can check that such representations are precisely the following:
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su2): ¢,C, s0(3): €5, As,

5u(3) : (C37©67C63(Cga 50(7) : C7,A7./

su(4): ChA2CH, 3, so(2n+1): CHl n>4

su(5): C,A2C5, ACS, TF, sp(n): €, >3, (8)
su(6) : €8, A2CS, A4CP, TP, s0(8): C3,A%, A%,

su(n): C*,Cr, n>T7, so(2n): C, n>5,

where C* denotes the only 3-dimensional representation of su(2) and C%,C8 are the
representations of su(3) corresponding to the dominant weights (2,0) and (0, 2) respec-
tively. The representations denoted with A are spin representations and bar denotes
the dual representation.

The representation C* of su(2) is of real type and it corresponds to the group
N(s0(3),R®), which is commutative by Example 2. Since C® and C¢ are of complex
type, we should have by (7) that 6 < 2rank(g) + 1 = 5, which is a contradiction.
Similarly, we can disregard the representations A2C°, A3C® of su(5) and A2C8, A*CP of
su(6).

It is easy to see that A2C* = (R®)¢, where R® denotes the standard representation of
50(6) = su(4); thus N(su(4), (A2C*)g) = N(s0(6),R®) is an almost-commutative space
by Example 2.

Since A5 = C*, the standard representation of sp(2) = s0(5), we have by Theorem 7
that N(s0(5),C') = N(sp(2),C*) is an almost-commutative space. The representation
A7 of s0(7) is of real type and satisfies (A7)o = 0 (see [BtD], p. 280), by (6) we should
have dimc Ay = 8 < 2rank(g) + dim Wy = 6, which is a contradiction.

The representation C2” of sp(n) is of quaternionic type for all n. > 1; thus N(sp(n), C2")
is an almost-commutative space if and only if n = 1,2 (see Theorem 7).

Finally, the groups N(s0(8),R®), N(s0(8),(A%)r) and N(so(8),(A%)r) are pair-
wise isomorphic, since A% and A* can be obtained from C* composing with an outer
automorphism ¢ of s0(8) (see Section 1). Furthermore, it is easy to see that the re-
presentations C* and C" of su(n) are equivalent, regarded as real representations, thus
N(su(n),C*) and N(su(n),C*) are isomorphic (see Section 1).

We have obtained the following classification.

Theorem 9. The groups N(g,V) with g simple and V irreducible that are almost-
commutative spaces are
(i) N(su(n),C*), n>2,
(i) N{so(n),R"), n> 3, #4,
(i) N(sp(2), C*).

Case g semisimple, nonsimple and V- irreducible. Let g =g1 @ ... ® g (k > 2) be
the decomposition into simple ideals of g. As in the above case, we shall first compute
all the complex representations W of g satisfying (6) or (7). There exist representations
W; of g; such that W = W, ® ... ® W}, (see [BtD], p. 82); thus it follows from Lemma
8 that

dim Wy ... dim Wy < 3(ry + ... +71), (9)

where r; = rank(g;). Since dim W; > r; + 1 for all ¢ (see (8)), we obtain from (9) that
(ri+1) ... (rg+1) <3(ry + ... +71). (10)
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It is easy to see that if (10) holds, then k = 2,3, and furthermore, the only 3-tuples
(ri,re,r3) with r; > ry > rg satisfying (10) are (1,1,1) and (2,1,1). For (1,1,1) we
have that g = su(2) ®su(2)®su(2) and dim W < 9, thus W = C2C? @C2. But Wy =0
in this case, and this implies that if (6) or (7) hold, then 8 = dim W < 2rank(g) = 6,
which is a contradiction. In a similar fashion we can disregard the 3-tuple (2,1,1).

We now consider the case £ = 2. It is easy to prove that under the assumption
(W1)o =0 or (Wy)o =0 then (W1 ® Ws)o = 0; thus (6) or (7) imply that

dim W3 dim W, < 2(7‘1 + 7’2). (11)

Since dim W; > r; + 1 we have that (r1+1)(ro+1) <2(ry +72), 7175 — (11 +72) +1 <0,
{(1-r1){(1—7ry) <0, and if we suppose 1y > 73, then r» = 1. Moreover, it follows
from (11) that dimW; = r; + 1 and dimW; = 2, and thus the only possibility is
g = su(n) ®su(2) and W = C* @ C?, with n > 2. If n > 3, since C* % C» and
C? ~ C2, then W ¢ W, i.e., W is of complex type and thus (7) must hold. Therefore
2n = dim W < rank{g) + 1 + dim Wy = n + 1, which is a contradiction. Thus n = 2,
g = su(2) & su(2) = so(4) and W = C ® C?, which is of real type. We have that
(C? ® C?)g = R, the standard representation of s0(4), and thus we have obtained the
group N (su(2) @ su(2),R*), which is an almost-commutative space by Example 2.

Finally, we suppose that (W;)o # 0 and (W3)g # 0. It follows from (8) that dim W; >
2r;; thus we obtain from (9) that

4riry < 3{ry +re). (12)

Assuming r; > 7, it is easy to see that (12) implies 7y = 1, and thus g = su(2) and
dim Wy > 3. Using (9) again we have (dim W;)3 < 3(r; + 1); thus dim W; < rq + 1,
which is a contradiction since (W;)g # 0.

We then obtain in this case the following result.

Theorem 10. The only group N{g, V) with g semisimple, nonsimple and V irreducible
which is an almost-commutative space is N(su(2) © su(2),R*), where R* denotes the
standard representation of so(4) = su(2) & su(2).

Case g semisimple and V isotypic nonirreducible. Suppose that V =11 ¢ ... &V,
(k> 2) with V; ~ V; for all i,j = 1,...,k. We assume that the corresponding group
N(g, V) is an almost-commutative space and we shall use constantly the characterization
given in Theorem 3.

For each j = 1,...,k consider the decomposition
Vi= {v{,w{,...,v%,w,f;}m@(%-)o (13)
such that w(h)|; 5 4, = 0 =Alh) ¥V h € t. Note that the nonzero weights
{vfwile Ai(h) 0 '

{A\,...,An} C t* of V; do not depend on j. The complex vector space V' in Theorem 3
is given by V = {o},...,v}}c ®... ® {vk,..., vk} ¢, and 7(h)v] = V=IA;(h)o! for all
het 1<i<n 1<j<k If wedefine W, = {v},v?,...,0F}c forall i = 1,...,n,
then the decomposition of V into irreducibles as a representation of e™® x U% is V =
Wi & ... 8 W,, assuming that V is of real or complex type. In the case when V is of
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quaternionic type, we have that n is even and furthermore, we can choose the vectors
v],w] in (13) such that Ay = Ag,...,An—1 = A, (see (5)). Thus the decomposition into
irreducibles is V = WioW)e...0 (W10 W,).

Note that in any case the group U° = SO(k), U(k), Sp(k) acts diagonally on V' and
via the standard representation on each irreducible component. Moreover, w(h)|w, =
vV=Ix(h)I forallhetandi=1,...,n.

If V is of real type, then the action of the complexification (¢™Y) x SO(k))c =
(C*)9m % SO(k,C) on V = (C*)" must be multiplicity free. This implies that the action
of (C*)™ x SO(k, C) on (C*)™ given in Lemma 6,(i) is multiplicity free and hence n = 1.
This implies that g = su(2) and V; = R?, obtaining the two-step group N(su(2), (R3)F).

We now suppose that V' is of complex type. Thus the action of the complexification

(€™ x U(k))e = (C)4mt x Gi(k,C) on V = (C*)" must be multiplicity free. It
follows from this that the action of (C*)" x Gl(k,C) on (C*)"* given in Lemma 6,(i)
is multiplicity free, therefore n = 1 or n = 2. Since (m, V) is faithful, we have that
dimt = 1 or dimt = 2, and it is easy to check that there are no representations of
complex type satisfying any of the above conditions.

Finally, if V is of quaternionic type, then the action of the complexification (e™(V x
Sp(k))c = (C*)dimtx Sp(k,C) on V = (C?*)% must be multiplicity free, and this implies
that the action of (C*)% x Sp(k, C) on (C?*)% given in Lemma 6,(i) is multiplicity free,
and thus n = 2 or n = 4. We then obtain that dimt =1, i.e., g = su(2) and V; = C?,
or dimt = 2. It is easy to see that the only possibility in the last case is g = sp(2) and
V; = C*, obtaining the group N(sp(2), (C*)*).

We have the following result in this case.

Theorem 11. A group N(g,V) with g semisimple and V isotypic, nonirreducible is an
almost-commutative space if and only if it is one of the following groups:

(1) N(su(2), (B)F), k > 2,
(i) N(su(2),(C)"), k> 2,
(ii) N(sp(2),(CH*), k> 2.

Case g simple and V nonisotypic. We suppose that V = Vlk1 ...eVk (r>2),
with V; irreducible representations of g and V; % V; for all ¢ # j. If N(g,V) is an
almost-commutative space, then the groups N (g, ijj ) are as well, since the isotypic
components V}kj =V;®...0V; are (e™V x U°)-invariant (see Theorem 3). It then
follows from Theorems 9,11 that we are in one of the following cases:

(i) g=su(2) =50(3), V = (R)* & (C)", k,n 2 1,

(ii) g =su(4) =s0(6), V =C' RS,

(ii) g =sp(2) =s0(5), V=R & (CHY*, k > 1.

Case (i). Since e™® x U® = S! x SO(k) x Sp(n) and V = C* @ C*", we have that
the action p of the complexification (™Y x U%¢ = C* x SO(k,C) x Sp(n,C) on V
is given by p(a, A, B)(v1,v2) = (aAv1,aBvs), and so it is multiplicity free (see [BR],
Theorem 7). We then obtain from Theorem 3 that the groups N (su(2), (R3)* @ (C?)")
are almost-commutative spaces.

Case (ii). In this case ™% x U? is a 4-dimensional torus and V = C* @ C®. This
implies that the corresponding action cannot be multiplicity free (see Lemma 4).
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Case (iii). We have that the action of (e™() x U%)¢ = C* x C* x Sp(k,C) on V =
C? @ C?* @ C?* is the given in Lemma 6, (ii) and thus it is not multiplicity free. Hence,
this group is not almost-commutative.

We have obtained in this case the following result.

Theorem 12. A group N(g,V) with g simple and V nonisotypic is commutative if and
only if g = su(2) and V = (R®)* @ (C*)", with k,n > 1.

Case g semisimple, nonsimple and V nonisotypic. Let g=g1 ® ... ® g (m > 2) be
the decomposition of g into simple ideals and suppose that V = V" @...@ V¥ (r > 2)
is the decomposition of V' into isotypic components Viki.

Definition 3. We say that a group N(g,V) is indecomposable if there are no nonzero
ideals b1, b2 of g and nonzero subspaces Vi,V5 of V such that g =hy &b, V=V, d Vs
and 7(h1)lv, = 7(h2)|v, =0. Otherwise, we will say that N{g,V) is decomposable.

Note that if N(g,V") is decomposable, then
N(Q,V) :N(hla‘/l) X N(hQaVZ\) (14)

is a direct product of Lie groups, since ny = h; @V; and ny = o @ V5 are Lie subalgebras
of n such that n = ny & ny and [ny, n2] = 0 (see Definition 1). Moreover, ny and ny are
orthogonal subspaces with respect to any g-invariant inner product on n = g @ V; thus
(14) is also a direct product of riemannian manifolds. This implies that N(g, V) will be
an almost-commutative space if and only if both N (b, V1) and N(bo, V3) are as well.
We then assume that N(g, V) is an indecomposable almost-commutative space.

If h C gis an ideal and W C V is an h-invariant subspace of V' where § acts
faithfully and without trivial subrepresentations on W, then N(h, W) is also an almost-
commutative space by Theorem 3. In fact, W = VN'W and

RICEY: UOIW C T (tNh) Ul()),W W= W’ (15)

where Uy w = Endy(W) N O(W) and t is a cartan subalgebra of g such that tN b
is a cartan subalgebra of fj, obtaining that the action of e™(t0h) x Ué’,W on W is also
multiplicity free.

We fix a simple ideal g; of g. If W, denotes the subspace of V' where g; acts without
trivial subrepresentations, then W; is a sum of certain isotypic components of V. From
(15) we have that the two-step groups N (g;, W;) and N(h;, W;) are almost-commutative
spaces, where b; is the maximal ideal of g acting faithfully on W;.

Suppose that g; # su(2),sp(2). Thus it follows from Theorems 11 and 12 that W;
is g;-irreducible. Since g; C §; we have that W, is h;-irreducible too, and thus g; = b;
by Theorem 10. This implies that gj‘ acts trivially on W;, and since g, acts trivially on
Wi, we can decompose N(g, V) = N(g;, W;) x N(gi, W;") (see Definition 3), which is
a contradiction.

Thus g; = su(2) or sp(2) for all 4 = 1,...,m. Fix an isotypic component ijj of V
and let h; denote the maximal ideal of g acting faithfully on ijj. Since N(b;, ijj ) is
an almost-commutative space (see (15)), we obtain from Theorems 9, 10,11 that one of
the following conditions must hold:

(i) b; =su(2), V; =,
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(i) h; = su(2), V; = C?,
(i) by = eu(2) © eu(2), V; = (C @ C)a = B, by = 1,
(iv) b; =sp(2), V; = C*.

If (iv) holds and b; acts nontrivially on some T/;k’, then bj— must act trivially on Vlk’ by
Theorem 11 and thus j = [. This implies that b; acts trivially on (VJkJ )t and hence we

can decompose N(g,V) = N(b;, T/jkj) x N( jL, (ijj)l), which is a contradiction. Thus
g; =su(2) forall i =1,...,m. We can deal with the case (i) similarly to (iv); therefore

V=R'a.. oK e e.. . o) (16)

with r’ copies of R*. If g; acts trivially on all isotypic components R*, then g must act
trivially on W; = (,¢,, Ker 7(z))L. This implies, as before, that we can decompose
and this is a contradiction, obtaining that g acts faithfully on R* & ...®R* (r' copies).
Hence N(g,R* @ ... ® R?) is a commutative space (see (15)) and thus the action of
e™t = T™ on ((CQ)T/ is multiplicity free. We then obtain from Lemma 4 that 27’ < m,
and since at most two ideals g; can act nontrivially on each copy of R*, we also have
m < 7’ + 1. Henceforth v’ = 1 and m = 2.

Thus we have obtained in this case that the only indecomposable possibility is
N(su(2) & su(2), (C)" @ R* @ (C?)*), where the first copy of su(2) acts only on
(C%)* and the second one only on (C?)*2. This group is almost-commutative since
the action p of (€™ x U%)¢ = C* x C* x Sp(k;) x Sp(kz) on V = (%1 @ C2 @ C?h2
is given by p(a, b, A, B)(v,vy,vs, w) = (aAv, avy, bug, bBw) is multiplicity free (see [BR],
Theorem 7).

Theorem 13. A group N(g,V) with g semisimple, nonsimple and V nonisotypic is an
almost-commutative space if and only if it is
(i) N(su(2) ® su(2), (C2)* @ R* @ (C2)*2), where the first copy of su(2) acts only
on (C2)*1 and the second one acts only on (C?)*2,
(i) a direct product of some of the groups listed in Theorems 9,10,11,12 and part (1).

It would be appropriate now to summarize the results obtained in the cases above,
see Theorems 9,10,11,12,13.

Theorem 14. The two-step nilpotent Lie groups N(g,V) with g semisimple that are
almost-commutative spaces are

(1) N(su(2), (R®)* & (C*)"), k,n >0,

(i) N(su(2) @ su(2), (C)* o R @ (C?)*2), k1, ks > 0, where the first copy of su(2)

acts only on (C2)** and the second one only on (C?)k2,

(iii) N(sp(2),(C)*), k> 1,

(iv) N(su(n),C"), n >3,

(v) N(so(n),R"), n > 5,

(vi) a direct product of some of the two-step nilpotent Lie groups above.

Case g nonsemisimple. By Theorem 5, we have that if N(g,V) is an almost-
commutative space, then N (g, V) is so, where § = [g,g]. Thus N(g, V) must be one of
the groups listed in Theorem 14,(i)—(vi), unless g = 0. Each one of these cases will be
analysed separately.
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Case (i). Suppose that N(su(2) @ ¢, (R®)* @ (C*)™) is an almost-commutative space
with center ¢ # 0. Since R® is of real type, the center ¢ must act trivially on (R®)¥.
We consider the decomposition (C2)* = (C2)™ & ... ® ()™ & (C*)" such that
7()|(c2yn: = Aile)d; for all ¢ € ¢ (A; € ¢ —{0}), where J; is a skew-symmetric transfor-
mation satisfying J? = —1I, and m(€)(c2y~ = 0. We have that End, () ((C*)™) =
gl(n;,C), since C? is of complex type as a representation of u(2). Henceforth, if
h= [ \/(;_—1 _\9—_—1 } € su(2), then K9 = e™®R) x SO(k) xU(n1) x ... x U(n,) x Sp(n'),
(see Theorem 1), and it follows from Theorem 2 that the action of (KQ)¢ = C* x
SO(k, C) xGl(n1,C)x. .. xGl(n,,, C)xSp(n’,C) on V;, = C* (@) ... 0(C2)oC2" is
multiplicity free. This implies that the action of C* xSO(k, C)xGl(ny, C) x. .. xGl(n,,C)
on CF @ (Cm)2 @...4 (C™)? given in Lemma 6,(iii) is multiplicity free as well, hence
r =1, k = 0. We then conclude that the only possibility in this case is a group N (su(2)®
R, (C?)™ & (C*)™), where R acts only on (C?)™. These groups are almost-commutative
spaces for all ny,n > 0 since for all h € su(2) & R there exists a compact subgroup
e™®h1) x U(ng) x Sp(n) C K9 whose complexification C* x Gl(ny,C) x Sp(n,C) acts
on C™ @ C* ¢ C*™ by p(a, A, B)(vy,vs2,vs) = (aAvy,a™ Ave, aBvs) and such action is
multiplicity free (see [BR|, Theorem 7).

Case (ii). We now suppose that a group N(su(2) @ su(2) @ ¢, (C2)* e R* & (C)") is
almost-commutative. If ¢ acts nontrivially on some copy of C?, we obtain analogously
to the case above that a certain action of C* x C* x C* on C? & C* must be multiplicity
free, which is a contradiction by Lemma 4. This implies that ¢ = 0.

Case (iil). If N(sp(2) @ ¢, (C*)*) is an almost-commutative space, then we take the
decomposition (C*)F = (CHF @ ... ® (CH* © (C*)* as in (i). Similarly, we obtain
that the action of C* x C* x Gl(k;,C) on (C)* = C¥ @ C* @ C* @© C* given by
pla, b, A)(vy,ve,v3,v4)(aAvy, " Avg, bAvs, b~ Avy), for all a,b € C*, A € Gl(k,C), is
multiplicity free. It is easy to see that this action is equivalent to the one given in
Lemma 6, (i) with G = Sl(k;,C) and n = 4, which is a contradiction if k; > 1. This
implies that ¢ = 0.

Case (iv). The only group of the form N(su(n) ® ¢, C") is N(u(n),C"), which is an
almost-commutative space. In fact, for all A € u(n) there exists an n-dimensional torus
e™M x S' ¢ K9|; whose action on V = C" is multiplicity free.

Case (v). Since R" is of real type, there are no groups of the form N(so(n) @ ¢, R"®)
with ¢ £ 0.

Case (vi). Suppose that a group N{g1 . ..9g¢,D¢, V1 ®...0V,) is an indecomposable
almost-commutative space (see Definition 3), where each N(g;, V;) is listed in Theorem
14 and g; acts trivially on V; for all ¢ # j. If ¢; denotes the maximal subspace of
¢ acting nontrivially on V;, then N(g; & ¢;,V;) is also a commutative space. In fact,
for all h € g; © ¢; the group K? preserves (V;), and thus the corresponding (K%)9 acts
multiplicity freely on (V;)s. Since ¢; # 0 we have that N (g;®¢;, Vi) must be N(u(n),C?),
n > 3, or N(u(2),(C?)* @ (C*)™) and hence dim¢; = 1 (see the cases above (i)—(v)). It
is easy to see that the almost-commutativity of a group satisfying the properties above
follows from the almost-commutativity of the groups N(g; @ ¢, V).

Finally, if g = 0 then g is abelian. Since V is a faithful representation we have that
g = R, yielding the Heisenberg group, denoted by N(R,C @ ... & C).
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Theorem 15. The two-step nilpotent Lie groups of the form N (g, V) with nonsemisimp-
le g that are almost-commutative spaces are

(i) the Heisenberg group N(R,C*), k> 1,

(i) N(u(2),(C)* @ (C*)?), k > 1, n > 0, where the center of u(2) acts nontrivially
only on (C2)*,

(ii)) N(u(n),C), n >3,

(iv) N(su(m1)®...®su(m,)dc, Vi®...8V,.) with the following actions: su(m;) acts
trivially on 'V for all i#j and dim¢; =1, where ¢; denotes the mazimal subspaces
of ¢ acting nontrivially on V;. Moreover, if m; =2, then V;=(C?)* a(C?)™ as
in (ii), and if m; >3 then V;=C™,

(v) a direct product of some of the above groups.

4. Classification of the groups N (g, V) which are commutative spaces

We shall give in this section an explicit classification of the two-step nilpotent Lie
groups N{g, V) which are commutative spaces, or equivalently by Theorem 2, of the
Gelfand pairs of the form (K,N) = (G x U,N{(g,V)).

We have obtained in Theorem 14 and Theorem 15 all the pairs of this form for
which (K,,N;) is a Gelfand pair for any € 3 = g (see Definition 2). In view of
Theorem 2,(iv), we have to check along the groups listed in these theorems, which of
them satisfy the condition that (K, ,, N;) is a Gelfand pair for all z € g, v € Ker n(z);
or equivalently, the action of K ,, on V, is multiplicity free (see Theorem 2,(v)).

We have that K, = Cg(z) x U, K;, = {(9,T) € Ca(z) x U : Tw(g)v = v}, and the
Lie algebra of K, , is given by £, , = {(y, A) € Cg(z) ® u: (A + n(y))v = 0}, where C
denotes ‘centralizer’, g = [g, g] and G is a Lie group with Lie algebra § (see Theorem 1).

In the next, we will consider case by case the items (i)—(v) of Theorem 14, by giving
the action of (K ,)c on V, for a generic z € g with Kerm(z) # 0 and a generic nonzero
v € Kern(z).

Case (i). C* x SO(k —1,C) x Sp(n,C) on C* & C*". This action is multiplicity free
if and only if £ =0, 1.

Case (ii). C* x Sp(k;, C) on C?*¢ @ C, which is always multiplicity free.

Case (iii). C* x Sp(k — 1,C) on C ® C*~1)_ It is multiplicity free for every k > 1.

Case (iv). (C*)* on C* for some k < n, and it always satisfies the multiplicity free
condition of Lemma 4.

Case (v). (C*)* on C* for some k < [Z], always satisfying the multiplicity free
condition of Lemma, 4.

Now, we shall do the same for items (i)—(iv) of Theorem 15.

Case (i). Kern(z) =0 for any nonzeroz € g = R.

Case (ii). C* x U(k — 1) x Sp(n,C) on C & C*~1 @ C?". This action is always
multiplicity free.

Case (iii). (C*)* on C* for some k < n, and it always satisfies the multiplicity free
condition of Lemma 4.

Case (iv). H; x ... x H, on Vi®...®V,, where H; = C* x U(k; — 1) x Sp(n;,C)
and V; = COC* 1o if m; =2, and H; = (C*)¥, V; = CJ¢ for some j; < m; when
m; > 3. Thus this action is always multiplicity free.

We then have finished the proof of the following result.
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Theorem 16. The two-step nilpotent Lie groups N{g,V) that are commutalive spaces are

(i) all the groups listed in Theorem 14, except for the case (i), k > 2,
(ii) all the groups listed in Theorem 15, :
(ili) direct products.

Remark 2. The analysis we have made in this section on which of the almost-commuta-
tive spaces classified in Theorems 14,15 are really commutative spaces, can be conside-
rably simplified in the following way: the elements v = z+v € n = 3&V which appears
in Theorem 2, (iv), are identified via the fixed inner product on n with elements in
n*, and so by Kirillov theory with unitary representations of N. It is well known (see
[BJR2]) that for the commutativity of (N, (,}) it suffices that (K,,N,) = (K34, N;)
is a Gelfand pair for any family of functionals v € n* that yield a set of representations
m, with full Plancherel measure in N. Since for all the spaces listed in Theorems 14,15,
except for case (i) of Theorem 14, there is an open dense subset of n* with Kerw(z) = 0,
this implies that we can assume v = 0 in all the cases except one. In other words, we
only should check case (i) of Theorem 14, all the other almost-commutative spaces listed
are automatically commutative by the observation given above.

Remark 3. (A note on Gelfand pairs) We now enumerate the indecomposable Gelfand
pairs (G x UY, N(g,V)) obtained in the classification:

M (s ( ) x Sp(n), N(su(2), (C*)™)) , n > 1 (Heisenberg-type),

(1) (su ><Sp n), N(su(2), R & (C*)™)), n >0,

(TIT) (spm x Sp kl) x Sp(k2), N(su(2) @ su(2), (C)k @ R* @ (C?)*2)), k1 +ka > 1,
(IV) (Sp ><Sp N(sp(2), (C)9)) , b > 1.

(V) (S x St N(su(n) C)), n2>3,
( I) (SO(n ) (so(n) ")), n >4 (free two-step nilpotent Lie groups),

VII) (U(k), N( ]R C )), k>1 (Heisenberg groups),

IH) (SU®2) ) % Sp(n), N(u(2),(C)* & (C)"), k>1,n >0,

(1X) (SU(n) xslN(<) ")), n >3,

(X) (SU{m1) x ... xSU(m,) x Uy x ... x U,,

N(su(my) ® ..‘EBsu(m,ﬂ) S,V ®...0V,)) with U; =St if m; > 3 and U; =
U(k;) x Sp(n;) if m; = 2.

It is proved in [BJR1] that a {ree two-step nilpotent Lie group N(se(n), R?) does not
admit any proper subgroup K'C SO(n) such that the corresponding pair (', N(so(n),R"%)
is a Gelfand pair. This is also true in cases (V) and (IX). In fact, in these cases we
have that K9 is a maximal torus of U(n) for all regular h € su(n) and Vj, = C*. Thus,
if (K', N) is a Gelfand pair, then K’ should contain all maximal tori of U(n), and this
implies that K’ = U(n).

However, this does not hold in general. For example, we can take K' = SU(2) x
Sp(n1) x ... x Sp(n,) in case (I) if n > 2, with ny + ...+ n, = n, and analogously for
cases (ITI), (VIII), (X). Since (VII) corresponds to the Heisenberg groups, any K’ C U(k)
acting multiplicity freely on C" can be taken.
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