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§0. Introduction

Given a family of complex projective hypersurfaces in CP”, the Torelli problem
studied by P. Griffiths and his school asks whether the period map is injective
on that family, i.e., whether the family of complex hypersurfaces can be distin-
guished by means of their Hodge structures. A complex projective hypersurface
in CP" can be viewed as a complex hypersurface with isolated singularity
in C**'. Let V={zeC"*': f(2)=0} be a complex hypersurface with isolated
singularity at the origin. The moduli algebra of (V,0) is A(V)

=C{zom ..., z,} / ( ’(’367f’ s -:{—) It is a finite dimensional commutative local
o] n

algebra. In [2], Mather and the second author proved that the complex struc-
tures of (¥, 0) determines and is determined by its moduli algebra. Subsequently
the second author [6] introduced the Lie algebra L(V) to (¥, 0), which is the
Lie algebra of derivations of A(V). He proved that L(V) is solvable if n<5
(cf. [7]). The natural question arises: whether the family of isolated complex
hypersurface singularities can be distinguished by means of their Lie algebras.
The family of hypersurface singularities here is not arbitrary. First of all, as
in projective case, we are really studying the complex structures of an isolated
hypersurface singularity. In view of the theorem of Lé and Ramanujan [1],
we require that the Milnor number u is constant along this family. Recall that
the dimension of the moduli algebra (denoted by 7) is a complex analytic invar-
iant. So it suffices to consider only a (u, 7)-constant family of isolated complex
hypersurface singularities.

Let (¥, 0) be an isolated hypersurface singularity with C* —action. Let Sg
be the (u, t)-constant strata in the semi-universal deformation of (¥, 0). In §1,
we shall show that (S, 0) is isomorphic to (C™, 0). In §2, we construct a family
of Lie algebras L(¥;) over S;. In §3, we shall prove a Torelli type theorem
for simple elliptic singularities E, and Eg. There are several advantages of our
approach. First of all, it works for general complex hypersurface singularities

* This research is supported partially by N.S.F.
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which are not necessarily homogeneous. Second, it allows us to construct a
continuous invariant explicitly. Third, it gives a general method for producing
a continuous family of nilpotent Lie algebras.

§ 1. (u, ) Constant deformation for hypersurface singularities
with C*-action

Let (¥, 0)=(C", 0) be an isolated hypersurface singularity with the local defining
equation f(xq, ..., x,)=0. Then the semi-universal deformation of (¥, 0) is given
by

(450) ——— (C" X C,0) (X1, «vvr Xy Lys s 1)

N .

(S, 0) (C 0 (ty, - ty)

k
Here “I/={(x1, vy Xy by s B ()Y, t,.g,-(x)z()}, where g,(x), ..., g,(x) are
i=1

monomials in x;, ..., x, which represent a linear basis of the complex vector

space A(V):C[[x1 R x,,]] / ( X ;%:, . ;}{ ) We are particularly interested in
1 n

the case when f is weighted-homogeneous, i.e. when there exist positive integers
di, ..., 4, and d such that for any teC*=C — {0}

X, 12 x,, .t x) =t f (X, ..., X,) (1.1)

In the rest of this paper, we shall always assume that f is weighted homogeneous.

Let us give the variable x; the weight g;. Then each monomial x3' x%...x}
which appears in f has total weight d=a, q, + 2, g, +... +,4,-

Theorem 1.1. Let f be a weighted homogeneous polynomial with isolated singularity
at the origin as above. Then

(X1 ooy Xps bys s t): S(X)+ 11 81 (X)+ ... 1 8m(x)=0},

where g, ..., g are monomials in a basis for the moduli algebra

A(V)=C[x1,...,xn]}/(,_6_f_’ 1)

ax,’ " ox,)

is a (u, t)-constant deformation of V={x:f(x)=0} if and only if weight (g;)
=weight(f) forall 1<i<m.

Proof. “<=” For each fixed t=(ty, t5, ..., tw) fr(X)=F(X)+t; 2. (X)+ ...+ 1,2 (X)
is a weighted homogeneous polynomial total weight equal to that of f. Since
by [3], the Milnor number of a weighted homogeneous polynomial is determined
by ¢,,...,4, and d, we conclude that the Milnor number u is independent
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of t=(ty, ..., t,). Since f,(x) is weighted homogeneous for all ¢, 7=y is indepen-
dent of t=(t,, ..., t,,) also.

“= I {(x, 1)} f(xX)+t 8 (X)+ ... + 1, gu(x)=0} is a (u, 7)-constant defor-
mation, then in particular t(¥)) is independent of t=(t,,...,t,) where
Vi={xeC": f(x)+t,g()+ ... +1,,g(x)=0}.

.. . F F
This implies that C{x, ..., ,,,t}/( 0

o ﬁx,,) is flat over C{t;} where
F(X, tl):f( )+t gl(x) Let D= gy X; = — a

Since f is weighted homogeneous w1th total weight d, Df =df. Hence DF —dF

=Df—df+t;(Dg;—dg)=t(Dg;—dg;) is in (t,), the ideal generated by ¢; in
F F

C{xy, ..., X,, t;}. Clearly DF —dF is in < g 0 ) So DF—dF is in

T 0x " 0x
OF OF X "
) F A
(t,)m( Coxy,) T dx ) S

0 0
+ ... +q, %, F —— be the Euler derivation.

0—C{t}>C{t;)
is exact, so is
oF oF\ oF oF
; ey o )5 C i Fs=—s ., = 1.2
0= Cfutd [ g ) 2Clxtd (RS i) 0
by the flatness of C{x, t}/( or - ,i£> over C{t;}.
0x, 0x,

It follows that

(P i“l)g(t,.)(F,ﬁﬁ,.‘.,a_F).

ox;” " Oxp 0x; 0x,
Therefore we have

PR
There exist b;;(x)eC{x} such that

t:(Dgi—dg)=(bo1 (X)t;+bos(X)t7 +bo3(x) 1} + .. )(f (x)+1; g:(x))

+ by (X)t;+ b2 (X) 4+ by 3 ()82 + )(a—F+t ag‘)

dx, ' ox,
+...
b 01+ by s (100 (715
d
=D dgi=bor () S5 by (3) 5 by ()5

=0 in C{x;,...,x }/( . aa){)
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On the other hand
0
Dei—dgi= (0, 1o+ + a5 ) (8 —d = we(g) =g

of
> 0x,

Since g; is a basis element in C{x,, ..., x,} / (f, PR ) we conclude that
1

wt(g;)=d. Thisis true forall 1<i<m. QUE.D.

Remark. Since the initial fiber is weighted homogeneous, we know that u=r.
Hence we see immediately that f,(x)=f(x)+t; g,(x)+ ...+, gn(x) is quasi-ho-
mogeneous for each t. By a theorem of Saito [4], f,(x) is weighted homogeneous
with respect to a certain coordinate system. The point of the above theorem
is that f,(x) is weighted homogeneous with respect to x4, ..., x, for all t.

It is well known that the (u, t)-constant strata Sp=/{teC*: (u(V}), 1(V}))
=(u, 7)} forms a subvariety in the parameter space of the semi-universal defor-
mation of (V;0). In case (¥, 0) has a C*-action, we shall show that (Sg, 0) is
isomorphic to (C™, 0), where m is the dimension of 4, (elements in the moduli
algebra A(V) of weight d).

Theorem 1.2. Let f be a weighted homogeneous polynomial with isolated singularity
at the origin as in (1.1). Let g, ..., g, be elements in a monomial basis of the

0 d
moduli algebra A(V)=C[x,, ...,x,,]}/(ﬁ 5—){;, e 6){,,
=weight(f) for all 1<i<m. Then the (u, 1)-constant strata Sg is C” and the
equitopological deformation (#,0)— (Sg, 0) of (V, 0) is given by

) such that weight (g;)

(W, 0) ——(7,0) (C"x C, 0)
T
(SE5 0) (Ss O) (Cka 0)

where W ={(Xy, ..., Xps ty, coos tw): f(X)+ 11 81 (X)+ ... F 1, gm(x)=0}

(Pr,= projection onto the second factor)
and

(Sg,0)=(C", 0).

Proof. By Theorem 1.1, we know that (C™, 0)=(Sg, 0). Suppose that (C™, 0}
#+(Sg, 0). Then by the theorem on resolution of singularities, we can find a
curve a: (C, 0)—(Sg, 0) such that a(f)=(a,(t), ax(t), ..., o (t)) lies in Sz—C™ for
any ¢t in C—{0} and a(0)=(0, ..., 0). (i.e. there exists iZm+1 such that o;(t)
is not identically zero.) The proof of Theorem 1.1 shows that for any non-
negative integer p

, F 0 OF @F _
(t)n(F,-a;;, ax) (z)( ax) Vp20 (3)
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where (tF) is the ideal generated by t” in C{x, t}. Let r be

min {0 (% + 1 (1)), 0 (@42 (1)), ..., 0 (o (1))}

where we denote o(o;(t)) to be the vanishing order of o;(t) at origin. Observe
that 1 <r<oo because «;(t) is not identically zero for some i between m+1

0 0 .
and k. Let D=gq, x, 6—x—+ v G X, e be the Euler derivation. Then
1

DF(x)—dF(x)=Df (x)—df (x)+a ()(Dg(x)—~dg, (x)+...
+ o (£)(D gy (x) — d g (x))
=Cmt 1 %t 1 (D 8mt 1 (X)+Com 2 X 2 (1) B 2(X)+ ...

+ i 04 (1) g ()

where ¢;, for m+1=<i<k, are nonzero constants. Write o, {(t)=t" B+ (),
Ot 2 ()= B 2(t), ..., a{t)=1"B,(t). Then B;(0)+0 for some m+1=j<k by our
choice of r.

DF(x)—dF(X)=t"[Cpm+1Bm+1() m+1(X)+ ... + ¢, Bi(t) gi(x)]

) oF  OF
E(t)f\(F, E, ’57")
[ OF  OF
— )(F, pa ""——6x,,)

by (1.3). We can write

t[Cmst Bt 1 (0) Gms 1 (X)+ ... 45 Bi(t) g5 (x)]

= ttb0F+trb1 aF +...+trb" 6F
0x, 0x,

where b; is in C{x,, ..., x,, t} for all 0<i<n. Expanding by powers of ¢, compar-
ing the coefficient of " on both sides and then setting t =0, we get

Cnt 1 Bm+1(0) 8 1 () + ...+ ¢4 Bi(0) gie(x)

0
=b0(0)f+b1(0)5xil+...+b,,(0)%

=0 in C{xl’""x"}/(f’éa_){,"”’66){,,)'

Since  {gm+1(x),...,&(x)} is a linearly independent set in

C{x,, ...,x,,}/(f of . af), we have ¢;$,(0)=0 for all m+1<i<n. This

3 a_xl: res aXn
contradicts to our previous assertions that ¢;#0 for allm+1=<i<k and ;(0)*0
for some m+1<j<k. Q.E.D.
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§2. Construction of a family of solvable Lie algebras
over the (u, 7)-constant strata S;

Let (V, 0) be a hypersurface singularity defined by a weighted homogenous poly-

nomial f (x4, ..., X,). In §1 we have shown that Sy =C" and the equitopological
deformation is given by

X1y oo Xpo by s b))t f(X) 1, 81 () + o+, 8m(X) =0} > C* x C™

’ pra

where g; are those monomials in a monomial basis of
)
C{xy, -y x,,}/(f, 5}{~, . %) such that wt(g;)=wt(f). In this section we shall
1 n

construct a family of solvable Lie algebras over Sg. Recall that in [6], we have
associated to an isolated singularity (V; 0) a finite dimensional Lie algebra L(V),
which is defined to be the algebra of derivations of the moduli algebra A(V).
L(V) is solvable if n<5 [7]. We shall define a Lie subalgebra L(V) of L(V).
This Lie subalgebra L(V) admits a natural deformation over the parameter
space Sg. Recall that by Theorem 1.2, Sg is isomorphic to C™ with coordinates

vy b

Definition. A derivation Dye L(V) is liftable to Sy if there exist differential opera-
tors D, such that

D=Dy+ ) "D, ,+ Y t°D, +...

=1 Ir21=2

leaves the ideal (f, +t181x,+ - FIm8mrs St 8ixt oo T tnBmays st
+ty 810+ Ftmx)in C{x,, ..., X,, ty, ..., t,,} invariant. (By differential opera-

0
tor, we mean operator of the form d,(x) éi—+ et d (%) e with d;(x) a linear
1

combination of monomial basis elements of the moduli algebra A(V).)
Here we use the standard notation for multi-indices. For example if
a=(a, ..., %), then |a}=0; +...a, and
0
0x,)

Definition 2.2. The Liftable Lie algebra L(V) is defined to be the set of those
Dye L(V) such that D is liftable to Sg.

0
taDa=t°{‘..,tﬁ"( % (x) W+...+df‘,(x)
1

Clearly L(V) is a Lie subalgebra of L(V) and has a natural deformation
over the parameter space Sg. Let D be an operator as above. To say that
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D is a lifting of Dy, for all 1 £i<n there must exist ;@jeC{x,, ..., x,} for L <i, <n
and |v| =1 such that

D(‘f;i+t1g1xi+t2g2xi+'~~+tmgmxi)
=@ab+ Y @, 4 Y )+ Y (8 M)

[vil=1 fvaj=1 fug|=1
+Gasg+ Y @+ Y a ) (fot Y (8,00)
[vi]=1 Jval=2 lual =1
+...
+Gas+ Y, AL+ Y AL )+ Y (g 0 1)
lvif=1 [val=2 lpnl =1

where y; is a multi-index with m entries. We use the notations (g,, £)© %1% 9

to denote g3, 3 and g0 %1% 9 to denote g,,,, for example.

The left hand side of (2.1) is given by

DOfx;'*‘ Z (D0g2+Dt1 f;ci)trl

lral=1

+ 3 [ Y (D,g2™™+D, fx]t>
|t2]=2 |t1l>=t1
220

while the right hand side of (2.1) is given by

ia(l) fx1 + ia(z) fxz+ R ia’(l) fx,.

+ Y Labgy+abge+...+abgn+a, fo, il fo,+ .+ S I
{vi|=1

+ Y LY (@) Hiad (g) 4 i (g
[va]=2 Jvi|=1
Va2 vy

+(ay, fo, +i0, fo, o i, S0+

By comparing the coefficients of ¢, we conclude that

D, fx,-=ia(1) oo+ ¢ [+ +iab 1, (V)]
DV1 f‘xi—(ia\lal fx1 +ia\2?1 f.;C2+ o +iacl fx,.)
=—D,gu+(as g +aggn+ ... +asgy)  Viv|=1 (1)

D\’zfxi_(ia\%z fX1 + ia32 fx2+ e +iacl f-‘xn)
=— Y D, g2 "+ ) (ay, g2 " +algr ™

Jvi|=1 lvi|=1
vaZ vy Va2 vy
+otay g2 Viva|=2 2

etc. If D, is in L(V), then there exist ) such that Eq. (0) is satisfied. In order
to show that D, is liftable, the first step is to find D,, and ,a;, such that Egs. (1)
are satisfied for all |v,|=1. The second step is to find D,, and .aj, such that
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Eqgs. (2) are satisfied for all |v,|=2, etc. (Actually we can use this the definition
of liftability for Dg.) Restricting ourselves to the three variable case with m=1
(i.e. I-parameter family of deformations), the above equations read as follows:

Do(f)=as fx+ad fy+as fz

Do(f)=bs f+b% f,+b3 f.

Do(f)=co fut+co fy+ed [ (0)
Dy(f)—(ai fe+ai fy+ai f)=—Dog.+(as 8. +aig, +ajg.)
D (f,)— (b1 fu+ bl f+b3 f)= —Dogy+(bs g +bi g, + b3 g2)
Dy (f)—(ci fit+cify+ci f)=—Dog.+(cog.+chg+cig.) (1)
Dy(f)—(a3 fi+a3 fy+a3 f)=—D, g+ (a1 g +ai ga+ai g.)
Dy(fy)— (b3 f+b3fy+b3 f)=—D, g, +(big.+big,+big.)
Dy(f)~(ci fitcify+c3 f)=—Dyg.+(cigetcigatcig) )

etc.

Example. Let V={(x, y, z): f(x, y, 2)=x>+y* + z*=0}. Then the moduli algebra
is given by the vector space spanned by 1, x, y, z, xy, yz, zx and x yz.

The weight of g(x, g, z)=xyz is three, which is exactly the weight of f. In
view of Theorem 2, the equitopological deformation of V is given by

Vi={(x,y,2): x*+y*+ 23 +txyz=0} ?+27+0.
It is easy to see that the Lie algebra L(V;) associated to V=1V, is given by

0 0 5, 0 0 0 0
L(Vo)=<xé}—,y5;,zé;,xy—5;,z ax y(’)y’yz 6y

izxixzj-x zixzi
e P T ay’ s

0 .
We claim that x ™ is not liftable. To see this, we observe that

0
x A= (f)=2f+0f, +0-,

Suppose that there exist a!, a?, a} and

0
Dl—(a1x+a2y+oc3z) +(ﬂ1x+ﬁ2)’+ﬁ32) +(V1x+V2Y+V32)‘a*
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such that (1') is satisfied. Then

a% fx+a% fy+a%fz=Dl fx+D0gx—(a(l)gx+a%gy+a8gz)
=60, x*+60,xy+6a3xz—2yz.

Because of the appearance of —2 yz on the right hand side, there is no choice
of al, a}, a3, a;, «, and a; which makes above equations true.

6 0
On the other hand, we claim that Dy=x 5—-{—2 ; is liftable. In fact,

D, itself preserves the ideal generated by 3x +t yz, 3y*+txz, and 3z2+txy.
We can see that

L(Vy)= x—a—-l— ~—6~+zi X i zx—a— X 9.2
YN ox yay oz ot o y@y’yzﬁy’

d zZX g xXyz 0 X 0 x 4
e ZX . XYz ——}.
Vo 2 o Vg XYE dy’ Ve o;

Indeed, the equitopological deformation {V,} gives the following deformation
of L(V,).

Z(V)— i+ i.{.zi X _Q_..._EZ i in___ix i
PNV Ty T P e M e T e 6y PN ax 67 5

¢ ¢+ ¢ ¢ ¢t o0 @ t 0

Yoy e E Yy 60 5 e 6 N oy

z 7.t zix zE—xzixz-a—
Y 6 e Vi e ay’ Yeaz)

This deformation is actually a trivial family (as a family of Lie algebras).

§3. Torelli type problems

In §2, we have constructed a family of Lie algebras L(V,) over S;. It is natural
to study the following Torelli type problem: If L(V,)~L(V,) as Lie algebra
ty, t; in Sg, is V;, biholomorphically equivalent to V,,. In what follows, we
shall study this problem for simple elliptic singularities E7 and E,.

Definition. Let {(x,, y,), (X5:¥2), (x3:¥3), (x4:Y,4)} be an ordered set of four distinct
points in CP!. The cross-ratio associated to this ordered set is

_ (X1 y3—X3V1)(X2 Ya—X4Y5)
(X1 ya—X4 Y1) (X2 ¥3—X3Y2)
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Remark. Consider a point in CP! as a line in C2 Given 4 lines, choose a
basis vector for each. Write (xj, ya)=a(xy, y)+b(x,, y2), (x4, ya)=c(x1, y1)
. b
+d(x;, y,). Then the cross-ratio is in fact equal to ﬁ.
Remark. Under all possible orderings of four distinct points {(x,:y,), (x3:¥),
(X3:y3), (x4:y4)} in CP?, six cross-ratios occur, four times apiece. The set of
r r—1
r—1" r
(inverses of each other) and the Klein-4 subgroup of S,, acting as permutations
of the four points, leaves the cross-ratio unchanged.

1

. . - 1 . . .
siX cross ratios is {r, r e 1—r5 The ratios occur in pairs
—r

The following proposition is easy to prove and is well-known.

Proposition 3. Let A={(x;:y1), (x3:2), (X3:y3), (x4:y4)} and B={(z;:w}), (z:w»),
(z3:W3), (z4:W4)} be two sets of four points in CP'. Then there exists a linear
automorphism of CP' which carries the set A to the set B if and only if the
sets of six cross-ratios associated to A and B respectively are the same: i.e.

r rg—1 1
-1 A A
{rA’rA s 1’ ’1 ’l—rA}
rq— T4 —T4

-1
={r39 rb—ls L i ! s l—rB}'

rg—1" rg " 1—rg

Let E, be a simple elliptic singularity defined by {(x, y, 2)eC?: x*+ y*+ 22 =0}.
It is clear from Theorem 1.2 that the (u, T)-constant family is given by
Vi={(x,y,2): fi(x, y, 2)=x*+y* +tx*y> +22=0} with t*+4 (3.1
Hence Sp=C—{+2}.

Theorem 3.1. A Torelli type theorem holds for simple elliptic singularities E,.
Le., L(V, )= L(V,,) as Lie algebras for t, +t, in Sg if and only if V, is biholomorphi-
cally equivalent to V,,.

Proof. Recall that by Mather-Yau [2] there is a one to one correspondence
between the complex structure of the singularity ¥, and its moduli algebra

A,=C{x,y, z}/(%, %’ %)

={1,x,y,x%xy, y%, x2y, xy:, x* y*>

with multiplication rules

t
x3=——2 xy?
3 t 2
yi=—g X7y (3.2)



Variation of complex structures and variation of Lie algebras 555

We now compute a basis of L{V}):=Derc(4,). Observe that 4,=C{x, y}/I, where
of, 0

I, =(5é, -éé)=(4 x*+2txy? 4y>+2tx?y). Any element DeDerc(A4,) can be

written as

D=(ago+a10X+ a0, y+asoX*+ay, Xy+ag, y> +ay, x>y

0
+a15 XY+ Cop x?y2) =+ (boo+biox+boy y+bygx*+by Xy

ax

-

i,
+b02y2+b21x2y+b12xy2+b22x2y2)ay

which leaves< o 6f> invariant.
y

o

) D@4 x>+2txy?
=[12a00]x* +[2ta0o]y* +[41boo]xy
+[(12—=tNag, +4tbo)x* y+[—4tao+41bg]xy?
+[—4taro+(12—tHag, +4tb, x> y?
=0(mod 1,). (3.3)
Interchanging x and y yields similar facts. Setting the coefficients of each

basis vector in A, equal to 0, using t*=0, 4, 36, restricts the values of the
a;;'s and b;;’s. We find that a basis for L(V}) is then the following:

eomx 1, 0
0=X 5% y(’)y

e1=x2-ﬂ+xy—a~ er=XxXy— ¢ +y?— ¢
0x ay’ 0x dy

0 0 0 0
—{+2 _ . 2 7 —_ 2 7 2_ y
e;=(t*—12)xy 6x+4tx I e, =4ty 6x+(t 12)xy &

ee=x2 i e =X Zi e =X Z_a_ €0 = X2 ﬁ,

5 yaxa 6 y ay9 7 y axa 8 — yay
5,

eg:xzyzg;, 102362}’2 —6—y

0 d
For t= ' Y =
or t=0, {e,} is replaced by {x i) 6y}

0 0 .
For t=6, {e,} is replaced by {eo,y5;+x w}, t=—6, {ey} is replaced

G,
o 0 Y
by eod’a—é}-
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The Liftable Lie algebra L(V;) defined in the previous section is spanned
by <ey, €1, ..., €10p. The nilradical N, of L(V}) is of dimension 10 spanned by
ey, ..., €10)- We shall show that the mapping {V;} — {L(V;)} gives a one-to-one
correspondence between the complex structures of V, and isomorphism classes
of the solvable Lic algebras L(V}). For this purpose it suffices to show that
the natural mapping {V;} —{N} gives a one-to-one correspondence between
the complex structures of V, and isomorphism classes of the nilpotent Lie alge-
bras N,. Using equations (3.2), we have the following multiplication table

[e1.e,]=0 [es, ea]=(1*+36)(t* —4)(e5s —eq)
[e1.es]=—3(—4)es [e3,es]=—(t>+12)ey
[e1, e ]=3(t"—4)eq [e3, e6]=(—1*+12)eq

[e,es]=—eq [es, es]=—8teq
[e,,es]=2e;q [es, eg]=—24e,,.
[er.es]=e9
Le,, es]=0

All brackets among es, ¢4, €4, €5, €9, €, are zero because 4, has no nonzero
monomials of degree bigger than 4. Brackets incolving ¢, and e, can be copied
from the above using x<«»y symmetry, which induces e <e,, e3¢, ..., €
€0

We now simplify the multiplication table by introducting a more convenient
basis. The factor (t>—4) which appears in all brackets among e, e,, e3, €4
can be eliminated, as can a few other unpleasantries. Replace es by (2 —4)
(es+2es) and eg by (1> —4) (eg+ 2 ¢5). (These are linearly independent.) Multiply

2
each of e,, eg, eq, and e,, by t*—4. Replace e; by e;+
*+36
€5+ 3 ey.

¢, and e, by

The multiplication table with respect to this new basis is:

[e;,es]=es—2es

[ey, e ]=3eg
fe,,es]=3eq

Ler, e7]=e9

[es, es]1=—3(t*—4)eg
[es, eg]=—2(t*—12)e,
[es, e;]=—8teyq

[es, eg]=3(t*—36)e;q

other brackets are zero.

[e,, es]=3e,

[es, es]l=e5—2¢eq

[e2, es]1=3eg

[e2, es]=e10

[es, es]= —2(t* —12)e;,
less eg]= —3(* —4)eyq

[ea, es]1=%(t*—36)eo

[es, e5]=—8tey
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Let

Z:=center(N)=<{ey, €19,
Z*:={neN,: Image(ad,) = Z}

=<e5> 669 tees elO>
Z*:={neN,: Image(ad,) = Z%}
=Nt'

Although {es, €4, €5, €g> is not an invariant subspace under Lie algebra
automorphisms, the quotient space Z?/Z (on which Lie algebra automorphisms
of N, act) has a basis represented by es, ¢4, €5 and eg.

For t =0, Image(ad,,)=Ce, and Image(ad,,)=Ce;,. Generically,

[mage(ada5es +ageg +a7e7+age3)= CeQ + CelO~

We shall see that for most values of ¢, there are exactly four vectors, unique
up to scalar multiple module Z, which lie in Z? and have one-dimensional
adjoint image. These vectors are linearly independent and form a basis for Z2/Z.
Each of the four one-dimensional images is of course in Z. These four lines
in C? have a cross-ratio, relative to a choice of order. The 4! possible orderings
yield (in general) six different cross rations. These six numbers are continuous
invariants of N,. It will thus be seen that seen that N,=N, if and only if V]
is biholomorphically equivalent to V;.

12—2¢ 1242t
We will show that A,~A4,—N,~N,—se< +t, + , + +
24t 2—t

— A, ~A,.

It is clear that N, depends on the analytic type of the singularity (ie. N,
1s an analytic invariant), hence first implication. The last is easy to check. (E.g.
fixs V', 2)=f1242:, ¥, 2) where x'=kx+ky, y=ikx—iky, i*?=-—1, and k*

2=t

=2—1t—. Also f,(x, iy, z)=f_{(x, y, z). These two substitutions of s for ¢ generate
all six such substitutions.)

We shall now see that the second implication holds. Therefore for E,
singularities the isomorphism classes of N, differ for singularities which are not
of the same analytic type. Consider ad, . +peq+ce;+de; acting on the left. Its
kernel includes the span of es, e, €7, g, €9, €,0; it sends

—errcegt3ae
—e,—3begtdegg
— ey (—2(t2—12)b—3(1* —4)a)es + (5 (t* —36)d— 8t c)ey,
—e— (L2 —36)c—8td)es+(—2(t2—12)a—3(t*? —4)b)ey,.
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We shall find the 4-tuples (a, b, ¢, d) for which the image of ad, ., +pe+cer+des
is one-dimensional. The following fractions must be equal, or of the form §
(corresponding to Oeq+0e,o):

¢ 3b —2(*-12b-3(-4a_ $(*—36)c—8td

3a d 1(2-36)d—8tc = —2(t*—12)a—3(t*—4)b’

A laborious calculation leads to the following (easily verifiable) result for the
case a, b, ¢ and d+0 and t*%0, 4, 20, 36. Choose a branch for the square
root function. Let

_ —(*—52)+8)/36—¢2
B 2—20

2
c::i31/§~iiﬁi_.
t

Two choices of coefficients are

B:

a=1, b=B, c¢=C, d=9BC™!
and
a=1, b=B, c¢=-C, d=-9BC™ .

The other two, corresponding to a=1 and b=B~!, can be renormalized so
that

a=B, b=1, ¢=9BC !, d=C
and
a=B, b=1, ¢=-9BC™!, d=-C.

The x, y symmetry, which interchanges e,;_; and e,;; i=1, 2, 3,4, 5, is apparent.
If one of the coefficients a, b, ¢, or d is zero t*> must equal 0 or 20. For
t2=0, 36 there are only two special vectors.
In summary

t=0 e, eg two distinct special vectors
t=6 es+eg+3es+3eg two distinct special vectors
jin=1 es+eg—3e,—3eq

t=—6 es+eg+3ie,+3ieg two distinct special vectors

es+es—3ies+3ieg
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3
t=2]/§ e+ e
Vs
3 _ .
es —Zf e, four distinct special vectors
5
€g+ 3 e
st — €3
V5
e 3 e
673 s
. 32 5
J(O) =71 13/

ie, four distinct special vectors

/5
e 3 ie
Cs— 1€y
i
e +~—3 ie
6 8
s
3.
ee— g —leg
/5

The first two special vectors for t = i21ﬁ are the limiting cases for b=0, whilc

the last two special vectors for t= +21/5 are the limiting cases for ¢=0. Other
t(t2+0, 4, 20, 36) yield

9B .. .
fiy=es+Beg+Ce;+ C % four distinct special vectors

9B
f_=e5+Be6—Ce7—~C—es

9B
g+=Be5+e6+Te7+Ce8

9B
g_.=Be5+eﬁ—”—(j— e7tceg.

The image of the adjoint action of a special vector is spanned by its valuc
on e, or e,

—[f+,e1]=Cey+3e;p =X, —[g+,e]=3es+Ce1o =Y,
—[f-,e1]J=—Ceg+3e0=X- —[g-,e;]=3es—Ceyo=—Y_.
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These four vectors X,, X_, Y,, and Y_, are unique up to scalar multiples,
and are pairwise linearly independent for 1240, 4, 36 (i.e. for C*+0, +9). Any
linear combination of two or more of the four special vectors has a two-dimen-
sional adjoint image. This shows that there are no more than four special vectors
modulo scalar multiplication.

Generically, the six cross-ratios associated to the four vectors are

1 1 s o—1
{5) 5, m: 1“53 Sj; T} Where

9 5\
6_<9+c2)2_<9+?(6t+]/36—t ))
T\ 6 - 9

¢ 36(?(6+]/36—t2))
=(t+(6+]/36—t2))2:72+12t+(12+2t)]/36~t2

41(6+]/36—1?) 4¢(6+)/36—1%)
6+t
T2t

By Proposition 3, N,~ N, implies

6+t 2t 6+t 2t t—6

2t T6+176—1"t—6" 2t

_ 6+s 2s 6+s 6—s5 25 2s s—6
"1 25 7645 6—5 645 5—6 5s—6 2s

r +

12—2t)

1242t
which is equivalent to s= +1, i( ( *
24t

). But as shown before,

the latter condition implies that V, is biholomorphically equivalent to
V,. QUE.D.

4(62~5+1)

. i h h
G_2PE 1) It is easy to check that J(d)

Remark. Let J(0)=

0—1 0 1
— -1 — — = — = _— o~ i =
=J(™ ) J( 5 ) J(5_1> J(1-9) J(1-5>.Recallthat1\7s__]\7,1fs +1,
i(lilft> or i—(litm). Then J is a function of the cross ratios and hence

is well-defined on isomorphism classes among the Ns. It is clear that J(o(¢))

(2412 .

108 2—4p ©

with the work of Saito [5]. He found that the j-invariant of the elliptic curve

which is the exceptional divisor in the resolution of singularity for each value
(t*+12)°

108(t2 —4)*"

a modulus for the family {N,} and hence {V;}. This agrees

of tisj(t)=
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Further investigations into the structure of N, show how to continue to
find a more canonical basis unique up to scalar multiplies modulo the invariant
subspaces Z(N,) and Z2(N,). Each of .., f_, g, g has a 3-dimensional adjoint
kernel in N,/Z?. These kernels are pairwise disjoint. Taking intersections, three
at a time, gives a set of four invariant vectors (up to scalar multiplies) expressed
as linear combinations of e, e,, e;, e,. The multiplication table can then be
completed (if need be) by computing Lie brackets among these four new vectors.
This approach yields the best basis for studying the structure of N,.

Let Eg be a simple elliptic singularity defined by {(x, y, z eC3 x84y 422
=0}. It is clear from Theorem 1.2 that the (u, t) constant famlly is given by

Vi={(x,y,2)€C3 f(x,p,2)=x°+y  + 22 +tx*y=0}

with 41°+2740. Hence S;=C—{teC: 4¢*+27=0}.

The0~rem 32. 4 Torelli type theorem holds for simple elliptic singularities Eg.
Le., L{V; )= L(Vy,) as Lie algebra for t; +1t, in Sy if and only if V,, is biholomorphi-
cally equivalent to V;,.

Proof. By the theorem of Mather-Yau [2] there is a one to one correspondence
between the complex structure of the singularity V, and its moduli algebra

ofy of dof;
A,=C{x,y,z}/(%,a{}, aj;)

={1,x,x% y, x3 xy, x, x2y, 3y, x* )

with multiplication rules

yo= 3 X
2t
xS = -5 x3y
A, is a graded algebra with deg x=1 and deg y=2. Observe that 4,=C{x, y}/I,
where I,—(—a—Ji ?) (3x>+2tx3y, 3y +1x*). Any element DeDerc(A,) can be

written as
D=(ap+a,x+a,x*+aly+asxs+aixy+a,x*
+(bo+b x+byx2+bly+byx3

0
+a};x2y—|—a§x3y+a},x4y)5;

d
+b§xy+b4x"’+b}1x2y+b§x3y+béx“y)(—};

The subscripts refer to degrees of monomials, with af, b{ the coefficients of
a monomial containing y.
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(Computations, similar to those in the E, case, have been omitted.) A basis
for L, is, for ¢t %0, the following:

0 0

deg0 eo—x‘a—;+2ya7

0 0 0 0
- 2—- ——— = — 2 3— -_
degl e, =x ax+2xy 3y’ e,=2ty 5x+(2t x°—15xy) 3y

0
deg?2 e;=(2t*x*=9x%y) -, e4=9>c3—@—+4t2x4i
Oy 0x oy

e5=~3xy%+2tx4—a~

dy
deg3 eg=x*——, e;=x2y—, ¢ =x3yi
6 ax9 7 62’ 8 ay

0 0

deg4 e9=x3y-a;, e10=x4yﬂ

5,
degs e11=x4ya.

For t=0, {e,} is replaced by {x —;;, y %} The Lie algebra L, defined in the

previous section is spanned by {eg, e, ..., e;,>. The nilradical N, of L, is of
dimension 11, spanned by {ey, e, ..., e;1). We shall show that the mapping
{V;} »{L,} gives a one-to-one correspondence between the complex structures
of ¥, an the isomorphism classes of the solvable Lie algebras L,. Again, we
will do this by studying the nilradical N,.

[er, ex]=3es [e;, e3]=—4t7es+ 181e,
. 8t+54
l_el,e3]=—£_ _:;— )es [ez,e4]=“8t2e6+54te7+(135+28t3)es
5441613
[el,e4]=9e6—w—+3*——e8 [e,e5]=—8t*ec+45e,+41%eq
42 3
[91,35]——’_397—*—3‘“68 [32,36]=8t69+(15+4t )610
4t 135+4¢3 812
[91,96]=“?99‘2910 [92,37]=_h—“9‘*““e9—*3_310
412
[91,37]=2€9“—9—e10 [ez, es]=—2te,
[e1, es]=3e;q [es, eq]J=—15¢€,
[ei,eq]=3ey; [ez, e10]=—21ey,
[es, es]=(248°+162) e, [e4, es]1=(81>+54) e [es, ec]l=—9e,
[es, es1=(41>+27)eq [es, e6]=—61ey [es, e7]1=—21t%ey,
413 +27 27+ 813

Les, e7]=— 3 €11 fes, e7]1=— 3 e1 [es,egl=3eq;
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Other brackets [e;, ¢;], i <j are zero. There are some invariant subspaces which
show explicitly the structure of N,. Let
Z :=center(N,)=<{eq1»
Z*={xeN,: Image(ad,) = Z} ={ey, €19, €,
Z%:={xeN,;: Image(ad,) S Z*} = {eg, €7, €5, €9, €10, €11
Z*:={xeN,;: Image(ad,) S Z3} = (es, €4, e, €, €1, €g, €9, €10, €11
Z%:={xeN,: Image(ad,) = Z*} =N,

N(l)‘—’[N, N]={es, €6, €7, €5, €9,€10,€11)
2

2t
N@=[N, N(l)]=<e7_“9— €65 €3, €9, €10, 311>
N®=[N, N¥]={e,, €10, €1,)
N® =[N, N(3)]=<e11>'
The quotient space Z%/Z =N®/N@ is two-dimensional. spanned by the images
of eg and e,,. There are four invariant lines in this space (i.e. each is preserved
under all automorphism of N). Their ordered cross-ratio is a complex number
which is also invariant under all automorphisms, and will therefore distinguish
N, from N, unless N, N;. Let
1, =Z%/Z3 ANW/Z}=Ce,=Z%/Z>
P2 =ker(ad,l)= C éGC-BC e_g 923/22
where ad,: Z3/Z* > Z
Py=TImage(ad,,)=Ces®Ce,—2tes) =Z3%/Z7
where ad, : Z°/Z*— Z3/Z*
l4=P20P3=C58923/Zz
15 = {2625/24: ad,l(f)‘:_:l‘,_} =Cél ng/Z‘t
where ad, : Z5/2*—Z23%/Z*
le=[l,1s]1=Cé,cZ%/Z
2t 813 +54
I,=ker(ad,;)=C (e6 + 3 e + ——-;£—

where ad,,: Z3/Z* - Z*/Z
ly={xeZ%/Z* ad\(x)<l;} =C(4e;—3e,+6tes)
where ad,,: Z*/Z*—~Z°/Z*
19=[ll’ 18]=C(te9—3e10)gzz/z
lLio=ker(ad,)=C(e, +e))=Z°/Z*
where ad,,: Z%/Z* > Z
lll=[llo, l4]=C(—2teg+9em)§Zz/Z
Lia=[l,l10]=CQ2es—91e;+(@d1°+2T)eg)  Z2°/2*
lia=[l1o, l1]=Cltes+ 2> +9)e10) = Z%/Z.

68)923/22
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It is clear that any Lie algebra isomorphism from N, to N, induces an isomorph-
ism from Z}/Z, to Z%/Z, which sends the ordered set {l4(2), lo(2), 111 (2)s 1, 3(8)}
to the ordered set {I5(s), Io(s), I11(5), I;3(s)}. The cross ratios of these two ordered
sets are (2t34+12) and %3(2s>+12). Consequently N,~ N, implies that s3=1¢3.
Conversely if s*=1¢3, then s=pt for some p with p®>=1 and V, is biholomorphi-
cally equivalent to V,. The biholomorphism is given by f,(x, py, z)= fi(x, y, 2).
In particular N, is isomorphic to N, as a Lie algebra if s3=¢3. Thus > can

be considered as the modulus of the analytic type of the E, singularities. Q.E.D.
3

Again this agrees with the work of Saito [5]. He found that j(t)=2—3—27,
which is a one-to-one function of our modulus ¢°. A
Remark. A complete basis for N, of Eg can be obtained (for t3+0, —21) by
defining two more lines /,,, and [, 5 below, and choosing representative vectors
for Is, lig, L1, Is, Lia, Lay 14, 115, 16, 1o, I1s. These vectors will be unique, up
to scalar muitiples, modulo higher centers Z'.

liy={XeZ*/Z% ad,(X)=],,}

32¢8 165 +1081¢3
=C<( 9 +36t3+81)e3———————+9 e4—(24t4+162t)e5)
=VAIVA
where ad,: Z*/Z*— Z3/Z*
115=C611=Z.

Two sets of Lie algebra generators are easily seen to be {e,, e, ¢4, e5} and

{ei, 3e,+e,,4e,—3e,+6tes,

6 6
(32; +36t3+81)e3—<169t +12t3)e4—(24t4+162t)95}-

The second set represents {Is, l10, Is, l14}-
Notice that L, is a graded Lie algebra. In fact each e; is of pure degree

. 5 .
acting on A4,. For example e;; =x*y I raises degree by S5=5degx+degy
—deg x.

deg0 ey

deg1 ey ' W el
€3

deg?2 e o/ el ol
€4
€s

deg3 e P, P
eq l, o/, e/,
€g

deg4 ey el L WA ol el
€10

degs €11 .115
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A dot e represents a complex line and a segment —— represents a complex
plane. Notice that, for instance, Z? is the span of the degree 4 and degree
5 derivations, although the degree 4 subspace is not invariant under all
automorphisms of N,.
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